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Abstract

Theoscillator problemconsistf determininggoodini-
tial valuesfor the nodevoltagesandthe frequencyof oscil-
lation and the avoidanceof the DC solution. Standad ap-
proadhesfor limit cyclecalculationsof autonomousircuits
exhibit poor corvergencebehaviorin practice Byintroduc-
ing an additional periodic probe voltage source to the os-
cillator circuit, the systenof autonomousglifferential alge-
braic equationg DAEs)canbereformulatedasa systenof
non-autonomouBAEswith the constaint, that the current
throughthesourcehasto bezeo for thelimit cycle Usinga
two stege approach leadsto a greaterrange of corvergence
asthe standad apprmoad, but the succes®f the algorithm
is heavily dependenbn the initial amplitudeof the probe
souiceandthefrequencyf oscillation. Thispaperpresents
a fastandreliable optimizationbasedinitialization proce-
dure which overcomeghe initialization problemof the two
stage algorithm.

1 Introduction

Usingmodifiednodalanalysis glectroniccircuitscanbe
describednathematicallypy a systemof N (nonlinear)dif-
ferentialalgebraicequationgDAES)

Flat) = i) + 94D )

wherez € RRY is the vector of unknovn nodevoltages
andbranchcurrentsof inductors,i : RV*! — RY isthe
vectorof conductie contributionsto the circuit equations
andg : RV — R" is thevectorof chagesandfluxes.lt is
requiredthats, g aresufficiently smoothfunctionsandthat
the partial derivativeswith respecto x areavailable. It is
furtherassumedhati, is regularfor all ¢, otherwisethere
is no uniquesolutionof the DAE. In theautonomougase,

equation(1) readsasfollows

=0. )

It is alsoassumedhat (2) hasat leastone non-trivial peri-
odicsolutionz(t) = z(t + 1) with anapriori unknown pe-
riod T andthatthe DAEs do not exhibit any chaoticbehar-
ior. Additionally, it is assumedhat(2) is uniquelysolvable
for ary consistensetof initial conditionszy att,. Under
theseassumptionsghe calculationof limit cyclesof (2) can
bewritten asthe solutionof the boundaryvalueproblem

. dg(z) _
f(.Z') = Z(.CL') + T =0

z(0) = z(T). (3)

Standardtechniguesfor solving periodic boundaryvalue
problems of type (3) are shooting techniques, finite-
differencemethodsand Ritz-Galerkin techniques. Har-
monic Balance is a Ritz-Galerkin method employing
trigonometricbasisfunctions. In the following we restrict
oursehesto the HarmonicBalancetechnique,which is a
reliabletechniquefor simulatingsteadystateresponsesf
electronicsystems.

The following sectiondealswith the standardand the
two stageapproacHor limit cycle calculationof oscillators.
Someusualinitialization techniquesare presentedn sec-
tion 3. Section4 presentshe optimizationbasednitializa-
tion procedurdor thetwo stagealgorithm. Someexamples
for demonstratinghe effectivenes®f the new initialization
techniqueare presentedn section5. A shortconclusion
will closethis paper

2 Limit cycle calculation

In the following, the complex form of the discrete
Fouriertransformis usedfor easeof presentationresulting
into 2K + 1 harmonicsof the signalfrom —Kw, ..., Kw.
The systemsizecanbereducedoughly by afactorof two,



whenemploying a sine/cosingepresentationf the wave-
forms.

In the sectionsbelow, lower casecharactersepresent
guantitiesin the time domain(waveforms),uppercaselet-
tersquantitiesin thefrequeny domain(spectra).

2.1 Thestandard approach
Application of HarmonicBalanceto the boundaryalue

problem(3) leadsto a systemof N(2K + 1) nonlinearal-
gebraicequations

F(X,w) =I(X) +j Qw) Q(X) =0, 4)
wherew = 20, j = =1, F : ¢V®¥+D xR —
CNCE+Y ) representshe time derivative in the fre-

gueng domain

Qe if n=m

Q:[Qnm],Qnm:{ 0 if n#m )
Qpp = wdiag{-kK,...,-1,0,1,..,. K}, n=1,2,...,N.

..y

Nonlinearequationsof type (4) are generallysolved by
(dampedNewtontypetechniqueswhichrequirethepartial
derivativesof theconstitutve elementelations.Let v bethe
counterof the Newton procedureWith

J = I:JF(X(V),LU(”)) %‘:,w("))
whereJr = 8I(X) /80X + j Q(w) 0Q(X) / X
=G(X) +j Qw) C(X)

OF(X,w) _j
ana® =) = 1 () Q(x),
we get
AX(r+1) N
[Aw(u+1)] = - [F(X™),w)]. (6)

(4) is an underdeterminedsystem,becausehe additional
angularfrequeny w is anunknawn. This reflectsthe prop-
erty of autonomousystemshaving a continuumof phase-
shifted solutions. To overcomethis problem,the phaseof

oneharmoniccanbefixed,i.e.Re{(e/*)T X} = 0 wheree]™

is thel-th canonicalectorof dimensionm := N (2K +1).

The standardapproacHor limit cycle calculationsof oscil-

latorscanbefounde.g.in [6].

2.2 Thetwo stage approach

By introducing an additional periodic probe voltage
sourceb(t) = b(t + T') to the noden of the oscillator
circuit, 1 < n < N, the autonomouDAE (3) with un-
known periodicsteadystatecanbe reformulatedasa non-
autonomoudDAE (1) with additionalconstraintd11, 13].

The probevoltagesourceinjectsa currentaddedto the list
of unknowns, z 1 (t). From(2), the following systemof
equationcanbe obtained

flx) =i(z) + d%_(ta:) +el xnp =0

Tn — b(t) =0, (7)

where el is the n-th canonicalvector of dimensionN.
Equation(7) is now a non-autonomou®AE of the form
(1). To calculate(7), existing software for solving driven
HarmonicBalanceproblemscanbe re-used10, 12]. The
autonomousteadystatesolution of (3) is obtainedif and
only if zx41(t) = 0. In thefrequengy domainthe follow-
ing equationsareobtainedusingKronecler’'s ® product

FX)=IX)+j7QQ(X)+eN ® Xny1
X,-B=0. (8

Thesteadystateconditionis obtainedf andonly if thecon-
straint

Xnt1(B,w) =0 9)

is met. Note that (9) is an underdeterminedsystem
C*5+1 x IR — C*¥*1, becausehe non-autonomousys-
tem (8) is assumedo be time-invariant. In a first step,
(8) is solved keepingstimulus B and w fixed until con-

vergenceis reached. In the next step, the approximate
(B™), w®) of (9) will be updated. The algorithm pro-

ceedswith thefirst stepuntil corvergenceof the outerloop

is achieved. Theunderdeterminedystem(9) canbesolved

by fixing the phaseof the k-th harmonicof thestimulus,i.e.

ekT B — ¢X." B = 0. Usingthe affine invariancetech-

nigueasdampingstrateyy to Newtonsmethodincreaseshe

corvergencedomainof the two stagealgorithmdrastically
[8], but still the succes®f thetwo stagealgorithmdepends
ontheuserestimatednitial amplitudeof the probevoltage
source.

3 Initialization techniques

The problemin oscillator simulationconsistsof deter
mining good initial valuesfor the node voltagesand the
frequeng of oscillation. Standardechniquedor estimat-
ing the oscillation frequeny are the Kurokawva condition
method[7] andthegeneralizeaigervalueanalysis.

3.1 TheKurokawa condition

Thelinearizationof (7) atthe operatingpoint leadsto

gpc z(t) + cpc £(t) + e xny1 =0
Zn — b(t) =0,



where b(t) is a sinusoidalstimulus with unit amplitude.
Kurokava's methodcalculategheinitial frequeng in such
away thattheimpedancet the driving point hasvanishing
imaginarypart. In otherwords,calculatethe phasorX y
from

gDCX-}‘jLUCDCX"‘e;VXNJ,_l:O
X,=1 (10)

suchthatim{X 41 (w)} = 0. Thiscanbedoneby asweep
of evaluationsof (10) in a predefinedrequengy domain,or
by Newton’s methodif theinitial estimateof the frequeny
is closeenoughto the exactsolution. In the latter casethe
following systemof equationshasto be solved

JX N Aw = —IM{Xn41(w)}
w D = ) LA W®)

wherethe Jacobian/x _, is obtainedrom calculating

) X Ny dXni
- wce - e
9pc o + DC dw+ " T dw
After afew iterationsa goodestimateof the oscillationfre-
gueng is achieved,but thereis noinformationgainedabout
theinitial nodevoltagesof thecircuit.

=—jcpe X.

3.2 Thegeneralized eigenvalue analysis

Becausenautonomousircuit only canstartup oscillat-
ing whenthe operatingpoint is unstable(Andronov-Hopf
bifurcationtheorem,[3]), all generalizectigervalueshav-
ing Re{A} > 0 areinteresting.Thegeneralizeeigervalues
canbecalculatedby

gpc Xg +cpc Xg A =0, (11)

where X is the coeficient matrix of the N generalized
eigervectors. Underthe assumptiorthat thereis only one
dominatingoscillation,thereexist a complex pair of corre-
spondingeigervalues A = § + j w. Fromtheabove§ > 0.
For anindex of the DAE larger than zerothe matrix ¢cpc
is singular thereforegeneralizecigervaluesh — oo exist
which leadto numericalproblemsusingthe QZ algorithm.
For this reasontheinversegeneralizecigervalueproblem
is prefered

gpc XA +cpc Xg =0 (12)

whichis morestablebecauseommerciakircuit simulators
rejectcircuits wheregpce is singular i. e. thereexists no
DC pathto groundfrom all circuit nodes.Thereforegpc is
aregular matrix andthe eigervalues arebounded. Also
in this case a goodestimateof the oscillationfrequeng is
achieved,but noinformationabouttheinitial nodevoltages
of thecircuit.

4 Optimization based initialization

The initialization techniquesmentionedin section 3
only deliver a crude estimateof the oscillation frequeng
of the autonomouscircuit. The initial amplitude of the
probesourcethatleadsto a successfusimulationhasto be
guessed.The one dimensionaloptimization basedinitial-
ization procedureovercomesghis problem. The solutionof
this fastprocedurds a probesourceamplitudevaluein the
convergencedomainof thetwo stagealgorithm.

For somehigh Q oscillatorcircuits,theprobecurrentwill
exhibit aminimumonly if theinitial frequeng is extremely
closeto thetrue oscillationfrequeng [2]. In thesecasesit
is necessaryo optimizetheinitial frequeng in orderto lead
the two stageapproachto a successfukalculationof the
limit cycle. This holdsfor low Q oscillators,too. The two
dimensionabptimizationbasednitialization procedurede-
terminesa solutionfor the frequeng andthe amplitudeof
theprobesourcan thecornvergencadlomainof thetwo stage
algorithm.

41 Onedimension

For mosthigh Q oscillators the eigervalueanalysisand
theKurokawva conditiontechniquexhibit goodoscillation
frequeng estimationswhereaghe initial amplitudeof the
probesourcehasto beguessedTo becomdreeof guessing
theinitial amplitudeof theprobesourcethefollowing opti-
mizationbasednitialization proceduréhasbeendeveloped.

Imaginea two dimensionalcoordinatesystemwith the
axisrepresentations

e x: amplitude|| B|| of theadditionalprobesource

e y: current|| X 1| throughtheprobesource

wheretheamplitudeaxisis boundedy thelowerandupper
supplyvoltageof theoscillatorcircuit. Theinitial frequeng

is fixed. This leadsto a curve with severallocalminimaand
oneglobal minimum which is in the basinof attractionof

the limit cycle of the oscillator circuit!. Newton methods
arelikely to get stuckin local minima or fail completely
becauseof a singularJacobianif the initial guessfor the

probesourceamplitudeis not in the basinof attractionof

the global minimum. To overcomethis problem,a deriva-

tive free global optimizationtechniquecanbe usedto de-

liver a crudeinitialization within the rangeof corvergence
of Newton methods.The crudesolutionof the optimization
algorithmis the initialization for the fasttwo stagealgo-

rithm.

To detectthe basinof attractionof the global minimum
of a onedimensionalfunction f(z), definedon the inter-
val [I, u], the easyto implementDividing RectanglegDI-
RECT) algorithm 5, 1] - an enhancementf the standard

Lonelimit cycle presupposed




Lipschitzianapproach is of first choice. The basicsof the
DIRECT algorithm are asfollows. StandardLipschitzian
algorithmsassumethat the rate of changeof the function
f(z) is bounded.They assumehata positive constantX’;,
exists, calledtheLipschitz constantsuchthat

|f(@) - f(@)| <Kilz—2'|, @2 €[l,u] (13)
is fulfilled. The evaluationof f(z) at the centerpoint
c=2 =1+ u) /2 leadsto thefollowing inequalities

f(@) > f(e) + Ki(z o),

f(@) > f(e) - Ki(z — o),

Theseinequalitiescanberegardedastwo lineswith slopes
+ K, and—K7,. Thefunctionhasto beabove theinverted
V formedby theintersectionof the two lines. At the end-
points of the interval, the lowestfunction valuesthat can
attainoccur Thelower boundcanbe calculatedo

forz <e, (14)

forz > c. (15)

lowerbound= f(c) — Kr(b—a)/2. (16)

In the next step,the interval is dividedinto thirds, andthe

function f (z) is evaluatedatthecentempointsof theleft and
right third. The original centerpoint becomeshe centerof

a smallerinterval. The next stepis to selectone of these
intervalsfor furthersampling.For futherdetailsconcerning
theinterval selectionproceduresee[5].

4.2 Twodimensions

The true frequeng of oscillation can be differentfrom
theinitial frequeng obtainedby usinglinearanalysistech-
nigueslik e the Kurokava conditiontechniqueor the gen-
eralized eigervalue analysis. The differencecan be ex-
plainedby capacitanceandconductancesf semiconductor
deviceswhich arenonlinearfunctionsof the terminalvolt-
ages. The differencebetweenthe estimatedandthe exact
frequeng of oscillationis not large for most high Q os-
cillator circuits, but they are large when comparedo the
rangeof corvergenceof the solution. It is possible,that
the probecurrent|| X 1 || will exhibit a minimum only if
thefrequeng is extremelycloseto theexactoscillationfre-
gueng [2]. In thesecasesthetwo stagealgorithmwill fail.
To overcomethis problem,the one dimensionaloptimiza-
tion basednitialization procedureaxplainedin section4.1
canbe extendedas follows. Imaginenow a threedimen-
sionalcoordinatesystemwith the axisrepresentations

e x: amplitude|| B|| of theadditionalprobesource
e y: frequeny

e z: current|| X y1]| throughthe probesource

wheretheamplitudeaxisis boundedy thelowerandupper
supplyvoltageandthe frequeng axis by an estimatedre-
queny (Kurokawa, eigervalueanalysis)plus andminusa
tolerancefactor This leadsto aboundedblanewith several
local minimaandoneglobal minium, thelimit cycle of the
oscillator circuit. Figure 1 illustratesthe currentthrough

Symmetric Oscillator
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the additional probe voltage sourcein dependencen the
frequeng andthe amplitudeof the probesourcefor a sym-
metric oscillator circuit. To detectthe basinof attraction
of the globalminimum, thederiative free global optimiza-
tiontechniqueDIRECT canbeusedin thistwo dimensional
caseaswell. For furtherdetails,se€e[5].

5 Resaults

The effectivenesof the oneandtwo dimensionalopti-
mization basedinitialization procedureswill be shovn by
meansof simulationresultsfor two typical oscillator cir-
cuits,asymmetricoscillatoranda VHF-oscillator For both
oscillators,the obtainedcorvergencerangeand the num-
ber of function andJacobiarevaluationswill be compared
for the two stagealgorithm, the affine invariancedamped
two stagealgorithm[8] andthe optimizationbasednitial-
izedtwo stagealgorithm. In all casestheinitial frequeny
is calculatedby the Kurokava condition. The optimization
basednitialization procedureswitchesto the two stageal-
gorithmif || Xy41|| < 1072 is reached. The simulation
resultsof thesymmetricoscillatorarelistedin Tablel. The
one(two) dimensionabptimizationbasednitialization pro-
cedureneeds5 (13) function and Jacobianevalutionsand
the following two stagealgorithm 15 (15) evaluations,in



total 20 (28). Thatis asfastasthe puretwo stagealgorithm
but now without ary corvergencerangerestrictions. The

Table 1. Symmetric Oscillator

Initialisation Damping CorvergenceRange Func.
Kurokava / 0.1V <U <04V 21
Kurokava Affinelnv. 0.1V <U <0.7V 65
OneDim. / 0.1V — 3V (vdd) 20
Two Dim. / 0.1V — 3V (vdd) 28

numberof functionevaluationgfor theKurokawvainitialized
versionof thetwo stagealgorithmareaveragedraluesover
the indicatedcorvergencerange. This holds for Table 2,
too.

Table2 presentgheresultsof the VHF-oscillator After
5 (13) function and Jacobiarevaluationsthe one (two) di-
mensionalnitialization procedureswitchego thetwo stage
algorithmandafteranotherl9(19) evaluationsthelimit cy-
cleis calculated.Thatis in total 24 (32) Newton iterations,
only slightly moreoverheadcomparedo the two stageal-
gorithminitialized by Kurokawa,but fastethanthedamped
versionandwith acorvergencaangeoverthewholesupply
voltage.

Table 2. VHF-Oscillator

Initialisation Damping CorvergenceRange Func.
Kurokava / 03V <U<K09V 18
Kurokava Affinelnv. 0.1V <U <1.2V 37
OneDim. / 0.1V — 5V (vdd) 24
Two Dim. / 0.1V — 5V (vdd) 32

Theonedimensionalnitializationprocedurdailsin case
of an eigervalueanalysisinitialized voltagecontrolledos-
cillator circuit. The initial frequeny is about2.072GHz,
thetrue frequeng of oscillationis about2.224GHz. The
two dimensionalintitialization procedureovercomesthis
problemby optimizing theinitial frequeny andthe probe
sourceamplitude. After 29 function and Jacobiarevalua-
tions the two dimensionabptimizationbasednitialization
procedureswitchesto the two stagealgorithmandafteran-
otherl3 evaluationsthelimit cycleis calculated.Thatis in
total 42 Newtoniterations.

6 Conclusions

A oneandtwo dimensionabptimizationbasednitializa-
tion proceduresvere presentedvhich overcomethe prob-
lem of determininggoodinitial valuesfor the two stageal-

gorithm. Thesearefastandreliable proceduregasthe ex-
ampleshave shovn. No multiple runs of simulationsare
neededecausef the presentedieterministicoptimization
technique.
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