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Abstract

Theoscillatorproblemconsistsof determininggoodini-
tial valuesfor thenodevoltagesandthefrequencyof oscil-
lation and theavoidanceof theDC solution. Standard ap-
proachesfor limit cyclecalculationsof autonomouscircuits
exhibit poorconvergencebehaviorin practice. Byintroduc-
ing an additional periodic probevoltage source to the os-
cillator circuit, thesystemof autonomousdifferential alge-
braic equations(DAEs)canbereformulatedasa systemof
non-autonomousDAEswith theconstraint, that thecurrent
throughthesourcehasto bezero for thelimit cycle. Usinga
twostageapproach leadsto a greaterrangeof convergence
as thestandard approach, but thesuccessof thealgorithm
is heavilydependenton the initial amplitudeof the probe
sourceandthefrequencyof oscillation.Thispaperpresents
a fast and reliable optimizationbasedinitialization proce-
dure which overcomesthe initialization problemof thetwo
stagealgorithm.

1 Introduction

Usingmodifiednodalanalysis,electroniccircuitscanbe
describedmathematicallyby asystemof

�
(nonlinear)dif-

ferentialalgebraicequations(DAEs)
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where
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is the vector of unknown nodevoltages
andbranchcurrentsof inductors,
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is the

vectorof conductive contributionsto the circuit equations
and � !)� � �*' � � �

is thevectorof chargesandfluxes.It is
requiredthat


+� � aresufficiently smoothfunctionsandthat
the partial derivativeswith respectto

�
areavailable. It is

furtherassumedthat

-,

is regular for all
�
, otherwisethere

is no uniquesolutionof theDAE. In theautonomouscase,

equation(1) readsasfollows������
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It is alsoassumedthat (2) hasat leastonenon-trivial peri-
odicsolution
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with anapriori unknown pe-

riod
4

andthattheDAEs donot exhibit any chaoticbehav-
ior. Additionally, it is assumedthat(2) is uniquelysolvable
for any consistentsetof initial conditions
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. Under
theseassumptionsthecalculationof limit cyclesof (2) can
bewrittenasthesolutionof theboundaryvalueproblem������
���
����0
��8��� ���0
� � �1������9
�������46
�2

(3)

Standardtechniquesfor solving periodic boundaryvalue
problems of type (3) are shooting techniques, finite-
differencemethodsand Ritz-Galerkin techniques. Har-
monic Balance is a Ritz-Galerkin method employing
trigonometricbasisfunctions. In the following we restrict
ourselves to the HarmonicBalancetechnique,which is a
reliabletechniquefor simulatingsteadystateresponsesof
electronicsystems.

The following sectiondealswith the standardand the
two stageapproachfor limit cyclecalculationof oscillators.
Someusualinitialization techniquesare presentedin sec-
tion 3. Section4 presentstheoptimizationbasedinitializa-
tion procedurefor thetwo stagealgorithm.Someexamples
for demonstratingtheeffectivenessof thenew initialization
techniqueare presentedin section5. A short conclusion
will closethis paper.

2 Limit cycle calculation

In the following, the complex form of the discrete
Fouriertransformis usedfor easeof presentation,resulting
into :<; ��=

harmonicsof the signal from >?;5@ �A2B2C2B� ;5@ .
Thesystemsizecanbereducedroughlyby a factorof two,



whenemploying a sine/cosinerepresentationof the wave-
forms.

In the sectionsbelow, lower casecharactersrepresent
quantitiesin the time domain(waveforms),uppercaselet-
tersquantitiesin thefrequency domain(spectra).

2.1 The standard approach

Applicationof HarmonicBalanceto theboundaryvalue
problem(3) leadsto a systemof

� � :); �*=D

nonlinearal-

gebraicequationsE ��F5� @ 
G�1H&��FI
J�LKNM"� @ 
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where @ � RTSU ,
KV�XW > = , E ! Y � Z R\[^] %	_a` � � 'Y � Z R\[^] %	_

.
M

representsthe time derivative in the fre-
quency domainM���b Mdc)e?f9�gMdc<e*��h Mdc)c if i �/j�
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Nonlinearequationsof type (4) aregenerallysolvedby

(damped)Newtontypetechniques,whichrequirethepartial
derivativesof theconstitutiveelementrelations.Let s bethe
counterof theNewton procedure.Witht �vu tnw ��F ZBx�_ � @ Zyxz_ 
${ w ZC|?}�~\�-� �3}�~\��_{ � �
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(4) is an under-determinedsystem,becausethe additional
angularfrequency @ is anunknown. This reflectstheprop-
erty of autonomoussystemshaving a continuumof phase-
shiftedsolutions. To overcomethis problem,the phaseof
oneharmoniccanbefixed,i.e.Rem ��� e� 
 U F q ��� where

� e�
is the � -th canonicalvectorof dimension

j�!�� � � :); �g=D
 .
Thestandardapproachfor limit cycle calculationsof oscil-
latorscanbefounde.g.in [6].

2.2 The two stage approach

By introducing an additional periodic probe voltage
source � ���	
�� � ��� �84N
 to the node i of the oscillator
circuit,

=�� i � �
, the autonomousDAE (3) with un-

known periodicsteadystatecanbereformulatedasa non-
autonomousDAE (1) with additionalconstraints[11, 13].

Theprobevoltagesourceinjectsa currentaddedto the list
of unknowns,

� � ] % ���	
 . From(2), the following systemof
equationscanbeobtained������
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����0
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where
� �c

is the i -th canonicalvector of dimension
�

.
Equation(7) is now a non-autonomousDAE of the form
(1). To calculate(7), existing software for solving driven
HarmonicBalanceproblemscanbe re-used[10, 12]. The
autonomoussteadystatesolutionof (3) is obtainedif and
only if

� � ] % ���	
N�8� . In thefrequency domainthefollow-
ing equationsareobtained,usingKronecker’s � productE ��FI
G��H0��F�
��LK6MgOa��FI
J�l� �c � F � ] %F�c >g� ���o2

(8)

Thesteadystateconditionis obtainedif andonly if thecon-
straint F � ] % � � � @ 
.�/� (9)

is met. Note that (9) is an under-determinedsystemY R\[^] % ` � � ' Y R\[^] %
, becausethenon-autonomoussys-

tem (8) is assumedto be time-invariant. In a first step,
(8) is solved keepingstimulus � and @ fixed until con-
vergenceis reached. In the next step, the approximate� � ZBxz_ � @ ZBxz_ 
 of (9) will be updated. The algorithm pro-
ceedswith thefirst stepuntil convergenceof theouterloop
is achieved.Theunder-determinedsystem(9) canbesolved
by fixing thephaseof the � -th harmonicof thestimulus,i.e.� [ � U ��> � [ ��� U � ���

. Using the affine invariancetech-
niqueasdampingstrategy to Newtonsmethodincreasesthe
convergencedomainof the two stagealgorithmdrastically
[8], but still thesuccessof thetwo stagealgorithmdepends
on theuserestimatedinitial amplitudeof theprobevoltage
source.

3 Initialization techniques

The problemin oscillator simulationconsistsof deter-
mining good initial valuesfor the nodevoltagesand the
frequency of oscillation. Standardtechniquesfor estimat-
ing the oscillation frequency are the Kurokawa condition
method[7] andthegeneralizedeigenvalueanalysis.

3.1 The Kurokawa condition

Thelinearizationof (7) at theoperatingpoint leadsto <¡G¢ �£���	
��l¤ ¡G¢�¥�£���	
��l� ec � � ] % ����&c >r� ���	
����o�



where � ���	
 is a sinusoidalstimulus with unit amplitude.
Kurokawa’smethodcalculatestheinitial frequency in such
away thattheimpedanceat thedriving pointhasvanishing
imaginarypart. In otherwords,calculatethephasor

F � ] %
from  <¡.¢ F��IK @ ¤ ¡G¢ F¦��� �c F � ] % �1�Faca�8=

(10)

suchthatIm m F � ] % � @ 
 q �1� . Thiscanbedoneby asweep
of evaluationsof (10) in a predefinedfrequency domain,or
by Newton’smethodif theinitial estimateof thefrequency
is closeenoughto the exactsolution. In the lattercasethe
following systemof equationshasto besolvedt |�§P¨ª© � @ Zyxz_ � > Im m F � ] % � @ 
 q@ ZBx ] %	_ � @ Zyxz_ � � @ ZBxA_
wheretheJacobian

t |«§P¨ª© is obtainedfrom calculating

  ¡G¢ � F� @ �IK @ ¤ ¡G¢ � F� @ �¬� �c � F � ] %� @ � > K?¤ ¡G¢ F52
After a few iterationsa goodestimateof theoscillationfre-
quency is achieved,but thereis noinformationgainedabout
theinitial nodevoltagesof thecircuit.

3.2 The generalized eigenvalue analysis

Becauseanautonomouscircuit only canstartuposcillat-
ing when the operatingpoint is unstable(Andronov-Hopf
bifurcationtheorem,[3]), all generalizedeigenvalueshav-
ing Rem®­Jq$¯ � areinteresting.Thegeneralizedeigenvalues
canbecalculatedby <¡G¢ F�°5�l¤ ¡G¢ Fa°²±����o� (11)

where
F °

is the coefficient matrix of the
�

generalized
eigenvectors. Underthe assumptionthat thereis only one
dominatingoscillation,thereexist a complex pair of corre-
spondingeigenvalues,­ ��³?´IK @ . Fromtheabove

³ ¯ � .
For an index of the DAE larger thanzerothe matrix

¤ ¡G¢
is singular, thereforegeneralizedeigenvalues­ '¶µ

exist
which leadto numericalproblemsusingtheQZ algorithm.
For this reason,theinversegeneralizedeigenvalueproblem
is prefered  <¡G¢ Fa°·±��¬¤ ¡.¢ F�°¬��� (12)

which is morestablebecausecommercialcircuit simulators
rejectcircuits where   ¡G¢ is singular, i. e. thereexists no
DC pathto groundfrom all circuit nodes.Therefore  ¡G¢ is
a regular matrix andthe eigenvalues ­ arebounded.Also
in this case,a goodestimateof theoscillationfrequency is
achieved,but no informationabouttheinitial nodevoltages
of thecircuit.

4 Optimization based initialization

The initialization techniquesmentionedin section 3
only deliver a crudeestimateof the oscillation frequency
of the autonomouscircuit. The initial amplitudeof the
probesourcethatleadsto a successfulsimulationhasto be
guessed.The onedimensionaloptimizationbasedinitial-
izationprocedureovercomesthis problem.Thesolutionof
this fastprocedureis a probesourceamplitudevaluein the
convergencedomainof thetwo stagealgorithm.

ForsomehighQoscillatorcircuits,theprobecurrentwill
exhibit aminimumonly if theinitial frequency is extremely
closeto thetrueoscillationfrequency [2]. In thesecases,it
is necessaryto optimizetheinitial frequency in orderto lead
the two stageapproachto a successfulcalculationof the
limit cycle. This holdsfor low Q oscillators,too. The two
dimensionaloptimizationbasedinitializationprocedurede-
terminesa solutionfor the frequency andthe amplitudeof
theprobesourcein theconvergencedomainof thetwo stage
algorithm.

4.1 One dimension

For mosthigh Q oscillators,theeigenvalueanalysisand
theKurokawaconditiontechniquesexhibit goodoscillation
frequency estimations,whereasthe initial amplitudeof the
probesourcehasto beguessed.To becomefreeof guessing
theinitial amplitudeof theprobesource,thefollowing opti-
mizationbasedinitializationprocedurehasbeendeveloped.

Imaginea two dimensionalcoordinatesystemwith the
axisrepresentations¸ x: amplitude ¹z�º¹ of theadditionalprobesource¸ y: current ¹ F � ] % ¹ throughtheprobesource

wheretheamplitudeaxisis boundedby thelowerandupper
supplyvoltageof theoscillatorcircuit. Theinitial frequency
is fixed.This leadsto acurvewith severallocalminimaand
oneglobal minimum which is in the basinof attractionof
the limit cycle of the oscillatorcircuit1. Newton methods
are likely to get stuck in local minima or fail completely
becauseof a singularJacobianif the initial guessfor the
probesourceamplitudeis not in the basinof attractionof
the globalminimum. To overcomethis problem,a deriva-
tive free global optimizationtechniquecanbe usedto de-
liver a crudeinitialization within the rangeof convergence
of Newtonmethods.Thecrudesolutionof theoptimization
algorithm is the initialization for the fast two stagealgo-
rithm.

To detectthe basinof attractionof theglobalminimum
of a onedimensionalfunction

�����0

, definedon the inter-

val
b � �\»of , the easyto implementDividing Rectangles(DI-

RECT) algorithm[5, 1] - an enhancementof the standard
1onelimit cycle presupposed



Lipschitzianapproach- is of first choice.Thebasicsof the
DIRECT algorithm areas follows. StandardLipschitzian
algorithmsassumethat the rateof changeof the function�����0


is bounded.They assumethata positive constant;Q¼
exists,calledtheLipschitzconstant,suchthat½ ������
 > �����&¾¿
 ½ � ; ¼ ½ � > �0¾ ½ �À���	�0¾«�gb � �	»&f (13)

is fulfilled. The evaluation of
������


at the centerpoint¤^�/� ¾ ��� � �¬»�
T� : leadsto thefollowing inequalities�����0
^Á�����¤p
�� ; ¼ ��� > ¤A
�� for
�Â��¤)�

(14)�����0
^Á�����¤p
 >�; ¼ ��� > ¤A
�� for
�ÂÁ�¤)2

(15)

Theseinequalitiescanberegardedastwo lineswith slopes� ; ¼ and >?; ¼ . Thefunctionhasto beabove theinverted
V formedby the intersectionof the two lines. At the end-
pointsof the interval, the lowest function valuesthat can
attainoccur. Thelowerboundcanbecalculatedto

lowerbound
�1����¤A
 >g;Q¼ � ��>gÃ 
\� : 2 (16)

In the next step,the interval is divided into thirds,andthe
function

�����0

is evaluatedat thecenterpointsof theleft and

right third. Theoriginal centerpoint becomesthecenterof
a smallerinterval. The next stepis to selectoneof these
intervalsfor furthersampling.For futherdetailsconcerning
theinterval selectionprocedure,see[5].

4.2 Two dimensions

The true frequency of oscillationcanbe different from
theinitial frequency obtainedby usinglinearanalysistech-
niqueslike the Kurokawa conditiontechniquesor thegen-
eralizedeigenvalue analysis. The differencecan be ex-
plainedbycapacitancesandconductancesof semiconductor
deviceswhich arenonlinearfunctionsof theterminalvolt-
ages. The differencebetweenthe estimatedandthe exact
frequency of oscillation is not large for most high Q os-
cillator circuits, but they are large when comparedto the
rangeof convergenceof the solution. It is possible,that
theprobecurrent ¹ F � ] % ¹ will exhibit a minimum only if
thefrequency is extremelycloseto theexactoscillationfre-
quency [2]. In thesecases,thetwo stagealgorithmwill fail.
To overcomethis problem,the onedimensionaloptimiza-
tion basedinitialization procedureexplainedin section4.1
canbe extendedas follows. Imaginenow a threedimen-
sionalcoordinatesystemwith theaxisrepresentations¸ x: amplitude ¹A�º¹ of theadditionalprobesource¸ y: frequency¸ z: current ¹ F � ] % ¹ throughtheprobesource

wheretheamplitudeaxisis boundedby thelowerandupper
supplyvoltageandthe frequency axisby anestimatedfre-
quency (Kurokawa, eigenvalueanalysis)plus andminusa
tolerancefactor. This leadsto a boundedplanewith several
local minimaandoneglobalminium, thelimit cycle of the
oscillator circuit. Figure 1 illustratesthe current through

Figure 1. Current thr ough additional probe
sour ce in bounded box. Top right: Figure
zoomed in z-direction

the additionalprobevoltagesourcein dependenceon the
frequency andtheamplitudeof theprobesourcefor a sym-
metric oscillator circuit. To detectthe basinof attraction
of theglobalminimum,thederivativefreeglobaloptimiza-
tion techniqueDIRECTcanbeusedin this two dimensional
caseaswell. For furtherdetails,see[5].

5 Results

The effectivenessof the oneandtwo dimensionalopti-
mizationbasedinitialization procedureswill be shown by
meansof simulationresultsfor two typical oscillator cir-
cuits,asymmetricoscillatorandaVHF-oscillator. For both
oscillators,the obtainedconvergencerangeand the num-
berof functionandJacobianevaluationswill becompared
for the two stagealgorithm, the affine invariancedamped
two stagealgorithm[8] andthe optimizationbasedinitial-
izedtwo stagealgorithm. In all cases,the initial frequency
is calculatedby theKurokawacondition.Theoptimization
basedinitialization procedureswitchesto the two stageal-
gorithm if ÄzÅ�ÆdÇ£È)Ä�ÉËÊDÌ3Í�Î is reached. The simulation
resultsof thesymmetricoscillatorarelistedin Table1. The
one(two)dimensionaloptimizationbasedinitializationpro-
cedureneeds5 (13) function andJacobianevalutionsand
the following two stagealgorithm 15 (15) evaluations,in



total20 (28). Thatis asfastasthepuretwo stagealgorithm
but now without any convergencerangerestrictions. The

Table 1. Symmetric Oscillator

Initialisation Damping ConvergenceRange Func.

Kurokawa /
��2B=DÏÐ��Ñ�����2 Ò9Ï

21

Kurokawa Affine Inv.
��2B=DÏÐ��Ñ�����2ÔÓ)Ï

65

OneDim. /
��2B=DÏ >gÕ Ïa��Ö9×9×9
 20

Two Dim. /
��2B=DÏ >gÕ Ïa��Ö9×9×9
 28

numberof functionevaluationsfor theKurokawainitialized
versionsof thetwo stagealgorithmareaveragedvaluesover
the indicatedconvergencerange. This holds for Table 2,
too.

Table2 presentstheresultsof theVHF-oscillator. After
5 (13) function andJacobianevaluationsthe one(two) di-
mensionalinitializationprocedureswitchesto thetwo stage
algorithmandafteranother19(19)evaluations,thelimit cy-
cle is calculated.Thatis in total 24 (32) Newton iterations,
only slightly moreoverheadcomparedto the two stageal-
gorithminitializedby Kurokawa,but fasterthanthedamped
versionandwith aconvergencerangeoverthewholesupply
voltage.

Table 2. VHF-Oscillator

Initialisation Damping ConvergenceRange Func.

Kurokawa /
��2 Õ ÏÐ��Ñ�����2 ØnÏ

18

Kurokawa Affine Inv.
��2B=DÏÐ��Ñ��1=<2 : Ï 37

OneDim. /
��2B=DÏ >rÙ Ïa��Ö9×9×9
 24

Two Dim. /
��2B=DÏ >rÙ Ïa��Ö9×9×9
 32

Theonedimensionalinitializationprocedurefailsin case
of an eigenvalueanalysisinitialized voltagecontrolledos-
cillator circuit. The initial frequency is about2.072GHz,
the true frequency of oscillationis about2.224GHz. The
two dimensionalintitialization procedureovercomesthis
problemby optimizing the initial frequency andthe probe
sourceamplitude. After 29 function andJacobianevalua-
tions the two dimensionaloptimizationbasedinitialization
procedureswitchesto thetwo stagealgorithmandafteran-
other13evaluations,thelimit cycle is calculated.Thatis in
total42 Newton iterations.

6 Conclusions

A oneandtwo dimensionaloptimizationbasedinitializa-
tion procedureswerepresentedwhich overcomethe prob-
lem of determininggoodinitial valuesfor thetwo stageal-

gorithm. Thesearefastandreliableproceduresasthe ex-
ampleshave shown. No multiple runs of simulationsare
neededbecauseof thepresenteddeterministicoptimization
technique.
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Analysisof Freeor ForcedOscillatorsbyHarmonicBalance
and Stability Investigationof Periodic and Quasi-Periodic
Regimes. Int. J.MicrowaveandMillimeter-WaveCAD, Vol.
5, No. 3, pp.210-223,1995.

[12] M.F. Sevat, T.J. Engelen, J.C.H. van Gerwen,
E.J.W. ter Maten. Harmonic Balance Algorithm in
Pstar. PhilipsElectronicsN. V., 1998.

[13] G. Welsch. AnalysedeseingeschwungenenZustandsau-
tonomer und nichtautonomerelektronischer Schaltungen.
Shaker, Aachen,1998.


	Main Page
	DATE'02
	Front Matter
	Table of Contents
	Session Index
	Author Index




