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Abstract

We explore numercal soluion techriquesfor noncawex andnondiffer-
entiable econanic optimal growth models. As anillustrative example,we
consider the optimal control probem of choosing the optimal greerouse
gasemissonsabatenentto avoid or delaya abrug andirreversible climate
damages We analyze several stochasticglobd optimizaion method such
as contrdled random seach, multi-level coodinate seard or differential
evolution. The different evolution (DE) algarithm gave the bestresuts in
termsof objective function andexecuion speed. Othertechmiques arefaster
thanDE in obtaning aloca optimum close to the global optimum but mis-
converge ultimatdy. The solution time for DE rises apgoximatly expo-
nentidly with increasirg problem dimengon. The noncawex problemin
DE requres up to 50to corverge thanthe corvex problem. A simpleparal-
lelism schane without sub-ppulaions decreaesthe overal solution time
for low (around 4) degree of pardlelization.



Intr oducion

Choosinganintelligentpolicy towardspotental impactsof climatechangemight

beseemsanoptimal controlproblem.In otherwords,presenaindfuturesocieties
might want to find someoptimal balancebetweenthe costsof reducinggreen-
housegasemissonsandthe benefitsof avoided climatedamages.This kind of

integratedeconomicandscientificassessmertasbeenpioneeredy the ground-
breakingstudiesof William Nordhaug(e.g.,Nordhaus [1992]) andhasspavned
thefield of integratedassessmerftA) of climatechange.

The responseof the climate-economysystemin the integratedassessment
modelsis typically describedassmooh, continuaus andcorvex (e.g.,Nordhaus
[1994], or Nordhaus and Boyer [2000]). Optimizing a smooh andcornvex system
is relatively straightforvard with the help local optimization packagesuchas
GAMS/MINOS. However, the climate-economyystemis not smoothandshows
significanthysteresigesponse$Rahmstorf, 1997; Broecker, 2000; Keller et al.,
2001]which introducelocal optimal optima into the economicmodel. Thelocal
optima can renderthe analysisof climate policy a difficult global optimization
problemasthey precludethe useof the standardptimizationmethods.Herewe
analyzethe performancef recentglobal optimizatian algorithns with respecto
theirability to identify theglobaloptimumandthetime requiredto obtainthebest
solution.

Integratedassessmemhodelsof climatechanggacethreemainoptimization
challenges.First, the time scaleof the problemis very long (several centuries)
relative to thetime scaleof economicchange.To solwve thisrelatively stiff system
requiresa large numter of time grid-pointsandresultsin a large numberof op-
timizationvariables.Secondthe possilility of abruptclimatechangentrodiwces
jumpsin the objective function which choke optimizationalgorithns relying on
partial derivatives. Third, someclimatic changeshown hysteresisffectswhich
renderthemodelsnoncorvex (i.e., they introducelocal maxima).



The typically appliedlocal optimization techniquesfind local maxima ex-
tremelyfast, but often miscorverge in noncomwex functions. To avoid miscon
vergencerequiresglobal optimizaton (GO) techniques— that is algorithms
that identify the best(global) optimum and without being trappedin local op-
tima. Computatbnal GO techniquesanbe broadlybroken into two cateyories-
stochasti anddeterministt. Stochastialgorithns cannotbe guaranteedo con-
vergeto absolue supremaluringary particularrun, but seekto biasrandompro-
cessesowardsasymptott corvergence.Determinisic algorithmscanbe shavn
to corvergeto supremawith certainty but their executions’ requiredtime scales,
computatbnal resourcesandknowledgeof the objectve function’s form maybe
formidable. Therefore,optimizing detailed,numericallyintensie integratedas-
sessmenmodelsof climate systemsreateschallengeseven for currentstateof
theartalgorithms.

This paperpresentdoth an examinaton of the performanceof a variety of
GO techniquesand a computatioal “cookbook” methodfor optimizing a class
of suchproblems.Our investigation evaluateshow differentalgorithns confront
a globaloptimizationtask. We analyzethe quality of found supremunffunction
valueandvectorform), thetime in arriving at thatanswey the convergencepath
(how soonthe found answergetscloseto the best),the relationshipbetweerthe
dimensonality of theproblemandsolutiontime, aswell asimplementabn issues
on multiprocessig workstatimms andsupercompur clusters.

To introducethe classof problemsexamined sectiontwo containsa brief ex-
planationof thresholdmodified DICE and presentdhe reasondor its behaior.
Sectionthreeis anexpostion of the behaior of several GO algorithns with con-
siderationfor their strengthsandweaknessesFinally, sectionfour exploresthe
performanceof Differential Evolution [Storn and Prince, 1997]in corvex and
noncowex settingsaswell asanextensionin the parallelexecution.



The optimization problem

Theoptimizationproblempresentedh this paperis basedn the DICE (Dynamic
Integratedmodel of Climate andthe Economy)model, which is a widely used
dynamiceconomicmodelof the climatechange.lt integrateseconomicsgarbon
cycles,climatescienceandimpactsallowing theweighingof thecostsandbenefits
of takingstepsto slow greenhousgarming.

The original formulationof the modelheld climatedamages$o economiego
beasmoothquadratiaelationto changdn globalmeantemperatureKeller et al.
[2001] modifiesthe DICE model[Nordhaus, 1994] by consideringhe economic
damagesausedby an oceancirculation change(technicallyknown asa North
Atlantic Thermohalinecirculation, THC, collapse).Oncecrossedthe threshold
is irreverside. The damagesvroughtby crossingthe thresholdare abruptand
canbe severe. Thoseattributesjoin to give the systemmary local extremaand
discontnuities. Figurel demongratesthe effectsof thethreshold.

For this paperwe analyzetheeffectsof a climatethresholdthatis, apotential
oceanthermohalie circulationcollapse.The main objectie is the maximzation
of socialwell-beingwith a particularsetof decisionsaboutinvestnentand CO,
abatemenbvertime. Althoughresultsarereportedfor the periodfrom year1995
until 2155,a longertime horizonof 470yearsis usedto avoid endeffects. This
resultsin 94 decisionvariables(47 for abatemenand 47 for invesment). This
paperconsidersTHC specificdamage®f 0% and1.5%of GWP For summnary of
themechanic®f the DICE model,seeAppendixA.

Methods

Global optimizaton methodscan be roughly classifiedas determinisic [Gross-
mann, 1996; Pinter, 1996; Horst and Tuy, 1996] and stochasticstrateyies ([Ali
et al., 1997; Torn et al., 1999]. It shoutl be notedthat, althoughdeterministt



methodscanguaranteglobal optimality for certainGO problems,no algorithm
cansolve generalGO problemswith certaintyin finite time [Guus et al., 1995].
In fact,althoughseveralclasse®f deterministt methodge.g.branchandbound)
have soundtheoreticalconvergenceproperties the associateadomputatioal ef-
fort increasewery rapidly (oftenexponentally) with the problemsize.

In contrast,mary stochastianethodscan locatethe vicinity of global solu-
tions with relative rapidity, but with the caveatthat global optimality cannotbe
guaranteed.In practice,stochastionethodsoften provide the userwith a very
good (often, the bestavailable) soluion in modestcomputationtime. Creating
additioral speed,mary stochastianethodslend themselesto easyparalleliza-
tion, which increaseghe size of the problemthat canbe handledin reasonable
wall clock time. Becausethe problemat handmay be treatedas a black box,
stochastt methodsare usually quite simpleto implement Thosecharacteristics
areespeciallyinterestingsincethe researcheoften mustlink the optimizer with
athird-partysoftwarepackagevherethe processlynamicmodelhasbeenimple-
mented.

Overview of Go methods

We considera setstochasticGO methodswhich canhandleblack box models.
The algorithms are includedbasedon their publishedperformanceand on our
own experiences Although noneof thesemethodscanguarante@ptimality, the
researchemay solve a given problemwith a numberof differentmethodsand
make a decisionbasedn the setof soluionsfound. Usually, severalof themeth-
odswill corverge to essentiall the samesolution. Suchmultiple corvergence
shouldnot be regardedas a confirmationof global optimality (it might be the
samelocal optimum), but it doesgive the usersomeconfidence. Furthermore,
it is usually possilhe to have estimags of lower boundsfor the black box cost
function andits differentterms,so the goodnes®f the 'global’ solution canbe
evaluated.Sometimes 'good enough’solutionis sufficient.

6



TheconsideredsO methodsare:

ICRS:

LJ:

DE:

astochasticGO methodpresentedhy Banga and Casares[1987],im-
proving the ControlledRandomSearch(CRS methodof Goulcher
and Casares [1978]. Basically ICRSis a sequentia{onetrial vector
atatime),adaptve randomsearchmethodwhich canhandleinequal-
ity constraintsia penaltyfunctions.

anothersimple stochastialgorithm,describedoy Luus and Jaakola
[1973]. LJ considersa populatian of trial vectorsat eachiteration.
Constraintsaarealsohandledvia penaltyfunctions.

the Differential Evolution method,aspresentedy Sorn and Prince

[1997]. DE is a heuristic, populatio-basedapproachto GO. The

original codeof the DE algorithm[Storn and Prince, 1997]doesnot

checkif thenew generatedrectorsarewithin their boundconstraints,
sowe slightly modify the codefor thatpurpose.A brief description
of DE is containedn AppendixB.

GCLSOLVE: adeterministt GO method,implementedin Matlab aspartof the

MCS:

optimizationervironmentTOMLAB [Holmstrom, 1999]. It is aver

sionof thedirectalgorithm[Holmstrom, 1999]thathandlesionlinear
andintegerconstraintsGCLSOLVE runsfor a predefinechumberof

function evaluatbns and considerghe bestfunction value found as
theglobaloptimum

the Multilevel CoordinateSeart algorithmby Huyer and Neumaier
[1999],inspiredby the DIRECT method Jones, 2001],is aninterme-
diatebetweemurelyheuristicmethodsandthoseallowing anassess-
mentof the quality of the minimum obtained.It hasaninitial global
phaseafter which a local procedure basedon a SQPalgorithm is
launched.Thesdocal enhancemenigadto quick corvergencef the
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GLOBAL:

globalphasehasfounda pointin the basinof attractionof the global
minimizer.

thisis ahybrid GO methodby Csendes[1988], which essentialf is a
modificationof the algorithmby Boender et al. [1982]. This method
usesa randomsearchfollowed by a local searchroutine. Initially,

it carriesout a clusteringphasewherethe SingleLinkage methodis

used.Next, two differentlocal searchprocedureganbe selectedor

a secondstep. Thefirst (LOCAL) is analgorithmof Quasi-Ne&vton
type that usesthe DFP (Davison-FletcheiPowell) updateformula.
The secondmore appropriatefor problemswith discontinwus ob-
jective functionsor derwvatives, is a robust randomsearchmethod
(UNIRANDI) by Jarvi [1973].

Adopted Methods

To attackthe integratedclimatecontrol problemof interestwe presenandcom-

parethe solutionsobtainedo theproblemusingseveralglobaloptimization(GO)

methods Eachof the GO methodsconsiderechasseveral adjustabé searchpa-

rameterswhich can greatly influencetheir performance poth in termsof effi-

cieng/ and robustness. We have followed the publishedrecommendatias for

eachmethod(seereferencesited above) togethemwith the feedbackobtainedaf-

terafew preliminaryruns.All thecomputatiortimesreportecherewereobtained

usinga low costplatform,PC Pentiumlll/866 MHz. For the sale of a fair com-

parisonwe considemMatlabimplemenationsof all thesemethodsexceptfor the

caseof GLOBAL, whereonly a FORTRAN implementabn, difficult to translate

to Matlab,wasavailable.

We conductedestsfor the caseof THC specificdamage®f 1.5% of GWP

(GrossWorld Product) (casenamedthetal5). In order to illustrate the com-

paratve performanceof multi-start local method for this type of problem, a



multi-start code(namedms-FMINU) is alsoimplementedn Matlab makinguse
of the FMINU code, which is a part of the MATLAB Optimizaton Toolbox
(1994)[Grace, 1994]. FMINU is meantfor unconstrainedunctions. Its default
algorithmis a quasi-Nevton methodthatuseshe BFGSformulafor updatingthe
approximaton for the Hessiarmatrix. Its defaultline searchalgorithmis a safe-
guardedmixed quadraticand cubic polynomal interpolationand extrapolation
method.

RESULTS AND DISCUSSION

Whensolving a global optimization problem,it is usuallyinterestingto estimate
how multi-modalit is. In orderto illustrate its non-cowexity, the problemis
solvedusingthe multi-start (ms-FMINU) approachgconsideringlO0 randomini-
tial vectorsgeneratedatisfyirng theboundsof thedecisionvariables.This strateyy
convergesto alargenumberof local solutions,asdepictedn thehistogranshowvn
in figure 2. It is very significantthat despitethe hugecomputaibnal effort asso-
ciatedwith the 100runs,the bestvaluefound (C*=23584.71)is still far from the
solutonsthe GO methodsobtainwith muchsmallercomputatio times. These
resultsillustrate the inability of the multi-startapproachto handlehighly multi-
modalproblemdik e thisone.

For the thetal5problemconsiderechere,the bestvalue of C* = 26398.8is
obtainedby DE (in the C implemenéation) after several restartsand very long
iterations[Keller et al., 2001]. In this study the Matlab implementationof DE
findsagainthebestresult(seeTablel). It corvergesto essentialljthe sameresult
asin Keller et al. [2001], C*=26398.71 althoughthe associatedompuational
effort is relatively large. The MCS methodalsocorvergesto a quite goodresult
(C*=26397.00)but in lessthan250 secondsi.e. 1.5 ordersof magniudefaster
thanDE. TheICRS methodis ableto arrive at a reasonablyoodvaluein just 10
minutes of computaton. Table1 presentghe bestobjectve value eachmethod
obtains,plusthe correspondingCPU timesandthe requirednumberof function

9



evaluatons. No resultsare presentedegardingthe GLOBAL algorithm which
doesnotcornvergesuccessfullyprobablydueto therelatively largedimensionaty
of theproblem.

Comparingmnethodsasednly final objective functionvaluesandtheassoci-
atedcomputationtimesneglectstheir intermediatebehaior. In orderto provide
amore completecomparisorof the differentmethodsa plot of the corvergence
curves(objective functionvaluesrepresentedsrelative errorversuscompuation
time) is presentedh figure 3, wherecurvesfor eachmethodareplotted. It canbe
seenthatthe ICRS methodpresentedhe mostrapid convergenceinitially, but is
ultimately surpassetly DE. It shouldbe notedthat,althoughmostof thecompu-
tationtimeis employedin functionevaluatiors, themethoddlifferedregardingthe
computatbnaloverheacheededor thegeneratiorof new trial vectors.Stochastic
methodgenerataew searchdirectionsusingsimpleoperationssothey have the
minimumassociatedverhead.Thereversehappensvith deterministt methods.

Additionally, the solutions from ICRS andLJ, DE from randomstartvectors
are comparedn figure 4. Dependingon the startingconditins, ICRS and LJ
cangettrappedin local optima. DE, for the generatedrectors,always arrives
at very closeto the bestfound soluion. To extendthe comparisorof solutions,
the solution vectorformsfor the variousGO methodsare comparedwith that of
Keller by inspectimg the decisionvariablesvaluesat the differentoptima. Plots
of the decisionvariablesfor the differentsolutions are presentedn figure 5. It
shouldbe notedthat there are significantdifferencesin the optimal abatement
policies,althoughthe objective function valuesare quite similar. Thisindicates
avery low sensitvity of the costfunctionwith respecto thatcontrolvariable,a
ratherfrequentresultin dynamc optimizationproblem.
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DE Performance

Having establishedhat DE outperformsall otherconsideredlgorithns, we now
explore the performancecharacteristicof animplementatn of DE. First, we
explore the corvergenceof DE on one CPU underdifferentdimensiomlities of
problems. The thetal5caseis usedasin the preceedingGO surnwey. But, the
numberof optimizationvariableds variedfrom tento eightyin incrementsf ten.
It is obsenedhow mary functionevaluatimsandhow muchwall-clock time was
necessaryo corverge closeto thefinal value. Valuesarerecordedor achiesing
99.9%,99.99%,and 99.999%0f eventwally corvergedsolution. The modelwas
executedwith THC specificdamage®f 1.5% GWP andwith 0% GWP Thewall
clock resultsarecapturedn thefigure below.

Performanceestsin this sectionare all performedon a Beawulf cluster It
consistsof 67 networked workstations Eachworkstationhas128 megabyes of
RAM andtwo 350MHz Intel Pentiumll processors.They are connectedising
high speedhon-blockingswitchessuchthatcommunicatior lateng is afraction
of amillisecond.

Figure 6 presentghe resultsfor differentnumbersof dimensions Time re-
guirementsise exponentally asthe numberof dimensimsto optimizeincreases.
To arrive at the time requiredfor partial corvergence,threeruns startingfrom
high, medium,andlow initial conditiors (all 0.99,0.50,and0.01 decisionvari-
ablesrespectrely) are usedandtheir timesare averaged. Time requiredfor the
presencandabsencef THC whenonly 99.9%corvergences requiredie nearly
colinear In all othercasesthe presenceof posiive THC specificdamagesn-
creaseghe time requiredfor a specificlevel of corvergence. The differencein
convergenceimesfor differentmodelsincreasesistherequiredevel of accurag
increasesThatis, for positive levelsof THC specificdamagesit is moredifficult
to increaseaccurag thanfor runswith zeroTHC specificdamages.

To examineanotheraspecbf DE’s behaior, anexperimentaimplemenéation
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of parallelexecutng DE wastested.Trial vectorsaregenerateen a mastemode
just asin the original DE code,but theninsteadof locally evaluating the objec-
tive function, the trial vectorsare passedo slave nodeson the network. Those
slave nodesreceved the trial vectorsandthe resultingvaluesarereturned. The
performanceayainsfrom sucharegimerely critically ontheratio of theamountof

work involvedin anobjective functionevaluationandthe communicatio delays
involvedin parsingout the work to slave nodes.Figure 7 captureghe resultsfor

thistest.

The needfor fastcommuncationsis especiallytrue in clusterimplementa-
tions. Runswith learningandparameteuncertaintyrequirefar morecompuation
per candidatevectorthanrunswithout Moving from oneto two CPUsyieldsa
roughly 35% performanceboost. This is becausdoth CPUsresidein the same
computerandcommunicansare performedentirelyin memory Whenmoving
from two to four processorsnetwork communcationis involved andthe perfor
manceboostis only a further 10%. This is becausahe samepopulationsize
is usedasin earlierruns. Bandwidthis high, but lateng is significant. With
successidy larger numbersof CPUsworking on the samenumberof function
evaluatons, eachone haslesswork to do, but nearlythe sameamountof com-
municatons overhead. Therefore,underthis scheme addinglarger numbersof
CPUshasdiminishing productvity. Perhapsn thefuturearesearchewill imple-
menta fully distributedDE algorithmwherecandidatevectorsaregeneratednd
evaluatedon slave nodes.Considerablexperimentationwill be requiredto find
goodheuristiccrosseoer ratesbetweemodes.

Conclusion

We analyzeavarietyof optimizationtechniquegor anoncowex andnondifferen-
tiableoptimalcontrolproblemarisingfrom the analysisof climatechangepolicy.
The DifferentialEvolution algorithmachievesthe bestsolutionasmeasuredboth
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by thevalueof the objectve functionandthe smoothnessf policy recommenda-
tion.

Furthermorewe evaluak the performanceparameter®f the DE algorithm.
Underconditionsof corvexity andnoncorvexity, differentmagnitudeof dimen-
sionalty areexploredfor theirimpacton computatiortime. As thedimensional
ity of the problemincreasesthetime requiredfor DE corvergencerisesroughly
exponentally. Corvex problemsrequirelesssolutiontime thannoncorwex prob-
lems. A simpleparallelizationschememproves the solution time for smallnum-
bersof CPUs.
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Appendix A: DICE Model

The DICE modelis a long term dynamicmodelof optimal economicalgrowth

that links economicactvities and climate change. The modelusesan increas-
ing transformof the discountedlow of utility acrosgime to measuravell-being
andrank economicactiities and possiblities and climate outcomesand conse-
guencesWell-beingis representeth the modelby a flow of utility U to society

definedasthe productof thelogarithm of percapitaconsumpbn peryearc, and
theexogenouslygivenpopulaton L:

U(t) = L(t) In c(t). (1)

Nordhausdefinedutility asincome,andwe departfrom thatin orderto place
valueon equityandreducedvariability.

To differentiatebetweenpresentandfuture utility, a “pure rate of socialtime
preference,’p, is appliedto discountthefuture. Recognizinghatabatementosts
applyto the presentaswell asfuture,but benefitdie only in thefuture,thechoice
modelseekdo maximize the discountedsumof well-beingexpresseds(U *):

U= S U 1+ @

t=to
which is calculatedoy discountng the flow of utility, notincome,attime ¢ from
somestartingpointt, to anappropriatgime horizont*.

The grossworld product(GWR, Q) is to be determinedby a Cobb-Douglas
productionfunction of capital X and population with the parametersilevel of
technologyA, outputscalingfactor(?, andelasticity of outputy with respecto
capital:

Qt) = Qt) At) K(t) L(t)". 3)

GWP takesinto accountabatementostsand climate damageshut not capital
depreciationTheeffectof abatementostsandclimaterelateddamagesn output
is incorporatedinto the modelvia the output scaling factor (seeequationl16).
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Feasibleconsumpbn pathsdependon the economys output. Total consumpbn
C isthedifferencebetweergrossworld productandgrossinvestment’:

C(t) = Q(t) = I(t). (4)

To link economicactiity to cause®f ervironmenal effects,the DICE model
assumedhatcarbonemissions F/, during oneyearinto the atmospherare pro-
portionalto the grossworld product,with the proportianality determinedoy the
exogenougarbonintensityof productionos andthe policy choiceof the level of
carbonemissonsabatement::

E(t) =[1 - u@)] o(t) Q). ()

A constantfraction 5 of carbonemissonsis addedto the atmospleric carbon
stock M (therestis assumedo be absorbedy carbonsinks). A portiond,, of
the atmospleric carbonin excessof the preindustrialstockof 590 Gt is diffused
during eachtime stepto the deepoceanso that the atmospleric stock evolves
accordingto:

M(t) =590+ B E(t— 1)+ (1 — 0p)[M (¢t — 1) — 590. (6)
Atmosphericcarbondioxide actsasa greenhousgas,causinga changer' in the

radiatve forcing from the preindustrialevel accordingto:

M(t)/590)

o In(
F(t)=4.1 n(2) + O(t), (7)

whereO representshe (exogenouly determinedlhangen forcing dueto other
greenhousgasedike methaneor CFCs. An increasdn radiatve forcing causes
anincreasen globalmeanatmosyerictemperaturd” from its preindustrialevel,
whichis modeledusinga simpleatmosphere-oceaimatemodelaccordingto:

T(t) =T(t—1)+ (1/R.)[F(t) — AT (t — 1)
—(Ro/mo)(T(t = 1) = T"(t = 1))]. (8)
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In this equationR; and R, denotethe thermalcapacityof the oceanicmixed
layer andthe deepocean,respectiely, ) is the climatefeedbackparameterr,

is thetransferratefrom the oceanicmixed layerto the deepoceanandT* is the
deviation of thedeep-oceatemperaturérom thepreindustral level approximated

by:
T*(t)=T*(t — 1)+ (1/R2)[(Ry/m12)(T(t — 1) = T*(t — 1))]. (9)

A key propertyof the climatesystemis the "climate sensitvity," whichis the hy-
potheticaincreasen equilibriumtemperaturdéor adoubling of atmosmericCO,,
placedby the IPCCbetweenl.5and4.5degreesCelsiusperdoublingof CO,. In
the DICE model, the climate sensitvity is inverselyrelatedto the parameter.
Specifically the modeledclimate sensitvity is given by theratio of theincrease
in radiatve forcing for adoubling of atmospheri€€O, (equalto 4.1,equatior21)
to \.

Thedamageselatveto grossworld product(D) areassumedo bea function
of thedeviation of the globalaveragetemperaturdrom it’s preindustriahvalue:

D(t) = 6, T(t)*, (10)

wheref; andf, aremodelparametersThecostof CO, emissios abatement'C,
measure@sa fractionof grossworld product,is givenby:

TC(t) = by u(t)>, (11)

whereb, andb, aremodelparametersGiventhe calculatedabatementostsand
climatedamagesglobaloutputis re-scaledvith thescalingfactor(2:

Q(t) =[1-=TC(t)]/(1+ D(t)). (12)

This scalingfactor approximatesthe effects of small damageseasonablywell,
comparedo theexplicit accountingwhichwouldimply Q(t) = 1-TC(t)—D(t).
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Model parametewaluesare usedfrom the original DICE model, with one
exception. We adopta climatesensitvity of 3.6 degreesCelsiusperdoublingof
CGO, insteadof the previoudy used2.9 degreesasour standardvalue. Basedon
the analysisof climate dataandthe expert opinion of the IPCC, Tol98 estinate
the valuesof the medianandthe standarddeviation of the climate sensitvity as
3.6andl.1°C.

We departfrom the original DICE modelstructurein two ways: (i) We con-
sider damagesausedby an uncertainervironmentalthresholdimposedby an
oceancirculation change(known as a North Atlantic Thermohalinecirculation
(THC) collapse);(ii)) we examineuncertaintiedy posirg the modelasa proba-
bilistic optimizationproblem.

Oceammodelingstudiessuggesthatthe THC may collapsewhenthe equiva-
lentCO, concentrationPo, ., theconcentratiorof CO, andall othergreenhouse
gasesxpressedsthe concentratiorof CO, thatleadsto the sameradiative forc-
ing) risesabove acritical value(Pco,, .,;,) (€.9.,[Stocker and Schmittner, 1997]).
We representhis phenomenoin the modelby imposirg a thresholdspecificcli-
mate damage(fs) for all times after the THC hascollapsed. We approxinate
Pco,,. by an exponental fit to previoudy calculatedstabilizaton levels in the
DICE model[Keller et al., 2000]. It is importantto notethat someof our calcu-
lationsextrapolatebeyondthe 2 to 4 °C rangeof climate sensitvity exploredby
StoclerandSchmittner(1997).

Secondye explore the effectsof parameteuncertaintyon a policy thatmax-
imizesthe expectedvalue of the objectie function. To this end, we formulate
the modelas a probabiligic optimization problem. Becausewe usea numeri-
cal solution method(discusspn follows), we consideronly a discretesubsams
(“statesof theworld” [SOW]) from the continuougprobability densityfunctions.
We maximizethe expectedvalueof thetotal discounéd utility U* over all states
of theworld, weightedby their probability. Expectedutility maximizatio is used
as a decisioncriterion to be consistentwith previous studies[Nordhaus, 1994,
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Nordhaus and Popp, 1997].

18



Appendix B: DE Algorithm

Differential Evolution [DE] is analgorithmfirst describedoy StornandPricein
1995. It is an approachto global optimization suitedto nonlinear and non dif-
ferentiablespacesvheredirect searchapproachesre bestsuited. A relatvely
new algorithm DE is not ascommonlyusedas SimulatedAnnealing(SAs) and
GeneticAlgorithms (GAs). Unlike GAs, but like SAs, DEs performmathemati
cally meaningfuloperationon its vectors,not their binary storedvalues. At its
heart,DE is a suiteof methodgor combinirg andevaluatingcandidatesectorsin
afeasiblespace.This sectiondescribests operation.

First, NP parametewnectorsare chosenat randomfor form the initial popu-
lation. Generationsize doesnot vary acrosstime. If nothingis known of the
objectve functionsbehaior, the initial populaton memberamay be distributed
uniformly. Otherwise,they might be distributed normally arounda trial solu-
tion. Trial parametewectorsfor the next generatioraregeneratedy addingthe
weighteddifferencevectorbetweentwo populationmemberdo a third member
If theresultingvectoryieldsalowerobjective functionvaluethana predetermined
populaton memberthe nenly generatedrectorreplaceghe vectorwith which it
wascomparedThebestparametevectorz,.: ¢ is evaluatedor everygeneration
G in orderto track minimizationprogress.The method(DE2) usedin this paper
for generatingrial vectorsis describedelow.

For eachvectorz; ¢,7 = 0,1,2,..., NP — 1, atrial vectorv is generated
accordingto thefollowing rule.

V=26 + A% (Toest.a — Tig) + F * (Try.6 — Trgz) (13)

Thecontrolvariable) controlsthe greedinessf the schemeby determininghow
heaily to weightthe currentbestvectorz,.s; . To increasevariation of the pa-
rametenectorsthevectoru = (uy,us, ..., up)? with

u=wv; for j=<n>p,..<n+L—1>potherwise = (z;c); (24)
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where<>p denotethe moduo functionwith moduls D. In otherwords,some
dimensonsof thevectoru acquirethevaluesof v, while othersequalthe original
valuesof z; ¢. Thisis similarto crosswer in GeneticAlgorithms. Theinteger L

is the crosseer probabilityand,alongwith n, is arandomdecisionfor eachtrial

vectorv. If theobjectve functionatw is animproved statecomparedo z; ¢, v IS
retained.Thereverseis alsotrue.
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Appendix A: DICE Model

The DICE modelis a long term dynamicmodelof optimal economicalgrowth

that links economicactvities and climate change. The modelusesan increas-
ing transformof the discountedlow of utility acrosgime to measuravell-being
andrank economicactiities and possiblities and climate outcomesand conse-
guencesWell-beingis representeth the modelby a flow of utility U to society

definedasthe productof thelogarithm of percapitaconsumpbn peryearc, and
theexogenouslygivenpopulaton L:

U(t) = L(t) In c(t). (15)

Nordhausdefinedutility asincome,andwe departfrom thatin orderto place
valueon equityandreducedvariability.

To differentiatebetweernpresentandfuture utility, a “pure rate of socialtime
preference,’p, is appliedto discountthefuture. Recognizinghatabatementosts
applyto the presentaswell asfuture,but benefitdie only in thefuture,thechoice
modelseekdo maximize the discountedsumof well-beingexpresseds(U *):

Ut = YU 1+ ), (16)

t=to
whichis calculatedoy discountng the flow of utility, notincome,attime ¢ from
somestartingpointt, to anappropriatgime horizont*.

The grossworld product(GWR, Q) is to be determinedby a Cobb-Douglas
productionfunction of capital X and population with the parametersilevel of
technologyA, outputscalingfactor(?, andelasticity of outputy with respecto
capital:

Q(t) = Q(t) A(t) K(t)" L(t)'™". (17)

GWP takesinto accountabatementostsand climate damageshut not capital
depreciationTheeffectof abatementostsandclimaterelateddamagesn output
is incorporatedinto the modelvia the output scaling factor (seeequationl6).
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Feasibleconsumpbn pathsdependon the economys output. Total consumpbn
C isthedifferencebetweergrossworld productandgrossinvestment’:

C(t) = Qt) - I(t). (18)

To link economicactiity to cause®f ervironmenal effects,the DICE model
assumedhatcarbonemissions F/, during oneyearinto the atmospherare pro-
portionalto the grossworld product,with the proportianality determinedoy the
exogenougarbonintensityof productionos andthe policy choiceof the level of
carbonemissonsabatement::

E(t) =[1 - u@)] o(t) Q). (19)

A constantfraction 5 of carbonemissonsis addedto the atmospleric carbon
stock M (therestis assumedo be absorbedy carbonsinks). A portiond,, of
the atmospleric carbonin excessof the preindustrialstockof 590 Gt is diffused
during eachtime stepto the deepoceanso that the atmospleric stock evolves
accordingto:

M(t) =590+ B E(t— 1)+ (1 — 0p)[M (¢t — 1) — 590. (20)
Atmosphericcarbondioxide actsasa greenhousgas,causinga changer' in the

radiatve forcing from the preindustrialevel accordingto:

M(t)/590)

o In(
F(t)=4.1 n(2) + O(t), (21)

whereO representshe (exogenouly determinedlhangen forcing dueto other
greenhousgasedike methaneor CFCs. An increasdn radiatve forcing causes
anincreasen globalmeanatmosyerictemperaturd” from its preindustrialevel,
whichis modeledusinga simpleatmosphere-oceaimatemodelaccordingto:

Tt)=T(t—1)+ (1/R)[F(t) = \T(t — 1)
—(Ra/ma)(T(t = 1) = T"(t = 1))]. (22)
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In this equationR; and R, denotethe thermalcapacityof the oceanicmixed
layer andthe deepocean,respectiely, ) is the climatefeedbackparameterr,

is thetransferratefrom the oceanicmixed layerto the deepoceanandT* is the
deviation of thedeep-oceatemperaturérom thepreindustral level approximated

by:
T*(t)=T*(t — 1)+ (1/R2)[(Ry/m12)(T(t — 1) = T*(t — 1))]. (23)

A key propertyof the climatesystemis the "climate sensitvity," whichis the hy-
potheticaincreasen equilibriumtemperaturdéor adoubling of atmosmericCO,,
placedby the IPCCbetweenl.5and4.5degreesCelsiusperdoublingof CO,. In
the DICE model, the climate sensitvity is inverselyrelatedto the parameter.
Specifically the modeledclimate sensitvity is given by theratio of theincrease
in radiatve forcing for adoubling of atmospheri€€O, (equalto 4.1,equatior21)
to \.

Thedamageselatveto grossworld product(D) areassumedo bea function
of thedeviation of the globalaveragetemperaturdrom it’s preindustriahvalue:

D(t) == 01 T(t)eQ, (24)

wheref; andf, aremodelparametersThecostof CO, emissios abatement'C,
measure@sa fractionof grossworld product,is givenby:

TC(t) = by u(t)>, (25)

whereb, andb, aremodelparametersGiventhe calculatedabatementostsand
climatedamagesglobaloutputis re-scaledvith thescalingfactor(2:

Q(t) =[1-=TC(t)]/(1+ D(t)). (26)

This scalingfactor approximatesthe effects of small damageseasonablywell,
comparedo theexplicit accountingwhichwouldimply Q(t) = 1-TC(t)—D(t).
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Model parametewaluesare usedfrom the original DICE model, with one
exception. We adopta climatesensitvity of 3.6 degreesCelsiusperdoublingof
CGO, insteadof the previoudy used2.9 degreesasour standardvalue. Basedon
the analysisof climate dataandthe expert opinion of the IPCC, Tol98 estinate
the valuesof the medianandthe standarddeviation of the climate sensitvity as
3.6andl.1°C.

We departfrom the original DICE modelstructurein two ways: (i) We con-
sider damagesausedby an uncertainervironmentalthresholdimposedby an
oceancirculation change(known as a North Atlantic Thermohalinecirculation
(THC) collapse);(ii)) we examineuncertaintiedy posirg the modelasa proba-
bilistic optimizationproblem.

Oceammodelingstudiessuggesthatthe THC may collapsewhenthe equiva-
lentCO, concentrationPo, ., theconcentratiorof CO, andall othergreenhouse
gasesxpressedsthe concentratiorof CO, thatleadsto the sameradiative forc-
ing) risesabove acritical value(Pco,, .,;,) (€.9.,[Stocker and Schmittner, 1997]).
We representhis phenomenoin the modelby imposirg a thresholdspecificcli-
mate damage(fs) for all times after the THC hascollapsed. We approxinate
Pco,,. by an exponental fit to previoudy calculatedstabilizaton levels in the
DICE model[Keller et al., 2000]. It is importantto notethat someof our calcu-
lationsextrapolatebeyondthe 2 to 4 °C rangeof climate sensitvity exploredby
StoclerandSchmittner(1997).

Secondye explore the effectsof parameteuncertaintyon a policy thatmax-
imizesthe expectedvalue of the objectie function. To this end, we formulate
the modelas a probabiligic optimization problem. Becausewe usea numeri-
cal solution method(discusspn follows), we consideronly a discretesubsams
(“statesof theworld” [SOW]) from the continuougprobability densityfunctions.
We maximizethe expectedvalueof thetotal discounéd utility U* over all states
of theworld, weightedby their probability. Expectedutility maximizatio is used
as a decisioncriterion to be consistentwith previous studies[Nordhaus, 1994,
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Nordhaus and Popp, 1997].
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Appendix B: DE Algorithm

Differential Evolution [DE] is analgorithmfirst describedoy StornandPricein
1995. It is an approachto global optimization suitedto nonlinear and non dif-
ferentiablespacesvheredirect searchapproachesre bestsuited. A relatvely
new algorithm DE is not ascommonlyusedas SimulatedAnnealing(SAs) and
GeneticAlgorithms (GAs). Unlike GAs, but like SAs, DEs performmathemati
cally meaningfuloperationon its vectors,not their binary storedvalues. At its
heart,DE is a suiteof methodgor combinirg andevaluatingcandidatesectorsin
afeasiblespace.This sectiondescribests operation.

First, NP parametewnectorsare chosenat randomfor form the initial popu-
lation. Generationsize doesnot vary acrosstime. If nothingis known of the
objectve functionsbehaior, the initial populaton memberamay be distributed
uniformly. Otherwise,they might be distributed normally arounda trial solu-
tion. Trial parametewectorsfor the next generatioraregeneratedy addingthe
weighteddifferencevectorbetweentwo populationmemberdo a third member
If theresultingvectoryieldsalowerobjective functionvaluethana predetermined
populaton memberthe nenly generatedrectorreplaceghe vectorwith which it
wascomparedThebestparametevectorz,.: ¢ is evaluatedor everygeneration
G in orderto track minimizationprogress.The method(DE2) usedin this paper
for generatingrial vectorsis describedelow.

For eachvectorz; ¢,7 = 0,1,2,..., NP — 1, atrial vectorv is generated
accordingto thefollowing rule.

V=26 + A% (Toest.a — Tig) + F * (Try.6 — Trgz) (27)

Thecontrolvariable) controlsthe greedinessf the schemeby determininghow
heaily to weightthe currentbestvectorz,.s; . To increasevariation of the pa-
rametenectorsthevectoru = (uy,us, ..., up)? with

u=wv; for j=<n>p,..<n+L—1>potherwise = (z;c); (28)
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where<>p denotethe moduo functionwith moduls D. In otherwords,some
dimensonsof thevectoru acquirethevaluesof v, while othersequalthe original
valuesof z; ¢. Thisis similarto crosswer in GeneticAlgorithms. Theinteger L

is the crosseer probabilityand,alongwith n, is arandomdecisionfor eachtrial

vectorv. If theobjectve functionatw is animproved statecomparedo z; ¢, v IS
retained.Thereverseis alsotrue.
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Results DE ICRS LJ MCS GCLSOLVE
Neval 3.5% 1(f 386860 20701 71934 65000
CPUtime,s | 6652.76 600.54 57.32 246.29 62272.64

C* 26398.133 | 26383.7162 26375.8383 26397.0090, 26377.®49

Tablel: Corvergenceperformancdor variousGO algorithns. DE takesthe most

functionevaluatiosto corverge,but findsthebestsolution Otherwise MCS gets

theclosest.
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Figurel: lllustrationof how asabatemenlevelsincreasdor a givenperiod,there
canbediscontinuties andmultiple extremain utility. From0% to 45%,the THC
is allowed to collapse,and abatemensimply altersother climate damages.At
45%,the THC doesnot collapseandthereis anabruptincreasen utility. Beyond
45%,furtherabatemenis yieldsno furtherincreasesn utility in thismodel.
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Figure2: Histogramof resultsfoundusingmulti-startstrateyy. Thisdemonstrates
thatlocal searchmethodsare proneto fail in noncomwex problems.In this multi-
modal model, there are mary widely scatteredocal optima, and the searchis
trappedn local basinsof attraction.
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Figure 3: Representationf algorithmcornvergencepaths. DE achievesthe best
solution, but takesthe longesttime to getthere.ICRS achiezesa’good’ soluion
rapidly, but neverimprovesasfar asDE.
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Figure4: EvenGO algorithmscanbe proneto miscorvergence HereDE, LJ, and
ICRS algorithis arerestartedrom randomstartingpoints. DE convergesmost
nearlyto the sameanswereachtime, while the othersarenot asrobust.
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Figure5: Vectorforms of bestfound solution for variousGO algorithms. Many
algorithns corverge to nearlythe samevaluefor the objective function, but the
form of the solution widely differs. For somepolicy implemenations,suchlack
of smoohnessanbea critical defect.
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Figure6: As the numberof dimensioms in the optimizatian increasesthe time

requiredfor corvergenceby DE increasespproximatelyexponentally. It takes

longerto achieve precisionin noncoivex problemgwheretherearepositve THC

damages)thanundercornvex regimes(no THC damages).
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Figure7: Addingasecondrocessomprovesthespeedf vectorevaluatbnsince
in theBeowulf hardware,two CPUsresidein the samemachinesharingmemory

This providesfor rapid communicatio. OnceadditionalCPUsareaddedacross
networksto sharethe sameworkload,lateng factorsin communicatia diminish

additioral gainsfrom parallelism.
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