Simple energy minimization for huge Lennard-Jones clusters by dramatic parameter reduction

Yuefan Deng and Carlos Rivera Center for Scientific Computing State University of New York at Stony Brook Stony Brook, NY 11794.

URL: http://ams.sunysb.edu/¸deng December 3, 1997

Abstract We have designed several schemes to reduce the number of parameters in the problem of minimizing the total energy of Lennard-Jones clusters. We will discuss our schemes development in three dimensions. The value of our work lies in the simplicity with which it provides a new approach to problems involving huge Lennard-Jones clusters.

Key words: Optimization, Lennard-Jones clusters, asymptotic values

1 Introduction

Numerical minimization of the so-called Lennard-Jones clusters, a system consisting of particles interacting under the Lennard-Jones potential U(a) = 1 a^{12} − 2 a^6 , is of considerable interest to the researchers [1, 2, 3, 4, 5, 6, 7, 8] in chemistry, physics, biology, materials science as well as optimization. We have tested six variations of our methods which render the energy as a function of a single parameter, making it much more effective to minimize arbitrarily large clusters than most existing numerical methods. We present results for up to 55,000 particles by calculations on spheres and on lattices, for both 3D and 2D cases. We show plots of per-particle energy versus number of particles of the clusters, as well as asymptotic values for the average per-particle energy and average inter-particle distance. Our approximate results not only help understand the system’s asymptotic behavior but also provides the most efficient initialization for further numerical minimization which usually requires huge computer resources.

2 The schemes

The derivation of formulae for interactions for all cases in 1D, 2D and 3D, on spheres and on lattices, follows a similar procedure. We design a method to locate the particles in a systematic way. A general expression for the distance between two particles is then obtained and summing over all particles we can get an expression for the total energy requiring only one parameter.

We now introduce the general method by doing the simple 1-d case and then present our work for the case of the 3D shells.

Figure 1: One dimensional lattice. The only parameter is a, the inter-particle distance.

The position of an arbitrary particle is a_i = ia where a is the distance between two consecutive particles and i ranges from 1 to N, N being the total number of particles. The distance between a pair (i,j) is a_{ij} = (i − j)a and the total energy of N particles is then E(a) = 1 2 1 a^{12} N∑ i≠j=1 1 (i − j)^{12} − 1 a^6 N∑ i≠j=1 2 (i − j)^6 .

Define two functions F (N) and G(N)

F (N) = N∑ i≠j=1 1 (i − j)^{12} ,

G(N) = N∑ i≠j=1 1 (i − j)^6 . E can now be written as E(a) = 1 2 ( 1 a^{12} F (N) − 2 a^6 G(N) ) . (1)

Although we only derived this expression in this 1D case, it turns out to be valid for all the other cases that we consider. The specific form of F (N) and G(N) depends on the dimension and on the configuration of the problem.

The value of parameter a at which E is minimal is

a_0 = ( F (N) G(N) )1/6 , (2) and the associated minimal energy per particle is E = − G^2(N) 2NF (N) . (3)

Therefore, the problem lies in finding the analytical forms for F (N) and G(N). These functions are usually very complicated sum whose indexes are implicit functions of N and of previous indexes. It is however straightforward to use a computer to evaluate F (N) and G(N).

Figure 2: Figure on left: Particles on concentric rings. The parameter is a, the radial distance between two

consecutive rings and the approximate nearest neighbor distance for any particle. Figure on right: 3D perspective of the first shell.

We now describe the arrangement in shells and find the expressions for F (N) and G(N). The configuration consists of concentric shells, identified by an index i. The radius of shell i equals ia. The smallest, most interior, shell corresponds to i = 1 and has radius a.

We fix a north pole, the shells are then cut into rings perpendicular to this south-north line, (Figure 2). The spacing of the rings as measured along the arc of a geodesic parallel to the north pole is fixed and equals (π/3)a. The number of these rings depends on the radius of the shell, for a shell of radius ia there are 3i + 1 rings (including the top and bottom rings which shrink to a dot and which will include one particle each.) Along the arc-length of each of these rings we then distribute particles such that the distance along the arc between any two adjacent particles is the same, (π/3)r, where r is the radius of the ring. The two special particles are placed at the top and bottom rings, with radius r = 0.

We next introduce two new parameters α and β. For a given shell i, α indicates which ring we are treating starting from north pole where α = 0 and going down to the south pole where α = 3i. For a given shell i and a given ring α, β indicates the position of the particle along the arc-length of the ring.

The distance along the arc between adjacent particles in ring α, shell i is 2πia | sin ( πα 3i ) | [ 6i sin ( πα 3i )] where [a] indicates rounding to the nearest integer and taking absolute value of a. A particle is then localized completely by its shell number i, its ring number α, and its position on the ring that we label β. In spherical coordinates we have a_{iαβ} = ( ia, απ 3i , 2πβ [ 6i sin ( πα 3i )] )

where i=1...I; α=0...3i; β=0... [ 6i sin ( πα 3i )] -1; and where I is an implicit function of N.

Further, we define θ_{iα} =^{απ}_{3i} and ϕ_{iαβ} =^{2πβ}[_{6i sin}(_{πα3i} )]. The distance between two points a_{iαβ} and a_{jγσ} is then

a_{iαβjγσ} = ((ia sin θ_{iα} cos ϕ_{iαβ} − ja sin θ_{jγ} cos ϕ_{jγσ})^2 + (ia sin θ_{iα} sin ϕ_{iαβ} − ja sin θ_{jγ} sin ϕ_{jγσ})^2 + (ia cos θ_{iα} − ja cos θ_{jγ})^2)^{1/2} = a_{iαβjγσ} = a √ i^2 + j^2 − 2ij[sin θ_{iα} sin θ_{jγ} cos(ϕ_{i,αβ} − ϕ_{j,γσ}) + cos θ_{iα} cos θ_{jγ}] Define f_{iαβjγσ} = a_{iαβjγσ}/a and the corresponding F (N) and G(N), including now a particle in the center of the shells become,

F (N) = I∑ i,j=1 α=3i,γ=3j ∑ α,γ=0 ∑ β,ρ 1 f^{12}_{iαβjγσ} + 2 I∑ i=1 3i∑ α=0 ∑ β 1 i^{12}

G(N) = I∑ i,j=1 α=3i,γ=3j ∑ α,γ=0 ∑ β,ρ 1 f^6_{iαβjγσ} + 2 I∑ i=1 3i∑ α=0 ∑ β 1 i^6

3 Numerical results

We have performed calculations for as many as 55,000 particles. Figure 3A shows the average per-particle energy as a function of the number of particles for 3D lattice and sphere, and the published numerical results from [9]. Figure 3B shows the inter-particle distance for 3D lattice and sphere. Figure 3C shows the average per-particle energy for the 2D case while 3D the inter-particle distance.

Through least-square fittings we have found the large-N asymptotic average per-particle energy E_∞ and average inter-particle distance a_∞. For the energy, we fit to E_I (for 2D lattices and rings) and and E_{II} (for 3D lattices and rings). The purpose of fitting specific case by a special formula is to reduce fitting error. Formulae are : E_I (N) = E_∞ +^{Eα}_{N α} +^{Eβ}_{N β} and E_{II}(N) = E_N e^{−αN β} + E_∞. In these formulae, α and β are fitting parameters. While for the inter-particle distance, perform similar fits. Fitting results are shown in Table 1.

E_∞ a_∞ 2D lattice −2.66592 0.977509 2D rings −2.85726 0.937327 3D lattice −5.54535 0.951598 3D sphere −6.50053 0.888979

Table 1: The asymptotic values for the average per-particle energy E1 and average inter-particle distance a1.

4 Remarks

We have designed several schemes to place particles on lattices, spheres, and icosahedron to minimize the energy of the large Lennard-Jones clusters, approximately, by analytical approaches. Using our methods, we have obtained the asymptotic values for the average per-particle energy and average inter-particle distance. The spherical scheme produces the most accurate results among the cases we consider, which suggests the clusters tend to form spherical structures. The value of our work is the drastic reduction of parameters for the energy minimization of the Lennard-Jones Clusters. Our methods can provide efficient initialization for more accurate numerical calculations on small clusters with 1000s of particles. Moreover, our methods can produce estimates for large clusters that no other numerical means can do currently.

References

[1] R. H. Leary Global Optima of Lennard-Jones Clusters, Journal of Global Optimization,

11 (1997) 35-53.

[2] R. H. Leary A robust gradient descent algorithm for the global optimization of Lennard- Jones clusters, Technical Report GA-A-22514, San Diego Supercomputer Center, San Diego, 1996.

[3] J. A. Northby Structure and binding of Lennard-Jones clusters: 13 ≤ N ≤ 147, Journal of Chemical Physics, Vol. 87 (1987) 6166-6178.

[4] P. M. Pardalos, D. Shalloway and G. L. Xue Optimization methods for computing global minima of non-convex potential energy functions, Journal of Global Optimization, Vol. 4 (1994) 117-133.

[5] B. Raoult, J. Farges, M. F. De Feraudy, and G. Torchet Comparison between icosahedral, decahedral, and crystalline Lennard-Jones models containing 500 to 6000 atoms, Philosophical Magazine B, Vol. 60 (1989) 881-906.

[6] J. Xie, J. A. Northby, D. L. Freeman, and J. D. Doll Theoretical studies of the energetics and structure of atomic clusters, Journal of Chemical Physics, Vol. 91 (1989) 612-619.

[7] G. L. Xue Improvement of the Northby algorithm for molecular conformation: better solutions, Journal of Global Optimization, Vol. 4 (1994) 425-440.

[8] T.E. Coleman, D.Shalloway, and Z. Wu A parallel build-up algorithm for global energy minimizations of molecular clusters using effective energy simulated annealing Journal of Global Optimization. Vol. 4 (1994) 171-185.

[9] P. M. Pardalos, D. Shalloway, and G. Xue Global minimization of non-convex energy functions: molecular conformation and protein folding, DIMACS workshop, March 20-21. 1995 Vol 23.

[10] I. Hargittai Quasi-crystals, Networks, and Molecules of Fivefold Symmetry, VCH Publishers, Inc. 1990.

Figure 3: Results, Figure A: shows the average per-particle energy for 3D lattice, sphere and for published numerical result from [9]. Figure B: shows the average inter-particle distance for 3D lattice and sphere. Figure C: shows average per-particle energy for the 2D cases. Figure D: shows average inter-particle distance for 2D cases.