GenerallyApplicableHeuristics forGlobalOptimisation:

AnInvestigationofAlgorithmPerformance fortheEuclidean TravelingSalesmanProblem by GrantTelfar

Areadingpaper submittedtotheVictoriaUniversityofWellington inful�lmentofthe requirementsforthedegreeof MasterofScience inStatisticsandOperationsResearch

October23,1994

InstituteofStatisticsandOperationsResearch VICTORIAUNIVERSITYOFWELLINGTON VUW

Abstract

Thepurposeofthisreadingpaperistoempiricallyanalyseandcompare severalheuristicalgorithmsthatcanbeappliedtocombinatorialoptimisationproblems.Themainfocusofthepaperisheuristicparadigmsthatare generallyapplicabletoawidevarietyofproblemtypes. Thethreetechniquesinvestigatedherearerepeatedlocalsearch,simulatedannealing,and geneticalgorithms.

Eachheuristicisinvestigatedindividually,withasmallamountoftheoreticaldiscussion,todeterminehowtheperformanceofeachmethodcanbe changedbyalteringalgorithmparameters. TheTravelingSalesmanProblemisusedasaproblemindicativeofcombinatorialoptimisationtotestthe threeheuristics.ItisanNP-hardproblemthatsharesmanypropertiescom-montoothercombinatorialoptimisationproblemsanditishopedthatthe behaviouroftheheuristicswhenappliedtotheTravelingSalesmanProblemwillbesimilartothatexperiencedforothercombinatorialproblems.To gainsomeinsightintotherelativeperformanceofthethreeheuristicswhen appliedtocombinatorialoptimisationproblems,thealgorithmsarerunon severalTravelingSalesmanProbleminstancesandresultsfromthevarious algorithmsarecomparedtodeterminewhichoneis‘best’.

Acknowledgments

Iwouldliketothankmythesissupervisor,ProfessorGAVignaux,and allthestaffoftheInstituteofStatisticsandOperationsResearchfortheir invaluableassistance.Allhelp,smallandlarge,wasgreatlyappreciatedbut IwouldespeciallyliketothankGeoffGrimwoodwhosehelpineveryarea wasinstrumentalinthecompletionofthisreadingpaper.Thankstoallfor keepingmesane.

Contents 1 Introduction 1 2 TheTravelingSalesmanProblemandHeuristics 3 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 2▷2 Combinatorial Optimisation . . . . . . . . . . . . . . . . . . 4 2▷3 Computational Complexity . . . . . . . . . . . . . . . . . . . 6 2▷3▷1 Algorithms and Problems . . . . . . . . . . . . . . . . 6 2▷3▷2 Polynomial Time . . . . . . . . . . . . . . . . . . . . . 7 2▷3▷3 P ⊣\⌈ N P . . . . . . . . . . . . . . . . . . . . . . . . 8 2▷3▷4 N P↖⌋≀⇕√↕⌉⊔⌉\⌉∫∫ . . . . . . . . . . . . . . . . . . . . 11 2▷3▷5 Complexity and Heuristics . . . . . . . . . . . . . . . 11 2▷4 History of the Traveling Salesman Problem . . . . . . . . . . 12 2▷5 Heuristics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2▷5▷1 Tailored Heuristics . . . . . . . . . . . . . . . . . . . . 14 2▷5▷2 General Heuristics . . . . . . . . . . . . . . . . . . . . 16 2▷6 Local Search . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2▷7 Tabu Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 2▷7▷1 Tabu Search Memory . . . . . . . . . . . . . . . . . . 21 2▷8 Simulated Annealing . . . . . . . . . . . . . . . . . . . . . . 24 2▷8▷1 Physical Analogy and the Metropolis Algorithm . . . 24 2▷8▷2 The Simulated Annealing Algorithm . . . . . . . . . 25 2▷8▷3 Implementing the Algorithm . . . . . . . . . . . . . . 27 2▷9 Threshold Accepting . . . . . . . . . . . . . . . . . . . . . . . 29 2▷9▷1 The Great Deluge Algorithm and the RecordtoRecord Travel Algorithm . . . . . . . . . . . . . . . . . . . . . 30 2▷10 Genetic Algorithms . . . . . . . . . . . . . . . . . . . . . . . 30 2▷10▷1 Genetic Algorithm Overview . . . . . . . . . . . . . . 31 3 Genetic Algorithms 32 3▷1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 3▷2 Genetic Algorithm Overview . . . . . . . . . . . . . . . . . . 32 3▷3 Implementation Details . . . . . . . . . . . . . . . . . . . . . 35 3▷3▷1 Coding . . . . . . . . . . . . . . . . . . . . . . . . . . 35 3▷3▷2 Fitness Function . . . . . . . . . . . . . . . . . . . . . 36 3▷3▷3 Reproduction . . . . . . . . . . . . . . . . . . . . . . . 36 3▷3▷4 Crossover . . . . . . . . . . . . . . . . . . . . . . . . . 38 3▷3▷5 Mutation . . . . . . . . . . . . . . . . . . . . . . . . . 40

3▷3▷6 Convergence . . . . . . . . . . . . . . . . . . . . . . . 41 3▷3▷7 Additional Considerations . . . . . . . . . . . . . . . 42 3▷4 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 3▷4▷1 Schemata . . . . . . . . . . . . . . . . . . . . . . . . . 43 3▷4▷2 The Schema Theorem . . . . . . . . . . . . . . . . . . 44 3▷4▷3 The O(n3) Estimate . . . . . . . . . . . . . . . . . . . 46 3▷4▷4 The Building Block Hypothesis . . . . . . . . . . . . . 48 3▷4▷5 The Genetic AlgorithmδA Robust Technique . . . . . 50 3▷5 Genetic Algorithms and the TSP . . . . . . . . . . . . . . . . 51 3▷5▷1 Implementing a GA for the TSP . . . . . . . . . . . . 52 3▷6 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . 58 3▷6▷1 The bays29 TSP . . . . . . . . . . . . . . . . . . . . . 59 3▷6▷2 The eil51 TSP . . . . . . . . . . . . . . . . . . . . . . . 69 3▷6▷3 The kroC100 TSP . . . . . . . . . . . . . . . . . . . . . 72 3▷6▷4 Parameter Selection . . . . . . . . . . . . . . . . . . . 72 4 Threshold Accepting Algorithms 76 4▷1 Threshold Accepting . . . . . . . . . . . . . . . . . . . . . . . 76 4▷2 The Great Deluge Algorithm and the RecordtoRecord Travel Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 4▷3 Parameter Selection . . . . . . . . . . . . . . . . . . . . . . . 79 4▷4 TAAn Intuitive Approach⋆ . . . . . . . . . . . . . . . . . . . 79 4▷5 Empirical Analysis . . . . . . . . . . . . . . . . . . . . . . . . 82 4▷5▷1 GDA Results . . . . . . . . . . . . . . . . . . . . . . . 83 4▷6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96 5 Comparisons of Methods 98 5▷1 Heuristic Evaluation . . . . . . . . . . . . . . . . . . . . . . . 98 5▷2 A Preliminary Analysis . . . . . . . . . . . . . . . . . . . . . 100 5▷3 Empirical Results . . . . . . . . . . . . . . . . . . . . . . . . . 102 5▷4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 A The 2Change Neighbourhood Generation Operation 110 B TSP Test Problems 113 B▷1 bays29▷tsp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 B▷2 eil51▷tsp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115 B▷3 kroC100▷tsp . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117 B▷4 kroA150▷tsp . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119 C Program Listings 121 C▷1 The Genetic Algorithms . . . . . . . . . . . . . . . . . . . . . 121 C▷1▷1 Makeαle . . . . . . . . . . . . . . . . . . . . . . . . . 121 C▷1▷2 GA▷cc . . . . . . . . . . . . . . . . . . . . . . . . . . . 122 C▷1▷3 popn▷h . . . . . . . . . . . . . . . . . . . . . . . . . . 124 C▷1▷4 popn▷cc . . . . . . . . . . . . . . . . . . . . . . . . . . 125 C▷1▷5 TSPprob▷h . . . . . . . . . . . . . . . . . . . . . . . . 128 C▷1▷6 TSPprob▷cc . . . . . . . . . . . . . . . . . . . . . . . . 129

C▷1▷7 Generator▷h . . . . . . . . . . . . . . . . . . . . . . . . 134 C▷2 The Great Deluge Algorithm . . . . . . . . . . . . . . . . . . 135 C▷2▷1 GDA▷cc . . . . . . . . . . . . . . . . . . . . . . . . . . 135 C▷2▷2 TSP▷h . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 C▷2▷3 TSP▷cc . . . . . . . . . . . . . . . . . . . . . . . . . . . 137 C▷2▷4 Generator▷h . . . . . . . . . . . . . . . . . . . . . . . . 141 C▷3 Repeated Local Search . . . . . . . . . . . . . . . . . . . . . . 141 C▷3▷1 BigHillClimb▷cc . . . . . . . . . . . . . . . . . . . . . 142 C▷3▷2 TSP▷h . . . . . . . . . . . . . . . . . . . . . . . . . . . 143 C▷3▷3 TSP▷cc . . . . . . . . . . . . . . . . . . . . . . . . . . . 144 References 148

List of Figures

2▷1 A TSP instance . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2▷2 Execution history of a nondeterministic algorithm . . . . . . 10 2▷3 A 2change TSP neighbourhood move . . . . . . . . . . . . . 17 2▷4 Pseudoalgorithm for the Local Search algorithm▷ . . . . . . 18 2▷5 Pseudoalgorithm for the Tabu Search method▷ . . . . . . . . 20 2▷6 Pseudoalgorithm for the Simulated Annealing method▷ . . . 26 3▷1 PseudoAlgorithm for the Genetic Algorithm Method▷ . . . . 34 3▷2 Singlepoint crossover▷ . . . . . . . . . . . . . . . . . . . . . . 39 3▷3 Simple mutation▷ . . . . . . . . . . . . . . . . . . . . . . . . . 40 3▷4 Schema counting▷ . . . . . . . . . . . . . . . . . . . . . . . . 47 3▷5 A periodic schema▷ . . . . . . . . . . . . . . . . . . . . . . . . 49 3▷6 Schemata hyperplanes▷ . . . . . . . . . . . . . . . . . . . . . 50 3▷7 Effects of population size on solution quality for the bays29 TSP▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 3▷8 Effects of population size on run time for the bays29 TSP▷ . . 61 3▷9 Effects of crossover probability on solution quality for the bays29 TSP▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 3▷10 Effects of crossover probability on run time for the bays29 TSP▷ 63 3▷11 Effects of mutation probability on solution quality for the bays29 TSP▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 3▷12 Effects of mutation probability on run time for the bays29 TSP▷ 65 3▷13 Effects of convergence level on solution quality for the bays29 TSP▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 3▷14 Effects of convergence level on run time for the bays29 TSP▷ . 67 3▷15 Effects of convergence set size on solution quality for the bays29 TSP▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 3▷16 Effects of convergence set size on run time for the bays29 TSP▷ 69 3▷17 Parameter settings for the eil51 TSP▷ . . . . . . . . . . . . . . 70 3▷18 More parameter settings for the eil51 TSP▷ . . . . . . . . . . . 71 3▷19 Parameter settings for the kroC100 TSP▷ . . . . . . . . . . . . 73 3▷20 More parameter settings for the kroC100 TSP▷ . . . . . . . . . 74 4▷1 Pseudoalgorithm for the Threshold Accepting method▷ . . . 77 4▷2 PseudoAlgorithm for the Great Deluge Method▷ . . . . . . . 78 4▷3 PseudoAlgorithm for the RecordtoRecord Travel Method▷ 78 4▷4 A GDA example▷ . . . . . . . . . . . . . . . . . . . . . . . . . 81 4▷5 A RTRT example▷ . . . . . . . . . . . . . . . . . . . . . . . . . 82

4▷6 Graphical representation of GDA run times on the eil51 problem▷ 85 4▷7 Graphical representation of GDA tour lengths on the eil51 problem▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86 4▷8 GDA results for the eil51 problem for large NSize▷ . . . . . . 87 4▷9 Relative differences in predicted run times for the eil51 TSP▷ 88 4▷10 Graphical representation of GDA run times on the kroC100 problem▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90 4▷11 Graphical representation of GDA tour lengths on the kroC100 problem▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91 4▷12 GDA results for the kroC100 problem for large NSize▷ . . . . 92 4▷13 Relative differences in predicted run times for the kroC100 TSP▷ 92 4▷14 Graphical representation of GDA run times on the kroA150 problem▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94 4▷15 Graphical representation of GDA tour lengths on the kroA150 problem▷ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 4▷16 Relative differences in predicted run times for the kroC150 TSP▷ 95 5▷1 Solution quality over time for RLS▷ . . . . . . . . . . . . . . . 102 5▷2 Solution quality over time for the GDA▷ . . . . . . . . . . . . 103 5▷3 Solution quality over time a GA▷ . . . . . . . . . . . . . . . . 104 5▷4 Comparison of heuristic solution quality▷ . . . . . . . . . . . 107 5▷5 Comparison of heuristic run time▷ . . . . . . . . . . . . . . . 107 A▷1 A 2change TSP neighbourhood move . . . . . . . . . . . . . 110 B▷1 Optimal tour for the bays29 TSP instance▷ . . . . . . . . . . . 114 B▷2 Optimal tour for the eil51 TSP instance▷ . . . . . . . . . . . . 116 B▷3 Optimal tour for the kroC100 TSP instance▷ . . . . . . . . . . 118 B▷4 Optimal tour for the kroA150 TSP instance▷ . . . . . . . . . . 120

List of Tables

4▷1 Running times for the GDA on the eil51 TSP▷ . . . . . . . . . 84 4▷2 GDA solution quality for the eil51 TSP▷ . . . . . . . . . . . . 84 4▷3 Predicted run times for the GDA on the eil51 TSP▷ . . . . . . 88 4▷4 Running times for the GDA on the kroC100 TSP▷ . . . . . . . 89 4▷5 GDA solution quality for the kroC100 TSP▷ . . . . . . . . . . 89 4▷6 Running times for the GDA on the kroA150 TSP▷ . . . . . . . 93 4▷7 GDA solution quality for the kroA150 TSP▷ . . . . . . . . . . 93 5▷1 Heuristic solution quality for the TSP▷ . . . . . . . . . . . . . 106 5▷2 Heuristic run time for the TSP▷ . . . . . . . . . . . . . . . . . 106

Chapter 1

Introduction

This paper investigates the use of heuristic algorithms for global optimisation especially for combinatorial optimisation problems▷ The prototypical example of combinatorial optimisation is the Traveling Salesman Problem in which the best ↼i▷e▷ the shortest↽ tour that visits each of N cities exactly once is to be found starting and αnishing the tour at the same city▷ Such problems are deceptively difαcult and algorithms to solve combinatorial problems exactly i▷e▷ that αnd the best solution often take an unacceptably long time▷ Thus nonexact or heuristic algorithms are used to produce ℓgoodφ quality solutions to a problem in a ℓreasonableφ amount of time▷ When selecting an heuristic algorithm for a speciαc problem there is a general decision to be made the algorithm can be either problem speciαc or generally applicable▷ A problem speciαc heuristic is very narrow in its application since it exploits information about the problem at hand to ease its search▷ A robust βexible algorithm is much more general in its application and can be applied with only very minor changes to a wide spectrum of problem types▷ Since robust and βexible algorithms necessarily use very little information about the structure of a problem they tend to be slower than problem speciαc algorithms ↼potentially orders of magnitude slower↽ however the quality of solution is often comparable▷ Why then would a generally applicable heuristic be used when they often produce solutions of inferior quality in a much longer time than an algorithm tailored to the problem⋆ It ultimately depends on the reason for which the algorithm is being used and is also a matter of personal philosophy▷ If you are happy writing an algorithm from scratch every time a different problem presents itself then tailored algorithms are the path to follow▷ However if you prefer to use the same technique time and again for a huge variety of problems involving only minor changes in your algorithm then robust βexible algorithms are the solution▷ Also if the problem under consider ation has no known solution method then designing a tailored algorithm will involve constructing from scratch a method to solve ↼i▷e▷ αnd ℓgoodφ solutions to↽ the problem▷ Most robust βexible algorithms on the other hand require only a method of determining the quality of a solution and a method to move between solutions both of which are relatively simple tasks for the majority of problem types▷

Speciαc heuristic paradigms that are generally applicable include. • S⟩⇕⊓↕⊣⊔⌉⌈ A\\⌉⊣↕⟩\} • G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ • T⟨∇⌉∫⟨≀↕⌈ A⌋⌋⌉√⊔⟩\} M⌉⊔⟨≀⌈∫ ∞↙ T⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕ ∈↙ T⟨⌉ R⌉⌋≀∇⌈↖⊔≀↖R⌉⌋≀∇⌈↖T∇⊣⊑⌉↕ A↕}≀∇⟩⊔⟨⇕ • T⊣⌊⊓ S⌉⊣∇⌋⟨ • A∇⊔⟩⊘⌋⟩⊣↕ N⌉⊓∇⊣↕ N⌉⊔∫ • R⌉√⌉⊣⊔⌉⌈ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ I\ ⌋⟨⊣√⊔⌉∇ ∈ ⊣\ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⊔≀ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕⇔ ⊣ ⌈⟩∫⌋⊓∫↖ ∫⟩≀\ ≀{ ⟩⊔∫ ⟩\⟨⌉∇⌉\⊔ ⌈⟩{⊘⌋⊓↕⊔†⇔ ⊣\⌈ ⊣ ⌊∇⟩⌉{ ↕≀≀‖ ⊣⊔ ∫≀⇕⌉ ⊔⊣⟩↕≀∇⌉⌈ ⊣\⌈ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⟩∫ }⟩⊑⌉\↙ C⟨⊣√⊔⌉∇ ∋ ⌋≀\⊔⊣⟩\∫ ⊣ ∇⟩}≀⊓∇≀⊓∫ ⌈⟩∫⌋⊓∫∫⟩≀\ ≀{ ⊔⟨⌉ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕ √⊣∇⊣⌈⟩}⇕⇔ ⊣\⌈ ⊣\ ⌉⇕√⟩∇⟩⌋⊣↕ ∫⊔⊓⌈† ≀{ ⟩⊔∫ √⌉∇{≀∇⇕⊣\⌋⌉ ⊒⟨⌉\ ⊣√√↕⟩⌉⌈ ⊔≀ ⊣ ⊑⊣∇⟩⌉⊔† ≀{ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕∫↙ T⟨∇⌉∫⟨≀↕⌈ A⌋↖ ⌋⌉√⊔⟩\} ⇕⌉⊔⟨≀⌈∫⇔ ∫√⌉⌋⟩⊘⌋⊣↕↕† ⊔⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕⇔ ⊣∇⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⌋⟨⊣√⊔⌉∇ △ ⊣\⌈ ⊔⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ⊔⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉\ ⊣√√↕⟩⌉⌈ ⊔≀ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕∫ ⟩∫ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈↙ A ⌋≀⇕√⊣∇⟩∫≀\ ≀{ G⌉↖ \⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫⇔ ⊔⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕⇔ ⊣\⌈ ∇⌉√⌉⊣⊔⌉⌈ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨⇔ ⊣∫ ⊒⌉↕↕ ⊣∫ ⊣ ⊔⊣⟩↕≀∇⌉⌈ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕ ⟨⌉⊓∇⟩∫⊔⟩⌋⇔ ⊔⟨⌉ kopt algorithm is made in chapter 5 using a variety of Traveling Salesman Problem instances as a test bed for performance▷ Appendix A contains details of a common operator used in many generally applicable heuristics when applied to the Traveling Salesman Problem the 2change ↼or 2opt↽ neighbourhood gen eration operator▷ In appendix B the Traveling Salesman Problem instances used in the empirical study of the various heuristics are given▷ Finally appendix C contains full program listings of the code used to study the heuristics▷

Chapter 2

The Traveling Salesman Problem and Heuristics

2▷1 Introduction A salesman wishes to visit a number of cities in a plane in a particular order starting and αnishing at the same city and visiting every other city exactly once▷ It seems sensible to select this tour in a manner that minimises the total distance traveled a quantity known as the tour length▷ Informally this deαnes an intriguing problem that has captivated researchers for many years the Traveling Salesman Problem ↼TSP↽▷ In the symmetric TSP which is the focus of this paper the distance from cityi to cityj is the same as the distance from cityj to cityi▷ Furthermore an euclidean TSP measures distance between cities in using a euclidean metric1▷ Figure 2▷1 shows an optimal tour for a 20city symmetric euclidean TSP▷ The TSP is not often widely applicable in its purest form but can be successfully applied in a generalised manner to a number of αelds from VLSI chip fabrication to Xray crystallography▷ It is of immense theoreti cal interest for a number of scientiαc αelds largely because it shares many characteristics typifying other problems in its genre that of combinatorial optimisation▷ Common properties of combinatorial optimisation problems that make them intriguing are their simplicity of expression practical appli cation and implications for other scientiαc αelds▷ Combinatorial optimisation ↼see section 2▷2↽ deals with optimising a func tion over a discrete set of possible solutions▷ Normal calculus methods of optimising do not apply since they require a continuous environment▷ In stead other methods have been developed to deal with combinatorial op timisation problems methods such as linear programming2 ↼LP↽ with the TSP often acting as a test arena▷ In principle LP and other solution methods can solve combinatorial optimisation problems like the TSP▷ However due 1In an euclidean metric the distance between two points (x1, y1) and (x 2, y2) in R2 is given by √ (x2− x1)2+ (y2− y1)2. Thus a Euclidean TSP is by default symmetric.

2Linear programming was developed in the late 1940s, by George Dantzig and others. The method involves ffnding the optimum of a linear function on a polyhedron described by a system of linear equations and inequalities.

Figure 2.1. The optimal tour for a 20-city TSP instance with a tour length of 4.01616 units▷

to the inherent difαculty of the TSP a satisfactorily efαcient algorithm has never been found and so the TSP remains ℓunsolvedφ meaning most algo rithms used to αnd solutions for the problem are of an heuristic nature with no guarantees of optimality▷ The TSP is among the most prominent of the unsolved combinatorial optimisation problems▷ For a rigourous description of the TSP and its many variations along with both exact and heuristic solution methods for many of these problems the reader is directed to Lawler et al▷ ♭27♯▷

2▷2 Combinatorial Optimisation The study of αnding the optimal solution to problems which can be be structured as a function of decision variables subject to certain constraints has attracted much interest in modern times▷ A general formulation 3 Minimise f(x) such that g_i(x) ≥ b_i i = 1, · · · , m h_j(x) = c_j j = 1, · · · , n where x is a vector of decision variables and f g_i and h_j are general func tions▷ By restricting the types of allowable decision variables and functions many classes of problems αtting the above general scheme are deαned▷ If decision variables are allowed to take continuous nonnegative values and 3Formulation assumes minimisation of f but the modiαcations for maximisation are clear▷

f g_i and h_j are restricted to be linear functions then problems in the class of LP are deαned▷ Another class is deαned when decision variables are dis crete and all solutions to a problem P ↼i▷e the solution space of P ↽ form a set of discrete objects▷ The problem of αnding optimal solutions to such problems is thus termed combinatorial optimisation▷ Early attempts at solving combinatorial problems generally involved re formulations in order to apply LP techniques which at the time were attract ing much interest▷ However transforming many combinatorial problems is often difαcult and resulting formulations tend to be large often requiring integer restrictions thus deαning a class of problems solved through integer programming ↼IP↽▷ This was troublesome at the time since the methods used to solve LP and especially IP problems with the existing technology were unable to handle large numbers of variables in a satisfactory manner▷ The IP approach is nevertheless useful for combinatorial optimisation in αnd ing lower bounds to problem instances through the technique of Lagrangean relaxation4▷ Due to the practical restrictions encountered in the IP solution method new optimisation techniques were explored▷ With modern equip ment however the LP and IP techniques are not overly problematic for most real world problems▷ In optimising a combinatorial problem the ℓbestφ solution to a problem instance over the solution space for that problem is sought▷ Solution quality is usually deαned in terms of a cost or objective function▷ In the quest for optimality it is necessary to distinguish between a local and a global optimum but must αrst deαne the concept of a neighbourhood▷ A solution x to a problem P has an associated neighbourhood N(x, σ), deffned as the set of all solutions that can be reached from x by a simple operation σ▷ If a particular solution y is better than all members of N(y, σ) then y is locally optimal▷ This solution y is globally optimal if there are no other solutions in the entire solution space of P better than y▷ Many methods for dealing combinatorial problems have been devel oped▷ These methods fall into one of two classes exact or heuristic▷ An exact solution method is guaranteed to αnd the optimal solution to any instance of a problem▷ Heuristic methods seek nearoptimal solutions to a problem instance at a reasonable computational cost with no guarantee of feasibility or optimality▷ The question naturally arises of why an heuristic method would be favoured over an exact one▷ The answer lies in the inherent difαculty of many combinatorial problems▷ In any combinatorial problem the brute force approach of complete enu meration can be used to list all feasible solutions and their associated costs to a problem instance▷ Picking the best solution from this list is guaranteed to αnd the global optimum▷ However in practice this can require vast amounts of computing time▷ Consider the TSP▷ If a problem instance has n cities then there are^{(n−∞)!}_2 feasible solutions to consider. Putting this in perspective,

this means if the solution to a 20-city problem can be found using complete

4For an extended discussion on Lagrangean relaxation the reader is directed to

Reeves [36].

enumeration in 1 hour, then to ↑nd the solution to a 25-city problem would take nearly 6 centuries! This type of growth rate in computing time is termed exponential, making complete enumeration a poor choice of solution method.

It is possible to ↑nd the exact solution to many problem instances more ef↑ciently than for complete enumeration by taking advantage of the structure of a problem. Such a method is the Simplex method used in LP 5. With increasing computing power the sizes of the problems tackled in an exact manner have increased and much consideration has been given as to how solution time varies with problem size. The distinction is thus made between techniques which solve a problem in polynomial-time and those that solve problems in exponential-time. Polynomial-time methods display a computation time that is a polynomial function of the problem size. Exponential techniques have a computation time that is an exponential function of the problem size. All known methods for solving the TSP exactly fall into the latter class.

A question that was ↑rst considered in the late 1960s was whether a polynomial optimising algorithm existed for problems such as the TSP. This led to the development of the theory of computational complexity. It was discovered that if this question was true for the TSP then it was also true for a number of other dif↑cult problems. Despite much research, no such polynomial algorithm has been found and it is widely supposed that the answer to the above question is thus ‘no’. However a proof of this hypothesis has never been given. It would seem then that such is the inherent dif↑culty of problems like the TSP that any reasonable solution method must be an heuristic one.

2.3 Computational Complexity

Computational complexity was developed largely in the 1970s to evaluate whether algorithms should be classi↑ed as ‘easy’ or ‘hard’. Combinatorial optimisation has given computational complexity many motivations and insights, especially so the TSP, serving as a test-bed for many new algorithmic ideas. The TSP was one of the ↑rst optimisation problems conjectured to be ‘hard’ in a sense de↑ned below.

2.3.1 Algorithms and Problems

An algorithm is a step-by-step procedure for solving a problem. A problem can be viewed as a domain of problem instances, with a question that can be asked about any of the instances. A problem can be described as a generic instance together with a question that can be asked about this generic formulation. The TSP is thus fully described by 6:

5Although the Simplex method has been shown to have exponential solution time in extreme cases.

6This assumes a symmetric TSP and that intercity distances are integers. The second assumption is made without loss of generality since in a computer irrational numbers are

TSP INSTANCE Integer n ≥ ∋ ⊣\⌈ n × n matrix C = (c_{ij}) where each c_{ij} is a non negative integer▷ QUESTION Which cyclic permutation π of the integers 1, · · · , n minimises the sum ∑n i=1 c_{iπ(i)} ? An algorithm A solves a problem P if given any instance I of P as input data it will generate the answer of P φs question▷ So for the TSP given the distance matrix C and the number of cities n the minimum length tour is generated▷ It is known that for some problems no algorithm exists ↼i▷e▷ an algorithm that will generate an answer to the problemφs question for all instances↽▷ In problems like the TSP however an algorithm does exist that of complete enumeration▷ When estimating the running time of an algorithm A ℓtimeφ is expressed as a function of the problem size ↼in the case of the TSP this is the number of cities n↽ and measures ℓstepsφ rather than the actual time it took to run the algorithm▷ Order notation ↼or Onotation↽ is used to express this running time▷ If A has a running time of O(f(n)) then there is some constant c such that the algorithmφs running time for all instances is bounded by cf(n) (Complete enumeration for the TSP takes time O((n − ∞)!)).

An algorithm may or may not be well behaved. It is well behaved if one can accurately predict the number of steps required for a given problem instance, and this prediction does not vary from one instance to another with the same size. Some algorithms however are not well behaved and the number of steps required to solve problem instances of the same size can vary widely. In assigning a complexity function to a problem that has a unique value for each problem size, there are two approaches in measuring how long an algorithm takes. We can either count the average or the maximum number of steps over all instances of the same size. The second form of measurement, worstcase analysis, has the disadvantage that bad performances might be very rare in practice. Average-case analysis involves choosing a probability function for the instances of the same size, a potentially difffcult task. Another difffculty of average-case analysis is the dependence between the stages of many algorithms, making analysis complicated.

Generally, when evaluating a problem instance the average running time is not really an issue, but through worst-case analysis there is at least a guarantee of how long it will take. This worst-case approach leads to the theory of N P↖⌋≀⇕√↕⌉⊔⌉\⌉∫∫↙ ∈↙∋↙∈ P≀↕†\≀⇕⟩⊣↕ T⟩⇕⌉ A\ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⊢}≀≀⌈≃ ⊒⟨⌉\ ⟩⊔ ⟩∫ ⌉{⊘⌋⟩⌉\⊔ ⌉\≀⊓}⟨ ⊔≀ ⊓∫⌉ ⟩\ √∇⊣⌋↖ ⊔⟩⌋⌉⇔ ⟨⌉∇⌉ ⌉{⊘⌋⟩⌉\⌋† ⟩∫ ⌈⌉⊘\⌉⌈ ⊣∫ ⟨⊣⊑⟩\} ⊒≀∇∫⊔↖⌋⊣∫⌉ ⌋≀⇕√↕⌉§⟩⊔† ⌊≀⊓\⌈⌉⌈ ⌊† ⊣√√∇≀§⟩⇕⊣⊔⌉⌈ ⌊† ∇⊣⊔⟩≀\⊣↕∫ ⊣\⌈ ⊒⟩⊔⟨ ⊣\ ⊣√√∇≀√∇⟩⊣⊔⌉ ∫⌋⊣↕⌉ ⊔⟨⌉∫⌉ ∇⊣⊔⟩≀\⊣↕∫ ⌋⊣\ ⌊⌉ ⌋≀\⊑⌉∇⊔⌉⌈ ⊔≀ ⟩\⊔⌉}⌉∇∫↙

⊣ √≀↕†\≀⇕⟩⊣↕ {⊓\⌋⊔⟩≀\ ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ∫⟩‡⌉ n▷ This splits algorithms into two distinct classes polynomial and exponential▷ Although exponential algo rithms may do better than polynomial algorithms for small n exponential algorithms will perform much worse than polynomial algorithms as the problem size increases▷ The precise deαnition of problem size can have a large bearing on the function derived for the worstcase complexity▷ But as long as the size is a measurement in some sense of the problem dimension a polynomial algorithm will remain a polynomial algorithm and an exponential algorithm will remain an exponential algorithm regardless of the choice of deαnition 7▷ 2▷3▷3 P and NP A problem is ‘easy’ if it can be solved by a ‘good’ algorithm, one that has polynomial time complexity. Similarly all known algorithms for a ‘hard’ problem have exponential-time complexity. This distinction between hard and easy problems leads to the theory of complexity.

Complexity theory restricts itself to decision problems, a problem that requiresonlyayes/noanswer. Anyoptimisationproblemcanbereformulated in terms of a decision problem with the addition of a bound B to the input data▷ The decision problem for the TSP then becomes. TSP Decision INSTANCE Integer n ≥ ∋⇔ n × n matrix C = (c_{ij}) where each c_{ij} is a nonnega tive integer and an integer B ≥ ′↙ QUESTION I∫ ⊔⟨⌉∇⌉ ⊣ ⌋†⌋↕⟩⌋ √⌉∇⇕⊓⊔⊣⊔⟩≀\ π of the integers 1, · · · , n such that ∑n i=1 c_{iπ(i)} ≤ B ⋆ If a polynomialtime algorithm exists for the TSP then one also exists for TSP Decision a result that is true for all optimisation problems as long as the cost of a solution can be computed in polynomialtime▷ The converse is also true for the TSP and many other problems by the following theorem a result that can be proved for most optimisation problems 8. There is a polynomialtime algorithm for TSP iff there is a polynomialtime algorithm for TSP Decision▷ The complexities of different decision problems can be related using the idea of the polynomial reduction▷ Problem A is polynomialtime reducible to problem B if there is a polynomialtime algorithm for A which uses an algorithm for B as a subroutine and the time taken for this subroutine is 7The theory requires that the measure of input size must reβect ↼to within a polynomial↽ the actual length of a concise coding of the problem instance in question as a sequence of symbols ↼i▷e▷ as it would be stored in a computer↽▷ 8A discussion of this theorem but not a formalised proof can be found in Johnson and Papadimitriou ♭25♯▷ counted as a single step▷ This gives the following powerful result 9. If there is a polynomialtime reduction from A to B and there is a polynomial time algorithm for B then there is a polynomialtime algorithm for A▷ Thus three essential types of reductions for a problem A exist. • R⌉⌈⊓⌋⊔⟩≀\∫ √∇≀⊑⟩\} A is easyby reducing A to a problem known to be solvable in polynomialtime▷ • R⌉⌈⊓⌋⊔⟩≀\∫ ⊔⟨⊣⊔ √∇≀⊑⌉ A is hardby showing some known hard prob lem reduces to A▷ • R⌉⌈⊓⌋⊔⟩≀\∫ ⊔⟨⊣⊔ √∇≀⊑⌉ \≀⊔⟨⟩\} ↖⌊† ∇⌉⌈⊓⌋⟩\} A to a problem known to be hard▷ Polynomial reductions ↼between decision problems↽ that call the hypo thetical subroutine exactly once returning the answer to the subroutine as their own answer are known as polynomial transforms▷ Notationally if problem A is polynomial transformable to problem B then A ∝ B▷ The classes P ⊣\⌈ N P ⌋⊣\ \≀⊒ ⌊⌉ ⌈⌉⊘\⌉⌈↙ T⟨⌉ ⌋↕⊣∫∫ P ⌋≀\∫⟩∫⊔∫ ≀{ ⊣↕↕ ⊔⟨≀∫⌉ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕∫ {≀∇ ⊒⟨⟩⌋⟨ ⊣ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌉§⟩∫⊔∫⇔ ⟩↙⌉↙ ⊢}≀≀⌈≃ √∇≀⌊↕⌉⇕∫↙ T⟨⌉ ∐⊓⌉∫⊔⟩≀\ ⊔⟨⊣⊔ ⇕⊓∫⊔ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈ {≀∇ ⊔⟨⌉ TSP ⟩∫ ⊒⟨⌉⊔⟨⌉∇ ≀∇ \≀⊔ TSP D⌉⌋⟩∫⟩≀\ ⟩∫ ⟩\ P↙ C⊓∇∇⌉\⊔ ⊔⟨≀⊓}⟨⊔ ⟨⊣∫ ⊔⟨⌉ ⊣\∫⊒⌉∇ ⊔≀ ⊔⟨⟩∫ ∐⊓⌉∫⊔⟩≀\ ⊣∫ ⊢\≀≃⇔ ⌊⊓⊔ ⊣ √∇≀≀{ ⟨⊣∫ \⌉⊑⌉∇ ⌊⌉⌉\ }⟩⊑⌉\↙ P∇≀⌊↕⌉⇕∫ ⌈≀ ⌉§⟩∫⊔ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⌊⌉⌉\ √∇≀⊑⌉⌈ ⊔≀ ⌊⌉ ≀⊓⊔∫⟩⌈⌉ ≀{ P⇔ ⟩↙⌉↙ ⊢⟨⊣∇⌈≃⇔ ⌊⊓⊔ TSP D⌉⌋⟩∫⟩≀\ ⟩∫ ∐⊓⊣↕⟩⊔⊣⊔⟩⊑⌉↕† ⌉⊣∫⟩⌉∇ ⊔⟨⊣\ ⊣↕↕ ≀{ ⊔⟨⌉∫⌉ ⟨⊣∇⌈ √∇≀⌊↕⌉⇕∫↙ C⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ⊔⟨⊣⊔ ⇕⊣‖⌉ TSP D⌉⌋⟩∫⟩≀\ ⌉⊣∫⟩⌉∇ ⊔⟨⊣\ ‖\≀⊒\ ⟨⊣∇⌈ √∇≀⌊↕⌉⇕∫ ⊣∇⌉ ∫⟨⊣∇⌉⌈ ⌊† ⇕⊣\† ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ √∇≀⌊↕⌉⇕∫↙ T⟨∇⌉⌉ ⌈⟩{{⌉∇⌉\⊔ ⌊⊓⊔ ⌉∐⊓⊣↕ {≀∇⇕⊓↕⊣⊔⟩≀\∫ {≀∇ ⊔⟨⌉∫⌉ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ⌉§⟩∫⊔ ⊣\⌈ ⌈⌉⊘\⌉ ⊔⟨⌉ ⌋↕⊣∫∫ ≀{ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕ ‖\≀⊒\ ⊣∫ N P↙ T⟨⌉ ∫⊓⌋⌋⟩\⌋⊔ ⌋⌉∇⊔⟩⊘⌋⊣⊔⌉ √∇≀√⌉∇⊔†¬ A\† ⊢†⌉∫≃ ⟩\∫⊔⊣\⌋⌉ ⊔≀ ⊣ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕ ⟨⊣∫ ⊣ ∫⊓⌋⌋⟩\⌋⊔ ⌋⌉∇⊔⟩⊘⌋⊣⊔⌉⇔ ⊣ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ≀⌊|⌉⌋⊔ ⊔⟨⊣⊔ ⌉∫⊔⊣⌊↕⟩∫⟨⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⟩\∫⊔⊣\⌋⌉ ⊒⊣∇∇⊣\⊔∫ ⊣ †⌉∫ ⊣\∫⊒⌉∇↙ I{ ⊔⟨⟩∫ ⌋⌉∇⊔⟩⊘⌋⊣⊔⌉ ⟩∫ ∫⊓⌋⌋⟩\⌋⊔⇔ ⟩↙⌉ ⌊≀⊓\⌈⌉⌈ ⟩\ ∫⟩‡⌉ ⌊† ⊣ √≀↕†\≀⇕⟩⊣↕ ≀{ ⊔⟨⌉ ⟩\∫⊔⊣\⌋⌉ ∫⟩‡⌉⇔ ⊣\⌈ ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌋⟨⌉⌋‖ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⊔⟨⊣⊔ ⊣ ⌋⌉∇⊔⟩⊘⌋⊣⊔⌉ ⟩∫ ⊑⊣↕⟩⌈ {≀∇ ⊣ }⟩⊑⌉\ ⟩\∫⊔⊣\⌋⌉⇔ ⊔⟨⌉\ ⊔⟨⌉ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕ ⟩∫ ⟩\ N P↙ A \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕¬ A \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌈⟩⊑⟩⌈⌉ ⊔⟨⌉ ⌋≀⇕√⊓⊔⊣⊔⟩≀\ ⟩\⊔≀ ⊔⊒≀ √⊣∇⊣↕↕⌉↕ √∇≀⌋⌉∫∫⌉∫↙ W⟩⊔⟨ ∇⌉√⌉⊣⊔⌉⌈ ⌈⟩⊑⟩∫⟩≀\∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⌊∇⊣\⌋⟨⌉∫ ⟩\⊔≀ ⊣ ⊔∇⌉⌉ ≀{ √⊣∇⊣↕↕⌉↕ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫↙ I{ ⊣\† ≀{ ⊔⟨⌉∫⌉ ⌊∇⊣\⌋⟨⌉∫ ∇⌉⊔⊓∇\∫ ⊣ ⊢†⌉∫≃ ⊔⟨⌉\ ⊔⟨⌉ ⊣\∫⊒⌉∇ ⊔≀ ⊔⟨⌉ \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊢†⌉∫≃↙ T⟨⌉ ⊣\∫⊒⌉∇ ⟩∫ ⊢\≀≃ ⟩{ \≀\⌉ ≀{ ⊔⟨⌉ ⌊∇⊣\⌋⟨⌉∫ ⌉⊑⌉∇ ⊣\∫⊒⌉∇∫ ⊢†⌉∫≃ ⇐S⌉⌉ ⊘}⊓∇⌉ ∈↙∈⇒↙ A \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ∫≀↕⊑⌉∫ ⊣ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕ ⟩\ √≀↕†\≀⇕⟩⊣↕↖ ⊔⟩⇕⌉ ⟩{ ⟩⊔ }⟩⊑⌉∫ ⊣\ ⊣\∫⊒⌉∇ {≀∇ ⌉⊣⌋⟨ ⟩\∫⊔⊣\⌋⌉ ⊣\⌈ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⊔⌉√∫ ⊓∫⌉⌈ ⌊† ⊔⟨⌉ ⊘∇∫⊔ ⌊∇⊣\⌋⟨ ⊔≀ ∇⌉√≀∇⊔ ⊢†⌉∫≃ ⟩∫ ⌊≀⊓\⌈⌉⌈ ⌊† ⊣ √≀↕†\≀⇕⟩⊣↕ ⟩\ ∃P∇≀⊑⌉⌈ {∇≀⇕ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⊔⟨⌉ ⌋≀⇕√≀∫⟩⊔⟩≀\ ≀{ ⊔⊒≀ √≀↕†\≀⇕⟩⊣↕∫ ⟩∫ ⊣ √≀↕†\≀⇕⟩⊣↕↙ ∃

F⟩}⊓∇⌉ ∈↙∈↙ A √≀∫∫⟩⌊↕⌉ ⌉§⌉⌋⊓⊔⟩≀\ ⟨⟩∫⊔≀∇† ≀{ ⊣ \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕↙ B† ⌊∇⊣\⌋⟨↖ ⟩\} ⟩\⊔≀ √⊣∇⊣↕↕⌉↕ √∇≀⌋⌉∫∫⌉∫⇔ ⊔⟨⌉ \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ∫≀↕⊑⌉∫ ⊣ √∇≀⌊↕⌉⇕ ⟩{ ⊣\† ≀{ ⊔⟨⌉ ⌊∇⊣\⌋⟨⌉∫ ∇⌉⊔⊓∇\∫ ⊣ ⊢†⌉∫≃ ⊣\∫⊒⌉∇ ⊔≀ ⊔⟨⌉ ∐⊓⌉∫⊔⟩≀\ √≀∫⌉⌈ ⌊† ⊔⟨⌉ √∇≀⌊↕⌉⇕↙ I{ ⊣↕↕ ⊔⟨⌉ ⌊∇⊣\⌋⟨⌉∫ ∇⌉⊔⊓∇\ ⊢\≀≃ ⊔⟨⌉\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌈≀⌉∫ \≀⊔ ∫≀↕⊑⌉ ⊔⟨⌉ √∇≀⌊↕⌉⇕↙

∞′

⊔⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⟩\∫⊔⊣\⌋⌉↙ I{ ⊣ √∇≀⌊↕⌉⇕ ⌋⊣\ ⌊⌉ ∫≀↕⊑⌉⌈ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⌊† ⊣ \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⌉\ ⟩⊔ ⌊⌉↕≀\}∫ ⟩\ N P↙ R⌉⌈⊓⌋⊔⟩≀\ ⊔≀ IP¬ I{ ⊣ √∇≀⌊↕⌉⇕ ⌋⊣\ ⌊⌉ ⊔∇⊣\∫{≀∇⇕⌉⌈ ⊔≀ IP ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⊔⟨⌉\ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⌊⌉↕≀\}∫ ⟩\ N P↙ S⟩\⌋⌉ ≀∇⌈⟩\⊣∇† ⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣∇⌉ ∫√⌉⌋⟩⊣↕ ⌋⊣∫⌉∫ ≀{ \≀\⌈⌉⊔⌉∇↖ ⇕⟩\⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⇐⊒⟨⌉\ \≀ ⌊∇⊣\⌋⟨⟩\} ≀⌋⌋⊓∇∫⇒ P⊆N P↙ O\⌉ ≀{ ⊔⟨⌉ ⇕≀∫⊔ ⟩⇕√≀∇⊔⊣\⊔ ≀√⌉\ ∐⊓⌉∫⊔⟩≀\∫ ⟩\ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⟩∫ ⊔⟨⌉ ⌋≀\|⌉⌋⊔⊓∇⌉ ⊔⟨⊣⊔ P≠N P↙ M≀∫⊔ ∇⌉∫⌉⊣∇⌋⟨⌉∇∫ ⊔⟨⟩\‖ ⟩⊔ ⟩∫ ⊓\↕⟩‖⌉↕†⇔ ⌋⌉∇⊔⊣⟩\↕† \≀ ⊣↕}≀∇⟩⊔⟨⇕ ∫≀↕⊑⟩\} ⊣\ N P √∇≀⌊↕⌉⇕ ∫⊓⌋⟨ ⊣∫ TSP D⌉⌋⟩∫⟩≀\ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⟨⊣∫ ⌊⌉⌉\ {≀⊓\⌈↙ S⟩\⌋⌉ \≀ √∇≀≀{ ⌉§⟩∫⊔∫ ⟩⊔ ⌋⊣\\≀⊔ ⌊⌉ ∫⟨≀⊒\ ⊔⟨⊣⊔ ⊣ √∇≀⌊↕⌉⇕ ↕⟩‖⌉ TSP D⌉⌋⟩∫⟩≀\ ⟩∫ ⟩\⊔∇⊣⌋⊔⊣⌊↕⌉ ⟩↙⌉↙ ⊓\⊣⌊↕⌉ ⊔≀ ⌊⌉ ∫≀↕⊑⌉⌈ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉⇔ ⟨≀⊒⌉⊑⌉∇ ⟩⊔ ⟩∫ ‖\≀⊒\ ⊔⟨⊣⊔ ⟩{ TSP D⌉⌋⟩∫⟩≀\ ⟩∫ ⟩\⊔∇⊣⌋⊔⊣⌊↕⌉ ⊔⟨⌉\ P≠N P↙ ∈↙∋↙△ NP-completeness A decision problem A is N P↖⌋≀⇕√↕⌉⊔⌉ ⟩{ A ∈N P ⊣\⌈ ⌉⊑⌉∇† √∇≀⌊↕⌉⇕ ⟩\ N P ⟩∫ √≀↕†\≀⇕⟩⊣↕↕† ⊔∇⊣\∫{≀∇⇕⊣⌊↕⌉ ⊔≀ A furthermore if A is N P↖⌋≀⇕√↕⌉⊔⌉ ⊔⟨⌉\ ⟩⊔ ⟩∫ ∫≀↕⊑⊣⌊↕⌉ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⟩{ ⊣\⌈ ≀\↕† ⟩{ P=N P⇔ ⊣ ∫⌉⌉⇕⟩\}↕† ⊓\↖ ↕⟩‖⌉↕† ∇⌉∫⊓↕⊔↙ A\ ⌉§⊔⌉\∫⟩⊑⌉ ↕⟩∫⊔⟩\}⇔ ⟩\⌋↕⊓⌈⟩\} TSP D⌉⌋⟩∫⟩≀\⇔ ≀{ N P↖⌋≀⇕√↕⌉⊔⌉ √∇≀⌊↕⌉⇕∫ ⟩∫ }⟩⊑⌉\ ⌊† G⊣∇⌉† ⊣\⌈ J≀⟨\∫≀\ ∪∞△⊎↙ S⟩\⌋⌉ √≀↕†\≀⇕⟩⊣↕ ⊔∇⊣\∫{≀∇⇕⊣⌊⟩↕⟩⊔† ⟩∫ ⊣ ⊔∇⊣\∫⟩⊔⟩⊑⌉ ≀√⌉∇⊣⊔⟩≀\⇔ ⟩{ ⊣\† ‖\≀⊒\ N P↖⌋≀⇕√↕⌉⊔⌉ √∇≀⌊↕⌉⇕ B transforms to a problem A ∈N P ⊔⟨⌉\ A is also N P↖ ⌋≀⇕√↕⌉⊔⌉↙ T⟨⊓∫ ⇕⊣\† ⊑⊣∇⟩⊣⊔⟩≀\∫ ≀{ TSP D⌉⌋⟩∫⟩≀\ ⊣∇⌉ ∫⟩⇕⟩↕⊣∇↕† ⌋↕⊣∫∫⟩⊘⌉⌈ N P↖ ⌋≀⇕√↕⌉⊔⌉⇔ ⊣\⌈ ⊔⟨⌉∇⌉ ⟩∫ ∫⊔∇≀\} ⌉⊑⟩⌈⌉\⌋⌉ ⊔≀ ∫⊓√√≀∇⊔ ⊔⟨⌉ ∫⊓√√≀∫⌉⌈ ⟩\⊔∇⊣⌋⊔⊣⌊⟩↕⟩⊔† ≀{ TSP D⌉⌋⟩∫⟩≀\ ⇐⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉ TSP ⟩⊔∫⌉↕{⇒↙ N≀⊔⌉ ⟨≀⊒⌉⊑⌉∇ ⊔⟨⊣⊔ {≀∇ ⊔⌉⌋⟨\⟩⌋⊣↕ ∇⌉⊣∫≀\∫ ⇕⊣\† √∇≀⌊↕⌉⇕∫ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ∫≀↕⊑⌉⌈ ⟩\ √≀↕†\≀⇕⟩⊣↕↖⊔⟩⇕⌉ ⟩{ ⊣\⌈ ≀\↕† ⟩{ P=N P ⌋⊣\ \≀⊔ ⌊⌉ ⌋↕⊣∫∫⟩⊘⌉⌈ ⊣∫ N P↖⌋≀⇕√↕⌉⊔⌉⇔ ∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ TSP ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ ⊑⌉∇∫⟩≀\ ⇐∫⟩\⌋⌉ ⟩⊔ ⟩∫ \≀⊔ ⊣ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕⇒↙ S⟩⇕⟩↕⊣∇↕† ⊣ √∇≀⌊↕⌉⇕ ⟩\ N P ⊔≀ ⊒⟨⟩⌋⟨ ⊣ N P↖⌋≀⇕√↕⌉⊔⌉ √∇≀⌊↕⌉⇕ ⟩∫ ∇⌉⌈⊓⌋⟩⌊↕⌉ ⇐⌊⊓⊔ \≀⊔ ⊔∇⊣\∫{≀∇⇕⊣⌊↕⌉⇒ ⟩∫ \≀⊔ N P↖⌋≀⇕√↕⌉⊔⌉ ⌉⊑⌉\ ⊔⟨≀⊓}⟨ ⟩⊔ ⟩∫ |⊓∫⊔ ⊣∫ ⟩\⟨⌉∇⌉\⊔↕† ⌈⟩{⊘⌋⊓↕⊔ ⊣∫ ⊣\† N P↖ ⌋≀⇕√↕⌉⊔⌉ √∇≀⌊↕⌉⇕↙ A↕∫≀ ⟩{ ⊣ √∇≀⌊↕⌉⇕ A is not known to be in N P ⌊⊓⊔ ⌉⊑⌉∇† √∇≀⌊↕⌉⇕ ⟩\ N P ⟩∫ √≀↕†\≀⇕⟩⊣↕↕† ∇⌉⌈⊓⌋⟩⌊↕⌉ ⊔≀ A then A is N P↖⟨⊣∇⌈↙ N P↖⟨⊣∇⌈ √∇≀⌊↕⌉⇕∫ ⊣∇⌉ \≀⊔ ∇⌉∫⊔∇⟩⌋⊔⌉⌈ ⊔≀ ⌈⌉⌋⟩∫⟩≀\ √∇≀⌊↕⌉⇕∫↙ T⟨⌉ TSP ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ ⊑⌉∇∫⟩≀\ ⟩∫ ⌋↕⊣∫∫⟩⊘⌉⌈ N P↖⟨⊣∇⌈↙ ∈↙∋↙▽ C≀⇕√↕⌉§⟩⊔† ⊣\⌈ H⌉⊓∇⟩∫⊔⟩⌋∫ C≀⇕√↕⌉§⟩⊔† ⊔⟨⌉≀∇† ≀{{⌉∇∫ ⇕⊣\† ⇕≀∇⌉ ⌈⟩∫⊔⟩\⌋⊔⟩≀\∫ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ⇕⊣⌈⌉ ⌊⌉⊔⊒⌉⌉\ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊔⟨⊣\ ⟨⊣⊑⌉ ⌊⌉⌉\ }⟩⊑⌉\ ⟩\ ⊔⟨⌉ √∇⌉⌋⌉⌈⟩\} ∫⊓⌊∫⌉⌋⊔⟩≀\∫↙ C≀\⌋⌉√⊔∫ ∫⊓⌋⟨ ⊣∫ ⌋≀N P ⊣\⌈ ↓↖⌋≀⇕√↕⌉⊔⌉ ⊣∇⌉ ⟩\⊔⌉∇⌉∫⊔⟩\} ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ⌉§⊔⌉\∫⟩≀\∫ ⊔≀ ⊔⟨⌉ ⟩⌈⌉⊣∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊔⟨⊓∫ {⊣∇↙ H≀⊒⌉⊑⌉∇ ⊔⟨⌉∇⌉ ⟩∫ ⊣↕∇⌉⊣⌈† ∫⊓{⊘⌋⟩⌉\⊔ ⌉⊑⟩⌈⌉\⌋⌉ ⊔≀ ∫⊓}}⌉∫⊔ ⊔⟨⌉ TSP ⟩∫ ≀{ ∫⊓⌋⟨ ⊣\ ⟩\⟨⌉∇⌉\⊔↕† ⌈⟩{⊘⌋⊓↕⊔ \⊣⊔⊓∇⌉ ⊔⟨⊣⊔ ⊣\ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⊒⊣∇∇⊣\⊔⌉⌈↙ S⟨≀⊓↕⌈ ⊣ ⇕≀∇⌉ ∇⟩}≀⊓∇≀⊓∫ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⌋≀⇕√↕⌉§↖ ⟩⊔† ⊔⟨⌉≀∇† ⌊⌉ ∇⌉∐⊓⟩∇⌉⌈ ⊔⟨⌉ ∇⌉⊣⌈⌉∇ ⟩∫ ⌈⟩∇⌉⌋⊔⌉⌈ ⊔≀ G⊣∇⌉† ⊣\⌈ J≀⟨\∫≀\ ∪∞△⊎ ≀∇ J≀⟨\∫≀\ ⊣\⌈ P⊣√⊣⌈⟩⇕⟩⊔∇⟩≀⊓ ∪∈▽⊎↙

∞∞

A∫⟩⌈⌉ {∇≀⇕ ⊔⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ⊣\≀⊔⟨⌉∇ ⊣∇}⊓⇕⌉\⊔ {≀∇ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ≀{ ⊣ ⇕≀∇⌉ √⟨⟩↕≀∫≀√⟨⟩⌋⊣↕ \⊣⊔⊓∇⌉↙ G⌉\⌉∇⊣↕↕† ⊣ ⇕≀⌈⌉↕ ≀{ ⊣ ⊢∇⌉⊣↕↖⊒≀∇↕⌈≃ √∇≀⌊↕⌉⇕ ⟩∫ ⌊⌉⟩\} ≀√⊔⟩⇕⟩∫⌉⌈↙ T⟨⌉∇⌉ ⟩∫ \≀ ∇⌉⊣∫≀\ ⊔≀ ∫⊓√√≀∫⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊣\∫⊒⌉∇ ⊔≀ ⊔⟨⌉ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⇕≀⌈⌉↕ ⟩∫ ⟩\ {⊣⌋⊔ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊣\∫⊒⌉∇ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⟩\ ⊔⟨⌉ ∇⌉⊣↕↖⊒≀∇↕⌈↙ I⊔ {≀↕↕≀⊒∫ ⊔⟨⊣⊔ ∫√⌉\⌈⟩\} ⇕⊓⌋⟨ ⊔⟩⇕⌉ ⊘\⌈⟩\} ⊔⟨⌉ ⌉§⊣⌋⊔ ⊣\∫⊒⌉∇ ⊔≀ ⊣ √∇≀⌊↕⌉⇕ ⟩∫ ≀{⊔⌉\ ⊓\\⌉⌋⌉∫∫⊣∇† ⊒⟨⌉\ ⊔⟨⌉ ⊣\∫⊒⌉∇ {≀⊓\⌈ ⟩∫ \≀⊔ }⊓⊣∇⊣\⊔⌉⌉⌈ ⊔≀ ⌊⌉ ⊔⟨⌉ ⌉§⊣⌋⊔ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ ∇⌉⊣↕ √∇≀⌊↕⌉⇕ ⊓\⌈⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\↙ T⟨⟩∫ ⟩⌈⌉⊣ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌉∫ ⊔≀ ⊣\† ⇕≀⌈⌉↕⟩\} ∫⟩⊔⊓⊣⊔⟩≀\⇔ ⌊⊓⊔ ⟩\ ⊔⟨⟩∫ √⊣√⌉∇ ⟩∫ ∇⌉∫⊔∇⟩⌋⊔⌉⌈ ⊔≀ ⊔⟨⌉ TSP⇔ ⊣ √∇≀⌊↕⌉⇕ ≀{ ⊣ ⇕≀∇⌉ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ \⊣⊔⊓∇⌉↙

∈↙△ H⟩∫⊔≀∇† ≀{ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕ T⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕ ⊒⊣∫ ⊘∇∫⊔ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⟩\ ⊣ ⊔∇⊓⌉ ∫⌉\∫⌉ ⟩\ ⌋≀\\⌉⌋⊔⟩≀\ ⊒⟩⊔⟨ G∇⊣√⟨ T⟨⌉≀∇†⇔ ⊣ ⌊∇⊣\⌋⟨ ≀{ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋∫↙ A }∇⊣√⟨ ⟩∫ ⌈⌉⊘\⌉⌈ ⊣∫ ⊣ ∫⌉⊔ ≀{ ⊑⌉∇⊔⟩⌋⌉∫ ⊒⟩⊔⟨ ∫≀⇕⌉ √⊣⟩∇∫ ≀{ ⊑⌉∇⊔⟩⌋⌉∫ |≀⟩\⌉⌈ ⌊† ⌉⌈}⌉∫↙ A ⌋†⌋↕⌉ ⟩∫ ⊣ ∫⌉⊔ ≀{ ⊑⌉∇⊔⟩⌋⌉∫ ⊔⟨⊣⊔ ⌋⊣\ ⊔∇⊣⊑⌉∇∫⌉⌈ ⊑⟩⊣ ⊣ ∫⌉⊔ ≀{ ⌋≀\\⌉⌋⊔⟩\} ⌉⌈}⌉∫⇔ ⌊⌉}⟩\\⟩\} ⊣\⌈ ⊘\⟩∫⟨⟩\} ⊣⊔ ⊔⟨⌉ ∫⊣⇕⌉ ⊑⌉∇⊔⌉§⇔ ⌉\⌋≀⊓\⊔⌉∇⟩\} ⌉⊣⌋⟨ ⊑⌉∇⊔⌉§ ⌉§⊣⌋⊔↕† ≀\⌋⌉↙ A H⊣⇕⟩↕⊔≀\⟩⊣\∞′⌋†⌋↕⌉ ⟩∫ ⊣ ⌋†⌋↕⌉ ⌋≀\⊔⊣⟩\⟩\} ⊣↕↕ ⊑⌉∇⊔⟩⌋⌉∫ ⟩\ ⊔⟨⌉ }∇⊣√⟨↙ T⟨⊓∫ ⊔⟨⌉ TSP {≀∇ ⊣ }∇⊣√⟨ ⟩∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ≀{ ⊘\⌈⟩\} ⊔⟨⌉ ∫⟨≀∇⊔⌉∫⊔ H⊣⇕⟩↕⊔≀\⟩⊣\ ⌋†⌋↕⌉↙ P∇⟩≀∇ ⊔≀ ⊔⟨⌉ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ }⟩⊑⌉\ H⊣⇕⟩↕⊔≀\⟩⊣\ }∇⊣√⟨∫ ⟩\ ⊔⟨⌉ ∞∃⊔⟨ ⌋⌉\⊔⊓∇†⇔ ∫⟩⇕⟩↕⊣∇ ⊔≀⊓∇∫ ⟨⊣⌈ ⌊⌉⌉\ ⌋≀\∫⟩⌈⌉∇⌉⌈↙ I\ ⊔⟨⌉ ∞⊔⟨ ⌋⌉\⊔⊓∇† E⊓↕⌉∇ ⊣\⌈ V⊣\⌈⌉⇕≀\⌈ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ≀{ ⊔⟨⌉ ‖\⟩}⟨⊔≃∫ ⊔≀⊓∇ ⊣ H⊣⇕⟩↕⊔≀\⟩⊣\ ⊔≀⊓∇ ≀{ ⊣ ⌋⟨⌉∫∫ ⌊≀⊣∇⌈ ⊓∫⟩\} ≀\↕† ⊔⟨⌉ ⇕≀⊑⌉∫ ⊣↕↕≀⊒⊣⌊↕⌉ ⊔≀ ⊣ ‖\⟩}⟨⊔ ⊣∫ ⊢⌉⌈}⌉∫≃ ⌊⌉⊔⊒⌉⌉\ ⊢⊑⌉∇⊔⟩⌋⌉∫≃ ⇐⊣\ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ∫∐⊓⊣∇⌉⇒↙ T⟨⌉ R⌉⊑⌉∇⊣\⌈ T↙ P↙ K⟩∇‖⇕⊣\ ⊣\⌈ S⟩∇ W⟩↕↕⟩⊣⇕ R≀⊒⊣\ H⊣⇕⟩↕⊔≀\ ⟩\⌈⌉↖ √⌉\⌈⌉\⊔↕† ⟩\ ⊔⟨⌉ ⇕⟩⌈⌈↕⌉ ≀{ ⊔⟨⌉ ∞∃⊔⟨ ⌋⌉\⊔⊓∇† ⊒⟨⌉∇⌉ ⊔⟨⌉ ⊘∇∫⊔ ⊔≀ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉ H⊣⇕⟩↕⊔≀\⟩⊣\ ⌋†⌋↕⌉∫ ⟩\ ⊣ }∇⊣√⟨⇔ ⊣↕⊔⟨≀⊓}⟨ \≀⊔ ⇕⊓⌋⟨ ⊣⊔⊔⌉\⊔⟩≀\ ⊒⊣∫ }⟩⊑⌉\ ⊔≀ ⊔⟨⌉ ∫⟨≀∇⊔⌉∫⊔ H⊣⇕⟩↕⊔≀\⟩⊣\ ⌋†⌋↕⌉↙ I\⊔⌉∇⌉∫⊔⟩\}↕† H⊣⇕⟩↕⊔≀\ ⌉⊑⌉\ ⇕⊣∇‖⌉⊔⌉⌈ ⊣ }⊣⇕⌉ ⇐⌋⊣↕↕⌉⌈ ⊔⟨⌉ I⌋≀∫⟩⊣\ G⊣⇕⌉⇒ ⟩\⊑≀↕⊑⟩\} }∇⊣√⟨∫ ⊣\⌈ ⌋†⌋↕⌉∫⇔ ⊣ ⊑⊣∇⟩⊣\⊔ ≀{ ⊔⟨⌉ }⊣⇕⌉ ⌉⊑⌉\ ⌊≀∇⌉ ⊔⟨⌉ \⊣⇕⌉ ⊔⟨⌉ ⊢T∇⊣⊑⌉↕⌉∇≃∫ D≀⌈⌉⌋⊣⟨⌉⌈∇≀\≃↙ T⟨⌉ ⊔⌉∇⇕ ⊢T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕≃ ⊒⊣∫ ⊘∇∫⊔ ⊓∫⌉⌈ ⟩\ ⇕⊣⊔⟨⌉⇕⊣⊔⟩↖ ⌋⊣↕ ⌋⟩∇⌋↕⌉∫ ⟩\ ∞∃∋∞↖∞∃∋∈ ⌊⊓⊔ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ⟩⌈⌉⊣ ≀{ ⊔⟨⌉ TSP ⊒⊣∫ ⊘∇∫⊔ ∇⌉⌋≀∇⌈⌉⌈ ⟩\ ⊣ G⌉∇⇕⊣\ ⌊≀≀‖ ∞∞⊒∇⟩⊔⊔⌉\ ⌊† ⊣ ⊔∇⊣⊑⌉↕⟩\} ∫⊣↕⌉∫⇕⊣\ ⊣∫ ⊣ }⊓⟩⌈⌉ ⊔≀ ⊣∫√⟩∇⟩\} †≀⊓\}↖ ∫⊔⌉∇∫↙ W⟨≀ ⊣⌋⊔⊓⊣↕↕† ⌋≀⟩\⌉⌈ ⊔⟨⌉ √⟨∇⊣∫⌉ ⟩\ ⌋≀\\⌉⌋⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕↕† {≀∇⇕⊣↕⟩∫⌉⌈ ⇕≀⌈⌉↕ ⟩∫ ⊓\‖\≀⊒\⇔ ⊣↕⊔⟨≀⊓}⟨ M⌉∇∇⟩↕↕ F↕≀≀⌈ ⊘∇∫⊔ √⊓⌊↕⟩∫⟨⌉⌈ ⊔⟨⌉ ⊔⌉∇⇕ ⟩\ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⊣↕ ⌋⟩∇⌋↕⌉∫ ⊣∫ ⊒⌉↕↕ ⊣∫ ⟩\ ⊔⟨⌉ ⌊⊓∇}⌉≀\⟩\} ⊘⌉↕⌈ ≀{ O√⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨↙ H⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊔⟨⌉ √⟨∇⊣∫⌉ ⊔≀ A↙ W↙ T⊓⌋‖⌉∇ ⟩\ ∞∃∋ ⊒⟨≀ ∇⌉⇕⌉⇕⌊⌉∇⌉⌈ ⟩⊔ {∇≀⇕ H⊣∫∫↕⌉∇ W⟨⟩⊔\⌉† ⟩\ ∞∃∋∞↖∞∃∋∈↙ F↕≀≀⌈ ⟩\ ∞∃△∀ √≀√⊓↕⊣∇⟩∫⌉⌈ ⊔⟨⌉ TSP ⊣⊔ ⊔⟨⌉ RAND ⌋≀∇√≀∇⊣⊔⟩≀\⇔ {≀∇⇕⊣↕⟩∫⟩\} ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊣∫ {≀↕↕≀⊒∫¬ ∞′F∇≀⇕ ⊔⟨⌉ ∞∃⊔⟨ ⌋⌉\⊔⊓∇† ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋⟩⊣\ S⟩∇ W⟩↕↕⟩⊣⇕ R≀⊒⊣\ H⊣⇕⟩↕⊔≀\↙ ∞∞⊖T⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\⇔ ⟨≀⊒ ⟨⌉ ∫⟨≀⊓↕⌈ ⌊⌉ ⊣\⌈ ⊒⟨⊣⊔ ⟨⌉ ∫⟨≀⊓↕⌈ ⌈≀ ⊔≀ }⌉⊔ C≀⇕⇕⟩∫∫⟩≀\∫ ⊣\⌈ ⊔≀ ⌊⌉ S⊓⌋⌋⌉∫∫{⊓↕ ⟩\ ⟨⟩∫ B⊓∫⟩\⌉∫∫↙ B† ⊣ ⊑⌉⊔⌉∇⊣\ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\↙⪰

∞∈

Minimise ∑n i=1 c_{iπ(i)} where T here are n cities and a cyclic permutation π of the n cities and a n × n distance matrix C = (c_{ij}) Thereafter the TSP became popular largely due to connections with combinatorial problems such as the assignment problem (AP), the transportation problem (TP) and other LP problems, seemingly similar to these problems but harder to solve, presenting researchers with a challenge.

The seminal paper on the TSP by Dantzig et al. [6] in 1954 was of great importance in the history of combinatorial optimisation. Occurring at the same time as the explosion of interest in LP, TSP resisted being solved by these new methods, even with the development of some of the ffrst practical computers 12. To understand their paper some knowledge of the AP is required.

The assignment problem consists of choosing n elements from an n × n matrix C = (c_{ij}), one from each row and column, in order to minimise the sum of the elements selected. An LP approach to this problem is to consider the polyhedron P in n 2space given by all matrices X = (x_{ij}) subject to certain conditions. The AP can be formalised as follows: minimise ∑ i ∑ j c_{ij} x_{ij} such that x_{ij} ≥ ′ ∑ j x_{ij} = 1 ∀i ∑ i x_{ij} = 1 ∀j

Each matrix X is a vertex of the polyhedroneach row and column con taining a single 1 with all other entries 0▷ By deαning c_{ij} to be the distance between city i and j then the TSP is similar to the AP since if x_{ij} = 1 then the salesman moves from i to j▷ However solving this problem may generate disjoint subtours▷ To prevent this situation 2^{n−∞} ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊣∇⌉ ∇⌉∐⊓⟩∇⌉⌈↙ W⟩⊔⟨ ⊔⟨⌉∫⌉ ⌉§⊔∇⊣ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊑⌉∇⊔⟩⌋⌉∫ ≀{ ⊔⟨⌉ \⌉⊒ √≀↕†⟨⌉⌈∇≀\ R are no longer guaranteed to give integer results so we need to ensure variables only take the values 0 or 1▷ Thus the TSP becomes an IP problem a class that had no solution method in the early 1950s▷ Dantzig et al▷ ♭6♯ suggested a new method to overcome these difαculties essentially a branch and bound algorithm▷ They proposed that starting from an optimal or near optimal tour it might be possible to prove optimality by invoking only a few extra inequalities ↼cuts↽▷ Using this technique to αnd the optimal solution to a 49city TSP they showed also that cutting plane techniques where relevant to IP generally as well as for the TSP13▷ From these beginnings a theoretically more sensible solution method for the TSP than 12LP was one of the inβuential forces in the sponsoring of the early computers UNIVAC and SEAC at the National Bureau of Standards▷ 13Branch and bound algorithms work as follows. A variable x that must be an integer

that of complete enumeration could now be employed▷ However for any large problem the time required to produce a solution was still prohibitive▷ Soon after these developments at the end of the 1960s distinctions be tween hard problems such as the TSP and easy problems such as the AP were formalised and have been discussed in more detail in section 2▷3▷ Compu tational complexity theory conαrms the inherent difαculty of the TSP but despite this a solution to the problem is still required▷ Three immediate options become clear. 1▷ Reject the hypothesis that the TSP is a hard problem and search for a structure to the problem that makes it easy▷ Ideas such as cutting planes and branch and bound methods fall into this category▷ 2▷ Insist on an exact solution at the expense of time considerations▷ 3▷ Find heuristic solutions in reasonable time at the expense of global optimality▷ In practice for any large problem 14 heuristic methods are generally employed▷ However the border between exact and heuristic algorithms is not all that strict since it is always possible to use an heuristic method in a branch and bound algorithm to αnd the exact solution of any problem▷

2▷5 Heuristics For both exact and heuristic algorithms the distinction can be made between general and tailored algorithms▷ A tailored algorithm uses problemspeciαc information and can only be applied to a small set of problems requiring the development of a new algorithm for each type of combinatorial problem▷ Conversely general algorithms are problem independent and will work for any number of different problem types▷ Again a trade off is generally encountered▷ Either a tailored algorithm can be used which makes use of problem structure and is comparatively quick but has limited applicability or a general algorithm can be used which is usually slower but has wide potential for application▷

2▷5▷1 Tailored Heuristics There are a number of successful tailored heuristic algorithms for the TSP▷ Some are described brieβy below. but is currently not ↼after some LP solution↽ is branched on nearby integer values to give two more LP problems ↼with restrictions↽ which must be evaluated▷ This process is repeated as often as necessary giving a tree with LPs as nodes that doesnφt grow beyond some nodes due to bounds on the solution▷ 14With the current level of computing power it is widely accepted that problem instances of up to 1000 cities are solvable exactly in reasonable amounts of time▷

The Nearest Neighbour Algorithm. A ℓgreedyφ algorithm that constructs a tour by considering each city in turn and adding it to the existing tour▷ 1▷ Begin with a partial tour consisting of a single city a 1▷ 2▷ With the current partial tour a1· · · a_k, k < n choose a_{k+1}, from the cities not already on the tour, where a k+1 is the closest city to a k▷

3▷ Add a k+1 to the tour and return to step 2, halting the procedure when all cities have been accounted for.

The Minimum Spanning Tree Algorithm: An algorithm that begins with a

‘good’ tour, where some cities are visited more than once, then eliminates these repetitions to give a TSP tour. A minimum spanning tree (MST) for n cities is a set of n − ∞ ⌉⌈}⌉∫ ⊔⟨⊣⊔ ⇕⟩\⟩⇕⊣↕↕† ⌋≀\\⌉⌋⊔ ⊔⟨⌉ ⌋⟩⊔⟩⌉∫ ⟩\⊔≀ ⊣ ∫⟩\}↕⌉ ⌋≀\\⌉⌋⊔⌉⌈ ⌋≀⇕√≀\⌉\⊔ ⇐⊣ ⇕⟩\⟩⇕⊣↕↕† ⌋≀\\⌉⌋⊔⌉⌈ }∇⊣√⟨ ⇒↙ D⌉√⊔⟨ ⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ ≀{ ⊣ MST ⟩∫ ⊣ ⊔≀⊓∇ ⌊⌉}⟩\\⟩\} ⊣⊔ ⊣ ↕⌉⊣{ ≀{ ⊔⟨⌉ ⊔∇⌉⌉⇔ ⊒⟨⌉∇⌉ ⊣ ↕⌉⊣{ ⟩∫ ⊑⌉∇⊔⌉§ ≀{ ⌈⌉}∇⌉⌉ ∞ ⇐⌋≀\\⌉⌋⊔⌉⌈ ⌊† ⊣ ∫⟩\}↕⌉ ⌉⌈}⌉⇒↙ T⟨⌉ ⊔≀⊓∇ ⟩∫ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ ⌊† {≀↕↕≀⊒⟩\} ⊣\† ⊓\⊔∇⊣⊑⌉∇∫⌉⌈ ⌉⌈}⌉ ⊔≀ ⊣ \⌉⊒ ⌋⟩⊔†↙ I{ ⊣↕↕ ⌉⌈}⌉∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ⊔∇⊣⊑⌉∇∫⌉⌈⇔ ∇⌉⊔⊓∇\ ⊣↕≀\} ⊔⟨⌉ ⌉⌈}⌉ ⌊† ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌋⟩⊔† ⊒⊣∫ ⊘∇∫⊔ ∇⌉⊣⌋⟨⌉⌈ ⊓\⊔⟩↕ ⊘\⊣↕↕† ∇⌉⊔⊓∇\⟩\} ⊔≀ ⊔⟨⌉ ↕⌉⊣{ ⊔⟨⊣⊔ ⊒⊣∫ ∫⊔⊣∇⊔⌉⌈ ⊒⟩⊔⟨↙ S⟨≀∇⊔⌋⊓⊔∫ ⌋⊣\ ⌊⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⟩\⊔≀ ⊣ ⌈⌉√⊔⟨ ⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ ⌊† ∫‖⟩√√⟩\} ≀⊑⌉∇ ⌋⟩⊔⟩⌉∫ ⊣↕∇⌉⊣⌈† ⊑⟩∫⟩⊔⌉⌈ ⟩\ ⊔⟨⌉ ⊔∇⊣⊑⌉∇∫⊣↕ ⊣\⌈ √∇≀⌋⌉⌉⌈⟩\} ⌈⟩∇⌉⌋⊔↕† ⊔≀ ⊔⟨⌉ \⌉§⊔ ⊓\⊑⟩∫⟩⊔⌉⌈ ⌋⟩⊔†↙ T⟨⌉ MST ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔⟨⌉\ ⊣∫ {≀↕↕≀⊒∫¬ ∞↙ F⟩\⌈ ⊣ ⇕⟩\⟩⇕⊓⇕ ∫√⊣\\⟩\} ⊔∇⌉⌉ {≀∇ ⊣↕↕ ⌋⟩⊔⟩⌉∫↙ ∈↙ C≀\∫⊔∇⊓⌋⊔ ⊣ ⌈⌉√⊔⟨ ⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ ≀{ ⊔⟨⌉ MST↙ ∋↙ I\⊔∇≀⌈⊓⌋⌉ ∫⟨≀∇⊔⌋⊓⊔∫ ⟩\⊔≀ ⊔⟨⌉ ⌈⌉√⊔⟨ ⊘∇∫⊔ ⊔∇⊣⊑⌉∇∫⊣↕ ⊔≀ ⌉↕⟩⇕⟩\⊣⊔⌉ ∇⌉√↖ ⌉⊔⟩⊔⟩≀\ ≀{ ⌋⟩⊔⟩⌉∫ ⊔≀ ≀⌊⊔⊣⟩\ ⊣ TSP ⊔≀⊓∇↙ C⟨∇⟩∫⊔≀⊘⌈⌉∫≃ A↕}≀∇⟩⊔⟨⇕¬ S⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⌉ MST ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ ⊔⟨⊣⊔ ⟩⊔ {≀∇⌋⌉∫ ⊣ ⊢}≀≀⌈≃ ⊔≀⊓∇ ⊔≀ ⌊⌉ ⊣ TSP ⊔≀⊓∇ ⌊† ⌉↕⟩⇕⟩\⊣⊔⟩\} ∇⌉√⌉⊔⟩⊔⟩≀\∫↙ T⟨⌉ ⌈⟩{{⌉∇⌉\⌋⌉ ⟩∫ ⟩\ ⊔⟨⌉ ⊒⊣† ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊔≀⊓∇ ⟩∫ ∫⌉↕⌉⌋⊔⌉⌈↙ T⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊔≀⊓∇ ⟩∫ ∫⌉↕⌉⌋⊔⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ⌋≀\⌋⌉√⊔ ≀{ ⊣ E⊓↕⌉∇⟩⊣\ }∇⊣√⟨⇔ ⊣ ⌋≀\\⌉⌋⊔⌉⌈ }∇⊣√⟨ ⟩\ ⊒⟨⟩⌋⟨ ⌉⊑⌉∇† ⌋⟩⊔† ⟨⊣∫ ⊣\ ⌉⊑⌉\ ⌈⌉}∇⌉⌉↙ B⌉}⟩\\⟩\} ⊒⟩⊔⟨ ⊔⟨⌉ MST ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔ ⊣ E⊓↕⌉∇⟩⊣\ }∇⊣√⟨ ⌊† ⌋≀\\⌉⌋⊔⟩\} √⊣⟩∇∫ ≀{ ≀⌈⌈ ⌈⌉}∇⌉⌉ ⌋⟩⊔⟩⌉∫∞▽↙ M⊣⊔⌋⟨⟩\} ⊔⟨⌉ √⊣⟩∇∫ ⟩\ ⊣\ ≀√⊔⟩⇕⊣↕ ⇕⊣\\⌉∇ }⟩⊑⌉∫ ⊣ }≀≀⌈ ⇐⌊⊓⊔ \≀⊔ ⊔⟨⌉ ⌊⌉∫⊔⇒ E⊓↕⌉∇⟩⊣\ }∇⊣√⟨↙ A ⇕⟩\⟩⇕⊓⇕ ⊒⌉⟩}⟨⊔ ⇕⊣⊔⌋⟨⟩\} {≀∇ ⊣ ∫⌉⊔ ≀{ \≀⌈⌉∫ {∇≀⇕ ⊣ }∇⊣√⟨ ⟩∫ ⊣ ⌋≀↕↕⌉⌋↖ ⊔⟩≀\ ≀{ ⌉⌈}⌉∫ T such that each node in the set is the endpoint of exactly one edge in T and the total length of the edges in T is minimal▷ Thus the algorithm is loosely as follows. 15Graph theory says the number of odd degree nodes in any graph is guaranteed to be even▷ So in matching pairs of cities there will be no cities left out▷

1▷ Find a minimum spanning tree for all cities▷ 2▷ Construct a minimum weight matching for the set of all odd degree nodes in the MST▷ 3▷ Calculate an Eulerian tour for the MST with the additional edges and convert to a TSP tour using short cuts▷ The Variable kopt Algorithm. An iterative improvement algorithm that repeatedly improves on the current solution until near optimality is found▷ Lin and Kernighanφs variable kopt is a generalisation of the kopt algorithm▷ This simple algorithm searches the neighbourhood of the current solution as deαned by the kopt ↼αxed k↽ neighbourhood move described in subsection 2▷5▷2 and accepts any tour that is an improvement over the present conαguration▷ When no better solution in the current neighbourhood can be found the algorithm terminates▷ The larger the value of k the more likely the αnal solution is to be op timal▷ However as k increases the neighbourhood size grows quickly making values of k beyound 3 time consuming▷ Instead of keeping the value of k αxed the variable kopt algorithm decides dynamically which value of k to use at each iteration▷ To determine the value of k for each iteration of the algorithm if the value k = l has been decided upon a series of stopping conditions must be met to ensure that k = l + 1 is not a better choice. Once a value for k has been selected the neighbourhood is searched for an improved tour▷ A good description of the algorithm can be found in Lawler et al▷ ♭27♯▷ 2▷5▷2 General Heuristics Generally applicable heuristics appropriate for a wide range of combinato rial problems have gained much attention in recent years▷ The TSP is used as a test arena for comparing some different general heuristics▷ All these algorithms have the potential to solve other problems with only a small number of alterations given by the problem structure▷ For many heuristics the only structure required is the notion of a cost function while others ne cessitate a neighbourhood deαnition▷ Both of these concepts are discussed in section 2▷2▷ The TSP has a clearly deαned cost function the sum of the distances between cities in the tour▷ The deαnition of a neighbourhood depends on the operation σ▷ A widespread neighbourhood move αrst used in a heuristic by Lin and Kernighan ♭28♯ is the kchange▷ The kchange operation for a solution i to the TSP deαnes a neighbourhood for i consisting of the set of all solutions generated by removing k edges from the tour associated with i and replacing them with k new edges in a manner that will give a tour▷ The 2change operation is then just the reversal of the order in which the cities are traversed inbetween two arbitrary cities in a tour, see αgure 2▷3▷ Appendix A has details of this 2change operation▷ With a suitable structure deαned a generally applicable heuristic method can be applied▷ Most of these algorithms revolve around the common theme

Figure 2▷3▷ Example of a interchange operation on a instance of the TSP between the initial tour ↼a↽ and the tour resulting from a 2change ↼b↽▷ If p and q are the cities selected by the operation then the links pp^′ ⊣\⌈ qq^′ ⊣∇⌉ ⌊∇≀‖⌉\ ⊣\⌈ ∇⌉√↕⊣⌋⌉⌈ ⌊† pq^′ ⊣\⌈ qp^′↙

≀{ ⟩⊔⌉∇⊣⊔⟩⊑⌉↕† ⟩⇕√∇≀⊑⟩\} ⊔⟨⌉ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ⌋≀∫⊔ {⊓\⌋⊔⟩≀\↙ B⌉}⟩\\⟩\} ⊒⟩⊔⟨ ⊣\ ⟩\⟩⊔⟩⊣↕ ⊔≀⊓∇⇔ ∇⌉√⌉⊣⊔⌉⌈↕† ⇕⊣‖⌉ ⌋⟨⊣\}⌉∫ ⊓∫⟩\} ∫≀⇕⌉ ≀√⌉∇⊣⊔≀∇ ⊔≀ ⊓↕⊔⟩⇕⊣⊔⌉↕† ⊣∇∇⟩⊑⌉ ⊣⊔ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ ⟩∫ ⊣ ⊢}≀≀⌈≃ ⇐⌊⊓⊔ \≀⊔ ⊓∫⊓⊣↕↕† ≀√⊔⟩⇕⊣↕⇒ ⊔≀⊓∇↙ T⟨⌉ ⇕≀∫⊔ √∇⟩⇕⟩⊔⟩⊑⌉ ≀{ ⊔⟨⌉∫⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⟩∫ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ∫⌉⌋↖ ⊔⟩≀\ ∈↙↙̸ L≀⌋⊣↕ ∫⌉⊣∇⌋⟨ ⟨⊣∫ ⊔⊒≀ ⇕⊣|≀∇ ⌈∇⊣⊒⌊⊣⌋‖∫⇔ ⊘∇∫⊔↕† ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⌉∇↖ ⇕⟩\⊣⊔⌉∫ ⟩\ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ ⊒⟩⊔⟨ \≀ }⊓⊣∇⊣\⊔⌉⌉ ≀{ ⌉⊑⌉\ ⌊⌉⟩\} ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\⇔ ⊣\⌈ ∫⌉⌋≀\⌈↕†⇔ ∐⊓⊣↕⟩⊔† ≀{ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⟨⌉⊣⊑⟩↕† ⌈⌉√⌉\⌈⌉\⊔ ≀\ ⊔⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\↙ T⟨⊓∫ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣∇⌉ ∫≀⊓}⟨⊔ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⊔≀ ⊣⊑≀⟩⌈ ⌊⌉⟩\} ⊔∇⊣√√⌉⌈ ⟩\ ⊣ ↕≀⌋⊣↕ ⇕⟩\⟩↖ ⇕⊓⇕ ⊣\⌈ }⟩⊑⌉ ∫≀↕⊓⊔⟩≀\∫ ⌋↕≀∫⌉ ⊔≀ ⊔⟨⌉ ⊔∇⊓⌉ ≀√⊔⟩⇕⊓⇕↙ I\ ⊔⟨⌉ ∇⌉⇕⊣⟩\⌈⌉∇ ≀{ ⊔⟨⟩∫ √⊣√⌉∇ I ⊒⟩↕↕ ⌊⌉ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩\} ∫⌉⊑⌉∇⊣↕ ∫⊓⌋⟨ ⟨⌉⊓∇⟩∫⊔⟩⌋∫⇔ ⊣\⊣↕†∫⟩\} √⌉∇{≀∇⇕⊣\⌋⌉ ≀\ ⊔⟨⌉ ⌊⊣∫⟩∫ ≀{ ∇⌉∫⊓↕⊔∫ }⊣⟩\⌉⌈ {∇≀⇕ ⊔⟨⌉ TSP↙ I\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫⌉⌋⊔⟩≀\∫ ≀{ ⊔⟨⟩∫ ⌋⟨⊣√⊔⌉∇ I ⊒⟩↕↕ }⟩⊑⌉ ⌊∇⟩⌉{ ⌈⌉∫⌋∇⟩√⊔⟩≀\∫ ≀{ ∫≀⇕⌉ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊔⟨⊣⊔ ⊣∇⌉ ⌋⊓∇∇⌉\⊔↕† ⟩\ ⊒⟩⌈⌉ ⊓∫⌉↙

∈↙ ̸L≀⌋⊣↕ S⌉⊣∇⌋⟨

A ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊣\ ⟩⊔⌉∇⊣⊔⟩⊑⌉ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ⊣√√↕⟩⌉⌈ }⌉\⌉∇⊣↕↕† ⊔≀ ⊣\† √∇≀⌊↕⌉⇕ ⊔⟨⊣⊔ ⟨⊣∫ ⊣ ⊒⌉↕↕ ⌈⌉⊘\⌉⌈ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉ S an evaluation function f(x) for a solution x ∈ S and a neighbourhood generation mechanism N(x, σ). Given an initial conffguration, which is often randomly generated, the algorithm generates a sequence of solutions by repeatedly searching the neighbourhoods of the current solution for a conffguration to become the new current solution. A solution is accepted if it is of a better quality 16than that of the current solution. The algorithm terminates when no solution in the neighbourhood of the current solution 16The algorithm can either accept the ffrst solution of better quality found or the solution in the neighbourhood that gives the greatest improvement in quality, termed the steepest descent (or steepest ascent) approach.

is of a better quality. A generalised algorithm for local search, implemented for minimisation, is given in ffgure 2.4.

begin choose an initial conffguration x ∈ S repeat choose a neighbour y ∈ N (x, σ) if f(y) < f(x) then x .= y end if until f(y) ≥ f(x) ∀ y ∈ N (x, σ) end

Figure 2.4. Pseudo-algorithm for the Local Search algorithm. The algorithm continuously searches the neighbourhood of the current solution for a solution of better quality to replace it. When no such solution can be found the algorithm terminates.

Since the quality of the ffnal solution reached by the local search algorithm strongly depends on the initial solution (and the neighbourhood structure) the algorithm has the potential to perform poorly for some starting positions and well for others. One method of partially solving the problem of local optimality is to restart the algorithm many times with different initial solution, a method which will asymptotically result in global optimisation if all solutions are used as an initial solution. Practical time considerations do not allow for all solutions to be used as starting points, instead the algorithm should terminate after some ‘reasonable’ number of restarts. Unfortunately the number of restarts required cannot be determined with any guarantee of ffnal solution quality. Nevertheless the algorithm is usefully in that it is extremely simple to use and generally applicable. It will be informative to compare results gained from other heuristic methods with results achieved by repeated local search in the same amount of computation time.

2.7 Tabu Search

Tabu Search is an heuristic algorithm that exploits ‘memory’ or knowledge of the system under investigation to ffnd a ‘good’ solution to a problem in a combinatorial situation. The modern Tabu Search paradigm derives from work by Glover [16] with seminal ideas and contributions from various sources. The technique is still comparatively new and alternative methodologies and applications are being investigated, making it somewhat unclear how exactly to implement a Tabu Search algorithm. According to Glover [17] Tabu Search is deffned as

Ψ...a higher level heuristic procedure for solving optimisation problems, designed to guide other methods (or their component processes) to escape the trap of local optimality.˚

Tabu Search is also an heuristic search procedure in its own right, with a growing number of theoretical and practical articles investigating the method. A good introduction to the topic is presented in Glover and Laguna [15], covering both the basic algorithm and implementation considerations about tabu memory.

The Tabu Search method seeks to optimise a function under certain constraints. In the case of minimisation this amounts to min s.t. x∈X c(x) where c(x) is the objective or cost function and the family of solutions X may include restraints on x▷ In the quest for optimality the neighbourhood N(x) of each solution x ∈ X is searched▷ Another solution x^′ ⟩\ ⊔⟨⟩∫ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⌋⊣\ ⌊⌉ ∇⌉⊣⌋⟨⌉⌈ ⌊† ⊣ ⇕≀⊑⌉ ∞ ⇐⊔⟨⟩∫ ∇⌉↕⊣⊔⟩≀\∫⟨⟩√ ⟩∫ ⊓∫⊓⊣↕↕† ∫†⇕⇕⌉⊔∇⟩⌋⇒↙ T⊣⌊⊓ S⌉⊣∇⌋⟨ ⊓∫⌉∫ ∇⊣\⌈≀⇕⟩∫⊣⊔⟩≀\ ∫⌉↕⌉⌋⊔⟩⊑⌉↕† ⇐≀∇ \≀⊔ ⊣⊔ ⊣↕↕⇒⇔ ⟩\∫⊔⌉⊣⌈ ⌉§↖ √↕≀⟩⊔⟩\} ⊙⌉§⟩⌊↕⌉ ⇕⌉⇕≀∇† ⊔≀ ⌋≀\⊔∇≀↕ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ √∇≀⌋⌉∫∫↙ E⊑⌉∇† ∫≀↕⊓⊔⟩≀\ ⟨⊣∫ ⊣ ⇕≀⌈⟩⊘⌉⌈ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ∫≀ ⊔⟨⊣⊔ ⟨⟩∫⊔≀∇† ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊒⟨⟩⌋⟨ ∫≀↕⊓⊔⟩≀\∫ ⇕⊣† ⌊⌉ ∇⌉⊣⌋⟨⌉⌈ ⌊† ⊣ ⇕≀⊑⌉ {∇≀⇕ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ∫≀↕⊓⊔⟩≀\↙ F≀∇ ⌉§⊣⇕√↕⌉ x ′ ∈ N(x) may be classiffed tabu (disallowed), when selecting a potential neighbour of x due to memory considerations▷ Instead choose x^{′′} ∈ N(H, x) as an acceptable candidate to move to from x▷ N(H, x) contains all neighbour- hood candidates that the memory (H↽ will allow the algorithm to consider▷ Generally in the shortterm N(H, x) ⊆ N(x), but in the mid-to-long-term N(H, x) ⊈ N(x) necessarily. Instead the neighbourhood may contain a set of elite solutions previously encountered, either in a regional cluster or in different clusters, depending on what the mid-to-long-term considerations are. The type of solutions in the modiffed neighbourhood change over time as the search progresses from a diverse search, looking at many areas of the search space, to a more intense search, concentrating on particular ‘good’ regions.

Tabu Search also uses memory to modify the cost function, c(x), in a similar manner to the modiffcation of the neighbourhood structure. So use c(H, x) instead of c(x) to measure the goodness of a solution, where history, H may encourage or penalise solutions in the determination of the ℓbestφ x^′ ∈ N(H, x). When N(H, x) is large (or costly to examine) create a subset of candidates representative of N(H, x), called NC(H, x), which is examined for a new solution. The basic pseudo-algorithm for Tabu Search is now described, based on an algorithm presented in Glover and Laguna [15], shown in ffgure 2.5.

The method depends largely on the deffnition of memory (or history),H the candidate subset for neighbourhood selection NC(H, x) ⊆ N(H, x), and the (modiffed) cost function c(H, x).

17The concept of a move is essentially analogous to selecting an element from N (x, σ)

discussed in section 2.2.

begin select x ∈ X x^∗ = x c^∗ = c(x^∗) H = ∅ ⌋⊣↕⌋⊓↕⊣⊔⌉ N C(H, x) choose x^′ ∫⊓⌋⟨ ⊔⟨⊣⊔ c(H, x^′) = min{c(H, x)|x ∈ N C(H, x)} ⊒⟨⟩↕⌉ ⌋⊓⊔≀{{ ∇⊓↕⌉ ⟩∫ \≀⊔ ∫⊣⊔⟩∫⊘⌉⌈ x .= x^′ ⟩{ c(x) < c^∗ ⊔⟨⌉\ x^∗ ¬= x c^∗ ¬= c(x^∗) end if update H update N C(H, x) choose x^′ ∫⊓⌋⟨ ⊔⟨⊣⊔ c(H, x^′) = min{c(H, x)|x ∈ N C(H, x)} ⌉\⌈ ⊒⟨⟩↕⌉ ⌉\⌈

F⟩}⊓∇⌉ ∈↙▽↙ P∫⌉⊓⌈≀↖⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⊔⟨⌉ T⊣⌊⊓ S⌉⊣∇⌋⟨ ⇕⌉⊔⟨≀⌈↙ T⊣⌊⊓ S⌉⊣∇⌋⟨ √⌉∇{≀∇⇕∫ ⊣ ∇⌉√⌉⊣⊔⌉⌈ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ∫⌉⊣∇⌋⟨⇔ ∫⌉↕⌉⌋⊔⟩\} ⊔⟨⌉ ⊢⌊⌉∫⊔≃ ∫≀↕⊓⊔⟩≀\ ⟩\ ⌉⊣⌋⟨ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⊔≀ ⌊⌉ ⊔⟨⌉ \⌉⊒ ∫≀↕⊓⊔⟩≀\↙ T⟨⌉ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ∫≀↕⊓⊔⟩≀\ ⊣\⌈ ⌈⌉⊔⌉∇⇕⟩\⊣⊔⟩≀\ ≀{ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ⊣∇⌉ ⟩\⊙⊓⌉\⌋⌉⌈ ⌊† ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕≃∫ ⇕⌉⇕≀∇† ⊒⟨⟩⌋⟨ ⌉⟩⊔⟨⌉∇ ⌉\⌋≀⊓∇⊣}⌉∫ ≀∇ ⌈⟩∫⌋≀⊓∇⊣}⌉∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ {∇≀⇕ ⊔⊣‖⟩\} ⌋⌉∇⊔⊣⟩\ ⇕≀⊑⌉∫↙

∈′

∈↙↙∞ T⊣⌊⊓ S⌉⊣∇⌋⟨ M⌉⇕≀∇† T⟨⌉ ⊒⊣† ⟩\ ⊒⟨⟩⌋⟨ ⇕⌉⇕≀∇† ⟩∫ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊣\⌈ ⊔⟨⌉ ⟩\⊙⊓⌉\⌋⌉ ⊔⟨⟩∫ ⟨⊣∫ ≀\ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⌈⌉⊘\⟩⊔⟩≀\ ⊣\⌈ ∫≀↕⊓⊔⟩≀\ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ⟨⊣∫ ⊣ }∇⌉⊣⊔ ⌉{{⌉⌋⊔ ≀\ ⊣↕↖ }≀∇⟩⊔⟨⇕ √⌉∇{≀∇⇕⊣\⌋⌉↙ H≀⊒ ⊣ ⇕≀⊑⌉ ⟩∫ ⟩⌈⌉\⊔⟩⊘⌉⌈ ⊣\⌈ ⊒⟨⌉⊔⟨⌉∇ ⊒⌉ ⊒⟩∫⟨ ⊔≀ ⌉\⌋≀⊓∇⊣}⌉ ≀∇ ⌈⟩∫⌋≀⊓∇⊣}⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ⇕≀⊑⌉∫ ⊣∇⌉ ⊣↕↕ ≀{ √⊣∇⊣⇕≀⊓\⊔ ⟩⇕√≀∇↖ ⊔⊣\⌋⌉ ⟩\ ⊔⟨⌉ ∫⌉⊣∇⌋⟨↙ G⌉\⌉∇⊣↕↕† ∫√⌉⊣‖⟩\}⇔ ⊔⟨⌉ ∇≀↕⌉ ≀{ ⇕⌉⇕≀∇† ⌋⟨⊣\}⌉∫ ⊣∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀⌋⌉⌉⌈∫⇔ ⊒⟩⊔⟨ ⌊≀⊔⟨ ∫⟨≀∇⊔↖⊔⌉∇⇕ ⊣\⌈ ⇕⟩⌈↖⊔≀↖↕≀\} ⊔⌉∇⇕ ⇕⌉⇕↖ ≀∇† ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫↙ A⊔ ⊔⟨⌉ ⌊⌉}⟩\\⟩\} ≀{ ⊣ ∇⊓\⇔ ⊣∫ ⟩\ ⇕≀∫⊔ }⌉\⌉∇⊣↕ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫⇔ ⊣ ⊢⌊∇≀⊣⌈ ↕≀≀‖≃ ⊣⊔ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉ ⟩∫ ⌈⌉∫⟩∇⌉⌈ ⊔≀ ⟩⌈⌉\⊔⟩{† }≀≀⌈ ⊣\⌈ ⌊⊣⌈ ∇⌉}⟩≀\∫⇔ ⊣ ⌋≀\⌋⌉√⊔ ⟩\ T⊣⌊⊓ S⌉⊣∇⌋⟨ ‖\≀⊒\ ⊣∫ ⌈⟩⊑⌉∇∫⟩⊘⌋⊣⊔⟩≀\↙ A∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀}∇⌉∫∫⌉∫ ⊣\⌈ ⊣ }⌉\⌉∇⊣↕ {⌉⌉↕⟩\} ⌉§⟩∫⊔∫ {≀∇ ⊒⟨⌉∇⌉ ⊢}≀≀⌈≃ ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ ⊔≀ ⌊⌉ {≀⊓\⌈⇔ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⟩∫ ∇⌉⊘\⌉⌈ ⊔≀ √∇≀⌈⊓⌋⌉ ⊣ ⊢\⌉⊣∇↖≀√⊔⟩⇕⊣↕≃ ∫≀↕⊓⊔⟩≀\ ⟩\ ⊣ ⊢}≀≀⌈≃ ⊣∇⌉⊣⇔ ⊣\ ⟩⌈⌉⊣ ⟩\ T⊣⌊⊓ S⌉⊣∇⌋⟨ ⊔⌉∇⇕⌉⌈ ⟩\⊔⌉\∫⟩⊘⌋⊣⊔⟩≀\ ∞∀↙ I⊔ ⟩∫ ⊔⟨⟩∫ ⌊†√↕⊣† ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌋≀\⊔∇⊣⌈⟩⌋⊔≀∇† ⟩⌈⌉⊣∫ ≀{ ⟩\⊔⌉\∫⟩⊘⌋⊣⊔⟩≀\ ⊣\⌈ ⌈⟩⊑⌉∇∫⟩⊘⌋⊣⊔⟩≀\ ⊔⟨⊣⊔ ⟩∫ ⌋≀\⊔∇≀↕↕⌉⌈ ⌊† ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⇕⌉⇕≀∇†⇔ ⊒⟨⟩⌋⟨ ⌋⟨⊣\}⌉∫ ⊔⟨⌉ ⌉⇕√⟨⊣∫⟩∫ ≀\ ⊔⟨⌉ ⊔⊒≀ ⌋≀\⌋⌉√⊔∫ ⊣∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀⌋⌉⌉⌈∫↙ A ⊒⟩⌈⌉↕† ⊓∫⌉⌈ ⊣\⌈ ∐⊓⟩⊔⌉ \⊣⊔⊓∇⊣↕ T⊣⌊⊓ S⌉⊣∇⌋⟨ ⇕⌉⇕≀∇† ⌋≀\⌋⌉√⊔ ⟩∫ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ⌊⊣∫⌉⌈ ⇕⌉⇕≀∇†⇔ ⊒⟨⟩⌋⟨ ⟩⌈⌉\⊔⟩⊘⌉∫ ⊣\ ⊣∫√⌉⌋⊔ ≀{ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ ⌋⟨⊣\}⌉∫ ⊣∫ ⊔⟨⌉ ∇⌉∫⊓↕⊔ ≀{ ⊣ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⇕≀⊑⌉↙

A⊔⊔∇⟩⌊⊓⊔⌉ B⊣∫⌉⌈ M⌉⇕≀∇† A\ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ≀{ ⊣ ⇕≀⊑⌉ {∇≀⇕ x to x^′ ⟩∫ ⊣\† ⊣∫√⌉⌋⊔ ⊔⟨⊣⊔ ⌋⟨⊣\}⌉∫ ⊣∫ ⊣ ∇⌉∫⊓↕⊔ ≀{ ⊔⟨⟩∫ ⇕≀⊑⌉↙ F≀∇ ⌉§⊣⇕√↕⌉ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⊣ ∫≀↕⊓⊔⟩≀\⇔ c(x), may alter or if the solution is represented as a sequence of components, then x_i and x_j may swap values▷ In a particular problem more than one type of move attribute can operate▷ Some attributes will be quite general ↼such as an increasing◁decreasing cost function↽ while others will be more speciαc ↼swapping two components as mentioned above↽▷ In fact there can be many attributes for a single move and can be naturally categorised as from or to attributes so that a move attribute is an ordered pair ↼fromattributetoattribute↽▷ Fromattributes are associated with x whereas toattributes are associated with x ′↙ I⊔ ⟩∫ ≀{⊔⌉\ ⊑⟩⊣ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊔⟨⊣⊔ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\∫ ⊣∇⌉ ⟩⇕√≀∫⌉⌈ ⟩\ T⊣⌊⊓ S⌉⊣∇⌋⟨⇔ √∇⌉⊑⌉\⊔⟩\} ⊔⟨⌉ ∫⌉⊣∇⌋⟨ {∇≀⇕ ∇⌉⊑⌉∇∫⟩\} ≀∇ ∇⌉√⌉⊣⊔⟩\} ⟩⊔∫⌉↕{↙ S⟩\⌋⌉ ⊣ ⇕≀⊑⌉ ⟩∫ ⌉{{⌉⌋⊔⟩⊑⌉↕† ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⌊† ⟩⊔∫ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊒⌉ ∇⌉⌋≀∇⌈ ⊔⟨⌉ ≀√√≀∫⟩⊔⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊔≀ ⊣ ⇕≀⊑⌉ |⊓∫⊔ ⌋≀⇕√↕⌉⊔⌉⌈ ⊣\⌈ ⌋↕⊣∫∫⟩{† ⊔⟨⌉⇕ ⊔⊣⌊⊓↙ A\† ⇕≀⊑⌉ ⌋≀\⊔⊣⟩\⟩\} ⊔⟨⌉ ⊔⊣⌊⊓ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⟩∫ \≀⊔ ⊣⊑⊣⟩↕⊣⌊↕⌉ {≀∇ ∫⌉↕⌉⌋⊔⟩≀\ ⊣∫ ⊣ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⌋⊣\⌈⟩⌈⊣⊔⌉ ⇐⊓\↕⌉∫∫ ⌋⌉∇⊔⊣⟩\ ⊣∫√⟩∇⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ ⊣∇⌉ ⊘∇∫⊔ ∫⊣⊔⟩∫⊘⌉⌈⇒↙ A ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\ ⟩∫ ⊣⌋⊔⟩⊑⊣⊔⌉⌈ ⟩{ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⟨⊣⊑⌉ ≀⌋⌋⊓∇∇⌉⌈ ⌉⟩⊔⟨⌉∇ ∇⌉⌋⌉\⊔↕† {≀∇ ∫⟨≀∇⊔↖⊔⌉∇⇕ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫ ≀∇ {∇⌉∐⊓⌉\⊔↕† {≀∇ ⇕⟩⌈ ⊔≀ ↕≀\}↖⊔⌉∇⇕ ⌋≀\∫⟩⌈⌉∇⊣↖ ⊔⟩≀\∫ ⊔⟨⊓∫ ⌋↕⊣∫∫⟩{†⟩\} ⊔⟨⌉∫⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊣∫ ⊔⊣⌊⊓↖⊣⌋⊔⟩⊑⌉↙ T⟨⌉ ⇕≀∫⊔ ⌋≀⇕⇕≀\ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\∫ ⊣∇⌉ ⌈⌉∫⟩}\⌉⌈ ⊔≀ √∇⌉⊑⌉\⊔ ⌋†⌋↕⟩\} ⊣\⌈ ⊔≀ ⟩\⊔∇≀⌈⊓⌋⌉ ⊑⟩}≀⊓∇ ⟩\⊔≀ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⇐⟨≀⊒⌉⊑⌉∇ ⊣⊑≀⟩⌈⊣\⌋⌉ ≀{ ⌋†⌋↕⌉∫ ⟩∫ \≀⊔ ⟩\ ⟩⊔∫⌉↕{ ⊣ }≀⊣↕ ⌊⊓⊔ ⟩∫ ≀{⊔⌉\ ⊓∫⌉{⊓↕ ⟩\ ∫⌉⊣∇⌋⟨ ⊔⌉⌋⟨\⟩∐⊓⌉∫⇒↙ C≀\∫⟩⌈⌉∇ ⊣ ⟨†√≀⊔⟨⌉⊔⟩⌋⊣↕ ⌉§⊣⇕√↕⌉ ⌊⌉↕≀⊒ ⟩\ ⊒⟨⟩⌋⟨ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ √∇≀⌊↕⌉⇕ ∞∀I\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⊔⟨⌉ ⟩⌈⌉⊣∫ ≀{ ⟩\⊔⌉\∫⟩⊘⌋⊣⊔⟩≀\ ⊣\⌈ ⌈⟩⊑⌉∇∫⟩⊘⌋⊣⊔⟩≀\ ⊣∇⌉ ⇕⟩∇∇≀∇⌉⌈ ⌊† ⊔⟨⌉ ⌋≀\⌋⌉√⊔∫ ⌉§√↕≀⟩⊔⊣⊔⟩≀\ ⊣\⌈ ⌉§√↕≀∇⊣⊔⟩≀\↙

∈∞

⌋≀\∫⟩∫⊔∫ ≀{ ∇⊣\⌈≀⇕ √⌉∇⇕⊓⊔⊣⊔⟩≀\∫ ≀{ ∞′ \⊓⇕⌊⌉∇∫ ∫⊓⌋⟨ ⊣∫ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ ∞′ ⌋⟩⊔† TSP↙ I{ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ⇕≀⊑⌉ ⌋≀\∫⟩∫⊔⌉⌈ ≀{ ∫⊒⊣√√⟩\} ⊔⟨⌉ ⌋⟩⊔⟩⌉∫ ∃ ⊣\⌈ ▽ ⊔⟨⌉\ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ⟩\⊑≀↕⊑⌉⌈ ⟩\ ⊔⟨⟩∫ ∫⊒⊣√√⟩\} √∇≀⌋⌉⌈⊓∇⌉ ⌋≀⊓↕⌈ ⌊⌉ ⊓∫⌉⌈ ⊣∫ ⊣ √≀⊔⌉\⊔⟩⊣↕ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ⇐≀⊔⟨⌉∇ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⌋≀⊓↕⌈ ⟩\⊑≀↕⊑⌉ ⊔⟨⌉ ⌋≀∫⊔∫ ≀{ ⊔⟨⌉ ∇⌉∫√⌉⌋⊔⟩⊑⌉ ∫≀↕⊓⊔⟩≀\∫ ≀∇ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ≀{ ⊔⟨⌉ ⌋⟩⊔† ⟩\⌈⟩⌋⌉∫ ∫⊒⊣√√⌉⌈⇒↙ T⟨⌉ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ≀{ ∫⊒⊣√√⟩\} ▽ ⊣\⌈ ∃ ⟩∫ \≀⊒ ⌋↕⊣∫∫⟩⊘⌉⌈ ⊔⊣⌊⊓↖⊣⌋⊔⟩⊑⌉ ⇐⟩\ ⊔⟨⌉ ∫⟨≀∇⊔↖⊔⌉∇⇕⇒↙

∋ ̸∞ ∃ △ ∀ ∞′ ∈ ▽

T⟨⟩∫ ⇕⌉⊣\∫ ⊔⟨⊣⊔ ⟩\ ⊔⟨⌉ \⌉⊣∇ {⊓⊔⊓∇⌉ ⊔⟨⌉∫⌉ ⊔⊒≀ ⌋⟩⊔⟩⌉∫ ⊣∇⌉ \≀⊔ ⊣↕↕≀⊒⌉⌈ ⊔≀ ⌊⌉ ∫⊒⊣√√⌉⌈ ∫⟩\⌋⌉ ⊔⟨⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ⟩∫ ≀\ ⊔⟨⌉ ⊔⊣⌊⊓ ↕⟩∫⊔ ∞∃ ↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ⊔⊣⌊⊓ ∫⊔⊣⊔⊓∫ ≀{ ⊣ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉ ⌋⊣\ ⌊⌉ ≀⊑⌉∇∇⟩⌈⌈⌉\ ⟩\ ⌋⌉∇⊔⊣⟩\ ⌋⟩∇⌋⊓⇕↖ ∫⊔⊣\⌋⌉∫↙ I{ ⊔⟨⌉ ⊣∫√⟩∇⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ ⊣∇⌉ ⇕⌉⊔ ⊔⟨⌉\ ⊔⟨⌉ ⇕≀⊑⌉ ⌋⊣\ √∇≀⌋⌉⌉⌈ ⊣∫ ⟩{ ⟩⊔ ⊒⌉∇⌉ \≀⊔ ⊔⊣⌊⊓↙ O\ ⌋⌉∇⊔⊣⟩\ ≀⌋⌋⊣∫⟩≀\∫ ⟩\ T⊣⌊⊓ S⌉⊣∇⌋⟨⇔ ⊣⌋⊔⟩⊑⌉ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ≀⊑⌉∇↖ ∇⟩⌈⌈⌉\↙ C≀\⌈⟩⊔⟩≀\∫ ⊔⟨⊣⊔ ⇕⊓∫⊔ ⌊⌉ ⇕⌉⊔ ⌊⌉{≀∇⌉ ⊔⟨⟩∫ ⌋⊣\ ≀⌋⌋⊓∇ ⊣∇⌉ ⌋⊣↕↕⌉⌈ ⊔⟨⌉ ⊣∫√⟩∇⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣↙ F≀∇ ⌉§⊣⇕√↕⌉ ⊣ ∫⊔⊣\⌈⊣∇⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⟩∫ ⊔≀ ≀⊑⌉∇∇⟩⌈⌉ ⊣ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\ ⟩{ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⇕≀⊑⌉ †⟩⌉↕⌈∫ ⊣ ∫≀↕⊓⊔⟩≀\ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⌊⌉∫⊔ ∫≀↕⊓⊔⟩≀\ {≀⊓\⌈ ∫≀ {⊣∇↙ O⊔⟨⌉∇ ⊣∫√⟩∇⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩⊣ ⌋⊣\ ⊣↕∫≀ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈↙ A∫√⟩↖ ∇⊣⊔⟩≀\ ⌊† ⌈⌉{⊣⊓↕⊔ ⟩∫ \⌉⌉⌈⌉⌈ ⊒⟨⌉\ ⊣↕↕ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⌋⊣\⌈⟩⌈⊣⊔⌉∫ ⊣∇⌉ ⌋↕⊣∫∫⟩⊘⌉⌈ ⊔⊣⌊⊓⇔ ⊔⟨⌉\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ {≀∇⌋⌉⌈ ⊔≀ ∫⌉↕⌉⌋⊔ ⊔⟨⌉ ⇕≀⊑⌉ ⊔⟨⊣⊔ ⊑⟩≀↕⊣⊔⌉∫ ⊔⟨⌉ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\∫ ⊔⟨⌉ ↕⌉⊣∫⊔↙ A∫√⟩∇⊣⊔⟩≀\ ⌊† ∇⌉}⟩≀\ ≀⊑⌉∇∇⟩⌈⌉∫ ⊔⟨⌉ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\∫ ⊒⟨⌉\ ⊔⟨⌉ √≀⊔⌉\⊔⟩⊣↕ ⇕≀⊑⌉ †⟩⌉↕⌈∫ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣\ √∇⌉⊑⟩≀⊓∫↕† {≀⊓\⌈ ⟩\ ⊣ }⟩⊑⌉\ ∇⌉}⟩≀\↙ T⊒≀ ⌋≀⇕√↕⌉⇕⌉\⊔⊣∇† ⟩⌈⌉⊣∫ ⟩\ T⊣⌊⊓ S⌉⊣∇⌋⟨ ⇕⌉⇕≀∇† ⌋≀\⌋⌉∇\⌉⌈ ⊒⟩⊔⟨ ∫⟨≀∇⊔↖ ⊔⌉∇⇕ ⊣\⌈ ⇕⟩⌈↖⊔≀↖↕≀\}↖⊔⌉∇⇕ ⇕⌉⇕≀∇† ⊣∇⌉ ∇⌉⌋⌉\⌋† ⌊⊣∫⌉⌈ ⇕⌉⇕≀∇† ⊣\⌈ {∇⌉↖ ∐⊓⌉\⌋† ⌊⊣∫⌉⌈ ⇕⌉⇕≀∇† ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙

R⌉⌋⌉\⌋†¬ W⟨⌉\ ⊣ ⊔⊣⌊⊓ ∇⌉∫⊔∇⟩⌋⊔⟩≀\ ⟩∫ ⊣⌋⊔⟩⊑⊣⊔⌉⌈⇔ ⟩\ ⊔⟨⌉ ∫⟨≀∇⊔↖⊔⌉∇⇕ ⟩⊔ ⟩∫ \⌉⌋↖ ⌉∫∫⊣∇† ⊔≀ ⌉\∫⊓∇⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌈≀⌉∫ \≀⊔ ∇⌉⊔⊓∇\ ⊔≀ ⊔⟨⌉ ⊣ ∫≀↕⊓⊔⟩≀\ ∇⌉⌋⌉\⊔↕† ⊑⟩∫⟩⊔⌉⌈↙ H≀⊒⌉⊑⌉∇ ⊣⊔ ⊣ ↕⊣⊔⌉∇ ∫⊔⊣}⌉ ⟩\ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⟩⊔ ⇕⊣† ⌊⌉ ⊣√√∇≀↖ √∇⟩⊣⊔⌉ ⊔≀ ∇⌉⊔⊓∇\ ⊔≀ ∫⊓⌋⟨ ⊣ ∫≀↕⊓⊔⟩≀\ ∫≀ ⊔⟨⌉ ⊣√√∇≀√∇⟩⊣⊔⌉ ⇕≀⊑⌉ ⊣⊔⊔∇⟩⌊⊓⊔⌉∫ ⊣∇⌉ ⌋↕⊣∫∫⟩⊘⌉⌈ ⊔⊣⌊⊓ {≀∇ ⊣ ∫⟨≀∇⊔ ⊔⟩⇕⌉ √⌉∇⟩≀⌈ t▷ The time period can be de termined statically or dynamically▷ Statically we could choose t = 7 or t = √ n where n is a measure of population dimension▷ Dynamically t could vary between two bounds either randomly or systematically▷ Alternatively t could be made dependent on the quality of the attribute▷ Often different types of move attributes have different values of t to avoid making a tabu restriction too severe ↼especially when applied to a very general attribute↽▷ Frequency. To complement recency based memory it is not desirable to continuously select the same moves too often in the long run▷ Fre quency based memory enables the algorithm to broaden the selection 19The algorithm memory can be implemented in a number of ways the simplest in a problem type such as this is as an n × n matrix where n is the number of cities and each matrix element indicates how long ↼numbers of iterations↽ a particular swap is classiαed tabu▷ process to consider regions the search has yet to investigate▷ In the later stages of the search it can also give an indication of which attributes lead to good quality solutions allowing the algorithm to ℓαne tuneφ the search process▷ Generally for a move attribute record as a measure of frequency a ratio of the number of occurrences of the move to some measure of the total number of moves made to date▷ If S is deαned to be a subset of solutions produced so far for which frequency statistics are recorded then depending on what type of moves are included in S various conclusions can be reached▷ For example if S is a subset con taining high quality solutions then a high frequency count may imply that an attribute is attractive to producing solutions of good quality▷ Conversely if S contains solutions of both high and low quality then a high frequency count may indicate an entrenched attribute restricting the search space▷ Whereas recency based memory is invoked by means of a tabu list frequency based memory is typically implemented by either penalising or giving incentives to certain move attributes▷ Returning to the previous example look at what frequency based memory can mean▷ Consider a situation in which the move to swap 4 and 10 has been identiαed a potential candidate for selection▷ 3 6 1 9 4 8 7 10 2 5 6 The algorithm frequency memory may indicate that 4 and 10 have often been swapped ↼in some time interval↽ and if this move has been made more often than other potential moves then it is penalised to make it less appealing in the selection process▷ Conversely if the move has been made relatively infrequently then it becomes more attractive for selection▷ This holds true as long as diversiαcation is most important trying to push the search into unexplored areas if intensiαcation is being emphasised then frequency based memory may indicate that swapping 4 and 10 is a common property leading to other good solutions▷ It becomes apparent the the exact role of memory in Tabu Search depends on the stage the algorithm is at and whether diversiαcation or intensiαcation is more important▷ Intensiαcation is designed to create better solutions by encouraging the inclusion of ℓgoodφ attributes▷ Shortterm this means incorporating attributes with the highest evaluations▷ Longterm this means incorporating attributes of solutions from elite subsets forcing the search into ℓgoodφ subregions▷ To achieve this via frequency based memory S can be considered to be a small subset of elite solutions ↼high quality local optima↽▷ These solutions share common attributes and are able to reach each other in a small number of moves ↼not to be confused with a concept of distance in the search space↽▷ Opposed to the goal of intensiαcation diversiαcation is needed to gener ate solutions that contain attributes different from those already encountered in the search so far▷ Using frequency based memory to achieve this goal S is deαned to be some signiαcant subset of all solutions thusfar encountered▷

For example S can be selected to be a subsequence of all local optima that do not necessarily share common properties guiding the algorithm to different ℓgoodφ areas in the search space▷ A penalty◁incentive function can then be created which when used in combination with c(H, x), can penalise or encourage a particular search strategy depending on whether at this stage of the search intensiffcation or diversiffcation is more desirable.

2.8 Simulated Annealing

Simulated Annealing is an heuristic method for ffnding ‘good’ solutions to difffcult optimisation problems. The technique was ffrst applied to combinatorial optimisation problems by Kirkpatrick et al. [26] and independently by �Cerny [5]. They showed that ideas used in simulating the physical process of annealing as applied to solids, ffrst proposed by Metropolis et al. [30], could be extended to solve optimisation problems in general, especially combinatorial optimisation problems.

2.8.1 Physical Analogy and the Metropolis Algorithm

Annealing is a thermal process used in condensed matter physics to obtain solids with low energy states. The process has two main steps, melting the solid and then carefully reducing the temperature so that the particles of the solid arrange themselves into the ground state. When the solid is melted to a liquid, the particles are arranged randomly, whereas in the ground state of the solid particles are arranged in an organised lattice that achieves a minimum energy conffguration. If cooling is not done carefully, the ground state will not be reached, instead quenching occurs, whereby the solid takes on a meta-stable state with less than minimum energy. In either case we have reached a steady frozen state.

Metropolis et al. [30] modeled this physical process with the introduction of an algorithm based on Monte Carlo 20techniques. The algorithm generates a sequence of simulated states of the solid by successively perturbing states in the following manner: • A √⊣∇⊔⟩⌋↕⌉ ≀{ ⊔⟨⌉ √∇⌉∫⌉\⊔ ∫⊔⊣⊔⌉ ⟩∫ }⟩⊑⌉\ ⊣ ∫⇕⊣↕↕ ⌈⟩∫√↕⊣⌋⌉⇕⌉\⊔ ⊔≀ √∇≀⌈⊓⌋⌉ ⊣ \⌉⊒ ∫⊔⊣⊔⌉ ⊣\⌈ ⊔⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⌋⟨⊣\}⌉ ⟩\ ⊔⟨⌉ ⌉\⌉∇}† ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕⇔ δ is calculated▷ • I{ δ < 0 then the new state is accepted as the current state otherwise the state is accepted according to the Metropolis criterion ↼test↽▷ The change is accepted with a certain probability given by exp ( −δ κ_BT ) , where T is the temperature and κ_B a physical constant known as the Boltzmann constant▷ 20Monte Carlo techniques involve the selective application of randomisation▷

• I{ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ ∫↕≀⊒↕† ⊣\⌈ ⌋⊣∇⌉{⊓↕↕† ↕≀⊒⌉∇⌉⌈ ⇐⊣⌋⟨⟩⌉⊑⌉⌈ ⟩\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌊† ⌋⊣∇∇†⟩\} ≀⊓⊔ ⇕⊣\† ⟩⊔⌉∇⊣⊔⟩≀\∫ ⊣⊔ ⌉⊣⌋⟨ ∫⊔⊣}⌉⇒ ⊔⟨⌉\ ⊔⟨⌉ ∫≀↕⟩⌈ ⊒⟩↕↕ ∇⌉⊣⌋⟨ ⊔⟨⌉∇⇕⊣↕ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ⊣⊔ ⌉⊣⌋⟨ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉↙ T⟨⌉∇⇕⊣↕ ⌉∐⊓⟩↖ ↕⟩⌊∇⟩⊓⇕ ⟩∫ ⌋⊣⊔⌉}≀∇⟩∫⌉⌈ ⌊† ⊣ B≀↕⊔‡⇕⊣\\ √∇≀⌊⊣⌊⟩↕⟩⊔† ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\ ⊒⟨⌉∇⌉ ⊔⟨⌉ √∇≀⌊⊣⌊⟩↕⟩⊔† ≀{ ⌊⌉⟩\} ⟩\ ∫⊔⊣⊔⌉ i with E_i the energy of state i at temperature T is 1 Z(T ) exp ( −E_i κ_BT ) , and Z(T ) is a normalising partition function deffned as,

Z(T ) = ∑ i exp ( −E_i κ_BT ) .

2▷8▷2 The Simulated Annealing Algorithm The application of the Metropolis algorithm to optimisation problems orig inally suggested by Kirkpatrick et al▷ ♭26♯ and �Cerny ♭5♯ is possible after making an analogy between the problem and the Metropolis algorithm de termined by the following equivalences▷ • S≀↕⊓⊔⟩≀\∫ ⟩\ ⊔⟨⌉ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ⊣∇⌉ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ∫⊔⊣⊔⌉∫ ≀{ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ ∫†∫⊔⌉⇕↙ • T⟨⌉ ⌋≀∫⊔ ≀{ ⊣ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊔⟨⌉ ⌉\⌉∇}† ≀{ ⊣ ∫⊔⊣⊔⌉↙ • A \⌉⟩}⟨⌊≀⊓∇⟩\} ∫≀↕⊓⊔⟩≀\ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊣ ⌋⟨⊣\}⌉ ≀{ ∫⊔⊣⊔⌉↙ • T⟨⌉ ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉↙ • A\ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⟩∫ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⊔≀ ⊣ {∇≀‡⌉\ ∫⊔⊣⊔⌉↙ A\ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕ ⌋⊣\ ⌊⌉ ∫≀↕⊑⌉⌈ ⊓∫⟩\} ⊔⟨⌉ M⌉⊔∇≀√≀↕⟩∫ ⊣↕}≀∇⟩⊔⟨⇕ ⌊† ∇⌉√⌉⊣⊔⌉⌈↕† ∫⊣⇕√↕⟩\} \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈∫ ∇⊣\⌈≀⇕↕†⇔ ∫⊔⊣∇⊔⟩\} {∇≀⇕ ⊣\ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\⇔ ⊣\⌈ ⊣⌋⌋⌉√⊔⟩\} ⊣∫ ⊣ \⌉⊒ ∫≀↕⊓⊔⟩≀\ ⊣\† ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ≀{ ∫⊓√⌉∇⟩≀∇ ∐⊓⊣↕↖ ⟩⊔† ⊣\⌈ ⊣\† ⟩\{⌉∇⟩≀∇ ∫≀↕⊓⊔⟩≀\ ⊔⟨⊣⊔ √⊣∫∫⌉∫ ⊔⟨⌉ M⌉⊔∇≀√≀↕⟩∫ ⊔⌉∫⊔↙ T⟨⌉ M⌉⊔∇≀√≀↕⟩∫ ⊔⌉∫⊔ ⟩∫ ⌈⌉√⌉\⌈⌉\⊔ ≀\ ⊔⟨⌉ ⌋≀\⊔∇≀↕ √⊣∇⊣⇕⌉⊔⌉∇ ⊣\⌈ ⊔⟨⌉ ⇕⊣}\⟩⊔⊓⌈⌉ ≀{ ⊔⟨⌉ ⟩\↖ ⌋∇⌉⊣∫⌉ ⟩\ ∫⊓⌋⟨ ⊣ ⊒⊣† ⊔⟨⊣⊔ ∫⇕⊣↕↕ ⟩\⌋∇⌉⊣∫⌉∫ ⇐⊣∫∫⊓⇕⟩\} ⇕⟩\⟩⇕⟩∫⊣⊔⟩≀\ ⟩∫ ⊔⟨⌉ }≀⊣↕⇒ ⊣∇⌉ ⇕≀∇⌉ ↕⟩‖⌉↕† ⊔≀ ⌊⌉ ⊣⌋⌋⌉√⊔⊣⌊↕⌉ ⊔⟨⊣\ ↕⊣∇}⌉ ⟩\⌋∇⌉⊣∫⌉∫↙ A↕∫≀⇔ ⊒⟨⌉\ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ ⟨⟩}⟨⇔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ↕⟩‖⌉↕† ⊔≀ ⊣⌋⌋⌉√⊔ ⊣↕⇕≀∫⊔ ⊣↕↕ ⌋≀\⊘}⊓∇⊣↖ ⊔⟩≀\∫ ∇⌉}⊣∇⌈↕⌉∫∫ ≀{ ∐⊓⊣↕⟩⊔†⇔ ⌊⊓⊔ ⊒⟨⌉\ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ ↕≀⊒⇔ ≀\↕† ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊣ ⌊⌉⊔⊔⌉∇ ∐⊓⊣↕⟩⊔† ⊣∇⌉ ↕⟩‖⌉↕† ⊔≀ √⊣∫∫ ⊔⟨⌉ ⊔⌉∫⊔↙ B† ⊣⌋⌋⌉√⊔⟩\} ∫≀⇕⌉ ⟩\{⌉∇⟩≀∇ ∫≀↖ ↕⊓⊔⟩≀\∫ ⊔⟨⌉ ⊣\\⌉⊣↕⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ∫⌉⌉‖∫ ⊔≀ ⊣⊑≀⟩⌈ ⌊⌉⌋≀⇕⟩\} ⊔∇⊣√√⌉⌈ ⟩\ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ ⊔⟨⊣⊔ ⟩∫ {⊣∇ {∇≀⇕ }↕≀⌊⊣↕↕† ≀√⊔⟩⇕⊣↕ ⇐⟩↙⌉↙ ∐⊓⌉\⌋⟨⌉⌈⇒↙ F≀∇ ⊣ ⌋≀⇕⌊⟩\⊣⊔≀↖ ∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕⇔ ⊣∫∫⊓⇕⟩\} ⇕⟩\⟩⇕⟩∫⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ ⟩∫ ⊔⟨⌉ }≀⊣↕⇔ ⊣ {≀∇⇕⊓↕⊣⊔⟩≀\ ⟩∫¬ ⇕⟩\ s.t. x∈S f(x), where S is the solution space x a solution f(x) the objective function, and N(x) the neighbourhood structure. If the number of iterations spent at each begin select an initial solution i ∈ S select an initial temperature T while stopping criterion not true count./0 while count< L choose a neighbour j ∈ N (i) δ = f(j) − f(i) if δ < 0 then i .= j elsif random[0, 1) < exp (_{−δ} T ) [~{ i .= j end if count./count⇁1 end while reduce temperature T end while end

Figure 2▷6▷ Pseudoalgorithm for the Simulated Annealing method▷ The algorithm repeatedly searches the neighbourhood of the current solution for a conαguration to become the new current solution▷ Better quality conαgurations are accepted automatically solutions of a lower quality are accepted probabilistically dependent on T and the magnitude of the difference in solution quality▷ temperature is identiαed as L and the temperature as T then a generalised annealing algorithm for such a problem is shown αgure 2▷6▷ Since T is now a control parameter Boltzmannφs constant has no analogy in the optimisation problem and κ_B has been dropped from the Metropolis test▷ However it is still usual to refer to T as the temperature and the rate and manner by which T is reduced as the cooling ↼or annealing↽ schedule▷ The speed of convergence of the algorithm will depend largely on the choice of L and T for each iteration▷ The Simulated Annealing algorithm in αgure 2▷6 is both simple and generally applicable since it is essentially a local search algo rithm with the additional feature of the control parameter regulating some amount of uphill moves▷ The success of the algorithm has been accounted for by applying a Markov Chain 21model to the technique and demonstrating the asymptotic convergence properties of Simulated Annealing▷ In purely theoretical terms it has been shown that the algorithm converges to a set of globally optimal solutions as time tends to inαnity▷ However when imple menting an annealing algorithm practical considerations must be given to the annealing schedule to ensure convergence to a ℓgoodφ quality solution occurs in αnite time▷ 2▷8▷3 Implementing the Algorithm To implement the algorithm for a particular problem it is necessary to αrst address two issues generic and problem speciαc considerations▷ Problem spe ciαc considerations include the choice of a solution space the form of the cost function and an appropriate neighbourhood scheme▷ Generic consid erations involve the choice of the initial temperature the manner in which temperature is reduced and the stopping condition▷ Both factors can greatly affect the speed of convergence▷ Problem speciαc choices. The solution space for any given problem must be clearly deαned▷ In the case of the TSP the solution space is all so lutions resulting from different orderings of a sequence of cities in a tour▷ Once the solution space is determined unambiguously a neigh bourhood structure and a method of evaluating solution quality must be imposed▷ The correct choice of neighbourhood structure is impor tant if the annealing process is to work effectively▷ The neighbourhood should not be too large or too small▷ A neighbourhood that is too small will potentially give rise to slow or no convergence and a neighbour hood that is too large could lead to premature convergence▷ Ideally the neighbourhood should also be smooth in the sense that the quality of conαgurations in the neighbourhood of a solution should not be vastly different from either the quality of the solution itself or from the qualities of other solutions in the neighbourhood▷ 21Any system that consists of random transitions from one state to another over an index ↼usually time↽ together with the Markov property is a Markov Chain▷ The Markov property essentially says that the choice of statesavailable at the next stage of the system is unaffected by past history▷ Only the current state affects the selection of the next state▷

The form of the evaluation function is quite clear for many problems taking the value of the function that is being optimised▷ In the TSP case this is simply the sum of the intercity distances in a ↼cyclic↽ tour▷ With many combinatorial optimisation problems however the evaluation function is not as straightforward especially when searching for any feasible solution to some problem▷ In these cases a penalty function is generally applied which can distinguish between two infeasible solu tions to determine which one is closer to feasibility▷ Thus the solution space for the annealing algorithm does not necessarily consist entirely of feasible solutions although the algorithm will tend to discourage the selection of infeasible solutions as the temperature decreases▷ With a solution space a neighbourhood scheme and an evaluation function deαned the algorithm can now determine which other solu tions can be reached in a single move from a particular solution and whether they are better or worse than the current position▷ Also to begin the algorithm a method of constructing an initial solution is re quired▷ This is usually achieved in either a randomised or a systematic manner▷ Generic choices. The set of implementation decisions that remain unchanged for all problem types is collectively known as the cooling or annealing schedule▷ The annealing schedule consists of. • A\ ⟩\⟩⊔⟩⊣↕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉↙ • T⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⟩⊔⌉∇⊣⊔⟩≀\∫ ∫√⌉\⊔ ⊣⊔ ⌉⊣⌋⟨ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉⇔ L▷ • A {⊓\⌋⊔⟩≀\ ⊔≀ ∇⌉⌈⊓⌋⌉ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉↙ • A ⌈⌉⌋⟩∫⟩≀\ ∇⊓↕⌉ ⊔≀ ⟨⊣↕⊔ ⊔⟨⌉ ∫⌉⊣∇⌋⟨↙ F⟩\⌈⟩\} ⊣\ ⟩\⟩⊔⟩⊣↕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ ⊣\⊣↕≀}≀⊓∫ ⊔≀ ⟨⌉⊣⊔⟩\} ⊣ ∫≀↕⟩⌈ ⟩\ ⊔⟨⌉ ⊔∇⊓⌉ ⊣\\⌉⊣↕⟩\} √∇≀⌋⌉∫∫ ⊔≀ ⊣ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⊒⟨⌉\ ⊣↕↕ √⊣∇⊔⟩⌋↕⌉∫ ⊣∇⌉ {∇⌉⌉ ⊔≀ ⇕≀⊑⌉ ⊣⌊≀⊓⊔ ⟩\ ⊔⟨⌉ ∫≀↕⟩⌈⇔ ⇕⌉⊣\⟩\} ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⌉∐⊓⊣↕↕† ↕⟩‖⌉↕† ⊔≀ ⌊⌉ ⟩\ ⊣\† ∫⊔⊣⊔⌉↙ T⟨⟩∫ ⌋⊣\ ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ ⟩\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌊† ∫⌉↕⌉⌋⊔⟩\} ∫≀⇕⌉ ⊣∇⌊⟩⊔∇⊣∇† ⟩\⟩⊔⟩⊣↕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⊣\⌈ √⌉∇{≀∇⇕⟩\} ⊣ √∇⌉↕⟩⇕⟩\⊣∇† ⊢⟨⌉⊣⊔⊓√≃ √∇≀⌋⌉∫∫↙ T⟨⟩∫ ⊔†√⟩⌋⊣↕↕† ⟩\⊑≀↕⊑⌉∫ ∇⌉√⌉⊣⊔⌉⌈↕† ⟩\⌋∇⌉⊣∫⟩\} ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⊓\⊔⟩↕ ⊣ ⌋⌉∇⊔⊣⟩\ ⟨⟩}⟨ √⌉∇⌋⌉\⊔⊣}⌉ ≀{ ⇕≀⊑⌉∫ ⊣∇⌉ ⌊⌉⟩\} ⊣⌋⌋⌉√⊔⌉⌈↙ O\⌋⌉ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟨⊣∫ ⌊⌉⌉\ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⊣\⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ √∇≀√⌉∇ ⟨⊣∫ ⌊⌉}⊓\⇔ ⊔⟨⌉ ⊔⟩⇕⌉ ∫√⌉\⊔ ⊣⊔ ⌉⊣⌋⟨ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ \⌉⌉⌈∫ ⊔≀ ⌊⌉ ⌈⌉⌋⟩⌈⌉⌈ ⊓√≀\↙ R⌉⊔⊓∇\⟩\} ⊔≀ ⊔⟨⌉ ⊔∇⊓⌉ ⊣\\⌉⊣↕⟩\} √∇≀⌋⌉∫∫⇔ \≀⊔⟩⌋⌉ ⊔⟨⊣⊔ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ∇⌉⌈⊓⌋⊔⟩≀\ ⇕⊓∫⊔ ⌊⌉ √⌉∇{≀∇⇕⌉⌈ ⌋⊣∇⌉{⊓↕↕† ⟩\ ≀∇⌈⌉∇ ⊔≀ ∇⌉⌉∫⊔⊣⌊↕⟩∫⟨ ⊔⟨⌉ ⊔⟨⌉∇⇕⊣↕ ⌉∐⊓⟩↕⟩⌊∇⟩⊓⇕ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕⇔ ⌋⊣⊔⌉}≀∇⟩∫⌉⌈ ⌊† ⊔⟨⌉ B≀↕⊔‡⇕⊣\\ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\↙ E⊑⌉∇† ⊔⟩⇕⌉ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ ⟩∫ ∇⌉⌈⊓⌋⌉⌈ ⟩\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕⇔ L should be the number of iterations needed before the distribution of states returns to equilibrium▷ This is quite a theoretical consideration and L is often determined arbitrarily e▷g▷ αxed at some constant value▷ Alternatively some degree of feedback can be used in the algorithm to determine when equilibrium has ↼approximately↽ been reached▷

As noted above temperature reduction needs to be performed care fully▷ If the temperature is reduced too quickly then the system can quickly become trapped in a local optimum of poor quality analogous to quenching in the physical system▷ If the temperature is reduced too slowly then time until the algorithm converges to a local optimum can become prohibitively long▷ There is a trade off between the size of the incremental changes in the temperature and the number of iterations required to reestablish thermal equilibrium▷ The larger the change the longer it will take to reestablish equilibrium at each temperature▷ If small changes are used then equilibrium is found relatively quickly larger changes require more time to regain the Boltzmann distribution▷ Again the exact manner in which temperature is reduced can be deter mined arbitrarily such as a geometric decrease T = αT where α < 1 ↼although usually quite close to 1↽ or through a feedback mechanism▷ In general it is advisable not to spend too long at high temperatures since then the algorithm is effectively performing a random search▷ Too much time should also not be spent at low temperatures since the algorithm is then simply performing a local search▷ The algorithm should terminate when there is little chance of escaping from the current solution to a better quality solution and if temperature reduction has been done carefully the quality of this local optimum will be close to that of the global optimum▷ Many methods of determining when to stop can be used▷ For example if the current solution has not changed for a certain number of temperature reductions then the algorithm terminates an arbitrary method▷ Alternatively information from the algorithm can be used to measure the rate of change in solution quality ↼as a function of temperature↽ at successive temperatures and when this rate has fallen below a certain threshold then the algorithm terminates▷

2▷9 Threshold Accepting Threshold accepting ↼TA↽ is a generally applicable heuristic algorithm devel oped by Dueck and Scheuer ♭10♯ that can be used to solve combinatorial optimisation problems▷ An iterative improvement method TA is formally very similar to simulated annealing ↼SA↽ discussed at length in section 2▷8▷ Given an arbitrary solution to the problem both methods then involve the selection of a neighbouring solution▷ This neighbourhood conαguration re places the existing conαguration if a certain criterion is achieved and it is at this level that the essential difference between the two algorithms becomes apparent▷ In SA a new solution is accepted automatically if it is better ↼according to the objective function↽ than the current conαguration if it is worse then acceptance is governed by a probability▷ The probability is dependent on a control parameter called temperature that is slowly decreased ↼cooled↽ as the algorithm proceeds▷ Cooling has the effect that the probability of a worse solution being accepted is reduced as time increases▷ TA accepts a new solution if it is better than or ℓnot much worseφ than the the existing conαguration formalised in the algorithm by a threshold parameter▷ In the case of minimisation any new solution less than the cur rent conαguration quality plus the threshold is accepted as the new current solution▷ No stochastic test is required in the neighbourhood selection ac ceptance is deterministic▷ The threshold is decreased with time so that fewer worse solutions are accepted as the algorithm proceeds▷ The TA algorithms are discussed extensively in chapter 4▷ 2▷9▷1 The Great Deluge Algorithm and the RecordtoRecord Travel Algorithm The TA principle can be simpliαed further resulting in two new generally applicable heuristics introduced by Dueck ♭11♯ the Great Deluge algorithm ↼GDA↽ and the RecordtoRecord Travel algorithm ↼RTRT↽▷ These two al gorithms differ from TA in the decision rule by which a neighbourhood candidate is accepted to replace the current solution▷ It is easy to visualise the GDA especially for maximisation▷ The quality of all solutions in the sample space together deαne a surface or a landscape of which the maximum or highest point is sought▷ By letting it ℓrainφ con tinuously on this landscape▷ The algorithm ℓwalksφ around the αctitious landscape ensuring the solution never falls below this rising water level▷ At some point the algorithm will become trapped on a ℓpeakφ surrounded by water and the hope is that the algorithm has then found a peak that is nearly optimal▷ This analogy is formalised by the pseudoalgorithm given in chapter 4▷ RecordtoRecord Travel is very similar to the GDA the difference again lies in the acceptance rule▷ RTRT accepts any new solution that has a quality ℓnot much worseφ than the best solution ↼or record↽ found so far▷ The pseudo algorithm given in chapter 4 demonstrates this method as implemented for minimisation▷ The problem speciαc considerations of deαning a solution space a neigh bourhood structure an evaluation function and an initial solution for the Threshold algorithms are the same as for SA discussed in section 2▷8▷3▷ Generic concerns of the algorithm involve selection of an initial threshold a method to reduce the threshold parameter and a termination criterion although Dueck and Scheuer ♭10♯ make the claim that the vital element here is the threshold lowering scheme▷ Further discussion of parameter selection for both algorithms is given in section 4▷3▷

2▷10 Genetic Algorithms Genetic Algorithms ↼GAs↽ are adaptive heuristic search algorithms based on the evolutionary ideas of natural selection and genetics▷ They represent an intelligent exploitation of a random search used to solve optimisation prob lems▷ GAs exploit historical information to direct the search into regions of better performance within the search space▷ The basic techniques of GAs are designed to simulate processes in natural systems necessary for evolu tion speciαcally those that follow the principles of Ψsurvival of the αttestν▷ The GA paradigm is investigated empirically together with a discussion of theoretical and practical issues in chapter 3▷ 2▷10▷1 Genetic Algorithm Overview GAs are based on an analogy with the genetic structure and behaviour of chromosomes within a population of individuals using the following foundations. • I\⌈⟩⊑⟩⌈⊓⊣↕∫ ⟩\ ⊣ √≀√⊓↕⊣⊔⟩≀\ ⌋≀⇕√⌉⊔⌉ {≀∇ ∇⌉∫≀⊓∇⌋⌉∫ ⊣\⌈ ⇕⊣⊔⌉∫↙ • T⟨≀∫⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⇕≀∫⊔ ∫⊓⌋⌋⌉∫∫{⊓↕ ⟩\ ⌉⊣⌋⟨ ⊢⌋≀⇕√⌉⊔⟩⊔⟩≀\≃ ⊒⟩↕↕ √∇≀⌈⊓⌋⌉ ⇕≀∇⌉ ≀{{∫√∇⟩\} ⊔⟨⊣\ ⊔⟨≀∫⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⊔⟨⊣⊔ √⌉∇{≀∇⇕ √≀≀∇↕†↙ • G⌉\⌉∫ {∇≀⇕ ⊢}≀≀⌈≃ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ √∇≀√⊣}⊣⊔⌉ ⊔⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ∫≀ ⊔⟨⊣⊔ ⊔⊒≀ }≀≀⌈ √⊣∇⌉\⊔∫ ⊒⟩↕↕ ∫≀⇕⌉⊔⟩⇕⌉∫ √∇≀⌈⊓⌋⌉ ≀{{∫√∇⟩\} ⊔⟨⊣⊔ ⊣∇⌉ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⌉⟩⊔⟨⌉∇ √⊣∇⌉\⊔↙ • T⟨⊓∫ ⌉⊣⌋⟨ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ }⌉\⌉∇⊣⊔⟩≀\ ⊒⟩↕↕ ⌊⌉⌋≀⇕⌉ ⇕≀∇⌉ ∫⊓⟩⊔⌉⌈ ⊔≀ ⊔⟨⌉⟩∇ ⌉\↖ ⊑⟩∇≀\⇕⌉\⊔↙ I\ ⊣ GA ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⟩∫ ⇕⊣⟩\⊔⊣⟩\⌉⌈⇔ ⌉⊣⌋⟨ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊣ √≀∫∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ }⟩⊑⌉\ √∇≀⌊↕⌉⇕↙ A ⊘⊔\⌉∫∫ ∫⌋≀∇⌉ ⟩∫ ⊣∫∫⟩}\⌉⌈ ⊔≀ ⌉⊣⌋⟨ ∫≀↕⊓↖ ⊔⟩≀\ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊔⟨⌉ ⊣⌊⟩↕⟩⊔⟩⌉∫ ≀{ ⊣\ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊔≀ ⊢⌋≀⇕√⌉⊔⌉≃↙ T⟨⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊒⟩⊔⟨ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⇐≀∇ }⌉\⌉∇⊣↕↕† \⌉⊣∇ ≀√⊔⟩⇕⊣↕⇒ ⊘⊔\⌉∫∫ ∫⌋≀∇⌉ ⟩∫ ∫≀⊓}⟨⊔↙ T⟨⌉ GA ⊣⟩⇕∫ ⊔≀ ⊓∫⌉ ∫⌉↕⌉⌋⊔⟩⊑⌉ ⊢⌊∇⌉⌉⌈⟩\}≃ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\∫ ⊔≀ √∇≀⌈⊓⌋⌉ ⊢≀{{∫√∇⟩\}≃ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⊔⟨⌉ √⊣∇⌉\⊔∫ ⌊† ⌋≀⇕⌊⟩\⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ⌋⟨∇≀⇕≀∫≀⇕⌉∫↙ P⊣∇⌉\⊔∫ ⊣∇⌉ ∫⌉↕⌉⌋⊔⌉⌈ ⊔≀ ⇕⊣⊔⌉⇔ ≀\ ⊔⟨⌉ ⌊⊣∫⟩∫ ≀{ ⊔⟨⌉⟩∇ ⊘⊔\⌉∫∫⇔ √∇≀⌈⊓⌋⟩\} ≀{{↖ ∫√∇⟩\} ⊑⟩⊣ ⊣ ∇⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ √↕⊣\↙ C≀\∫⌉∐⊓⌉\⊔↕† ⟨⟩}⟨↕† ⊘⊔ ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ }⟩⊑⌉\ ⇕≀∇⌉ ≀√√≀∇⊔⊓\⟩⊔⟩⌉∫ ⊔≀ ∇⌉√∇≀⌈⊓⌋⌉⇔ ∫≀ ⊔⟨⊣⊔ ⊔⟨⌉⟩∇ ≀{{∫√∇⟩\} ⟩\⟨⌉∇⟩⊔ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫↖ ⊔⟩⌋∫ {∇≀⇕ ⌉⊣⌋⟨ √⊣∇⌉\⊔↙ A∫ √⊣∇⌉\⊔∫ ⇕⊣⊔⌉ ⊣\⌈ √∇≀⌈⊓⌋⌉ ≀{{∫√∇⟩\}⇔ ∇≀≀⇕ ⇕⊓∫⊔ ⌊⌉ ⇕⊣⌈⌉ {≀∇ ⊔⟨⌉ \⌉⊒ ⊣∇∇⟩⊑⊣↕∫ ∫⟩\⌋⌉ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⟩∫ ‖⌉√⊔ ⊣⊔ ⊣ ∫⊔⊣⊔⟩⌋ ∫⟩‡⌉↙ I\⌈⟩⊑⟩⌈⊓⊣↕∫ ⟩\ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⌈⟩⌉ ⊣\⌈ ⊣∇⌉ ∇⌉√↕⊣⌋⌉⌈ ⌊† ⊔⟨⌉ \⌉⊒ ∫≀↕⊓⊔⟩≀\∫⇔ ⌉⊑⌉\⊔⊓⊣↕↕† ⌋∇⌉⊣⊔⟩\} ⊣ \⌉⊒ }⌉\⌉∇⊣⊔⟩≀\ ≀\⌋⌉ ⊣↕↕ ⇕⊣⊔⟩\} ≀√√≀∇⊔⊓\⟩⊔⟩⌉∫ ⟩\ ⊔⟨⌉ ≀↕⌈ √≀√⊓↕⊣⊔⟩≀\ ⟨⊣⊑⌉ ⌊⌉⌉\ ⌉§⟨⊣⊓∫⊔⌉⌈↙ I\ ⊔⟨⟩∫ ⊒⊣† ⟩⊔ ⟩∫ ⟨≀√⌉⌈ ⊔⟨⊣⊔ ≀⊑⌉∇ ∫⊓⌋↖ ⌋⌉∫∫⟩⊑⌉ }⌉\⌉∇⊣⊔⟩≀\∫ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\∫ ⊒⟩↕↕ ⊔⟨∇⟩⊑⌉ ⊒⟨⟩↕⌉ ⊔⟨⌉ ↕⌉⊣∫⊔ ⊘⊔ ∫≀↕⊓⊔⟩≀\∫ ⌈⟩⌉ ≀⊓⊔↙ N⌉⊒ }⌉\⌉∇⊣⊔⟩≀\∫ ⊣∇⌉ √∇≀⌈⊓⌋⌉⌈ ≀{ ∫≀↕⊓⊔⟩≀\∫ ⌋≀\⊔⊣⟩\⟩\}⇔ ≀\ ⊣⊑⌉∇⊣}⌉⇔ ⇕≀∇⌉ }≀≀⌈ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ⊔⟨⊣\ ⊣ ⊔†√⟩⌋⊣↕ ∫≀↕⊓⊔⟩≀\ ⟩\ ⊣ √∇⌉⊑⟩≀⊓∫ }⌉\⌉∇⊣⊔⟩≀\↙ E⊑⌉\↖ ⊔⊓⊣↕↕†⇔ ≀\⌋⌉ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⟨⊣∫ ⌋≀\⊑⌉∇}⌉⌈ ⊣\⌈ ⟩∫ \≀⊔ √∇≀⌈⊓⌋⟩\} ≀{{∫√∇⟩\} \≀⊔⟩⌋⌉⊣⌊↕† ⌈⟩{{⌉∇⌉\⊔ {∇≀⇕ ⊔⟨≀∫⌉ ⟩\ √∇⌉⊑⟩≀⊓∫ }⌉\⌉∇⊣⊔⟩≀\∫⇔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩⊔∫⌉↕{ ⟩∫ ∫⊣⟩⌈ ⊔≀ ⟨⊣⊑⌉ ⌋≀\⊑⌉∇}⌉⌈ ⊔≀ ⊣ \⌉⊣∇ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊣⊔ ⟨⊣\⌈↙

∋∞

C⟨⊣√⊔⌉∇ ∋

G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫

∋↙∞ I\⊔∇≀⌈⊓⌋⊔⟩≀\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⇐GA∫⇒ ⊣∇⌉ ⊣⌈⊣√⊔⟩⊑⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨⌉ ⌉⊑≀↕⊓⊔⟩≀\⊣∇† ⟩⌈⌉⊣∫ ≀{ \⊣⊔⊓∇⊣↕ ∫⌉↕⌉⌋⊔⟩≀\ ⊣\⌈ }⌉\⌉⊔⟩⌋∫↙ A∫ ∫⊓⌋⟨ ⊔⟨⌉† ∇⌉√∇⌉∫⌉\⊔ ⊣\ ⟩\⊔⌉↕↕⟩}⌉\⊔ ⌉§√↕≀⟩⊔⊣⊔⟩≀\ ≀{ ⊣ ∇⊣\⌈≀⇕ ∫⌉⊣∇⌋⟨ ⊓∫⌉⌈ ⊔≀ ∫≀↕⊑⌉ ≀√⊔⟩↖ ⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕∫↙ A↕⊔⟨≀⊓}⟨ ∇⊣\⌈≀⇕⟩∫⌉⌈⇔ GA∫ ⊣∇⌉ ⌊† \≀ ⇕⌉⊣\∫ ∇⊣\⌈≀⇕⇔ ⟩\∫⊔⌉⊣⌈ ⊔⟨⌉† ⌉§√↕≀⟩⊔ ⟨⟩∫⊔≀∇⟩⌋⊣↕ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊔≀ ⌈⟩∇⌉⌋⊔ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⟩\⊔≀ ∇⌉}⟩≀\∫ ≀{ ⌊⌉⊔⊔⌉∇ √⌉∇{≀∇⇕⊣\⌋⌉ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉↙ T⟨⌉ ⌊⊣∫⟩⌋ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ≀{ GA∫ ⊣∇⌉ ⌈⌉∫⟩}\⌉⌈ ⊔≀ ∫⟩⇕⊓↕⊣⊔⌉ √∇≀⌋⌉∫∫⌉∫ ⟩\ \⊣⊔⊓∇⊣↕ ∫†∫⊔⌉⇕∫ \⌉⌋⌉∫∫⊣∇† {≀∇ ⌉⊑≀↕⊓↖ ⊔⟩≀\⇔ ∫√⌉⌋⟩⊘⌋⊣↕↕† ⊔⟨≀∫⌉ ⊔⟨⊣⊔ {≀↕↕≀⊒ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉∫ ⊘∇∫⊔ ↕⊣⟩⌈ ⌈≀⊒\ ⌊† C⟨⊣∇↕⌉∫ D⊣∇⊒⟩\ ≀{ ⊖∫⊓∇⊑⟩⊑⊣↕ ≀{ ⊔⟨⌉ ⊘⊔⊔⌉∫⊔⪰↙ T⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌈⌉⊑⌉↕≀√⇕⌉\⊔∫ ⟩\ ⊔⟨⌉ GA ⊘⌉↕⌈ ≀⌋⌋⊓∇∇⌉⌈ ⟩\ ⊔⟨⌉ ∞∃′̸∫ ⊣\⌈ ∞∃′∫ ⊒⟩⊔⟨ ⊔⟨⌉ ⊘∇∫⊔ ∇⟩}≀⊓∇≀⊓∫ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊔⟨⌉ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕ √∇≀⌋⌉∫∫ ⌈⌉↖ ∫⌋∇⟩⌊⌉⌈ ⌊† H≀↕↕⊣\⌈ ∪∈△⊎↙ I\ ⊔⟨⌉ ⌉⊣∇↕† †⌉⊣∇∫ ≀{ ⊔⟨⌉⟩∇ ⌉§⟩∫⊔⌉\⌋⌉ GA∫ ⊒⟨⌉∇⌉ √∇⟩⇕⊣∇⟩↕† ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ A∇⊔⟩⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉ ⊣∇⌉\⊣⇔ ⇕≀∇⌉ ∫√⌉⌋⟩⊘⌋⊣↕↕† {≀∇ }⊣⇕⌉ √↕⊣†⟩\} ⊣\⌈ √⊣⊔⊔⌉∇\ ∇⌉⌋≀}\⟩⊔⟩≀\↙ O\↕† ∇⌉⌋⌉\⊔↕† ⟨⊣∫ ⊔⟨⌉ GA ⊣√√∇≀⊣⌋⟨ ⌊⌉⌉\ ⊣√√↕⟩⌉⌈ ⊔≀ √∇≀⌊↕⌉⇕∫ ⟩\ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\↙ W⟨⊣⊔ {≀↕↕≀⊒∫ ⟩∫ ⊣ ∫⊓⇕⇕⊣∇† ⇐⌊† \≀ ⇕⌉⊣\∫ ⌋≀⇕√↕⌉⊔⌉⇒ ≀{ ⟩∫∫⊓⌉∫ ⟩\⊑≀↕⊑⌉⌈ ⟩\ ⊔⟨⌉ GA ⊘⌉↕⌈↙ T⟨⌉ ⊣⇕≀⊓\⊔ ≀{ ∇⌉∫⌉⊣∇⌋⟨ ⟩\⊔≀ ⊔⟨⌉ GA √⊣∇⊣⌈⟩}⇕⇔ √⊣∇⊔ ≀{ ⊣ ↕⊣∇}⌉∇ ⊘⌉↕⌈ ≀{ ∫⊔⊓⌈† ‖\≀⊒\ ⊣∫ ⌉⊑≀↕⊓⊔⟩≀\⊣∇† ⌋≀⇕√⊓⊔⟩\}⇔ ⟩∫ ⌉§⊔⌉\∫⟩⊑⌉ ⊣\⌈ ⌊∇⟩\}∫ ⊔≀}⌉⊔⟨⌉∇ ⟩⌈⌉⊣∫ {∇≀⇕ ⇕⊣\† ⊑⊣∇⟩⌉⌈ ⊣⌋⊣⌈⌉⇕⟩⌋ ⌈⟩∫⌋⟩√↕⟩\⌉∫⇔ ⌊⟩≀↕≀}† ⊣\⌈ }⌉\⌉⊔⟩⌋∫⇔ ⌋≀⇕√⊓⊔⌉∇ ∫⌋⟩⌉\⌋⌉⇔ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋∫⇔ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ⊣\⌈ ≀√⌉∇⊣⊔⟩≀\∫ ∇⌉∫⌉⊣∇⌋⟨ ⊔≀ \⊣⇕⌉ ⊣ {⌉⊒↙ U\{≀∇⊔⊓\⊣⊔⌉↕† ⇕⊓⌋⟨ ≀{ ⊔⟨⌉ ⊒≀∇‖ ⌈≀\⌉ ≀\ GA∫ ⟩∫ ⌉⇕√⟩∇⟩⌋⊣↕ ⟩\ \⊣⊔⊓∇⌉ ⊣\⌈ ⇕⊣\† ≀{ ⊔⟨⌉ ↕⊣⊔⌉∫⊔ ⌈⌉⊑⌉↕≀√⇕⌉\⊔∫ ↕⊣⌋‖ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ }∇≀⊓\⌈↖ ⟩\}↙ G≀≀⌈ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\∫ ⊔≀ ⊔⟨⌉ ⊔≀√⟩⌋⇔ ≀{ ⊑⊣∇⟩≀⊓∫ ∫⟩‡⌉∫⇔ ⟩\⌋↕⊓⌈⌉ ⌊≀≀‖∫ ∫⊓⌋⟨ ⊣∫ G≀↕⌈⌊⌉∇} ∪∞∃⊎⇔ ⌋⟨⊣√⊔⌉∇∫ ⟩\ ⌊≀≀‖∫ ∫⊓⌋⟨ ⊣∫ R⌉⌉⊑⌉∫ ∪∋▽⊎⇔ ⊣\⌈ ⟩\⊔∇≀⌈⊓⌋⊔≀∇† √⊣√⌉∇∫ ∫⊓⌋⟨ ⊣∫ B⌉⊣∫↕⌉† ⌉⊔ ⊣↕↙ ∪∋⊎↙

∋↙∈ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕ O⊑⌉∇⊑⟩⌉⊒ GA∫ ⊣∇⌉ ⌊⊣∫⌉⌈ ≀\ ⊣\ ⊣\⊣↕≀}† ⊒⟩⊔⟨ ⊔⟨⌉ }⌉\⌉⊔⟩⌋ ∫⊔∇⊓⌋⊔⊓∇⌉ ⊣\⌈ ⌊⌉⟨⊣⊑⟩≀⊓∇ ≀{ ⌋⟨∇≀⇕≀∫≀⇕⌉∫ ⊒⟩⊔⟨⟩\ ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⊓∫⟩\} ⊔⟨⌉ {≀↕↕≀⊒⟩\} {≀⊓\⌈⊣⊔⟩≀\∫¬ ∋∈

• I\⌈⟩⊑⟩⌈⊓⊣↕∫ ⟩\ ⊣ √≀√⊓↕⊣⊔⟩≀\ ⌋≀⇕√⌉⊔⌉ {≀∇ ∇⌉∫≀⊓∇⌋⌉∫ ⊣\⌈ ⇕⊣⊔⌉∫↙ • T⟨≀∫⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⇕≀∫⊔ ∫⊓⌋⌋⌉∫∫{⊓↕ ⟩\ ⌉⊣⌋⟨ ⊢⌋≀⇕√⌉⊔⟩⊔⟩≀\≃ ⊒⟩↕↕ √∇≀⌈⊓⌋⌉ ⇕≀∇⌉ ≀{{∫√∇⟩\} ⊔⟨⊣\ ⊔⟨≀∫⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⊔⟨⊣⊔ √⌉∇{≀∇⇕ √≀≀∇↕†↙ • G⌉\⌉∫ {∇≀⇕ ⊢}≀≀⌈≃ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ √∇≀√⊣}⊣⊔⌉ ⊔⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ∫≀ ⊔⟨⊣⊔ ⊔⊒≀ }≀≀⌈ √⊣∇⌉\⊔∫ ⊒⟩↕↕ ∫≀⇕⌉⊔⟩⇕⌉∫ √∇≀⌈⊓⌋⌉ ≀{{∫√∇⟩\} ⊔⟨⊣⊔ ⊣∇⌉ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⌉⟩⊔⟨⌉∇ √⊣∇⌉\⊔↙ • T⟨⊓∫ ⌉⊣⌋⟨ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ }⌉\⌉∇⊣⊔⟩≀\ ⊒⟩↕↕ ⌊⌉⌋≀⇕⌉ ⇕≀∇⌉ ∫⊓⟩⊔⌉⌈ ⊔≀ ⊔⟨⌉⟩∇ ⌉\↖ ⊑⟩∇≀\⇕⌉\⊔↙ I\ ⊣ GA ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⊣∇⌉ ⇕⊣⟩\⊔⊣⟩\⌉⌈⇔ ⌉⊣⌋⟨ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊣ √≀∫∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ }⟩⊑⌉\ √∇≀⌊↕⌉⇕↙ E⊣⌋⟨ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⟩∫ ⌋≀⌈⌉⌈ ⊣∫ ⊣ ⊘\⟩⊔⌉ ↕⌉\}⊔⟨ ⊑⌉⌋⊔≀∇ ≀{ ⌋≀⇕√≀\⌉\⊔∫⇔ ≀∇ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ⟩\ ⊔⌉∇⇕∫ ≀{ ∫≀⇕⌉ ⊣↕√⟨⊣⌊⌉⊔⇔ ⊓∫⊓⊣↕↕† ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔ {′, 1}↙ T≀ ⌋≀\⊔⟩\⊓⌉ ⊔⟨⌉ }⌉\⌉⊔⟩⌋ ⊣\⊣↕≀}† ⊔⟨⌉∫⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕∫ ⊣∇⌉ ↕⟩‖⌉\⌉⌈ ⊔≀ ⌋⟨∇≀⇕≀∫≀⇕⌉∫ ⊣\⌈ ⊔⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ ⊣\⊣↕≀}≀⊓∫ ⊔≀ }⌉\⌉∫↙ T⟨⊓∫ ⊣ ⌋⟨∇≀⇕≀∫≀⇕⌉ ⇐∫≀↕⊓⊔⟩≀\⇒ ⟩∫ ⌋≀⇕√≀∫⌉⌈ ≀{ ∫⌉⊑⌉∇⊣↕ }⌉\⌉∫ ⇐⊑⊣∇⟩⊣⌊↕⌉∫⇒↙ W⟨⌉\ ⊣ }⌉\⌉ ⊔⊣‖⌉∫ ≀\ ⊣ ∫√⌉⌋⟩⊘⌋ ⊑⊣↕⊓⌉ ⟩⊔ ⟩∫ ‖\≀⊒\ ⊣∫ ⊣\ ⊣↕↕⌉↕⌉⇔ ⊣\⌈ ⊔⟨⌉ √⟨†∫⟩⌋⊣↕ √≀∫⟩⊔⟩≀\ ≀{ ⊣ }⌉\⌉ ⟩\ ⊔⟨⌉ ⌋⟨∇≀⇕≀∫≀⇕⌉ ⟩∫ ‖\≀⊒\ ⊣∫ ⟩⊔∫ ↕≀⌋⊓∫↙ T⟨⌉ }⌉\≀⊔†√⌉ ⟩∫ ⊔⟨⌉ ⌋≀⌈⌉⌈ ∫⊔∇⟩\} ⊔⟨⊣⊔ ⟩∫ √∇≀⌋⌉∫∫⌉⌈ ⌊† ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟨⌉∇⌉⊣∫ ⊔⟨⌉ √⟨⌉\≀⊔†√⌉ ⟩∫ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⊔⟨⟩∫ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩\ ⊔⌉∇⇕∫ ≀{ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ √∇≀⌊↕⌉⇕ ⌊⌉⟩\} ⌈⌉⊣↕⊔ ⊒⟩⊔⟨↙ A ⊘⊔\⌉∫∫ ∫⌋≀∇⌉ ⟩∫ ⊣∫∫⟩}\⌉⌈ ⊔≀ ⌉⊣⌋⟨ ∫≀↕⊓⊔⟩≀\ ∇⌉√∇⌉∫⌉\⊔⟩\} ⊔⟨⌉ ⊣⌊⟩↕⟩⊔⟩⌉∫ ≀{ ⊣\ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊔≀ ⊢⌋≀⇕√⌉⊔⌉≃↙ T⟨⌉ ⟩\⌈⟩⊑⟩⌈⊓⊣↕ ⊒⟩⊔⟨ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⇐≀∇ }⌉\⌉∇⊣↕↕† \⌉⊣∇ ≀√⊔⟩⇕⊣↕⇒ ⊘⊔\⌉∫∫ ∫⌋≀∇⌉ ⟩∫ ∫≀⊓}⟨⊔↙ T⟨⌉ GA ⊣⟩⇕∫ ⊔≀ ⊓∫⌉ ∫⌉↕⌉⌋⊔⟩⊑⌉ ⊢⌊∇⌉⌉⌈⟩\}≃ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\∫ ⊔≀ √∇≀⌈⊓⌋⌉ ⊢≀{{∫√∇⟩\}≃ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ ⊔⟨⌉ √⊣∇⌉\⊔∫ ⌊† ⌋≀⇕⌊⟩\⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ⌋⟨∇≀⇕≀∫≀⇕⌉∫↙ T⟨⌉ GA ⇕⊣⟩\⊔⊣⟩\∫ ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ n chromosomes ↼solutions↽ with as sociated αtness values▷ Parents are selected to mate on the basis of their αtness producing offspring via a reproductive plan▷ Consequently highly αt solutions are given more opportunities to reproduce so that offspring inherit characteristics from each parent▷ As parents mate and produce off spring room must be made for the new arrivals since the population is kept at a static size▷ Individuals in the population die and are replaced by the new solutions eventually creating a new generation once all mating oppor tunities in the old population have been exhausted▷ In this way it is hoped that over successive generations better solutions will thrive while the least αt solutions die out▷ New generations of solutions are produced containing on average more good genes than a typical solution in a previous generation▷ Each succes sive generation will contain more good ℓpartial solutionsφ ↼schemata↽ than previous generations▷ Eventually once the population has converged and is not producing offspring noticeably different from those in previous gener ations the algorithm itself is said to have converged to a set of solutions to the problem at hand▷ From this brief description of a Genetic Algorithm Goldberg ♭19♯ recog nises that GAs differ from more traditional search◁optimisation methods in four main ways.

• GA∫ ⊒≀∇‖ ⊒⟩⊔⟨ ⊣ √∇≀⌊↕⌉⇕ ⌋≀⌈⟩\}⇔ \≀⊔ ⊔⟨⌉ ⊣⌋⊔⊓⊣↕ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ ⇕⊣‖⟩\} ⊔⟨⌉⇕ ↕⊣∇}⌉↕† √∇≀⌊↕⌉⇕ ⟩\⌈⌉√⌉\⌈⌉\⊔↙ A ∫≀↕⊓⊔⟩≀\ ⟩∫ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫ ⊣ ⊘\⟩⊔⌉ ↕⌉\}⊔⟨ ∫⊔∇⟩\} ≀⊑⌉∇ ∫≀⇕⌉ ⊣↕√⟨⊣⌊⌉⊔⇔ ⊓∫⊓⊣↕↕† ≀{ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ∈⇔ ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔↙ • GA∫ ∫⌉⊣∇⌋⟨ {∇≀⇕ ⊣ √≀√⊓↕⊣⊔⟩≀\ ≀{ ∫≀↕⊓⊔⟩≀\∫⇔ \≀⊔ ⊣ ∫⟩\}↕⌉ √≀⟩\⊔↙ T⟨⟩∫ ⊢∫⊣{⌉⊔† ⟩\ \⊓⇕⌊⌉∇∫≃ ⊣√√∇≀⊣⌋⟨ ⇕⌉⊣\∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ↕⌉∫∫ ↕⟩‖⌉↕† ⊔≀ ⌊⌉⌋≀⇕⌉ ⊔∇⊣√√⌉⌈ ⟩\ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ ⊔⟨⊣⊔ ⟩∫ {⊣∇ {∇≀⇕ ≀√⊔⟩⇕⊣↕↙ • GA∫ ⊣∇⌉ }⊓⟩⌈⌉⌈ ⟩\ ⊔⟨⌉⟩∇ ∫⌉⊣∇⌋⟨ ≀\↕† ⌊† ⊘⊔\⌉∫∫ ∫⌋≀∇⌉∫⇔ \≀⊔ ⌈⌉∇⟩⊑⊣⊔⟩⊑⌉∫ ≀∇ ≀⊔⟨⌉∇ ⟩\{≀∇⇕⊣⊔⟩≀\↙ M⊣\† ⇕⌉⊔⟨≀⌈∫ ⇕⊣‖⌉ ⊣∫∫⊓⇕√⊔⟩≀\∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ≀{ ∫⊓⌋⟨ ⊣⊓§⟩↕⟩⊣∇† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊒⟨⟩⌋⟨ ⌋⊣\ ≀{⊔⌉\ ⌊⌉ ⇕⟩∫↕⌉⊣⌈⟩\}↙ GA∫ ⇕⊣‖⌉ \≀ ∫⊓⌋⟨ ⊣∫∫⊓⇕√⊔⟩≀\∫⇔ ∫≀ ⊣∇⌉ ⊣√√↕⟩⌋⊣⌊↕⌉ ⊔≀ ⊣ ⊒⟩⌈⌉ ⊑⊣∇⟩⌉⊔† ≀{ √∇≀⌊↕⌉⇕∫⇔ ⊓\{≀∇⊔⊓\⊣⊔⌉↕† ⊣⊔ ⊔⟨⌉ ⌉§√⌉\∫⌉ ≀{ ⊣↕}≀∇⟩⊔⟨⇕ ∇⊓\ ⊔⟩⇕⌉↙ • GA∫ ⊓∫⌉ ∫⊔≀⌋⟨⊣∫⊔⟩⌋ ∇⊓↕⌉∫ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⌋⟨≀⟩⌋⌉∫ ⊒⟨⌉\ ∫⌉⊣∇⌋⟨↖ ⟩\} {≀∇ ⊔⟨⌉ ≀√⊔⟩⇕⊓⇕↙ R⊣\⌈≀⇕ ⌋⟨≀⟩⌋⌉ ⟩∫ ⊓∫⌉⌈ ⊣∫ ⊣ ⊔≀≀↕ ⊔≀ }⊓⟩⌈⌉ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀⊒⊣∇⌈∫ ⊣∇⌉⊣∫ ⟩\ ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ∫√⊣⌋⌉ ≀{ ↕⟩‖⌉↕† ⟩⇕√∇≀⊑⌉⇕⌉\⊔↙ T⟨⌉∫⌉ √∇≀√⌉∇⊔⟩⌉∫ ⇕⊣‖⌉ GA∫ ⊣ ∇≀⌊⊓∫⊔ ∫⌉⊣∇⌋⟨ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊔⟨⊣⊔ ⊒⟩↕↕ √∇≀⌈⊓⌋⌉ }≀≀⌈ ∐⊓⊣↕⟩⊔† ∫≀↕⊓⊔⟩≀\∫ ⊔≀ ⊣ √∇≀⌊↕⌉⇕ ⊒⟩⊔⟨ ∇⌉⊣∫≀\⊣⌊↕⌉ ∫√⌉⌉⌈ {≀∇ ⇕⊣\† ⌈⟩{{⌉∇⌉\⊔ √∇≀⌊↕⌉⇕ ⌋↕⊣∫∫⌉∫⇔ {∇≀⇕ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ ⊔≀ A∇⊔⟩⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉↙ A √∫⌉⊓⌈≀ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕ ⊣↕}≀∇⟩⊔⟨⇕ ⌈⊓⌉ ↕⊣∇}⌉↕† ⊔≀ B⌉⊣∫↕⌉† ⌉⊔ ⊣↕↙ ∪∋⊎ ⟩∫ ∫⟨≀⊒\ ⟩\ ⊘}⊓∇⌉ ∋↙∞↙

⌊⌉}⟩\ }⌉\⌉∇⊣⊔⌉ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ √≀√⊓↕⊣⊔⟩≀\ ⇐≀{ n individuals↽ compute the αtness of each individual current generation./initial population while generation not converged repeat begin new generation select two parents from the current generation to mate biased towards the αtter individuals apply crossover to parents to produce offspring apply mutation to the offspring compute the αtness of the two offspring place offspring in the new generation until new generation is full current generation./new generation end while end

Figure 3▷1▷ PseudoAlgorithm for the Genetic Algorithm Method▷ Successive genera tions of solutions to the problem are produced by mating individuals selectively to give offspring with characteristics from both parents▷ Over time the generations evolve towards optimality▷

3▷3 Implementation Details Beasley et al▷ ♭3♯ identiαes several considerations important to the Genetic Algorithm technique • A ∫⊓⟩⊔⊣⌊↕⌉ ⌋≀⌈⟩\} ⇐∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\⇒ {≀∇ ⊔⟨⌉ √∇≀⌊↕⌉⇕↙ • A ⊘⊔\⌉∫∫ {⊓\⌋⊔⟩≀\ ⊔≀ ⌋≀⇕√⊣∇⌉ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\∫ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⌊⌉⟩\} ≀√⊔⟩⇕⟩∫⌉⌈ ⇐⟩↙⌉↙ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\⇒↙ • A ∇⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ √↕⊣\ {≀∇ ∇⌉⌈⟩∫⊔∇⟩⌊⊓⊔⟩\} }⌉\⌉⊔⟩⌋ ⇕⊣⊔⌉∇⟩⊣↕ ⌋≀\⊔⊣⟩\⌉⌈ ⟩\ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\↙ T⟨⟩∫ ⟩∫ ⌋≀⇕√≀∫⌉⌈ ≀{ ⊔⟨∇⌉⌉ √⊣∇⊔∫¬ ∘ R⌉√∇≀⌈⊓⌋⊔⟩≀\¬ ⊣ ∫⌉↕⌉⌋⊔⟩≀\ √∇≀⌋⌉∫∫ {≀∇ ⌋⟨≀≀∫⟩\} √⊣∇⌉\⊔∫ {≀∇ ⇕⊣⊔⟩\} √⊓∇√≀∫⌉∫↙ ∘ C∇≀∫∫≀⊑⌉∇¬ ∇⌉⌋≀⇕⌊⟩\⌉∫ }⌉\⌉⊔⟩⌋ ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⊒≀ √⊣∇⌉\⊔∫ ⊔≀ √∇≀⌈⊓⌋⌉ ≀{{∫√∇⟩\} ⊒⟩⊔⟨ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ {∇≀⇕ ⌊≀⊔⟨↙ ∘ M⊓⊔⊣⊔⟩≀\¬ ⇕⊣‖⌉∫ ∇⊣\⌈≀⇕ ⌋⟨⊣\}⌉∫ ⊔≀ ⊔⟨⌉ ≀{{∫√∇⟩\} ⊔≀ ⌉\∫⊓∇⌉ ⊑⊣∇⟩↖ ⌉⊔† ⟩∫ ⇕⊣⟩\⊔⊣⟩\⌉⌈ ⟩\ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\↙ • A ⇕⌉⊔⟨≀⌈ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ √≀√⊓↕⊣⊔⟩≀\ ⌋≀\⊑⌉∇}⌉\⌋⌉↙ T⟨⌉∇⌉ ⊣∇⌉ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⌈⌉⊔⊣⟩↕∫ ⊔≀ ⌋≀\∫⟩⌈⌉∇ ⊒⟨⌉\ ⟩⇕√↕⌉⇕⌉\⊔⟩\} ⊣ GA⇔ ⟨≀⊒↖ ⌉⊑⌉∇ ⊔⟨⌉ ⌈∇⟩⊑⟩\} {≀∇⌋⌉ ≀{ ⊔⟨⌉ GA ⟩∫ ↕⊣∇}⌉↕† ⌈⊓⌉ ⊔≀ ⊔⟨≀∫⌉ ⇕⌉\⊔⟩≀\⌉⌈ ⊣⌊≀⊑⌉↙ D⌉√⌉\⌈⟩\} ≀\ ⊔⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ √∇≀⌊↕⌉⇕ ⊓\⌈⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\⇔ ∫√⌉⌋⟩⊘⌋∫ ≀{ ⊔⟨⌉ GA √∇≀⌋⌉∫∫ ⊒⟩↕↕ ⊑⊣∇†↙ H≀⊒⌉⊑⌉∇ }⌉\⌉∇⊣↕↕† ⊔⟨⌉ ⌋≀⌈⟩\} ⊣\⌈ ⊔⟨⌉ ⊘⊔\⌉∫∫ {⊓\⌋⊔⟩≀\ ∇⌉↕⊣⊔⌉ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊓\⌈⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ⊒⟨⟩↕⌉ ⊔⟨⌉ ∇⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ √↕⊣\ ⊣\⌈ ⌋≀\⊑⌉∇}⌉\⌋⌉ √∇≀⌋⌉∫∫⌉∫ ⊣∇⌉ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ }⌉\⌉∇⟩⌋⊣↕↕†↙ ∋↙∋↙∞ C≀⌈⟩\} A\† ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ √∇≀⌊↕⌉⇕ ⟩∫ {⊓↕↕† ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⊣∫ ⊣ ⊘\⟩⊔⌉ ⌋≀↕↕⌉⌋⊔⟩≀\ ≀{ ⊑⊣∇⟩↖ ⊣⌊↕⌉∫⇔ ⊒⟨⌉∇⌉ ⊔⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊔≀}⌉⊔⟨⌉∇ ⇕⊣‖⌉ ⊣ ⊑⌉⌋⊔≀∇ ≀{ ⊑⊣↕⊓⌉∫↙ T⟨⌉ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⌋≀⌈⌉⌈ ⟩\ ⊣\ ⊣↕√⟨⊣⌊⌉⊔ ⇐⊓∫⊓⊣↕↕† ⌊⟩\⊣∇†⇒ }⌉\⌉∇⊣↕↕† ⇕⊣‖⟩\} ⊔⟨⌉ ∇⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ √↕⊣\⇔ ⊒⟨⟩⌋⟨ ≀√⌉∇⊣⊔⌉∫ ≀\ ⊔⟨⟩∫ ⌋≀⌈⟩\}⇔ √∇≀⌊↕⌉⇕ ⟩\⌈⌉√⌉\⌈⌉\⊔↙ F≀∇ ⌉§⊣⇕√↕⌉ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊣ √∇≀⌊↕⌉⇕ ⇕⊣† ⌊⌉ ⌋≀⌈⌉⌈ ⟩\ ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔ {′, 1} ⌊† ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊑⌉⌋⊔≀∇ ≀{ ↕⌉\}⊔⟨ ∞′↙ ′ ∞ ∞ ′ ′ ∞ ′ ∞ ∞ ∞ T⟨⌉ √∇⌉⌋⟩∫⌉ ⌋≀⌈⟩\} ⊓∫⌉⌈ ⊔≀ ⌈⌉∫⌋∇⟩⌊⌉ ⊣ √∇≀⌊↕⌉⇕ ⟩∫ \≀⊔ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⊑⟩⊔⊣↕ ∫⟩\⌋⌉ ⊔⟨⌉ ∇≀⌊⊓∫⊔ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⇕⌉⊣\∫ GA∫ ⊣∇⌉ {≀∇}⟩⊑⟩\} ⊔≀ ⊔⟨⌉ ⊑⊣}⊣∇⟩⌉∫ ≀{ ⌋≀⌈⟩\} ⊣↕⊔⌉∇\⊣⊔⟩⊑⌉∫↙ T⊒≀ ⌊⊣∫⟩⌋ √∇⟩\⌋⟩√↕⌉∫⇔ ⌈⊓⌉ ⊔≀ G≀↕⌈⌊⌉∇} ∪∞∃⊎⇔ }⊓⟩⌈⌉ ⊔⟨⌉ ⌋⟨≀⟩⌋⌉ ≀{ ⊣ ∫⊓⟩⊔⊣⌊↕⌉ √∇≀⌊↕⌉⇕ ⌋≀⌈⟩\}⇔ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉ ≀{ ⇕⌉⊣\⟩\}{⊓↕ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫ ⊣\⌈ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉ ≀{ ⇕⟩\⟩⇕⊣↕ ⊣↕√⟨⊣⌊⌉⊔∫↙ T⟨⌉ √∇⟩\⌋⟩√↕⌉ ≀{ ⇕⌉⊣\⟩\}{⊓↕ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖∫ ∫⊔⊣⊔⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀}∇⊣⇕⇕⌉∇ ∫⟨≀⊓↕⌈ ∫⌉↕⌉⌋⊔ ⊣ ⌋≀⌈⟩\} ∫≀ ⊔⟨⊣⊔ ∫⟨≀∇⊔⇔ ↕≀⊒↖≀∇⌈⌉∇ ∫⟨⌉⇕⊣⊔⊣ ⊣∇⌉ ∇⌉↕⌉⊑⊣\⊔ ⊔≀ ⊔⟨⌉ ⊓\⌈⌉∇↕†⟩\} √∇≀⌊↕⌉⇕ ⊣\⌈ ∇⌉↕⊣⊔⟩⊑⌉↕† ⊓\∇⌉↕⊣⊔⌉⌈ ⊔≀ ∫⌋⟨⌉⇕⊣⊔⊣ ∋▽

≀⊑⌉∇ ⊘§⌉⌈ √≀∫⟩⊔⟩≀\∫↙ S⌉⌋⊔⟩≀\ ∋↙△ ⌋≀\⊔⊣⟩\∫ ⌈⌉⊔⊣⟩↕∫ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣ ⊣\⌈ ⟨≀⊒ ⊔⟨⌉† √⌉∇⊔⊣⟩\ ⊔≀ ⊔⟨⌉ GA √∇≀⌋⌉∫∫↙ H≀⊒⌉⊑⌉∇ ⊔⟨⟩∫ }⊓⟩⌈⟩\} ∇⊓↕⌉ ⟩∫ ∫⌉↕⌈≀⇕ √∇⊣⌋⊔⟩⌋⊣↕ ⇕⊣‖⟩\} }≀≀⌈ ⌋≀⌈⟩\} ⌋⟨≀⟩⌋⌉∫ ⟨⊣∇⌈ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔↙ T⟨⌉ √∇⟩\⌋⟩√↕⌉ ≀{ ⇕⟩\⟩⇕⊣↕ ⊣↕√⟨⊣⌊⌉⊔∫ ∫⊔⊣⊔⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉ √∇≀}∇⊣⇕⇕⌉∇ ∫⟨≀⊓↕⌈ ⌋⟨≀≀∫⌉ ⊔⟨⌉ ∫⇕⊣↕↕⌉∫⊔ ⊣↕√⟨⊣⌊⌉⊔ ⊔⟨⊣⊔ √⌉∇⇕⟩⊔∫ ⊣ \⊣⊔⊓∇⊣↕ ⌉§√∇⌉∫∫⟩≀\ ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕↙ A∫ ∫⟨⊣↕↕ ⌊⌉ ∫⌉⌉\ ⟩\ ∫⌉⌋↖ ⊔⟩≀\ ∋↙△ GA∫ ≀√⌉∇⊣⊔⌉ ⌊† ⟩⇕√↕⟩⌋⟩⊔↕† ∇⌉⌋≀}\⟩∫⟩\} ∫⟩⇕⟩↕⊣∇⟩⊔⟩⌉∫ ⇐∫⌋⟨⌉⇕⊣⊔⊣⇒ ⟩\ ⊔⟨⌉ ⌊⌉∫⊔ ∫≀↕⊓⊔⟩≀\∫ ⊣\⌈ }⟩⊑⟩\} ⊔⟨⌉∫⌉ ∫⟩⇕⟩↕⊣∇⟩⊔⟩⌉∫ ⊣ }∇⌉⊣⊔⌉∇ ⌋⟨⊣\⌋⌉ ⊔≀ ∫⊓∇⊑⟩⊑⌉ ⊔≀ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\ ⌊† ⇕⌉⊣\∫ ≀{ ⊣ ∇⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ √∇≀⌋⌉∫∫ ⌊⟩⊣∫⌉⌈ ⊔≀⊒⊣∇⌈∫ ⊘⊔⊔⌉∇ ⟩\↖ ⌈⟩⊑⟩⌈⊓⊣↕∫↙ B† ⊓∫⟩\} ⊣∫ ↕≀⊒ ⊣ ⌋⊣∇⌈⟩\⊣↕⟩⊔† ⊣↕√⟨⊣⌊⌉⊔ ⊣∫ √≀∫∫⟩⌊↕⌉⇔ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣ √⌉∇ ⌊⟩⊔ ≀{ ⟩\{≀∇⇕⊣⊔⟩≀\ ⟩\ ⊣\† √∇≀⌊↕⌉⇕ ⌋≀⌈⟩\} ∞⟩∫ ⇕⊣§⟩⇕⟩∫⌉⌈↙ T⟨⊓∫ ⊔⟨⌉ ⟩⇕√↕⟩⌋⟩⊔ ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣\⊣↕†∫⟩∫ ⊔⟨⊣⊔ ⌈∇⟩⊑⌉∫ ⊔⟨⌉ GA √∇≀⌋⌉∫∫ ⟩∫ ⇕⊣§⟩⇕⟩∫⌉⌈⇔ ↕⌉⊣⌈⟩\} ⊔≀ ⊣ {⊣∫⊔⌉∇⇔ ⇕≀∇⌉ ⌉{⊘⌋⟩⌉\⊔ ∫⌉⊣∇⌋⟨↙ ∋↙∋↙∈ F⟩⊔\⌉∫∫ F⊓\⌋⊔⟩≀\ G⟩⊑⌉\ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ⌋⟨∇≀⇕≀∫≀⇕⌉ x a single αtness value f(x) can be calcu- lated to indicate the ‘utility’ of the solution or how well that individual solves the particular problem at hand. Generally, the fftness function is the value of the objective function of the problem that needs optimising, but this is not always the case. In some problems, especially combinatorial optimisation problems, the choice of fftness function is not as clear, a number of different objectives may need to be met simultaneously (usually resulting in some form of multi-objective utility function), or a feasible solution among many infeasible ones may simply be required (in which case a penalty function is often employed).

3.3.3 Reproduction

During reproduction individuals are chosen to be parents and are subsequently recombined to produce offspring for the next generation. Parents are selected using a scheme that favours the fftter individuals, giving good solutions a higher probability of selection than those solutions that do not perform as well. Better solutions are more likely to mate several times and poor solutions are more likely to mate seldom if at all. Thus a mating pool is formed. Only those solutions that are in the mating pool will have their genetic information recombined via the techniques of crossover and mutation to produce offspring for the next generation.

The manner in which individuals are selected for the mating pool is determined by the reproductive operator. There are many ways this operator may be implemented, but it must be done carefully if the the algorithm is to converge correctly. Theoretically the actual number of times an individual x in a population G appears in the mating pool should be equal to the expected number as determined by the reproductive operator▷ However as the expected value is seldom an integer amount bias is often introduced by the way in which an integer number of berths in the mating pool is allocated 1Goldberg ♭19♯ provides an explanation of this claim to each solution▷ Also selection on the basis of αtness alone where the expected frequency of a solution x in the mating pool is n f(x) ∑ x∈G f(x) with a population size n and a αtness function f(x) applied to a solution x generates problems that of premature converge and its counterpart slow convergence▷ At the start of the process when one or two solutions are very good in comparison to others in the population these ℓsuperαtφ individuals will take over the population leading to premature convergence to a poor local optimum▷ At the end of a GA run when the population has converged to a set of similar solutions selection on the basis of αtness alone cannot dis tinguish sufαciently between the solutions resulting in slow convergence▷ A good summary of various reproductive techniques used to minimise the dual problem of premature and◁or slow convergence and unbiased integer allocation are given in Beasley et al▷ ♭3♯▷ Three main methods used to solve the need to overcome slow and◁or premature convergence are αtness scaling αtness ranking and tournament selection▷ Fitness scaling. The existing αtness function f is transformed into a more robust function g such as the linear transform shown below. g(x) = af(x) + b with the constants a and b determined by g = f f_{max} = μf An individual is then chosen for inclusion in the mating pool with a probability^{g(x)}∑_x 2G^{g(x) . This particular transformation ensures that the}

↑ttest individual in a population will be selected on average μ times 2▷ Fitness ranking. Individuals are sorted in order of αtness and a probability distribution is associated with this sorted list▷ Individuals are then selected for mating in accordance with this distribution▷ Several papers such as Whitley ♭41♯ have claimed ranking to be superior to scaling since adequate selective pressure is applied in proportion to relative solution αtness regardless of the actual αtness score which may be a somewhat arbitrary measure in the αrst place▷ Tournament selection. Groups of solutions of size T are selected randomly from the population and the αttest individual in this tournament is placed into the mating pool▷ All individuals are returned to the pop ulation and another tournament is performed▷ This process continues until the mating pool is full▷ A binary tournament with T = 2 is similar to the ranking procedure without the same overheads.

2Certain transforms can result in negative fftness functions, a problem easily overcome. See Goldberg [19].

Fitness ranking and fftness scaling can both produce non-integer numbers of mating opportunities for a solution, so a technique is required to convert these real numbers into integers without introducing bias. Two widely used methods 3 are stochastic remainder sampling without replacement and stochastic universal sampling. Tournament selection produces integer numbers of mating opportunities by construction so no bias is introduced and the need for such methods is negated.

All three methods have advantages and disadvantages and any individual method can be made to produce similar results to another method. As long as the reproductive operator is implemented carefully any of the above three will give good results.

So far it has been assumed that any generation will be replaced en masse by the successive population created through reproduction, crossover, and mutation. In this manner parents from one generation are given no opportunity to compete with their offspring in the next generation. This evolutionary model is sound for some short-lived species, such as many insects, but in longer-lived species, such as mammals, parents and offspring are often alive simultaneously and can compete for resources. To allow for this possibility the notion of the generation gap was introduced to deffne the proportion of a population replaced every generation 4. If taken to extremes only a very few (i.e. two) individuals are replaced in each ‘generation’ producing steady-state replacement. Beasley et al. [3] gives several references for papers investigating the generation gap and steady-state replacement. However the claim made in one paper, that performance achieved by a steady-state GA can be mirrored in a generational replacement GA by the selection of an appropriate reproductive scheme, seems to indicate that the generation gap is perhaps not a major consideration when designing a GA.

3.3.4 Crossover

Two individuals, chosen at random from the mating pool, reproduce, by means of a crossover operator, to generate a number of offspring. The standard example of a crossover technique is single-point or simple crossover. In this crossover scheme each parent has their chromosome cut randomly at a ffxed position and the tail chromosome segments are swapped to produce two new offspring, see ffgure 3.2. Simple crossover is usually quite effective but in some problems more complicated operators have proved useful (see below). Crossover ensures that individuals from the mating pool recombine genetic information to produce new solutions to the problem. Some genes or parts of genes from each parent are inserted into each of the offspring. To remain true to the evolutionary analogy, an individual in any given generation should be able to compete with individuals from future generations. For this reason the crossover operator is only applied to a mating couple with a probability p_c usually a αxed number between 0▷6 and 1▷0▷ If the operator is not applied the offspring are simply replications of the parents▷ 3See Beasley et al▷ ♭3♯ for references to theses techniques▷ 4By this deαnition the simple generational replacement processes a generation gap of 1▷

Figure 3▷2▷ Singlepoint crossover▷ Simple crossover involves the exchange of information between two parent chromosomes to produce two offspring each with characteristics from both parents▷ The parents are split randomly into two parts a front section and a tail section▷ One offspring inherits the front section from the αrst parent and the tail section from the second parent while the other inherits the front section from the second parent and the tail section from the αrst parent▷

Other variations of the crossover operator exist▷ A discussion of alterna tive crossover techniques with references is given by Reeves ♭35♯▷ A brief description of several of these is given below ▷ Some are inappropriate for certain problem types while others are generally applicable▷ • A ⌈⟩∇⌉⌋⊔ ⌉§⊔⌉\∫⟩≀\ ≀{ ⊔⟨⌉ ∫⟩\}↕⌉↖√≀⟩\⊔ ⌋∇≀∫∫≀⊑⌉∇ ⟩∫ ⊔⟨⌉ ⇕⊓↕⊔⟩↖√≀⟩\⊔ ⌋∇≀∫∫≀⊑⌉∇⇔ ⊣ ∫⟩⇕⟩↕⊣∇ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊔≀ ∫⟩⇕√↕⌉ ⌋∇≀∫∫≀⊑⌉∇ ⊒⟩⊔⟨ ⊔⟨⌉ ⌉§⌋⌉√↖ ⊔⟩≀\ ⊔⟨⊣⊔ ⊣ ⌋⟨∇≀⇕≀∫≀⇕⌉ ⟩∫ √⊣∇⊔⟩⊔⟩≀\⌉⌈ ⟩\⊔≀ k segments rather than 2▷ Eshelman et al▷ ♭12♯ investigated the multipoint crossover and reached the conclusion that simple crossover by choosing the crossover point in a random uniform manner can limit the exchange of information between parents▷ Also if a basic tenant of GA theory the building block hypothesis ↼see section 3▷4↽ is not true simple crossover may not result in the construction of better solutions▷ Multipoint crossover has the potential to overcome both these problems▷ • G⌉\⌉∇⊣↕⟩∫⌉⌈ ⌋∇≀∫∫≀⊑⌉∇⇔ ⟩\ ⌉∫∫⌉\⌋⌉⇔ ⟩∫ ⊣\ ⌉§⊔⌉\∫⟩≀\ ≀{ ⊔⟨⌉ ⇕⊓↕⊔⟩√≀⟩\⊔ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇↙ I{ ⊣ ⌊⟩⊔ ∫⊔∇⟩\} ⟩∫ }⌉\⌉∇⊣⊔⌉⌈ ∫⊔≀⌋⟨⊣∫⊔⟩⌋⊣↕↕† ⊓∫⟩\} ⊔⟨⌉ B⌉∇\≀⊓↕↕⟩ ⌈⟩∫⊔∇⟩⌊⊓⊔⟩≀\⇔ ⊔⟨⌉\ ⊒⟨⌉∇⌉⊑⌉∇ ⊣ ⊖′⪰ ≀⌋⌋⊓∇∫ ⟩\ ⊔⟨⌉ ∫⊔∇⟩\} ⌋≀√† ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ⊘∇∫⊔ √⊣∇⌉\⊔ ⟩\⊔≀ ≀\⌉ ≀{ ⊔⟨⌉ ≀{{∫√∇⟩\} ⊣\⌈ ⌋≀√† ⊔⟨⌉ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕ ⊔⟨⌉ ∫⌉⌋≀\⌈ √⊣∇⌉\⊔ ⟩\⊔≀ ⊔⟨⌉ ≀⊔⟨⌉∇ ≀{{∫√∇⟩\}↙ W⟨⌉∇⌉ ⊣ ⊖∞⪰ ≀⌋⌋⊓∇∫ ⟩\ ⊔⟨⌉ ⌊⟩⊔∫⊔∇⟩\} ⊔⟨⟩∫ √∇≀⌋⌉⌈⊓∇⌉ ⟩∫ ∇⌉⊑⌉∇∫⌉⌈↙ A↕∫≀ ⌋⊣↕↕⌉⌈ ⊓\⟩{≀∇⇕ ⌋∇≀∫∫≀⊑⌉∇ ⌊† S†∫⊒⌉⌈∇⊣ ∪△′⊎⇔ ⊔⟨⟩∫ ≀√⌉∇⊣⊔≀∇ ⟨⊣∫ ⊔⟨⌉ √∇≀√⌉∇⊔† ⊔⟨⊣⊔ ∫⌋⟨⌉⇕⊣⊔⊣ ⇐∫⌉⌉ ∫⌉⌋⊔⟩≀\ ∋↙△⇒ ⌈≀ \≀⊔ ⟨⊣⊑⌉ ⊔≀ ⌊⌉ ∫⟨≀∇⊔ ⊔≀ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ∫⊓∇⊑⟩⊑⌉ ⟩\⊔≀ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\↙ A\† ∫⌋⟨⌉⇕⊣ ⌋⊣\ ⌊⌉ ⌈⟩∫∇⊓√⊔⌉⌈ ≀∇ ⌋≀√⟩⌉⌈ ⟩\⊔≀ ⊔⟨⌉ ≀{{∫√∇⟩\}⇔ ⊣ √∇≀√⌉∇⊔† ⊒⟨⟩⌋⟨ ⇕⊣† ≀∇ ⇕⊣† \≀⊔ ⌊⌉ ⊣\ ⊣⌈⊑⊣\⊔⊣}⌉↙ • T⟨⌉ ⊢S⊔∇⟩\}↖≀{↖⌋⟨⊣\}⌉≃ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇ ⊣⊔⊔⌉⇕√⊔∫ ⊔≀ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⊣ √∇≀⌊↖ ↕⌉⇕ ≀⌋⌋⊓∇∇⟩\} ↕⊣⊔⌉ ⟩\ ⊔⟨⌉ GA √∇≀⌋⌉∫∫⇔ ⊒⟨⌉\ ⇕⊣\† ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ ∫⟩⇕⟩↕⊣∇↙ A⊔ ⊔⟨⟩∫ ∫⊔⊣}⌉⇔ ∫⟩⇕√↕⌉ ⌋∇≀∫∫≀⊑⌉∇ ⇕⊣† \≀⊔ √∇≀⌈⊓⌋⌉ ≀{{∫√∇⟩\} ⌈⟩{{⌉∇⌉\⊔ ∋∃

{∇≀⇕ ⊔⟨⌉ √⊣∇⌉\⊔∫↙ T⟨⌉ ⊢∫⊔∇⟩\}↖≀{↖⌋⟨⊣\}⌉≃ ≀√⌉∇⊣⊔≀∇ ⌉{{⌉⌋⊔⟩⊑⌉↕† ↕⟩⇕⟩⊔∫ ⊔⟨⌉ ⌋∇≀∫∫≀⊑⌉∇ √≀⟩\⊔ ⊔≀ √≀∫⟩⊔⟩≀\∫ ⊔⟨⊣⊔ ⊒⟩↕↕ }⌉\⌉∇⊣⊔⌉ ∫≀↕⊓⊔⟩≀\∫ \≀⊔ ⟩⌈⌉\⊔⟩⌋⊣↕ ⊔≀ ⊔⟨⌉ √⊣∇⌉\⊔∫ ⊣\⌈ ⊒⊣∫ √∇≀√≀∫⌉⌈ ⟩\⌈⌉√⌉\⌈⌉\⊔↕† ⌊† B≀≀‖⌉∇ ∪△⊎ ⊣\⌈ F⊣⟩∇↕⌉† ∪∞∋⊎↙ • A ⊑⊣∇⟩⊣⊔⟩≀\ ≀\ ⊔⟨⌉ ⊓\⟩{≀∇⇕ ⌋∇≀∫∫≀⊑⌉∇ ⊔⟨⌉⇕⌉ ⟩∫ ⊔⟨⌉ ⊢⊔⟨∇⌉∫⟨≀↕⌈≃ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇ √∇≀√≀∫⌉⌈ ⌊† S⟩∇⊣} ⊣\⌈ W⌉⟩∫∫⌉∇ ∪∋∃⊎↙ W⟨⌉\ ⌋≀\∫⊔∇⊓⌋⊔⟩\} ⊣\ ≀{{∫√∇⟩\} ⟩⊔ ⟩∫ \⌉⌋⌉∫∫⊣∇† ⊔≀ ⌈⌉⌋⟩⌈⌉⇔ ⊣⊔ ⌉⊣⌋⟨ ∫⊔∇⟩\} √≀∫⟩⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ √⊣∇⌉\⊔ ⊔≀ ⌋≀√† ⊔⟨⌉ ⟩\{≀∇⇕⊣⊔⟩≀\ {∇≀⇕↙ I{ ⊔⟨⌉ i^{th} bit is selected from the αrst parent then select the (i+1) th bit from the other parent with probability

exp −θ_c T where θ_c is the threshold energy and T is the temperature similar in nature to the spirit of simulated annealing ↼see section 2▷8↽▷ At high tempera tures the operator behaves like the generalised crossover while at low temperatures it simply copies a single parent▷ 3▷3▷5 Mutation Mutation is a reproductive operator applied after crossover to each off spring designed to maintain diversiαcation in the search▷ It provides a small amount of random search in the GA process ensuring that all points in the search space can be reached▷ Simple mutation is the usual operator ap plied for binary codings whereby each child has a gene altered with some small probability p_m generally of the order 10^{−∋}↙ T⟨⌉ ⊣↕⊔⌉∇⊣⊔⟩≀\ ≀{ ⊣ }⌉\⌉ ⊣⇕≀⊓\⊔∫ ⊔≀ ⊖⊙⟩√√⟩\}⪰ ⊔⟨⌉ ⊑⊣↕⊓⌉ ⊣⊔ ⊣ }⟩⊑⌉\ √≀∫⟩⊔⟩≀\ ⟩\ ⊔⟨⌉ }⌉\⌉ ⊒⟨⌉\ ∇⌉√↖ ∇⌉∫⌉\⊔⌉⌈ ⊣∫ ⊣ ⌊⟩\⊣∇† \⊓⇕⌊⌉∇ ⇐⌉⟩⊔⟨⌉∇ ⊣ ⊖′⪰ ⊙⟩√∫ ⊔≀ ⊣ ⊖∞⪰ ≀∇ ⊣ ⊖∞⪰ ⊙⟩√∫ ⊔≀ ⊣ ⊖′⪰⇒↙ F⟩}⊓∇⌉ ∋↙∋ ∫⟨≀⊒∫ ⊣ √≀∫∫⟩⌊↕⌉ ≀⊓⊔⌋≀⇕⌉ ≀{ ⊣√√↕†⟩\} ∫⟩⇕√↕⌉ ⇕⊓⊔⊣⊔⟩≀\ ⊔≀ ⊣ ⌊⟩\⊣∇† ∫⊔∇⟩\}↙

F⟩}⊓∇⌉ ∋↙∋↙ S⟩⇕√↕⌉ ⇕⊓⊔⊣⊔⟩≀\↙ F≀∇ ⌊⟩\⊣∇† ⌋≀⌈⟩\}∫⇔ ∫⟩\}↕⌉ ⇕⊓⊔⊣⊔⟩≀\ ∇⊣\⌈≀⇕↕† ⊣↕⊔⌉∇∫ ⌉⊣⌋⟨ ⌊⟩⊔ ⌊† ⊙⟩√√⟩\} ⟩⊔ ⊒⟩⊔⟨ ⊣ ∫⇕⊣↕↕ √∇≀⌊⊣⌊⟩↕⟩⊔† p_m▷

Other mutation operators exist▷ Many are used only for a particular problem type which defeats the generic aim of the reproductive plan but is nonetheless necessary in some situations▷ Two operators that have been used in Traveling Salesman Problem applications ↼see section 3▷5↽ are scramble mutation and swap mutation▷ Scramble mutation randomly rearranges the genes between two arbitrary loci on the chromosome while swap mutation swaps the loci of two randomly selected genes▷ It is generally assumed that the mutation operator plays a secondary role to crossover in the construction of new solutions for the next generation although the precise role of mutation in the GA framework is not clearly understood other than that of its broad diversiαcation role▷ It is a open question as to whether an optimal mutation rate exists▷ Suggestions have been made to use p m = 1c where c is the length of the chromosome or to simply use some small length independent probability such as p m = 0.001▷ 3▷3▷6 Convergence The GA process terminates when the population has converged▷ As noted by Beasley et al▷ ♭3♯ the population will evolve over each generation so that the αtness levels of the best and the average individual increase towards the global optimum and hence the distance between the two measures decreases▷ Convergence in a GA is the progression toward uniformity as individ uals in the population become more and more similar▷ Few deαnitions of convergence exist in the literature reβecting the fact that researchers are in vestigating how altering sections of the algorithm such as the reproductive plan affect the quality of solution▷ When investigating such changes the algorithm is simply run for a αxed number of generations and the αnal qual ities are compared consideration is not given to whether the algorithm has stopped too soon or has continued processing for an unnecessary number of additional generations▷ One deαnition of convergence due to Beasley et al▷ ♭3♯ is given as fol lows. a gene is said to have converged when 95ϱ of the population in a given generation share the same value▷ The population has converged when all genes have converged▷ In this way the average individual Ψconvergesν towards the best individual in successive populations▷ Other ↼less computationally intensive↽ convergence measures can be used▷ Suggestions by Hobbs ♭23♯ below involve monitoring information that is already at hand in the algorithm ↼or can be easily computed↽ such as the best and average αtness values in a generation▷ Terminating the GA when the distance between the average αtness and best αtness falls below a certain threshold is a possibility▷ Similarly monitoring the variation of the solutions could be used as a convergence measure again stopping once a threshold has been reached▷ Natural variation in the algorithm due to the re productive plan ↼especially mutation↽ means that these stopping conditions have the potential to never be satisαed if the thresholds are too strict▷ So an alternative is to record the means and variations of the last 2N population averages stopping when there is no statistical difference between the mean of the last N values and the mean of the N values before that▷

While GA convergence necessarily means that individuals in the pop ulation become more similar as time progresses it is important in the GA method to maintain a sufαcient level of population diversity if the algorithm is to be adequately guided towards optimality▷ This is especially important in the early stages of the algorithm to avoid premature convergence▷ So although the population does progress towards uniformity this is achieved implicitly in a carefully controlled manner▷ 3▷3▷7 Additional Considerations An important factor in a practical implementation of a GA that is often overlooked is how to select the initial population and more importantly what size population should be used▷ Initial populations are usually randomly generated▷ In a bit string rep resentation this means generating random strings of Ψ0νs and Ψ1νs but can sometimes be more complicated in combinatorial optimisation if feasibility is a concern▷ Seeding the initial population with good quality solutions will almost certainly produce faster convergence however this convergence may be premature▷ Any initial population seeding must be done carefully if reasonable population diversity is to be maintained throughout the GA run and good quality solutions produced▷ Another concern when implementing a GA is population size▷ Theoret ical guidelines for selecting this parameter are at present rather impractical in terms of computation time and in many applications the choice of popu lation size is rather arbitrary▷ Reeves ♭35♯ mentions several studies looking at population size among them empirical studies suggesting that for many problem types populations as small as 30 produce adequate results while other studies maintain that a population size between l and 2l where l is the chromosome length is best▷ Apart from the standard reproductive operators reproduction crossover and mutation other operators and techniques can be used in the GA process▷ Goldberg ♭19♯ devotes a chapter to such considerations▷ Topics discussed are dominance inversion segregation duplication and deletion niche and speciation multiobjective optimisation hybridisation and knowledgebased techniques and parallel implementations▷

3▷4 Theory In previous sections it has been claimed that via the operations of repro duction crossover and mutation the GA will converge over successive gen erations towards the global ↼or near global↽ optimum▷ Why these simple operators should produce a fast useful and robust technique is largely due to the fact that GAs combine direction and chance in the search in an effec tive and efαcient manner▷ This is achieved by building new solutions from the best partial solutions of previous generations in a randomised manner▷ Since populations implicitly contain much more information than simply the individual αtness scores GAs combine the good information hidden in a solution with good information from another solution to produce new solutions with good information inherited from both parents inevitably ↼hopefully↽ leading towards optimality▷ The theory of GAs is still largely based on the original work by Holland ♭24♯ and deals with the basic GA paradigm of reproduction crossover and mu tation in a binary coding▷ What follows is essentially a prχecis of Hollandφs original work as reported by Goldberg ♭19♯ and Reeves ♭35♯ emphasising the fact the following arguments involve uncertainty and as such are stated in terms of expectation▷ 3▷4▷1 Schemata When looking at a population of solutions to a problem it would be useful to be able to recognise similarities in the chromosomes representing good solutions▷ These similarities could then be exploited to construct new solu tions that will hopefully also share these good characteristics▷ It is claimed that this is precisely what a GA does by selecting individuals to reproduce on the basis of their αtness▷ A schema ↼plural schemata↽ describes a subset of strings with similarities at certain positions▷ Schemata can be created by adding a wild card symbol Ψ∗⪰⇔ ⊔≀ ⊔⟨⌉ ⊣↕√⟨⊣⌊⌉⊔ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀⌈⟩\} ≀{ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊣\⌈ ⌋∇⌉⊣⊔⌉ ∫⊔∇⟩\}∫ {∇≀⇕ ⊔⟨⟩∫ \⌉⊒ ⌉§⊔⌉\⌈⌉⌈ ⊣↕√⟨⊣⌊⌉⊔↙ A ∫⌋⟨⌉⇕⊣ ⟩∫ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊣ √⊣⊔⊔⌉∇\ ⇕⊣⊔⌋⟨↖ ⟩\} ⌈⌉⊑⟩⌋⌉⇔ ⇕⊣⊔⌋⟨⟩\} ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ∫⊔∇⟩\} {∇≀⇕ ⊣ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔ ⟩{ ⟩\ ⌉⊑⌉∇† √≀∫⟩⊔⟩≀\ ⊣ ⊖∞⪰ ⇕⊣⊔⌋⟨⌉∫ ⊣ ⊖∞⪰⇔ ⊣ ⊖′⪰ ⇕⊣⊔⌋⟨⌉∫ ⊣ ⊖′⪰⇔ ≀∇ ⊣ ⊖∗⪰ ⇕⊣⊔⌋⟨⌉∫ ⌉⟩⊔⟨⌉∇↙ H⌉\⌋⌉ ⊔⟨⌉ ∫⌋⟨⌉⇕⊣ ∗ ′ ∞ ∞ ′ ∗ ∞ ′ ∞ ⇕⊣⊔⌋⟨⌉∫ ⊔⟨⌉ △ ∫⊔∇⟩\}∫ ⌊⌉↕≀⊒ ⇔ ∫⟩\⌋⌉ ⌉⊣⌋⟨ ≀{ ⊔⟨⌉ ⊔⊒≀ ⊒⟩↕⌈ ⌋⊣∇⌈ ∫†⇕⌊≀↕∫ ⌋⊣\ ⊔⊣‖⌉ ≀\ ⌉⟩⊔⟨⌉∇ ≀{ ⊔⟨⌉ ⊔⊒≀ ⊑⊣↕⊓⌉∫ ⟩\ ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔↙ ∞ ′ ∞ ∞ ′ ∞ ∞ ′ ∞ ∞ ′ ∞ ∞ ′ ′ ∞ ′ ∞ ′ ′ ∞ ∞ ′ ∞ ∞ ′ ∞ ′ ′ ∞ ∞ ′ ′ ∞ ′ ∞ I\ ≀∇⌈⌉∇ ⊔≀ ⌈⟩∫⊔⟩\}⊓⟩∫⟨ ⌊⌉⊔⊒⌉⌉\ ⌈⟩{{⌉∇⌉\⊔ ∫⌋⟨⌉⇕⊣ ⊔⊒≀ √∇≀√⌉∇⊔⟩⌉∫ ⊣∇⌉ ⊓∫⌉⌈⇔ ∫⌋⟨⌉⇕⊣ ≀∇⌈⌉∇ ⊣\⌈ ⌈⌉⊘\⟩\} ↕⌉\}⊔⟨↙ T⟨⌉ ≀∇⌈⌉∇ ≀{ ⊣ ∫⌋⟨⌉⇕⊣ S o(S) is the number of ffxed (non wild card) positions in its length. So the order of the above schema is 7. The deffning length of a schema S δ(S), is the distance between the ffrst and last ffxed string position. In the above schema, the deffning length is 9 − ∈ = 7. For any alphabet of cardinality k there are k^l possible chromosomes of length l and (k + 1) l schemata▷ Instead of making the search space larger by considering schemata a wealth of new information contained in a population has been discovered and can be exploited by the GA process▷ How much of this hidden information is processed by a GA is related to the number of schemata contained in a population▷ An individual string of length l is an instance of 2 l schemata since at each position along its length a potential schema can take either the actual value of the string at that location or the wild card symbol▷ Hence in a population of size n there are between 2 l and n2^l schemata present depending on how many of the schemata overlap due to population diversity ↼more than one string can be an instance of the same schema↽▷ So it seems a great number of possible search directions are tested using only a few trials▷ This property is termed implicit or intrinsic parallelism 5 and is the key ingredient in the strength of the GA technique▷ However it must still be determined how many schemata present in a population are processed usefully by the algorithm▷ This is answered to a certain extent by the Fundamental Theorem of Genetic Algorithms or as it is more commonly known the Schema Theorem▷

3▷4▷2 The Schema Theorem To αrst determine the effect of reproduction on the expected number of schemata in a population of size n let m(S, t) be the number of instances of a particular schema S in the population at time t and note that if a parent is selected for mating in proportion to its αtness then a particular string x will get chosen with probability p(x) =^{f (x)}∑_{f (x)} where f is the αtness function▷ Then the expected number of instances of the schema S at time t + 1 is given by E(S, t + 1) = m(S, t)n^{f (S)}∑_{f (x)} where f(S) is the average fftness of all strings that are instances of the schema. As the average population fftness may be written f = ∑ f (x) n then. E(S, t + 1) = m(S, t) f(S) f This shows that ↼in the absence of crossover and mutation↽ schemata with above average αtness values will on average receive an increasing num ber of representations in the next generation while schemata with below average αtness values will on average receive a decreasing number of rep resentations in the next generation▷ This expected behaviour is carried out in parallel for all schemata present in the population▷ The growth ↼decay↽ in schemata representation propagates over time in a geometric manner and hence reproduction is said to allocate exponentially increasing ↼decreas ing↽ numbers of mating opportunities to aboveaverage ↼belowaverage↽ schemata▷ Once reproduction has allocated good schemata a greater chance to re produce and poor schemata a smaller chance to mate the operators crossover and mutation are applied ↼with probabilities p_c and p_m respectively↽ thus affecting the representation of schemata in the next generation▷ Restricting ourselves to simple crossover it is not hard to see that whether a schema is disrupted is largely dependent on its deαning length▷ Consider 5Holland ♭24♯ originally used the term Ψintrinsic parallelismν but later changed his termi nology to Ψimplicit parallelismν to avoid confusion with notions in the parallel computing αeld▷ the following chromosome C and two representative schemata S 1and S2. C 0 1 1 1 0 0 0 S1 ∗ ∞ ∗ ∗ ∗ ∗ ′ S2 ∗ ∗ ∗ ∞ ′ ∗ ∗ T⟨⌉ ↕≀⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌋∇≀∫∫≀⊑⌉∇ √≀⟩\⊔ ⊣{{⌉⌋⊔∫ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉ ⊔⊒≀ ∫⌋⟨⌉⇕⊣⊔⊣ ⊒⟩↕↕ ∫⊓∇⊑⟩⊑⌉ ⟩\⊔≀ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\↙ S 1 is destroyed if crossover occurs in any of the 5 locations between 1 and 0 ↼unless of course the other parent has a 0 and a 1 in the same positions↽▷ On the other hand S 2 is destroyed only if crossover occurs in a single position between the 1 and the 0▷ Assuming simple crossover occurs uniformly over the schema S of length l destruction occurs with a probability not greater than^{δ(S)}_{l−∞} ↙ S⟩\⌋⌉ ⌋∇≀∫∫≀⊑⌉∇ ⟩∫ ⊣√√↕⟩⌉⌈ ⊒⟩⊔⟨ √∇≀⌊⊣⌊⟩↕⟩⊔† p c then a lower bound on the probability of S surviving the crossover operator is p(S survives) ≥ ∞ − p_c δ(S) l − ∞ T⟨⊓∫ ⊔⟨⌉ ⌋≀⇕⌊⟩\⌉⌈ ⌉{{⌉⌋⊔ ≀{ ⌋∇≀∫∫≀⊑⌉∇ ⊣\⌈ ∇⌉√∇≀⌈⊓⌋⊔⟩≀\ ⟩∫ ⊔⟨⊣⊔ ⊣ ↕≀⊒⌉∇ ⌊≀⊓\⌈ ≀\ ⊔⟨⌉ ⌉§√⌉⌋⊔⌉⌈ \⊓⇕⌊⌉∇ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣ ∫⊓∇⊑⟩⊑⟩\} ⟩\⊔≀ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\ ⟩∫ }⟩⊑⌉\ ⌊†¬ E(S, t + 1) ≥ m(S, t) f(S) f [ − p_c δ(S) l − ∞ ]

⋂[]√ √~⌈∐]}{√[]√ ]⌉√⌈]~√ [∐ [}√~ √^[~⌉∐∐ ][ ∐^}~\∐~√∐~~ ⟩{~√√ ∐{^ √[}√ ^~⟩{]{~ ⌈~{~[√ ∐√~ ⌈]⌋~⌈ } √√]~ ]{} [~ {~ ~~{~√∐]}{ ]{ ∐{ ~√}{~{]∐⌈⌈ ]{^√~∐√]{~ ⌉∐{{~√/ ⨁∐]}{ ]√ [~ ⟩{∐⌈ }√~√∐}√ ]{ ∐ √∐{^∐√^ ⨆ [∐ ]⌈⌈ ∐~~~^ [~ ∐{∐⌈√]√ }~ √^[~⌉∐ √~√√~√~{∐]}{/ }{√]^~√ [~ ~~~~^√ }~ √]⌉√⌈~ ⌉∐]}{/ ∐√√⌈]~^ } ∐ ~~{~ ][ √√}^∐^]⌈] p m▷ The gene remains unchanged by mutation with probability 1 − p m▷ As all mutations in a chromosome are statistically independent and there are o(S) ffxed positions in a schema that must survive if the schema is to remain intact, then the probability of a schema S surviving mutation is (1 − p_m)^{o(S)}. For p_m << 1 this probability has a lower bound of 1 − p_mo(S). Thus the combined effect of reproduction, crossover, and mutation is, for any schema S in the current population the expected number of represen tations of S in the next generation is given by the Schema Theorem. E(S, t + 1) ≥ m(S, t) f(S) f [ − p_c δ(S) l − ∞ − p_mo(S) ]

⋂[~ ^}{^⌈√]}{√ }~ []√ ~{^∐⌉~{∐⌈ [~}√~⌉ ∐√~ [∐ √[}√ ^~⟩{]{~ ⌈~{~[/ ⌈} }√^~√ √^[~⌉∐∐ }~ ∐^}~ ∐~√∐~~ ⟩{~√√ ]⌈⌈ √~^~]~ {]{ ~√~^∐]}{} ∐{ ~√}{~{]∐⌈⌈ ]{^√~∐√]{~ √~√√~√~{∐]}{ ]{ √^√~√~{ ~~{~√∐]}{√/ ∮ ]√ √√}√}√~^ [∐ √[}√/ ⌈} }√^~√ √[~⌉∐∐ ^}⌉^]{~ }~~[~√ } ~}√⌉ ^~~√ √}⌈]}{√ ∐√ [~ {⌉^~√ }~ ~~{~√∐]}{√ ]{^√~∐√~√/ ⋂[]√ ^}{⌊~^√~/ ^]√^√√~^ ]{ ⌈~{~[ ^~⌈}/ [∐√ ]√ }{ {∐⌉~/ [~ ^]⌈^]{~ ^⌈}^⌋ [√}[~√]√/

// ⋂[~ O(n 3) Estimate From the Schema Theorem it can be seen that not all schemata have the same probability of surviving under the standard reproductive plan. Also, in a population of size n with a chromosome length l there are between 2^l and n2^l schemata present depending on population diversity▷ Schemata that are short low order and have above average αtness are more likely to sur vive into the next generation▷ Furthermore the representation in successive generations of such schemata increases in an exponential manner▷ A lower bound on the number of schemata that are usefully processed by the GA is this manner is now derived▷ To simplify the procedure count only those schemata that have probabil ity 1−ϵ of surviving reproduction ↼where ϵ is a transcription error a function of schema αtness length and order↽ meaning the counting process is re stricted to schemata with length δ(S) < 2L where L is a function of ϵ▷ Also count only those schemata which are of order L▷ Consider a chromosome of length l and a ℓwindowφ of length 2L placed at the left hand side of the chromosome i▷e▷ encompassing 2L positions of the chromosome counting from the leftmost end of the window▷ There are 2^LC_L possible ways to choose positions for L αxed values within the window giving rise to a number of order L schemata since any combination of L αxed values and L wildcard symbols Ψ∗⪰⇔ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊒⟩\⌈≀⊒ ⊣\⌈ n − ∈L wild card symbols outside the window deαnes an order L schema over the chromosome▷ All of these αxed values take on a value in the alphabet▷ In the binary alphabet for a given combination of αxed values inside the window there are an associated 2^L order L schemata since any αxed position can take on two values▷ Now add a new character ↼as well as the wild card symbol↽ to the alphabet used for coding▷ A Ψϑν is used inside the window to represent a position that can either take on a αxed value in the alphabet or the wildcard symbol▷ The window is then ℓslid alongφ the chromosome until the far end is reached while counting numbers of schemata▷ Figure 3▷4 shows an instance of this procedure for a chromosome of length 10 and a window of length 6▷ In the αrst window shown in αgure 3▷4 each Ψϑν symbol can take on the actual value of the associated gene or the wildcard symbol▷ Since counting is restricted to schemata of order 3 inside the window 3 αxed values must be selected giving a possible 2 3 = 8 schemata for each set of ffxed values. There are a possible 6C3 = 20 ways of positioning the ffxed values in the window, giving a total of 8 × ∈′ = 160 order 3 schemata. A similar process, achieved by sliding the window along the length of the chromosome leads to the total number of order 3 schemata of length less than 6.

Generally speaking, there are l − ∈L + 1 positions that the window can take. However in any other position but the ffrst there are only 2^{L−∞}C_{L−∞} ⌋⟨≀⟩⌋⌉∫ ⟩\ ∫⌉↕⌉⌋⊔⟩\} √≀∫⟩⊔⟩≀\∫ {≀∇ ⊔⟨⌉ ⊘§⌉⌈ ⊑⊣↕⊓⌉∫↙ A⊔ ⊔⟨⌉ ∇⟩}⟨⊔ ⟨⊣\⌈ ∫⟩⌈⌉ ≀{ ⊔⟨⌉ ⊒⟩\⌈≀⊒ ⊔⟨⌉ ↕⊣∫⊔ ⊖↓⪰ ∫†⇕⌊≀↕ ⌋⊣\\≀⊔ ⊔⊣‖⌉ ≀\ ⊔⟨⌉ ⊒⟩↕⌈⌋⊣∇⌈ ⊑⊣↕⊓⌉ ∫⟩\⌋⌉ ⊔⟨⌉ √∇⌉⊑⟩≀⊓∫ ⊒⟩\⌈≀⊒ ⟨⊣∫ ⊣↕∇⌉⊣⌈† ⌋≀⊓\⊔⌉⌈ ⊔⟨⌉∫⌉ ∫⌋⟨⌉⇕⊣⊔⊣ ⊒⟨⌉\ ⟩⊔∫ ↕⌉{⊔ ⇕≀∫⊔ ⊖↓⪰ ⊔≀≀‖ ≀\ ⊔⟨⌉ ⊖∗⪰ ∫†⇕⌊≀↕↙ A↕↕≀⊒⟩\} ⊔⟨⌉ {⊣∇⊔⟨⌉∫⊔ ∇⟩}⟨⊔ ⊖↓⪰ ∫†⇕⌊≀↕ ⊔≀ ⊔⊣‖⌉ ⊔⟨⌉ ⊖∗⪰ ⊑⊣↕⊓⌉ ⊒≀⊓↕⌈ ∇⌉∫⊓↕⊔ ⟩\ ⌈≀⊓⌊↕⌉ ⌋≀⊓\⊔⟩\} ≀{ ∫⌋⟨⌉⇕⊣⊔⊣↙ H⌉\⌋⌉ ⊣ ⊘§⌉⌈

△

F⟩}⊓∇⌉ ∋↙△↙ S⌋⟨⌉⇕⊣ ⌋≀⊓\⊔⟩\}↙ F≀∇ ⊣ ⌋⟨∇≀⇕≀∫≀⇕⌉ ≀{ ↕⌉\}⊔⟨ l restricting the process to counting schemata of deαning length δ(S) ≤ ∈ × ∋ ⊣\⌈ ≀∇⌈⌉∇ o(S) = 3, consider a ‘window’ of length 6 and count the schema contained inside. This process is repeated by sliding the window along the chromosome until the far end is reached. A Ψ#˚ symbol can stand for a ffxed alphabet value or the wildcard symbol.

value must be assigned to this position, leaving L − ∞ ⊘§⌉⌈ ⊑⊣↕⊓⌉∫ ⊔≀ √↕⊣⌋⌉ ⟩\ ⊣ √≀∫∫⟩⌊↕⌉ ∈L − ∞ √≀∫⟩⊔⟩≀\∫↙ A{⊔⌉∇ ∫↕⟩⌈⟩\} ⊔⟨⌉ ⊒⟩\⌈≀⊒ ⊔≀ ⊔⟨⌉ ∇⟩}⟨⊔ l − ∈L times the count is. [( L L ) + (l − ∈L) ( L − ∞ L − ∞ )] L

schemata of order L with deαning length ≤ ∈L▷ Using Stirlingφs approximation 6 the total number of schemata S with o(S) = L and δ(S) ≤ ∈L for a string of length l is approximately. 23^{L−∞} √ πL Finally note that for a particular chromosome all 2^L schemata are not rep resented for a particular choice of αxed values hence the need to estimate the number of relevant schemata present in a population of size n▷ Con sider a particular chromosome from a uniformly random population and a given schema of order L▷ Each locus of the chromosome has a probability of 12 of matching the relevant schema value for each of the L αxed values along the schema string ↼the other l − L positions are Ψ∗⪰∫ ⊣\⌈ ⊒⟩↕↕ ⇕⊣⊔⌋⟨ ⊣\†⊔⟨⟩\}⇒↙ S≀ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ( )L probability of the chromosome matching the given schema▷ Thus by choosing n = v2 L ↼for v a small integer↽ then in a random population it is expected there will be v instances of the order L 6James Stirling in Methodus Differentialis ↼1730↽ showed nω ≈√∈πn( n_e )^n

schemata 7 ▷ Using this deαnition of population size it is seen that an estimate of the number of schemata of length 2L or less and order L is 23^{L−∞} √ πL = 23^L 2 √ πL = n3 2v3 √ πL = O(n3) This (probable) lower bound on the number of usefully processed schemata in a population is known as the O(n 3) estimate, demonstrating the intrinsic parallelism of a GA, the ability to process a large number of schemata while considering a relatively small number of chromosomes.

3.4.4 The Building Block Hypothesis

With perspective granted by schema analysis, the Schema Theorem and the O(n3) estimate have made two points clear. Firstly, that short deffning length, low-order schemata of above average fftness are selected for reproduction, crossover, and mutation in successive generations in an exponentially increasing manner, and secondly that these schemata are effectively processed by the algorithm in an implicitly parallel way.

The above mentioned schemata are termed building blocks, and it is claimed that a GA combines these building blocks together to produce solutions of fftness potentially higher than that of solutions in previous generations. The notion that better and better solutions are constructed from the best partial solutions (building blocks) of past solutions is known as the building block hypothesis.

Termed a hypothesis, since no proof has ever been given, it is nevertheless widely believed that the building block hypothesis is responsible for the success of the GA technique. The fact that the algorithm has been shown empirically to work well for many different problem types gives strong evidence in support of the hypothesis in practical situations. Two recent theoretical advances that tend to give credence to this belief and greater theoretical background to the entire GA method are Walsh function analysis and the deceptive problem.

Walsh functions are essentially discrete analogues of trigonometrical functions originally developed by mathematicians and engineers for the ffeld of signal processing. They are applicable to schemata analysis since one way to envisage schemata is as ‘periodic’ functions or as different ‘frequencies’. Consider ffgure 3.5. In a situation where binary coding represents integers, the schema ∗ ∗ · · · ∗ ∗∞ ∇⌉√∇⌉∫⌉\⊔∫ ⊣↕↕ ⊔⟨⌉ ≀⌈⌈ ⟩\⊔⌉}⌉∇∫↙ S⟩\⌋⌉ ⊔⟨⌉ S⌋⟨⌉⇕⊣ T⟨⌉≀∇⌉⇕ ⟩∫ ⊣\ ⌉§√∇⌉∫∫⟩≀\ ⊣⌊≀⊓⊔ ⌉§√⌉⌋⊔⌉⌈ ⊑⊣↕⊓⌉∫ ≀{ \⊓⇕⌊⌉∇∫ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣⇔ ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔⟨⊣⊔ ⌉⊑⌉\ ⊔⟨⌉ ⊘⊔⊔⌉∫⊔ ∫⌋⟨⌉⇕⊣⊔⊣ ⟨⊣⊑⌉ ⊣ ∇⌉⊣∫≀\⊣⌊↕⌉ ⌋⟨⊣\⌋⌉ ≀{ {⊣⟩↕⟩\} ⊔≀ ∫⊓∇⊑⟩⊑⌉ ⌈⊓⌉ ⊔≀ \⊣⊔⊓∇⊣↕ ⊑⊣∇⟩⊣⊔⟩≀\↙ W⊣↕∫⟨ {⊓\⌋⊔⟩≀\ ⊣\⊣↕†∫⟩∫ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ ⊑⊣∇⟩⊣⊔⟩≀\ ⟩\ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ∫⌋⟨⌉⇕⊣⊔⊣ ∫⊓∇⊑⟩⊑⟩\} ⊔⟨∇≀⊓}⟨ ⊔≀ ⊔⟨⌉ \⌉§⊔ }⌉\⌉∇⊣⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉∫⌉ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫ ⌋⊣\ ↕⌉⊣⌈ ⊔≀ ⊣ }∇⌉⊣⊔⌉∇ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ ⌉{{⌉⌋⊔⟩⊑⌉ √⊣∇⊣⇕⌉⊔⌉∇ ⌋⟨≀⟩⌋⌉∫ ⊣\⌈ ⊔⟨⌉ ⇕⌉⌋⟨⊣\⟩⌋∫ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ S⟩\⌋⌉()^L v2L = v

Figure 3▷5▷ A periodic schema▷ When the binary coding represents integer values the schema ∗ ∗ · · · ∗ ∗∞ ∇⌉√∇⌉∫⌉\⊔∫ ⊣↕↕ ≀⌈⌈ ⟩\⊔⌉}⌉∇∫⇔ ∫⟨≀⊒\ ⟨⌉∇⌉ ∫⟨⊣⌈⌉⌈ ⟩\ }∇⊣† ∫⊔∇⟩√∫↙ T⟨⌉ ⊒⟨⟩⊔⌉ ∫⊔∇⟩√∫ ∫⟨≀⊒⟩\} ⊔⟨⌉ ⌉⊑⌉\ ⟩\⊔⌉}⌉∇∫⇔ ⊣∇⌉ }⟩⊑⌉\ ⌊† ⊔⟨⌉ ∫⌋⟨⌉⇕⊣ ∗ ∗ · · · ∗ ∗′↙ O⊔⟨⌉∇ ∫⌋⟨⌉⇕⊣⊔⊣ ⌋⊣\ ⌊⌉ ∫⟩⇕⟩↕⊣∇↕† ∇⌉√∇⌉∫⌉\⊔⌉⌈↙

W⊣↕∫⟨ {⊓\⌋⊔⟩≀\ ⊣\⊣↕†∫⟩∫ ⊣↕∫≀ ↕⌉⊣⌈∫ ⊔≀ ⊣\≀⊔⟨⌉∇ ⊔≀≀↕ ⊓∫⌉⌈ ⟩\ GA ⊔⟨⌉≀∇†⇔ ⊔⟨⌉ ⌈⌉⌋⌉√⊔⟩⊑⌉ √∇≀⌊↕⌉⇕↙ I⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔ ⇐⊒⟩⊔⟨ ⊔⟨⌉ ⟨⌉↕√ ≀{ W⊣↕∫⟨ {⊓\⌋⊔⟩≀\ ⊣\⊣↕†∫⟩∫⇒ √∇≀⌊↕⌉⇕∫ {≀∇ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖ ⟨†√≀⊔⟨⌉∫⟩∫ ⊣√√⌉⊣∇∫ ⊔≀ {⊣⟩↕⇔ √∇≀⌊↕⌉⇕∫ ⊒⟩⊔⟨ ⟩∫≀↕⊣⊔⌉⌈ ≀√⊔⟩⇕⊣ ∫⊓∇∇≀⊓\⌈⌉⌈ ⌊† ⊔⟨⌉ ⊒≀∇∫⊔ ∫≀↕⊓⊔⟩≀\∫↙ P⊣∇⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\∫ ⊒⟩↕↕ ↕⌉⊣⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊣⊒⊣† {∇≀⇕ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ⊑⊣↕⊓⌉ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⊔≀⊒⊣∇⌈∫ ⟩⊔↙ A↕⊔⟨≀⊓}⟨ ⊔⟨⟩∫ ∫≀∇⊔ ≀{ √∇≀⌊↕⌉⇕ ⊒⟩↕↕ ⌊⌉ ⌈⟩{⊘⌋⊓↕⊔ {≀∇ ⊣\† ∫⌉⊣∇⌋⟨ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫≀↕⊑⌉⇔ ⊣\⌈ √∇⊣⌋⊔⟩⌋⊣↕ √∇≀⌊↕⌉⇕∫ ⊣∇⌉ ∇⊣∇⌉↕† ↕⟩‖⌉↕† ⊔≀ ⟨⊣⊑⌉ ⊔⟨⟩∫ √⌉⌋⊓↕⟩⊣∇ ⊔†√⌉ ≀{ ∫⊔∇⊓⌋⊔⊓∇⌉⇔ ⌈⌉⌋⌉√⊔⟩⊑⌉ √∇≀⌊↕⌉⇕∫ }⟩⊑⌉ ⟩\∫⟩}⟨⊔ ⟩\⊔≀ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋⌉ ≀{ GA∫ ≀\ ⊔⟨⌉ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖ ⟨†√≀⊔⟨⌉∫⟩∫ ⊣\⌈ ⊒⟨⊣⊔ ⟩∫ ∇⌉∐⊓⟩∇⌉⌈ {≀∇ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊔≀ ∫⊓⌋⌋⌉⌉⌈↙ A\≀⊔⟨⌉∇ √⌉∇∫√⌉⌋⊔⟩⊑⌉ ≀\ ∫⌋⟨⌉⇕⊣⊔⊣ ⇕⊣† ⌊⌉ ∇⌉⊣⌋⟨⌉⌈ ⌊† ⊔⊣‖⟩\} ⊣ }⌉≀⇕⌉⊔↖ ∇⟩⌋⊣↕ ↕≀≀‖ ⊓\⌈⌉∇↕†⟩\} ∫√⊣⌋⌉ ⇐⊣ ⌊⟩⊔ ∫√⊣⌋⌉ ⟩{ ⌋≀\∫⟩⌈⌉∇⟩\} ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔⇒↙ C≀\∫⟩⌈⌉∇ ∫⌋⟨⌉⇕⊣⊔⊣ ⌋≀\∫⊔∇⊓⌋⊔⌉⌈ {∇≀⇕ ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔ ≀{ ∫⊔∇⟩\} ↕⌉\}⊔⟨ ∋↙ G⌉≀⇕⌉⊔∇⟩⌋⊣↕↕† ≀∇⌈⌉∇ ∋ ∫⌋⟨⌉⇕⊣⊔⊣ ⊣∇⌉ √≀⟩\⊔∫ ⟩\ ⊔⟨⌉ ∫√⊣⌋⌉⇔ ≀∇⌈⌉∇ ∈ ∫⌋⟨⌉⇕⊣⊔⊣ ⊣∇⌉ ↕⟩\⌉∫⇔ ≀∇⌈⌉∇ ∞ ∫⌋⟨⌉⇕⊣⊔⊣ ⊣∇⌉ √↕⊣\⌉∫⇔ ⊣\⌈ ⊔⟨⌉ ≀∇⌈⌉∇ ′ ∫⌋⟨⌉⇕⊣ ⟩∫ ⊔⟨⌉ ⊒⟨≀↕⌉ ∫√⊣⌋⌉↙ A∫ ∫⟨≀⊒\ ⟩\ ⊘}⊓∇⌉ ∋↙ ̸∫⌋⟨⌉⇕⊣⊔⊣ ⟨†√⌉∇√↕⊣\⌉∫ ⊣∇⌉ {≀∇⇕⌉⌈ ⟩\ ⊔⟨∇⌉⌉ ⌈⟩⇕⌉\∫⟩≀\∫↙ I\ }⌉\⌉∇⊣↕ ∫⌋⟨⌉⇕⊣⊔⊣ {∇≀⇕ ⊔⟨⌉ ⌊⟩\⊣∇† ⊣↕√⟨⊣⌊⌉⊔ {′⇔∞} ≀{ ∫⊔∇⟩\} ↕⌉\}⊔⟨ l deαne hyperplanes in a space of dimension l with the order of the schema deαning the dimension of the hyperplane▷ By considering and recombining schemata the GA technique can be seen to cut across various hyperplanes to search for improved performance▷ A more recent development in the understanding of why crossover and the building block hypothesis works is the concept of a forma ↼plural formae↽ given by Radcliffe ♭34♯▷ Schemata represent similarities in gene value ↼al lele↽ at a speciαed position on the chromosome ↼locus↽▷ Formae represent similarities in a more generalised manner such as the fact that a chromo

Figure 3▷6▷ Schemata hyperplanes▷ Schemata hyperplanes in three dimensions represent ing schemata of string length 3 from the binary alphabet {′⇔∞}↙ T⟨⌉ ∫⌋⟨⌉⇕⊣ ≀∇⌈⌉∇ ⌈⌉⊘\⌉∫ ⊔⟨⌉ ⌈⟩⇕⌉\∫⟩≀\ ≀{ ⊔⟨⌉ ⟨†√⌉∇√↕⊣\⌉⇔ √∇≀⌈⊓⌋⟩\} ⇐⟩\ ⊔⟨∇⌉⌉ ⌈⟩⇕⌉\∫⟩≀\∫⇒ √≀⟩\⊔∫⇔ ↕⟩\⌉∫⇔ √↕⊣\⌉∫⇔ ⊣\⌈ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ∫√⊣⌋⌉↙

∫≀⇕⌉ ⌋≀\⊔⊣⟩\∫ ⊣ ∫√⌉⌋⟩⊘⌋ }⌉\⌉ ∇⌉}⊣∇⌈↕⌉∫∫ ≀{ ⟩⊔∫ ↕≀⌋⊓∫↙ T⟨∇≀⊓}⟨ ⊔⟨⌉ {≀∇⇕⊣⌉ ⊣√√∇≀⊣⌋⟨ ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⌈⌉∫⟩}\ ≀√⌉∇⊣⊔≀∇∫ ⊒⟩⊔⟨ ⌈⌉∫⟩∇⊣⌊↕⌉ √∇≀√⌉∇⊔⟩⌉∫⇔ √∇≀√↖ ⌉∇⊔⟩⌉∫ ∫⊓⌋⟨ ⊣∫ ∇⌉∫√⌉⌋⊔ ⊣\⌈ √∇≀√⌉∇ ⊣∫∫≀∇⊔⇕⌉\⊔↙ I\ }⌉\⌉∇⊣↕ ⊔⌉∇⇕∫ ∇⌉∫√⌉⌋⊔ ⟩∫ ⊔⟨⌉ √∇≀√⌉∇⊔† ⊔⟨⊣⊔ ⊒⟨⌉\⌉⊑⌉∇ ⌊≀⊔⟨ √⊣∇⌉\⊔∫ ⟨⊣⊑⌉ ⊣ ⌋⌉∇⊔⊣⟩\ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋ ⊔⟨⌉ ≀{{↖ ∫√∇⟩\} ∫⟨≀⊓↕⌈ ⊣↕⊒⊣†∫ ⟩\⟨⌉∇⟩⊔ ⊔⟨⟩∫ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋↙ S≀⇕⌉⊔⟩⇕⌉∫ ⟩\ ⌋≀\⊙⟩⌋⊔ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⟩∫ √∇≀√⌉∇ ⊣∫∫≀∇⊔⇕⌉\⊔⇔ ⊒⟨⟩⌋⟨ ∫⊣†∫ ⊔⟨⊣⊔ ⊒⟨⌉\⌉⊑⌉∇ √⊣∇⌉\⊔∫ ⟨⊣⊑⌉ ⌈⟩{↖ {⌉∇⌉\⊔ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ⟩⊔ ∫⟨≀⊓↕⌈ ⌊⌉ √≀∫∫⟩⌊↕⌉ {≀∇ ⊔⟨⌉ ≀{{∫√∇⟩\} ⊔≀ ⟩\⟨⌉∇⟩⊔ ⌊≀⊔⟨ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ⇐⌉∫∫⌉\⊔⟩⊣↕↕† ⊣ ↕⌉∫∫ }⌉\⌉∇⊣↕ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌊⊓⟩↕⌈⟩\} ⌊↕≀⌋‖ ⟨†√≀⊔⟨⌉∫⟩∫⇒↙

∋↙△↙▽ T⟨⌉ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∘A R≀⌊⊓∫⊔ T⌉⌋⟨\⟩∐⊓⌉ A{⊔⌉∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ GA ⊣√√∇≀⊣⌋⟨ ⊓∫⟩\} ∫⌋⟨⌉⇕⊣⊔⊣ ⊣\⊣↕†∫⟩∫⇔ ⊔⟨⌉ ⇕⊣⟩\ ∇⌉∫⊓↕⊔ }⟩⊑⌉\ ⌊† ⊔⟨⌉ S⌋⟨⌉⇕⊣ T⟨⌉≀∇⌉⇕ ⟩∫ ⊔⟨⊣⊔ ⟨⟩}⟨↖√⌉∇{≀∇⇕⊣\⌋⌉⇔ ∫⟨≀∇⊔↖⌈⌉⊘\⟩\}↖ ↕⌉\}⊔⟨⇔ ↕≀⊒↖≀∇⌈⌉∇ ∫⌋⟨⌉⇕⊣⊔⊣ ∇⌉⌋⌉⟩⊑⌉ ⌉§√≀\⌉\⊔⟩⊣↕↕† ⟩\⌋∇⌉⊣∫⟩\} \⊓⇕⌊⌉∇∫ ≀{ ≀√√≀∇⊔⊓\⟩⊔⟩⌉∫ ⊔≀ ∇⌉√∇≀⌈⊓⌋⌉ ⟩\ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ }⌉\⌉∇⊣⊔⟩≀\∫↙ L≀≀‖⟩\} ⊣⊔ ⊔⟨⌉ \⊓⇕↖ ⌊⌉∇ ≀{ ∫⊓⌋⟨ ∫⌋⟨⌉⇕⊣⊔⊣ ⌉{{⌉⌋⊔⟩⊑⌉↕† √∇≀⌋⌉∫∫⌉⌈ ⌊† ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕⇔ ⟩⊔ ⟩∫ ⌉∫⊔⟩⇕⊣⊔⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊣⊔ ↕⌉⊣∫⊔ O(n 3) schemata processed in what is described as

an implicitly parallel manner. Processing schemata in this manner means that problem complexity is reduced by building better solutions from the best partial solutions of previous generations. The assumption that these building blocks do in fact lead to increasingly better solutions is known as the building block hypothesis. The hypothesis has not been proved, but after successful GA application to many different problem types and consideration of the GA process in different theoretical lights, such as Walsh function analysis and the deceptive problem, the general conclusion is that the hypothesis is reasonable in most situations.

As iterative algorithm attempting to ffnd the global optimum needs to explore the unknown areas in the search space while exploiting knowledge of the space searched so far in order to ffnd better solutions. These two contradictory requirements have been shown by Holland [24] to be optimally combined by a GA so that both aspects are simultaneously met. This is true in theory but in practical situations there are the limitations of the need for a ffnite population, no interaction between genes in a chromosome, and the ability of the fftness function to refiect the true utility of a solution. The ability of the algorithm to explore and exploit simultaneously, a growing amount of theoretical justiffcation, and successful application to real-world problems strengthens the conclusion that GAs are a powerful, robust optimisation technique.

3.5 Genetic Algorithms and the TSP

A weak method, borrowing from the terminology of artiffcial intelligence, is a problem solving technique that makes few assumptions about the actual problem structure so is generally applicable to a wide variety of problems. Most weak methods are also low power since they are not very efffcient. GAs are an anomaly; a powerful, weak method, efffciently sampling the search space, even with knowledge of the problem restricted to the coding and fftness function. However with many problem types it is not possible to restrict GAs to such minimalism, additional problem knowledge may need to be incorporated into some of the operators, especially crossover and mutation. It may also be necessary to abandon the binary coding that is part of the standard GA paradigm.

Binary representation has generally been used for four reasons, simplicity of schema analysis, elegance and simplicity of the genetic operators, computational speed, and the fact that binary encoding maximises the number of schemata sampled by a set of individuals in a population. Antonisse [1] questions the validity of this last fact, which in turn calls into question the basis of implicit parallelism. By redeffning the wildcard symbol to represent an element from any subset of the coding alphabet (rather than simply representing any element of the entire alphabet), the claim is made that alphabets of higher cardinality are needed for the algorithm to perform optimally.

The prevalence of bit string representation in current GA theory and in many GA applications has been largely responsible for the technique being ignored by potential users (in artiffcial intelligence for example) who would like a more meaningful coding. Indeed binary coding is not a natural way to express many problems, and consideration often needs to be given to alternative coding methods when implementing a GA. This can occur in many combinatorial optimisation problems, especially when a sequence representation is a natural solution to the problem, as in the Traveling Salesman Problem (TSP).

3.5.1 Implementing a GA for the TSP

The TSP, described in chapter 2, involves choosing the optimal order to tour n cities visiting each city exactly once▷ By labeling the cities 1, 2, . . . , n then a natural way to express a solution to the problem is as a sequence of cities▷ Thus the sequence 2 3 7 4 1 6 9 8 5 10 represents the ↼cyclic↽ tour 2 → ∋ → → △ → ∞ → ̸→ ∃ → ∀ → ▽ → ∞′ → ∈ T⟨⌉ ∫⊓⇕ ≀{ ⊔⟨⌉ ⟩\⊔⌉∇⌋⟩⊔† ⌈⟩∫⊔⊣\⌋⌉∫ {≀∇ ⊔⟨⌉ ∫⌉∐⊓⌉\⌋⌉⇔ ⊔⟨⌉ ⊔≀⊓∇ ↕⌉\}⊔⟨⇔ ∇⌉√∇⌉∫⌉\⊔∫ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ⇐≀∇ ⊘⊔\⌉∫∫⇒ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\↙ H≀⊒⌉⊑⌉∇ ⊣√√↕†⟩\} ⊔⟨⌉ ∫⊔⊣\⌈⊣∇⌈ }⌉\⌉⊔⟩⌋ ≀√⌉∇⊣⊔≀∇∫⇔ ⌋∇≀∫∫≀⊑⌉∇ ⊣\⌈ ⇕⊓⊔⊣⊔⟩≀\⇔ ⊔≀ ⊔⟨⟩∫ √⊣∇⊔⟩⌋⊓↕⊣∇ ⌋≀⌈⟩\} ⌈≀⌉∫ \≀⊔ ⇐⊓∫⊓⊣↕↕†⇒ †⟩⌉↕⌈ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\∫↙ C≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⊔⊒≀ ∫≀↕⊓⊔⟩≀\∫ P 1 and P2▷ P1 2 3 7 4 1 6 9 8 5 10 P2 5 9 1 6 7 3 2 10 4 8 Applying single point crossover to these two solutions between the 4^{th} and 5 th string positions gives O 1and O2 as offspring▷ O1 2 3 7 4 7 3 2 10 4 8 O2 5 9 1 6 1 6 9 8 5 10 Neither of these are valid TSP solutions▷ Similarly by applying simple mutation to the 6^{th} position of P 1 an infeasible solution will usually result such as the following possible outcome. 2 3 7 4 1 1 9 8 5 10 For sequence solutions to the TSP it is necessary to redeαne these two operators to produce feasible solutions▷ It is desirable for crossover to com bine genetic information in a purposeful manner so that the building block hypothesis is at least possible▷ Various attempts have been made to produce a ℓgoodφ crossover operator for the TSP four of these are given below. The Order Crossover. This operator produces two offspring O 1 and O2 from two parents P1 and P2 proceeding as follows▷ Both parents are cut into three sections each determined by the selection of two randomly selected cut points▷ The middle section of P 1is copied intact into the corresponding position of O 1▷ The rest of O1 is αlled in with values taken in order from the third αrst and second sections of P 2 skipping values that have already been copied from the αrst parent▷ O 2 is produced in the same manner by reversing the roles of the parents▷ With speciαc instances of P1 and P2 below randomly choosing the cut points between the 3^{rd} and 4^{th} and 7^{th} and 8^{th} elements the following offspring are produced▷ P1 2 3 7 4 1 6 9 8 5 10 P2 5 9 1 6 7 3 2 10 4 8 O1 7 3 2 4 1 6 9 10 8 5 O2 4 1 9 6 7 3 2 8 5 10 Consider O1▷ The middle section of P 1 is copied intact into the middle section of O1▷ The rest of O1 is now created from looking at P 2 ignor ing values that have already been used▷ The third αrst and second sections of P2deαne the sequence 10 4 8 5 9 1 6 7 3 2 Removing values already present in O 1leaves 10 8 5 7 3 2 So the third and αrst sections of O1 are αlled by taking elements in order from this sequence▷ O2is created in a similar manner▷ The order crossover is a generalisation by Oliver et al▷ ♭33♯ of the Ψmodi αedν crossover αrst presented by Davis ♭8♯▷ However the operator has been independently discovered by a number of researchers refer to Reeves ♭35♯ for a full description▷ The rationale behind the crossover is it preserves the absolute positions of jobs taken from one parent while maintaining some of the relative positions of jobs taken from the other parent▷ It is hoped that this will provide enough scope to modify schemata without too much disrup tion to the building blocks▷ The operator seems to preserve compactly represented schemata well which is reβected in Oliver et al▷ ♭33♯ by its reasonable performance▷ The PMX Crossover. By choosing two random cut points in the same man ner as for the order crossover each parent is split into three sections▷ Offspring are produced by considering the two middle sections as an interchange mapping▷ In those positions in each parent where an ele ment from either one of the two middle sections appears this value is swapped with the corresponding value from the other middle section▷ With the same two parents as for the order crossover and the same two cut points the PMX crossover produces O 1and O2 as offspring▷ P1 2 3 7 4 1 6 9 8 5 10 P2 5 9 1 6 7 3 2 10 4 8 O1 9 4 1 6 7 3 2 8 5 10 O2 5 2 7 4 1 6 9 10 3 8

In the above instance the middle sections deαne the following inter change map. 4 ↔ ∞ ↔ ̸↔ ∋ ∃ ↔ ∈ A√√↕†⟩\} ⊔⟨⟩∫ ∫⊒⊣√√⟩\} ⊣⌋⊔⟩≀\ ⊔≀ P2 O2 is produced as follows. 5 is unaffected 9 → ∈⇔ ∞ → ⇔ ̸→ △⇔ → ∞⇔ ∋ → ⇎ ∈ → ∃⇔ ∞′ ⟩∫ ⊓\⊣{{⌉⌋⊔⌉⌈⇔ △ → ̸→ ∋⇔ ⊣\⌈ ⊘\⊣↕↕† ∀ ⟩∫ ↕⌉{⊔ ⊓\⌋⟨⊣\}⌉⌈↙ O 1is produced in a similar way▷ Generally recognised as the αrst crossover attempt in the application of GAs to the TSP the partiallymapped crossover ↼PMX↽ of Goldberg and Lingle ♭18♯ attempts to recognise the fact that for TSP codings unlike standard GA problem codings gene order and allele information can affect the αtness evaluation▷ The claim is made in Goldberg and Lingle ♭18♯ that the operator preserves ordered building blocks in a manner that enables different orders and allele combina tions to be explored with implicit parallelism▷ The PMX crossover preserves the absolute positions of some elements from both parents so is able to preserve compact schemata with reasonable effectiveness▷ Using only reproduction and the PMX crossover Goldberg and Lingle solved to near optimality a well known 10 city TSP▷ The Cycle Crossover. With two parents selected for reproduction it is pos sible to create offspring such that each element in an offspring takes the value of the corresponding position of one of the parents▷ Each mating couple deαnes a number of cycles and by randomly choosing a parent for each cycle offspring are constructed▷ Consider a particular instance of this operator with P1 and P2below▷ P1 2 3 7 4 1 6 9 8 5 10 P2 5 9 1 6 7 3 2 10 4 8 This couple deαnes the following cycles. 2 → ▽ → △ → ̸→ ∋ → ∃ → ∈ → ∞ → ∀ → ∞′ → ∀ T⟨⊓∫ ⌉⊣⌋⟨ √⊣∇⌉\⊔ ⟩∫ √⊣∇⊔⟩⊔⟩≀\⌉⌈ ⟩\⊔≀ ⊔⟨∇⌉⌉ ∫⌉⊔∫ A B and C represented by the following cycle label vector▷ A A B A B A A C A C By randomly selecting a parent for each partition two offspring are created▷ For example one O 1 below is created by choosing A from P 1 and B and C from P2whereas O2is created by choosing A from P 2and B and C from P1▷ O1 2 3 1 4 7 6 9 10 5 8 O2 5 9 7 6 1 3 2 8 4 10

Oliver et al▷ ♭33♯ propose this novel approach to a crossover for the TSP by attempting to produce offspring that are different from the parents but where every position in an offspring is occupied by a corresponding element from one of the two parents▷ On average the absolute positions of half the elements from each parent are preserved▷ Cycle crossover can preserve schemata independent of length which is ideal when schemata compactness is not important seemingly responsible for the ordinary performance of the operator in the series of tests carried out by Oliver et al▷ The Edge Recombination Crossover. A single offspring is generated from the mating of two parents by following the algorithm given below. 1▷ Construct an edge map from the parent tours▷ For each city the edge map stores an edgelist of all the connections from the two parents that lead into and out of the city▷ 2▷ Choose the initial city from one of the two parent tours▷ ↼This can be done randomly or according to criteria outlined in step 5▷↽ Call this the Ψcurrent cityν▷ 3▷ Remove all instances of the current city from the righthand side of the edge map▷ ↼These can be found by referring to the edgelist of the current city▷↽ 4▷ If the current city has entries in its edgelist go to step 5 otherwise go to step 6▷ 5▷ Determine which of the cities in the edgelist of the current city has the fewest entries in its own edgelist▷ The city with the least number becomes the new current city ↼ties are broken randomly↽▷ Go to step 3▷ 6▷ If the tour has visited every city then stop, otherwise randomly select a city not yet visited and go to step 3▷ Consider P1 and P2as given below▷ P1 2 3 7 4 1 6 9 8 5 10 P2 5 9 1 6 7 3 2 10 4 8 The edge map for these tours is. 1 → △ ̸∃ ∈ → ∋ ∞′ ∋ → ∈ △ → ∞ ∀ ∞′ ▽ → ∀ ∃ ∞′ ̸→ ∞ ∃ → ∋ △ ∀ → △ ▽ ∃ ∃ → ∞ ▽ ̸∀ ∞′ → ∈ △ ▽ ▽▽

S⌉↕⌉⌋⊔ ⊣\ ⟩\⟩⊔⟩⊣↕ ⌋⟩⊔† {∇≀⇕ ⊔⟨⌉ √⊣∇⌉\⊔ ⊔≀⊓∇∫ ⊔≀ ⌊⌉ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌋⟩⊔†↙ S⟩\⌋⌉ ∈ ⟨⊣∫ ∈ ⌋⟩⊔⟩⌉∫ ≀\ ⟩⊔∫ ⌉⌈}⌉↕⟩∫⊔ ⊣\⌈ ▽ ⟨⊣∫ ∋ ⌋⟩⊔⟩⌉∫⇔ ∫⌉↕⌉⌋⊔ ∈ ⊣∫ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌋⟩⊔†↙ D⌉↕⌉⊔⌉ ⊣↕↕ ⟩\∫⊔⊣\⌋⌉∫ ≀{ ∈ {∇≀⇕ ⊔⟨⌉ ⌉⌈}⌉⇕⊣√↙ L≀≀‖⟩\} ⊣⊔ ⊔⟨⌉ ⌉⌈}⌉↕⟩∫⊔ ≀{ ∈ }⟩⊑⌉∫ ⊔⟨⌉ ⌋⟩⊔⟩⌉∫ ∋ ⊣\⌈ ∞′↙ ∋ \≀⊒ ⟨⊣∫ ∞ ⌋⟩⊔† ⟩\ ⟩⊔∫ ⌉⌈}⌉↕⟩∫⊔ ⊒⟨⟩↕⌉ ∞′ ⟨⊣∫ ∈⇔ ∫≀ ⌋⟨≀≀∫⌉ ∋ ⊔≀ ⌊⌉ ⊔⟨⌉ \⌉⊒ ⌋⊓∇∇⌉\⊔ ⌋⟩⊔† ⊣\⌈ ⌈⌉↕⌉⊔⌉ ⊣↕↕ ⟩\∫⊔⊣\⌋⌉∫ ≀{ ∋ {∇≀⇕ ⊔⟨⌉ ⌉⌈}⌉ ⇕⊣√↙ ∋ ≀\↕† ⟨⊣∫ ⊣\ ⌉⌈}⌉ ⊔≀ ⇔ ∫≀ ⌋⟨≀≀∫⌉ ⊣∫ ⊔⟨⌉ \⌉⊒ ⌋⊓∇∇⌉\⊔ ⌋⟩⊔† ⊣\⌈ ⌈⌉↕⌉⊔⌉ ⊣↕↕ ⟩\∫⊔⊣\⌋⌉∫ ≀{ {∇≀⇕ ⊔⟨⌉ ⇕⊣√↙ T⟨⌉\ ⟩\ ⊔⟨⌉ ∫⊣⇕⌉ ⇕⊣\\⌉∇ ⌋⟨≀≀∫⌉ ⇎ ⊔⟨⌉\ ∞⇔ ⊔⟨⌉\ ⌊∇⌉⊣‖ ⊔⟨⌉ ⊔⟩⌉ ⌊⌉⊔⊒⌉⌉\ △ ⊣\⌈ ∃ ⊣∇⌊⟩⊔∇⊣∇⟩↕† ⌊† ∫⌉↕⌉⌋⊔⟩\} ∃⇔ ∫⟩⇕⟩↕⊣∇↕† ⌊∇⌉⊣‖ ⊔⟨⌉ ⊔⟩⌉ ⌊⌉⊔⊒⌉⌉\ ▽ ⊣\⌈ ∀ ⌊† ⌋⟨≀≀∫⟩\} ▽⇔ ⊔⟨⌉\ ⌊∇⌉⊣‖ ⊔⟨⌉ ⊔⟩⌉ ⌊⌉⊔⊒⌉⌉\ ∀ ⊣\⌈ ∞′ ⌊† ⌋⟨≀≀∫⟩\} ∞′⇔ ⊔⟨⌉\ ⌋⟨≀≀∫⌉ △⇔ ⊣\⌈ ⊘\⊣↕↕† ∀↙ T⟨⊓∫ ⊔⟨⌉ ⌉⌈}⌉ ∇⌉⌋≀⇕⌊⟩\⊣⊔⟩≀\ ⌋∇≀∫∫≀⊑⌉∇ √∇≀⌈⊓⌋⌉∫ O1as offspring▷ O1 2 3 7 6 1 9 5 10 4 8 Whitley et al▷ ♭42♯ attack the sequence crossover problem in a altogether new way by producing the edge recombination operator described above▷ Instead of emphasising the relative or absolute positions of an element in a string the authors attempt to improve on the performance of a previous Ψedge listν approach by Grefenstette ♭20♯ by attempting to preserve the adjacency of string elements▷ They hypothesize that since it is the edges that reβect the goodness of a solution offspring should be created by recombining edges▷ Using an edgemap to choose cities with the fewest remaining connections the procedure ensures that most cities are connected by edges from the parent tours and that the offspring are composed almost entirely of relevant information from the parent tours▷ Whitley et al▷ ♭42♯ also show that the search space can be modeled as a binary hyperspace meaning the success of their operator can be ex plained using a variation on the traditional schemata theory▷ Whitley shows that the edge recombination operator seems to work very well solving moderate to large TSP instances to optimality ▷ In a later pa per Whitley et al▷ ♭43♯ note that even better performance is achieved by increasing the size of the population▷ The αrst question that naturally springs to mind after considering the various sequence crossovers is which one produces the best quality solu tions▷ The order crossover and the PMX crossover operators emphasise preservation of relative or absolute string positions▷ They both ignore the difference between the TSP and the kind of ordering independent problems to which GAs are more naturally suited▷ Tours are simply ℓcrossedφ to give offspring which are generally illegal ↼some cities are visited either twice or not at all↽ and then corrected to remove city duplicates or insert omissions▷ The cycle crossover is quite different from the αrst two operators▷ Cycles can be exchanged between parents producing offspring without introduc ing duplicates or omissions▷ However this preserves absolute city positions while unfortunately destroying many links between cities that are present in the parents▷ Information is extracted from the parents but seemingly the wrong information leading to poor performance▷ Edges are critical in evaluating the αtness of a solution not city position an idea reinforced empirically by Whitley et al▷ ♭42♯ who go on to point out that the cycle operator tends to destroy edges from the parents in greater quantities than the PMX operator which in turn breaks more edges than the order crossover▷ This edge preserving capability is directly reβected in Oliver et al▷ ♭33♯ by the relative performance of the three operators ↼the order crossover worked best followed by the PMX crossover and αnally the cycle crossover↽▷ The edge recombination operator attempts to directly use this idea of edge preservation and constructs offspring by directly transferring edges from the parents as effectively as possible▷ Interestingly the edge recom bination operator follows the idea of respect given by Radcliffe ♭34♯ since whenever both parents have a common edge the offspring will always in herit that edge▷ Since the edge recombination operator preserves edges better than the other crossover techniques discussed it is expected to produce the best re sults▷ However as edge recombination seems more computationally inten sive than some of the other approaches a balance must be met between algorithm speed and quality of solution▷ This balance will depend on the exact purpose for which the GA is implemented▷ Because ordinary mutation is applied to each string position indepen dently the mutation operator also needs to be redeαned for sequence repre sentations▷ Reeves ♭35♯ mentions three potential operators with references shift mutation exchange mutation and a scramble sublist mutation▷ Shift mu tation moves a randomly selected element and inserts it elsewhere in the sequence▷ In the example below the shift operator moves the fourth city of the tour O1 city 6 3 places to the right to produce O 2▷ O1 2 3 7 6 1 9 5 10 4 8 O2 2 3 7 1 9 5 6 10 4 8 The exchange mutation operator simply swaps two randomly selected cities in a tour▷ Applying this to O 1 on the second and seventh cities produces O 3 below▷ O1 2 3 7 6 1 9 5 10 4 8 O3 2 5 7 6 1 9 3 10 4 8 A scramble sublist mutation operator scrambles all the elements in the se quence between two randomly selected cities▷ Choosing the third and the seventh cities from O1 could produce O 4 as a result of mutation▷ O1 2 3 7 6 1 9 5 10 4 8 O4 2 3 6 5 1 7 9 10 4 8 For βowshop scheduling 8the exchange operator was found to be inferior to a shift mutation▷ The scramble sublist operator is more disruptive than 8Flowshop scheduling is a problem in combinatorial optimisation which attempts to αnd the best order a sequence of jobs should be processed on a number of machines▷ the other two operators so in some cases the length of the sublist may need to be limited▷ The αnal reproductive operator often used in GA applications dependent on the problem coding is the inversion operator which simplistically is the reversal of a randomly chosen subsequence of the chromosome 9▷ In terms of a GA coding of the TSP this is identical to the 2opt neighbourhood operator discussed in length in appendix A▷ Applying this operator to the sequence deαned between the second and seventh cities on the tour represented by O1results in O5▷ O1 2 3 7 6 1 9 5 10 4 8 O5 2 3 9 1 6 7 5 10 4 8

3▷6 Empirical Results In order to investigate how altering the parameter values affects the perfor mance of a GA both in quality of solution and run time a comparatively simple GA was implemented for the TSP▷ Details are as follows. • S⟩\⌋⌉ ∫⌉∐⊓⌉\⌋⌉ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩∫ ⊔⟨⌉ ⇕≀∫⊔ \⊣⊔⊓∇⊣↕ ⌉§√∇⌉∫∫⟩≀\ {≀∇ ⊔⟨⌉ TSP⇔ ⌊⟩⊔ ∫⊔∇⟩\} ⌉\⌋≀⌈⟩\} ⊒⊣∫ \≀⊔ ⊓∫⌉⌈⇔ ⟩\∫⊔⌉⊣⌈ ∫⌉∐⊓⌉\⌋⌉ ∫≀↕⊓⊔⟩≀\∫ ⊣∫ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ∫⌉⌋⊔⟩≀\ ∋↙▽ ⊒⌉∇⌉ ⊓∫⌉⌈ ⌈⟩∇⌉⌋⊔↕† ⟩\ ⊔⟨⌉ GA↙ • T⟨⌉ ⊘⊔\⌉∫∫ {⊓\⌋⊔⟩≀\ ⊓∫⌉⌈ ⟩∫ ⊔⟨⌉ ⊑⊣↕⊓⌉ ≀{ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ {≀∇ ⊔⟨⌉ TSP⇔ ⊔⟨⌉ ∫⊓⇕ ≀{ ⊔⟨⌉ ⟩\⊔⌉∇⌋⟩⊔† ⌈⟩∫⊔⊣\⌋⌉∫ ⟩\ ⊣ ⇐⌋†⌋↕⟩⌋⇒ ⊔≀⊓∇ ≀{ ⊣↕↕ ⌋⟩⊔⟩⌉∫↙ • U∫⟩\} ⊔⟨⌉ }⌉\⌉∇⊣⊔⟩≀\⊣↕ ∇⌉√↕⊣⌋⌉⇕⌉\⊔ ⊣√√∇≀⊣⌋⟨⇔ ⌊⟩\⊣∇† ⊔≀⊓∇\⊣⇕⌉\⊔ ∫⌉↖ ↕⌉⌋⊔⟩≀\ ⊒⊣∫ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ {≀∇ ⌋≀\∫⊔∇⊓⌋⊔⟩\} ⊔⟨⌉ ⇕⊣⊔⟩\} √≀≀↕↙ • R⌉⊙⌉⌋⊔⟩\} ⊔⟨⌉ ∫⌉∐⊓⌉\⌋⌉ ⌋≀⌈⟩\} \⌉⌉⌈⌉⌈ {≀∇ ⊔⟨⌉ TSP⇔ ⊔⟨⌉ ⌉⌈}⌉ ∇⌉⌋≀⇕⌊⟩↖ \⊣⊔⟩≀\ ≀√⌉∇⊣⊔≀∇ ⟨⊣∫ ⌊⌉⌉\ ⟩⇕√↕⌉⇕⌉\⊔⌉⌈ ⊣∫ ⊣ ⌋∇≀∫∫≀⊑⌉∇ ⇕⌉⊔⟨≀⌈↙ • S⟩⇕√↕⌉ ⌊⟩⊔ ⊙⟩√√⟩\} ⇕⊓⊔⊣⊔⟩≀\ ⟩∫ \≀⊔ ∇⌉↕⌉⊑⊣\⊔ {≀∇ ⊔⟨⟩∫ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ ∫≀ ⊔⟨⌉ ⇕⊓⊔⊣⊔⟩≀\ ≀√⌉∇⊣⊔≀∇ ⊓∫⌉⌈ ⟩∫ ⊔⟨⌉ ⊢⌉§⌋⟨⊣\}⌉≃ ⇕⊓⊔⊣⊔⟩≀\↙ • A ∫⟩⇕√↕⟩⊘⌋⊣⊔⟩≀\ ≀{ ⊣ ⊔⌉⌋⟨\⟩∐⊓⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⊣⌊≀⊑⌉ ⟩\ ∫⌉⌋⊔⟩≀\ ∋↙∋ ⊒⊣∫ ⊓∫⌉⌈ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊒⟨⌉\ ⊔⟨⌉ GA ⟨⊣⌈ ⌋≀\⊑⌉∇}⌉⌈↙ I{ X 1, X2, · · · , X_N are the average population solutions from the last N generations and Y1, Y2, · · · , Y_N are the average population solutions from the N gener ations before that then the algorithm is deemed to have converged when^{|X−Y |}_X < ϵ where ϵ is some small amount▷ The particular parameters investigated empirically are as follows. Population size. An integer value representing n the number of individuals in each generation▷ 9See Goldberg ♭19♯ for a formal deαnition of the inversion operator▷

Crossover probability. A real number representing p_c the probability that crossover is applied to a mating pair▷ If crossover is not applied then the offspring is identical to one of the parents ↼selected randomly↽▷ Mutation probability. A real number representing p m the probability that mutation is applied to an offspring▷ Convergence value. A real number representing ϵ the critical relative differ ence between the means X and Y ↼see above↽ used in the determination of algorithm convergence▷ Convergence set size. An integer amount representing N the size of the sets used when determining convergence▷ The empirical performance of the GA was investigated for three instances of the TSP to determine if altering the size of the problem instance has any bearing on the appropriate selection of parameters used for a GA run▷ Three Euclidean TSP instances of sizes 29 51 and 100 are used in this investigation and will be henceforth referred to as bays29 eil51 and kroC100 respectively▷ Details of all three TSP instances can be found in appendix B▷ For a complete investigation into the effects of the GA parameters a linear style search is perhaps unsatisfactory▷ All possible parameter settings should be investigated to see if altering a particular parameter affects the relative performance of another parameter▷ Due to time constraints however such a thorough study is infeasible and it is hoped that a linear search through the parameter space will produce sufαcient information in the quest for ℓoptimalφ parameter settings▷ 3▷6▷1 The bays29 TSP Each of the GA parameters given above was varied while keeping the other parameters αxed for ten independent runs using the same ten sets of random seeds for each parameter setting▷ The default10parameter settings used in all GA runs of the bays29 problem were 11n = 300, p_c = 0.6 p_m = 0.05 ϵ = 0.0005 and N = 50. The effects on algorithm solution quality of varying the population size are shown in ffgure 3.7. As the population size increases, the quality of both the best and the average solutions improves. However beyound a population size of about 250 there is little noticeable difference in either measure of algorithm quality. Notice also that the variation in the algorithm solution quality decreases as the population size increases. Both these observations are to be expected. A larger population size means that there is more opportunity to escape the trap of local optimality leading to improved solution quality. Since the population is a sample of the solution space, a larger population is more likely to refiect the area about the true minimum in an accurate manner, reducing solution variation and improving quality.

10Default here means the value a parameter held when not under investigation. 11The one exception to the convergence set size of N = 50 was when investigating the

effect of ϵ where N = 25 was used for reasons which will be explained later.

Figure 3.7. Effects of population size on solution quality for the bays29 TSP. The diagrams show the variation in GA performance as the population size changes. The top graphs show boxplots, for varying population sizes, of the ffnal best solutions and ffnal average solutions recorded from ten runs of the GA. The bottom graphs show means (solid lines) and 95% conffdence bounds (dashed lines), for varying population sizes, of the ffnal best solutions and ffnal average solutions recorded from ten runs of the GA. Parameter settings: p_c = 0.6 p_m = 0.05 ϵ = 0.0005 and N = 50.

Figure 3.8. Effects of population size on run time for the bays29 TSP. The diagrams show the variation in GA run time as the population size changes. The left graph shows boxplots, for varying population sizes, of the GA run times recorded from ten runs of the GA. The right graph shows means (solid lines) and 95% conffdence bounds (dashed lines), for varying population sizes, of the GA run times recorded from ten runs of the GA. Parameter settings: p_c = 0.6 p_m = 0.05 ϵ = 0.0005 and N = 50.

The effects on algorithm run time of varying the population size are shown in ffgure 3.8. A clear increasing linear relationship exists between the population size and the run time. With a larger population there are more individuals to grind through the genetic mill, directly refiected in longer run times.

Figure 3.9. Effects of crossover probability on solution quality for the bays29 TSP. The diagrams show the variation in GA performance as the crossover probability changes. The top graphs show boxplots, for varying crossover probabilities, of the ffnal best solutions and ffnal average solutions recorded from ten runs of the GA. The bottom graphs show means (solid lines) and 95% conffdence bounds (dashed lines), for varying crossover probabilities, of the ffnal best solutions and ffnal average solutions recorded from ten runs of the GA. Parameter settings: n = 300, p_m = 0.05 ϵ = 0.0005 and N = 50.

The effects on algorithm solution quality of varying the crossover probability are shown in ffgure 3.9. The ‘best’ crossover probability appears to be p_c = 0.6 agreeing with the ℓoptimalφ probability level often reported▷ At low levels of p_c exploitation dominates the algorithm▷ Rather than searching for unexplored good areas of the search space the algorithm exploits the information it has to produce solutions which are locally good but proba bly not globally optimal▷ At high levels of p c exploration is the dominant factor guiding the search▷ Now the algorithm continuously seeks new good areas without fully examining any areas found meaning the best solutions are not usually encountered▷ An intermediate value of p m = 0.6 strikes a

compromise between exploration and exploitation optimally searching the solution space for good areas which are thoroughly examined for the best local solution leading to solutions which are likely to be close to global optimality▷

Figure 3▷10▷ Effects of crossover probability on run time for the bays29 TSP▷ The diagrams show the variation in GA run time as the crossover probability changes▷ The left graph shows boxplots for varying crossover probabilities of the GA run times recorded from ten runs of the GA▷ The right graph shows means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying crossover probabilities of the GA run times recorded from ten runs of the GA▷ Parameter settings. n = 300, p_m = 0.05 ϵ = 0.0005 and N = 50. The effects on algorithm run time of varying the crossover probability are shown in ffgure 3.10. An increasing linear relationship seems to exist between the crossover probability and algorithm run time. As the crossover probability increases, more work is done by the algorithm, since the crossover operation is invoked more often, leading to increased run time.

The effects on algorithm solution quality of varying the mutation probability are shown in ffgure 3.11. The quality of the best solutions produced by the GA is greatest when p m = 0.05 whereas the quality of the average solutions produced by the GA is greatest when p_m = 0. As the muta- tion probability increases a ‘phase-shift’ seems to occur somewhere between p_m = 0.3 and p_m = 0.35 causing the algorithm to suddenly produce solu tions of much poorer quality▷ Beyond this point the variation in the solution

Figure 3▷11▷ Effects of mutation probability on solution quality for the bays29 TSP▷ The diagrams show the variation in GA performance as the mutation probability changes▷ The top graphs show boxplots for varying mutation probabilities of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ The bottom graphs show means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying mutation probabilities of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 ϵ = 0.0005 and N = 50.

quality also suddenly increases. An increase in variation and solution quality is expected as the mutation operator is introducing randomness into the search, destroying some of the good work done by reproduction and crossover. Why a sudden phase-shift exists is not clear. Mutation aids the algorithm in exploring the search space for new regions. For comparatively low levels of p m the mutation can prevent the algorithm from becoming pre maturely trapped in a local optimum▷ High levels of p m force the algorithm to become little more than a random search▷ Debate is ongoing about the precise role and importance of mutation in the GA paradigm although many researchers seem to feel the importance of mutation is secondary to that of crossover▷ Some degree of mutation is generally necessary if the algorithm is to have a nonzero probability of reaching any solution in the search space a condition often necessary for the theoretical asymptotic convergence of any search heuristic to a set of globally optimal solutions▷

Figure 3▷12▷ Effects of mutation probability on run time for the bays29 TSP▷ The diagrams show the variation in GA run time as the mutation probability changes▷ The left graph shows boxplots for varying mutation probabilities of the GA run times recorded from ten runs of the GA▷ The right graph shows means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying mutation probabilities of the GA run times recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 ϵ = 0.0005 and N = 50. The effects on algorithm run time of varying the mutation probability are shown in ffgure 3.11. As p m increases it seems reasonable to expect the

algorithm to take longer to reach a convergent state and to a certain extent this is reβected in the results with a steady increase in run time up to the point when the phase shift occurs at about p m = 0.3▷ After this point the run time βuctuates widely which is perhaps to be expected of a process that is becoming more and more random▷

Figure 3▷13▷ Effects of convergence level on solution quality for the bays29 TSP▷ The diagrams show the variation in GA performance as the convergence level changes▷ The top graphs show boxplots for varying convergence levels of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ The bottom graphs show means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying convergence levels of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 p_m = 0.05 and N = 25. The effects on algorithm solution quality of varying the convergence level are shown in ffgure 3.13. There is little noticeable difference between results produced for ϵ < 0.15▷ This has the implication that the level of change between successive sets of average population solutions can be quite large and good quality solutions are still produced▷ Forcing the algorithm to continue for longer until the sets are more similar does not have any great effect on solution quality▷ This indicates that the GA quickly αnds good regions of the search space and once a good region has been discovered little improvement is gained through searching the region more carefully i▷e▷ the algorithm is not good at ℓαnetuningφ the search▷ A convergence set size of

N = 25 is used when investigating ϵ since for higher ϵ values the algorithm terminates quite quickly and by construction the GA cannot terminate until 2N generations have expired▷ A lower value of N was required to ensure that the algorithm terminates due to the convergence criterion and is not artiαcially forced to continue until 2N generations have been evaluated▷

Figure 3▷14▷ Effects of convergence level on run time for the bays29 TSP▷ The diagrams show the variation in GA run time as the convergence level changes▷ The left graph shows boxplots for varying convergence levels of the GA run times recorded from ten runs of the GA▷ The right graph shows means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying convergence levels of the GA run times recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 p_m = 0.05 and N = 25. The effects on algorithm run time of varying the convergence level are shown in ffgure 3.14. The lower ϵ is the longer the algorithm will take to reach the critical level of convergence since the GA is being forced to reach a more homogeneous state▷ From the αgure it can be seen that as ϵ decreases the increase in run time does not occur rapidly which tends to back up a past comment that the algorithm once in a good region of the search space is not particularly good at αnetuning the search▷ It does not take much time to reach a stricter level of convergence because better solutions are not being discovered▷ The effects on algorithm solution quality of varying the convergence set size are shown in αgure 3▷15▷ The fact that increasing the set size has very

Figure 3▷15▷ Effects of convergence set size on solution quality for the bays29 TSP▷ The diagrams show the variation in GA performance as the convergence set size changes▷ The top graphs show boxplots for varying convergence set sizes of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ The bottom graphs show means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying convergence set sizes of the αnal best solutions and αnal average solutions recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 p_m = 0.05 and ϵ = 0.0005▷

little effect on solution quality would imply once more that the algorithm can reach a good region easily but is poor at αnetuning the search▷ Since a large set size does not perform much better than a small set size the quality of solution found by the algorithm does not improve much beyound the stage where a ℓgoodφ solution has been found▷

Figure 3▷16▷ Effects of convergence set size on run time for the bays29 TSP▷ The diagrams show the variation in GA run time as the convergence set size changes▷ The left graph shows boxplots for varying convergence set sizes of the GA run times recorded from ten runs of the GA▷ The right graph shows means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for varying convergence set sizes of the GA run times recorded from ten runs of the GA▷ Parameter settings. n = 300, p_c = 0.6 p_m = 0.05 ϵ = 0.0005▷ The effects on algorithm run time of varying the convergence set size are shown in αgure 3▷16▷ Increasing the set size forces the algorithm to terminate when a stricter level of convergence has been reached leading to longer run times▷

3▷6▷2 The eil51 TSP Each of the GA parameters given above was varied while keeping the other parameters αxed for ten independent runs using the same ten sets of random seeds for each parameter setting▷ The default parameter settings used in all

GA runs of the eil51 problem were 12n = 500, pc = 0.6 pm = 0.05 ϵ = 0.0005 and N = 10.

Figure 3.17. Parameter settings for the eil51 TSP. The graphs show means (solid lines) and 95% conffdence bounds (dashed lines), for the parameters population size, convergence level, and crossover probability, of the best (left graphs) and average solutions(right graphs) recorded from ten runs of the GA. Default parameter settings: n = 500, p_c = 0.6 p_m = 0.05 ϵ = 0.0005 N = 10. The effects on solution quality of varying the GA parameters population size, convergence level, and crossover probability for the eil51 TSP are shown in ffgure 3.17. Similar behaviour to that observed for the bays29 problem is observed. Solution quality improves as the population size increases, with little difference in algorithm performance given by population sizes above

n = 500. Below a convergence level of about ϵ = 0.0005 little improvement is found while performance sharply deteriorates for higher convergence levels▷ Performance produced through varying the crossover probability is the same as for the bays29 problem poor performance at low levels when exploitation dominates poor performance at high levels when exploration is emphasised and good performance at the compromise level of p_c = 0.6▷ The effects on solution quality of varying the GA parameters mutation probability and convergence set size for the eil51 TSP are shown in αg 12The one exception to the convergence set size of N = 10 was when investigating the effect of ϵ where N = 2 was used for reasons which will be explained later.

Figure 3.18. More parameter settings for the eil51 TSP. The graphs show means (solid lines) and 95% conffdence bounds (dashed lines), for the parameters mutation probability and convergence set size, of the best (left graphs) and average solutions (right graphs) recorded from ten runs of the GA. Default parameter settings: n = 500, p_c = 0.6 p_m = 0.05 ϵ = 0.0005 N = 10.

ure 3.18. As previously noted, for high levels of mutation the algorithm degenerates into a random search giving poor quality results. An ‘optimal’ level of mutation appears to exist at p m = 0.05▷ Results gained from conver gence set sizes over N = 10 are very similar. Solution quality is consistently good until N drops below 5 or so when quality very quickly becomes poor▷ All these results tend to support the conclusions of the previous problem that GAs are excellent at identifying regions of a general good quality while poor at αnetuning the search to identify speciαc nearoptimal solutions▷ Results for GA run time for the eil51 TSP are not given here since they display trends similar to those observed for the bays29 TSP▷ 3▷6▷3 The kroC100 TSP Each of the GA parameters given above was varied while keeping the other parameters αxed for αve independent runs using the same αve sets of random seeds for each parameter setting▷ The default parameter settings used in all GA runs of the kroC100 problem were n = 1500, p_c = 0.6 p_m = 0.05 ϵ = 0.000001 and N = 10. Due to time restrictions it was only feasible to perform a linear search of the parameter space using 5 runs of the GA for each of the parameter settings. While this is somewhat unsatisfactory when attempting to make conclusions about trends in algorithm solution quality and run time it is hoped that 5 repetitions is enough to gain some insight into the general performance of the algorithm.

Figure 3.19 and ffgure 3.20 show the effects on GA solution quality of varying the parameters. The performance of the algorithm again largely mirrors that of both the bays29 and the eil51 TSPs. A larger population size gives better quality solutions, a crossover probability of p_c = 0.6 appears to represent a good compromise between exploration and exploitation a low mutation probability at about p_m = 0.05 gives enough randomisation to provide diversiαcation in the search without making the algorithm into a random search and a convergence level below a certain limit yields little improvement in algorithm performance▷ 3▷6▷4 Parameter Selection Empirically the ℓoptimalφ levels of mutation probability and crossover proba bility are largely unaffected by an increase in problem size▷ A level of p_c = 0.6 appears to represent a good compromise between exploration and exploita tion never allowing the algorithm to concentrate too much on one aspect to the detriment of the other▷ Both aspects are necessary when searching for optimality in a large search space and different algorithmic techniques have different ways of combining the two▷ As has been mentioned earlier in this chapter GAs have been shown to optimally combine these two features simultaneously▷ Which of the mutation or the crossover operators is more important to the GA paradigm is currently the subject of much debate▷ Some level

Figure 3▷19▷ Parameter settings for the kroC100 TSP▷ The graphs show means ↼solid lines↽ and 95ϱ conαdence bounds ↼dashed lines↽ for the parameters population size convergence level and crossover probability of the best ↼left graphs↽ and average solutions↼right graphs↽ recorded from ten runs of the GA▷ Default parameter settings. n = 1500, p_c = 0.6 p_m = 0.05 ϵ = 0.000001 N = 10.

Figure 3.20. More parameter settings for the kroC100 TSP. The graphs show means (solid lines) and 95% conffdence bounds (dashed lines), for the parameters mutation probability and convergence set size, of the best (left graphs) and average solutions (right graphs) recorded from ten runs of the GA. Default parameter settings: n = 1500, p_c = 0.6 p_m = 0.05 ϵ = 0.000001 N = 10.

of mutation is theoretically required for convergence to global optimality, and it would appear in practice a small amount of mutation, at a level of p_m = 0.05 helps the algorithm to maintain enough diversiαcation in the search to reach solutions that crossover alone would not have found▷ The size of the ℓoptimalφ population is affected by the dimension of the problem▷ This seems reasonable since at each generation the population represents a biased sample of the solution space▷ The solution space grows rapidly as the problem dimension increases and and maintaining a popula tion that is capable of sustaining a level of diversity sufαciently indicative of the solution space ↼or regions of it↽ to guide the search to good quality solutions necessitates a larger population size for a larger problem▷ Although the same general behaviour is observed for all three problems when determining an ℓoptimalφ level of convergence the level at which the ℓphaseshiftφ occurs is not the same in all cases▷ The required level of ϵ needed to maintain ℓgoodφ results progressive becomes smaller as problem dimension increases▷ For the bays29 TSP ϵ = 0.1 is sufαcient for the eil51 TSP ϵ = 0.0001 is sufαcient and for the kroC100 TSP ϵ = 0.000001 is sufα cient▷ A steady decrease in ϵ is to be expected under the current termination procedure▷ For the bays29 TSP with a population size of 300 the fraction of the solution space represented by the population is 2^{×∋′′}_{∈∀→} ⇔ {≀∇ ⊔⟨⌉ ⌉⟩↕▽∞ TSP ⊒⟩⊔⟨ ⊣ √≀√⊓↕⊣⊔⟩≀\ ∫⟩‡⌉ ≀{ ▽′′ ⊔⟨⟩∫ {∇⊣⌋⊔⟩≀\ ⟨⊣∫ ∇⌉⌈⊓⌋⌉⌈ ⊔≀ ∈×▽′′ ▽′→ ⇔ ⊣\⌈ ⊔⟨⌉ {∇⊣⌋⊔⟩≀\ ⟩∫ {⊓∇⊔⟨⌉∇ ∇⌉⌈⊓⌋⌉⌈ {≀∇ ⊔⟨⌉ ‖∇≀C∞′′ TSP ⊒⟩⊔⟨ ⊣ √≀√⊓↕⊣⊔⟩≀\ ∫⟩‡⌉ ≀{ ∞▽′′ ⊔≀ ∈×∞▽′′ ∃∃→ ↙ A∫ ⊔⟨⌉ {∇⊣⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉ ⊔⟨⊣⊔ ⟩∫ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⌊† ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ∇⌉⌈⊓⌋⌉∫ ⟩⊔ ∫⌉⌉⇕∫ ∫⌉\∫⟩⌊↕⌉ ⊔⟨⊣⊔ ⊣ ∫⊔∇⟩⌋⊔⌉∇ ↕⌉⊑⌉↕ ≀{ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ √≀√⊓↕⊣⊔⟩≀\ ⟩∫ ∇⌉∐⊓⟩∇⌉⌈ ⟩{ ∫≀↕⊓⊔⟩≀\∫ ≀{ ⊣ ⌋≀⇕√⊣∇⊣⌊↕⌉ ∐⊓⊣↕⟩⊔† ⊣∇⌉ ⊔≀ ⌊⌉ √∇≀⌈⊓⌋⌉⌈↙ T⟨⌉ ∫⟩‡⌉ ≀{ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ∫⌉⊔ ∇⌉∐⊓⟩∇⌉⌈ ⊔≀ √∇≀⌈⊓⌋⌉ }≀≀⌈ ∫≀↕⊓⊔⟩≀\∫ ⌈≀⌉∫ \≀⊔ ∫⌉⌉⇕ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇↕† ⟩⇕√≀∇⊔⊣\⊔ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\ ⊣∫ ↕≀\} ⊣∫ ⊔⟨⌉ ↕⌉⊑⌉↕ ⟩∫ }∇⌉⊣⊔⌉∇ ⊔⟨⊣\ N = 10. From the empirical analysis of GA parameter selection two conclusions are apparent. The ffrst is that GAs are not good at precisely ffne-tuning a search to ffnd a particular solution in a good region. This is supported by the lack of improvement in the GA below a certain convergence level and by the indifference of the algorithm to the size of the convergence set. Secondly, the convergence procedure, while sufffcient for termination in the problems presented, is fraught with potential difffculty. As mentioned above, larger problems require smaller levels of ϵ meaning successive convergence sets must be very similar at high dimensions for the algorithm to terminate with good quality solutions▷ Since the GA paradigm requires a certain level of mutation the random element inherent in the algorithm may prevent convergence completely if ϵ is too small and the level of mutation is too high▷ It was hoped that using a convergence set of reasonable size would dampen the natural variation enough for convergence to occur▷ This does not always work since for the kroC100 problem no mutation level of above p_m = 0.15 was observed to converge▷ It seems a termination technique such as that discussed in section 3▷3 allowing for the GAφs natural variation is required▷

Chapter 4

Threshold Accepting Algorithms

4▷1 Threshold Accepting Threshold accepting ↼TA↽ is a generally applicable heuristic algorithm devel oped by Dueck and Scheuer ♭10♯ that can be used to solve combinatorial optimisation problems▷ TA is an iterative improvement method formally very similar to simulated annealing ↼SA↽ discussed at length in section 2▷8▷ Given an arbitrary solution to the problem both methods involve the selec tion of a neighbouring solution▷ This neighbourhood conαguration replaces the existing conαguration if a certain criterion is achieved and it is at this level that the essential difference between the two algorithms becomes apparent▷ In SA a new solution is accepted automatically if it is better ↼according to the objective function↽ than the current conαguration if it is worse then acceptance is governed by a probability▷ The probability is dependent on a control parameter called temperature that is slowly decreased ↼cooled↽ as the algorithm proceeds▷ Cooling has the effect that the probability of a worse solution being accepted is reduced as time increases▷ TA accepts a new solution if it is better than or φnot much worseℓ than the the existing conαguration formalised in the algorithm by a threshold param eter▷ In the case of minimisation any new solution less than the current con αguration quality plus the threshold is accepted as the new current solution▷ No stochastic test is required in the solution replacement procedure accep tance is totally deterministic although selection of a speciαc neighbourhood solution is stochastic▷ The greater simplicity of the algorithm leads to a claim of superiority of TA over SA made by Dueck and Scheuer ♭10♯▷ The threshold is decreased with time so that fewer worse solutions are accepted as the algorithm proceeds▷ Given a problem structure with cost function f(x) and neighbourhood structure N(x, σ) for a given conffguration x and a neighbourhood generation operator σ the pseudoalgorithm for TA in the case of minimisation is given in αgure 4▷1▷ begin choose an initial conαguration i choose an initial threshold T > 0 repeat choose a neighbour j ∈ N (i, σ) δ .= f(j) − f(i) if δ < T then i .= j end if if quality has not improved for some time or too many iterations then lower threshold T end if until quality has not improved for a long time end

Figure 4▷1▷ Pseudoalgorithm for the Threshold Accepting method▷ The algorithm repeatedly searches the neighbourhood of the current solution for a conαguration to become the new current solution▷ All solutions that are of a quality ℓnot much worseφ than that of the current conαguration are accepted regulated by the threshold parameter T ▷

4▷2 The Great Deluge Algorithm and the Record toRecord Travel Algorithm The TA principle can be simpliαed further resulting in two new generally applicable heuristics introduced by Dueck ♭11♯ the Great Deluge algorithm ↼GDA↽ and the RecordtoRecord Travel algorithm ↼RTRT↽▷ These two al gorithms differ from TA in the decision rule by which a neighbourhood candidate is accepted to replace the current solution▷ It is easy to visualise the GDA especially for maximisation▷ The quality of all solutions in the sample space together deαne a surface or a landscape of which the maximum or highest point is sought▷ By letting it ℓrainφ continu ously the amount of water covering the landscape the water level increases▷ The algorithm ℓwalksφ around the αctitious landscape ensuring the solution never falls below this rising water level▷ At some point the algorithm will become trapped on a ℓpeakφ surround by water and the hope is that the algorithm has then found a peak that is nearly optimal▷ This analogy is formalised by the pseudoalgorithm given in αgure 4▷2 showing the min imisation variant of the GDA with cost function f(x) and neighbourhood structure N(x, σ) for a solution x▷ RecordtoRecord Travel is very similar to the GDA the difference again lies in the acceptance rule▷ The RTRT algorithm accepts any new solution that has a quality not much worse than the best solution ↼or record↽ found so far▷ The pseudoalgorithm given in αgure 4▷3 shows this method implemented for minimisation with the same problem structure as given for the GDA▷ begin choose an initial conαguration i choose an initial rain speed U P > 0 choose an initial water level LEV EL > 0 repeat choose a neighbour j ∈ N (i, σ) if f(j) < LEV EL then i .= j LEV EL .= LEV EL − U P end if until quality has not improved for a long time or too many iterations end

Figure 4▷2▷ Pseudoalgorithm for the Great Deluge method▷ The algorithm repeatedly searches the neighbourhood of the current solution for a conαguration to become the new current solution▷ All solutions in the neighbourhood that are ℓunder waterφ are accepted regulated by the water level LEV EL▷

begin choose an initial conαguration i choose an allowed deviation DEV > 0 set RECORD .= f(i) repeat

choose a neighbour j ∈ N (i, σ) if f(j) < RECORD − DEV then i .= j end if if f(j) < RECORD then RECORD .= f(j) end if until quality has not improved for a long time or too many iterations end

Figure 4.3. Pseudo-algorithm for the Record-to-Record Travel method. The algorithm repeatedly searches the neighbourhood of the current solution for a conffguration to become the new current solution. All solutions in the neighbourhood that are of a quality ‘not much worse’ than the current best solution are accepted, dependent on the allowed deviation DEV ▷

4▷3 Parameter Selection The claim is made that the GDA and the RTRT algorithm depend only on a single parameter for the GDA this is the rain speed and for the RTRT algorithm it is the allowed deviation▷ Selecting a small deviation and large rain speed for the two algorithms respectively poor quality solutions are quickly produced▷ Alternatively by choosing a large deviation and a small rain speed good quality solutions are slowly generated▷ The job then lies in αnding appropriate values for these parameters balancing the two goals of speed and quality of solution▷ The exact balance will depend on the speciαc problem under consideration though generally it is hoped the algorithm will αnd good solutions in a ℓreasonableφ amount of time▷ Dueck ♭11♯ makes several suggestions concerning the selection of appro priate parameter values▷ For the GDA the rain speed UP is proposed to be on average somewhat smaller than 1ϱ of the average distance between the quality of the current solution and water level▷ This water level update is achieved by replacing the current LEV EL update procedure given in αgure 4▷2 with. if f(j) < LEV EL then i = j LEV EL = LEV EL − U P (LEV EL − f(j)) end if

where UP now represents a fraction▷ In the RTRT algorithm the allowed deviation DEV is taken to be a αxed fraction of the quality of the current best solution ↼i▷e▷ a fraction of RECORD↽ although a further suggestion is made that the size of the fraction should be reduced as the algorithm proceeds▷ This αrst proposal is achieved by replacing the RECORD update procedure in αgure 4▷3 with. if f(j) < RECORD then RECORD = f(j) DEV = RECORD × F RACT ION end if

4▷4 TAAn Intuitive Approach⋆ After some consideration of the three TA algorithms above it does not seem obvious why they should produce good quality solutions to a problem▷ Also the claims of the authors need to be addressed▷ Firstly�are the TA algorithms superior to the SA approach⋆ Consider the following situation▷ Assume in minimising a problem P there is a current solution to P x▷ Associated with x is a measure of quality f(x) and a neighbourhood structure N(x, σ). Randomly generate a neighbouring solution y ∈ N(x, σ) as a candidate to replace x as the present solution▷ Two cases result either f(y) ≤ f(x) or f(y) > f(x). The SA and TA algorithms differ in the manner in which the second situation is handled, i.e. in the acceptance of a conffguration worse than the current one. • S⟩⇕⊓↕⊣⊔⌉⌈ ⊣\\⌉⊣↕⟩\} ⟨⊣\⌈↕⌉∫ ⊔⟨⌉ ⊣⌋⌋⌉√⊔⊣\⌋⌉ ≀{ ⊣ ⊒≀∇∫⌉ ∫≀↕⊓⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ∫⊔≀⌋⟨⊣∫⊔⟩⌋ ⊔⌉∫⊔ ⌈⌉√⌉\⌈⌉\⊔ ≀\ ⊔⟨⌉ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉ √⊣∇⊣⇕⌉⊔⌉∇↙ f(y) ≤ f(x): Accept y as the new solution with probability 1▷ f(y) > f(x): Accept y as the new solution with probability exp(^{△E}_T ), where △E is the difference in quality between the two conαgura tions and T is the temperature▷ • T⟨∇⌉∫⟨≀↕⌈ ⊣⌋⌋⌉√⊔⟩\} ⇕⌉⊔⟨≀⌈∫ ⊣⌋⌋⌉√⊔ ⊣\ ⟩\{⌉∇⟩≀∇ ∫≀↕⊓⊔⟩≀\ ⟩{ ⟩⊔ ⟩∫ ⊖\≀⊔ ⇕⊓⌋⟨ ⊒≀∇∫⌉⪰ ⊔⟨⊣\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌋≀\⊘}⊓∇⊣⊔⟩≀\↙ f(y) ≤ f(x): Accept y as the new solution with probability 1▷ f(y) > f(x): Accept y as the new solution if f(y) − f(x) ≤ T where T is the threshold▷ Thus a general neighbourhood solution y is accepted with a probability^{|m(x)|}_{|M (x)|} ⊒⟨⌉∇⌉ M(x) = {i|f(i) > f(x), i ∈ N(x, σ)} ⊣\⌈ m(x) = {i|f(i) − f(x) ≤ T, i ∈ N(x, σ)}↙ I\ ⌉⟩⊔⟨⌉∇ ⌋⊣∫⌉ ⊣ ⊒≀∇∫⌉ \⌉⟩}⟨⌊≀⊓∇⟩\} ∫≀↕⊓⊔⟩≀\ ⟩∫ ⊣⌋⌋⌉√⊔⌉⌈ ⊒⟩⊔⟨ ⊣ }⟩⊑⌉\ √∇≀⌊⊣⌊⟩↕⟩⊔†⇔ ⌉§√(^{△E}_T ) for SA and^{|m(x)|}_{|M (x)|} {≀∇ TA↙ B≀⊔⟨ ⊣↕}≀∇⟩⊔⟨⇕∫ ⟨⊣⊑⌉ ⊣ √∇≀⌊↖ ⊣⌊⟩↕⟩∫⊔⟩⌋ ⊣⌋⌋⌉√⊔⊣\⌋⌉ ≀{ ⊣\ ⟩\{⌉∇⟩≀∇ ∫≀↕⊓⊔⟩≀\⇔ ⟩⊔ ⟩∫ |⊓∫⊔ ⊔⟨⊣⊔ ⟩\ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ TA ⊔⟨⌉ ∫⊔≀⌋⟨⊣∫⊔⟩⌋ ⌉↕⌉⇕⌉\⊔ ≀{ ⊔⟨⌉ ⊔⌉∫⊔ ⊔≀ ⊣⌋⌋⌉√⊔ ⊣ ⌋⊣\⌈⟩⌈⊣⊔⌉ ⟩∫ ⊢⟨⟩⌈⌈⌉\≃ ⟩\ ⊔⟨⌉ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ }⌉\⌉∇⊣⊔⟩≀\ √∇≀⌋⌉∫∫↙ T⟨⌉ ⌋↕⊣⟩⇕ ⊔⟨⌉\ ⊔⟨⊣⊔ TA ⇕⌉⊔⟨≀⌈∫ ⊣∇⌉ ⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⟩\ ⊔⟨⌉⟩∇ ⊣⌋⌋⌉√⊔⊣\⌋⌉ ∇⊓↕⌉∫ ⟩∫ ⌈⌉⌊⊣⊔⊣⌊↕⌉↙ I⊔ ∫⌉⌉⇕∫ {∇≀⇕ ⊔⟨⟩∫ √≀⟩\⊔ ≀{ ⊑⟩⌉⊒ ⊔⟨⊣⊔ ⊔⟨⌉ TA ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣∇⌉ \≀⊔ ⊣ \⌉⊒ ⌋≀\⌋⌉√⊔ ⟩\ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫ ⌊⊓⊔ ⊣∇⌉ ⊣ ⊑⊣∇⟩⊣⊔⟩≀\ ≀\ ⊔⟨⌉ ⊣\\⌉⊣↕⟩\} ⊔⟨⌉⇕⌉⇔ ⊣\ ⟩⊔⌉∇⊣⊔⟩⊑⌉ ⟩⇕√∇≀⊑⌉⇕⌉\⊔ ⊣↕}≀↖ ∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⟨⊣∫ ⊣ √∇≀⌊⊣⌊⟩↕⟩∫⊔⟩⌋ ⊣⌋⌋⌉√⊔⊣\⌋⌉ ≀{ ⟩\{⌉∇⟩≀∇ ∫≀↕⊓⊔⟩≀\∫↙ N⌉⊑⌉∇⊔⟨⌉↕⌉∫∫ ⊔⟨⌉ TA ⊣↕}≀∇⟩⊔⟨⇕∫ ⟨⊣⊑⌉ ≀\↕† ≀\⌉ ∫⊔≀⌋⟨⊣∫⊔⟩⌋ √∇≀⌋⌉∫∫ ⊣⊔ ⊒≀∇‖ ⊣∫ ≀√√≀∫⌉⌈ ⊔≀ ⊔⟨⌉ ⊔⊒≀ √∇≀⌋⌉∫∫⌉∫ {≀∇ ∫⊔⊣\⌈⊣∇⌈ SA⇔ ∇⌉∫⊓↕⊔⟩\} ⟩\ ⊣ ∫⟩⇕√↕⌉∇ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ ∫⌉⌋≀\⌈ ⌋↕⊣⟩⇕ ⊔⟨⊣⊔ D⊓⌉⌋‖ ∪∞∞⊎ ⇕⊣‖⌉∫ ⌋≀\⌋⌉∇\⟩\} ⊔⟨⌉ GDA ⊣\⌈ ⊔⟨⌉ RTRT ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⌈⌉√⌉\⌈ ≀\↕† ≀\ ⊣ ∫⟩\}↕⌉ √⊣∇⊣⇕⌉⊔⌉∇↙ L≀≀‖⟩\} ⊣⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕∫ √∇⌉∫⌉\⊔⌉⌈ ⟩\ ⊘}⊓∇⌉ △↙∈ ⊣\⌈ ⊘}⊓∇⌉ △↙∋ ⟩⊔ ∫⌉⌉⇕∫ ⌋≀\⌋⌉⟩⊑⊣⌊↕⌉ ⊔⟨⊣⊔ ≀⊔⟨⌉∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⇕⟩}⟨⊔ ⟨⊣⊑⌉ ⊣\ ⌉{{⌉⌋⊔ ≀\ ⌊≀⊔⟨ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ⊣\⌈ ⊔⟨⌉ ∇⊓\ ⊔⟩⇕⌉↙ F≀∇ ⊔⟨⌉ GDA ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫⟨≀⊓↕⌈ ⌊⌉ ⌋≀\∫⟩⌈⌉∇⌉⌈¬ • T⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌋≀\⊘}⊓∇⊣⊔⟩≀\↙ I\ ⟩⊔∫⌉↕{ ⊔⟨⌉ ∫⊔⊣∇⊔⟩\} ∫≀↕⊓⊔⟩≀\ ∫⟨≀⊓↕⌈\≃⊔ ⊣{{⌉⌋⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ≀⊓⊔⌋≀⇕⌉ }∇⌉⊣⊔↕†⇔ ∫⟩\⌋⌉ ⊔⟨⌉ √⊓∇√≀∫⌉ ≀{ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⟩∫ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊣ ⌋⊣\ ⌊⌉ ⌉∫⌋⊣√⌉⌈ ⌊† ⊣⌋⌋⌉√⊔⟩\} ⟩\{⌉∇⟩≀∇ ∫≀↕⊓⊔⟩≀\∫ ⟩\ ⊣ ⌋≀\⊔∇≀↕↕⌉⌈ ⇕⊣\\⌉∇↙ H≀⊒⌉⊑⌉∇ ⟩\ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ⊒⟩⊔⟨ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ≀⊔⟨⌉∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ⌋≀⊓↕⌈ √∇⌉∫⌉\⊔ ⊣ √∇≀⌊↕⌉⇕↙ • T⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕↙ D⊓⌉⌋‖ ∪∞∞⊎ ∫⊓}}⌉∫⊔∫ ⊔⟨⊣⊔ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ∫⟨≀⊓↕⌈ ⌊⌉ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\↙ B⊓⊔ ⟩{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\ ⟨⊣√√⌉\∫ ⊔≀ ⌊⌉ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ ≀∇ \⌉⊣∇ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ ⊔⟨⌉\ ⊔⟨⌉ ⊣↕}≀↖ ∇⟩⊔⟨⇕ ⊒⟩↕↕ \⌉⊑⌉∇ ⌉∫⌋⊣√⌉ ⊔≀ ⊘\⌈ ⊣ ⌊⌉⊔⊔⌉∇ ∫≀↕⊓⊔⟩≀\↙ C≀\∫⟩⌈⌉∇ ⊘}⊓∇⌉ △↙△↙ ∀′

F⟩}⊓∇⌉ △↙△↙ A GDA ⌉§⊣⇕√↕⌉↙ C≀\∫⟩⌈⌉∇ ⊘\⌈⟩\} ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ≀{ ⊔⟨⟩∫ ∫≀↕⊓⊔⟩≀\ ↕⊣\⌈∫⌋⊣√⌉ ⊓∫⟩\} ⊔⟨⌉ GDA↙ B† ∫⌉⊔⊔⟩\} ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⊔≀ ⌊⌉ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⊔⟨⌉ ∫⊔⊣∇⊔ ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ⟩⊔ ⟩∫ \≀⊔ √≀∫∫⟩⌊↕⌉ ⊔≀ ∇⌉⊣⌋⟨ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ⊑⊣↕⊓⌉ ⊣⊔ B⇔ ∫⟩\⌋⌉ ⊔≀ ⌈≀ ∫≀ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⇕⊓∫⊔ √⊣∫∫ ⊔⟨∇≀⊓}⟨ A ⊒⟨⟩⌋⟨ ⟩∫ ⌋⊓∇∇⌉\⊔↕† ⊢⊓\⌈⌉∇ ⊒⊣⊔⌉∇≃↙ A∫ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⊒⟩↕↕ ≀\↕† ⌉⊑⌉∇ ⟩\⌋∇⌉⊣∫⌉⇔ B ⌋⊣\ \⌉⊑⌉∇ ⌊⌉ ∇⌉⊣⌋⟨⌉⌈↙ • T⟨⌉ ∇⊣⟩\ ∫√⌉⌉⌈ ⊣\⌈ ⊔⟨⌉ ⊒⊣† ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ∇⊣⟩\ ∫√⌉⌉⌈ ⌋⊣\ ⌋⟨⊣\}⌉ ⌈⊓∇⟩\} ⊣ ∇⊓\ ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ T⟨⌉ ∇⊣⟩\ ∫√⌉⌉⌈ ⟩∫ ⊔⟨⌉ ≀⌊⊑⟩≀⊓∫ √⊣∇⊣⇕⌉⊔⌉∇ ⊔⟨⊣⊔ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⌊≀⊔⟨ ⊔⟨⌉ ∫√⌉⌉⌈ ⊣\⌈ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\↙ I{ ⟩⊔ ⟩∫ ↕⊣∇}⌉ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⊒⟩↕↕ ⟩\⌋∇⌉⊣∫⌉ ∇⊣√⟩⌈↕† ⊔∇⊣√√⟩\} ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩\ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕ }⟩⊑⟩\} ⊣ √≀≀∇ ∇⌉∫⊓↕⊔↙ A ∫⇕⊣↕↕ ∇⊣⟩\ ∫√⌉⌉⌈ ⊣↕↕≀⊒∫ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⇕≀∇⌉ ⊔⟩⇕⌉ ⊔≀ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉ ⊣\⌈ }⟩⊑⌉∫ }∇⌉⊣⊔⌉∇ ≀√√≀∇⊔⊓\⟩⊔† ⊔≀ ⌉∫⌋⊣√⌉ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊣⇔ √∇≀⌈⊓⌋⟩\} ⌊⌉⊔⊔⌉∇ ∐⊓⊣↕⟩⊔† ∫≀↕⊓⊔⟩≀\∫↙ I⊔ ⌈≀⌉∫ \≀⊔ ∫⌉⌉⇕ ≀⌊⊑⟩≀⊓∫ ⊒⟨† ⊣ ∫↕≀⊒ ∇⟩∫⌉ ⟩\ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ∫⟨≀⊓↕⌈ √∇⌉↖ ⊑⌉\⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ {∇≀⇕ ⌊⌉⌋≀⇕⟩\} ⊔∇⊣√√⌉⌈ ⟩\ ⊣ ↕≀⌋⊣↕ ⇕⟩\⟩⇕⊓⇕↙ A↕∫≀ ⊔⟨⌉ ⇕⊣\\⌉∇ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⟩\⌋∇⌉⊣∫⌉∫ \⌉⌉⌈∫ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\↙ I∫ ⊣ ⌋≀\∫⊔⊣\⊔ ∇⊣⟩\ ∫√⌉⌉⌈ ⇐√⌉∇⟨⊣√∫ ↕⟩\‖⌉⌈ ⊔≀ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ∫⟩‡⌉⇒ ⟩\⟨⌉∇⌉\⊔↕† ⊒≀∇∫⌉ ⊔⟨⊣\ ⊣ ∇⊣⟩\ ∫√⌉⌉⌈ ↕⟩\‖⌉⌈ ⊔≀ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ {∇≀⇕ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕⊥ I{ ∫≀ ⊒⟨†⊥ • T⟨⌉ ∫⊔≀√√⟩\} ⌋≀\⌈⟩⊔⟩≀\∫↙ T⟨⌉ GDA ⟨⊣∫ ⊔⊒≀ ∫√⌉⌋⟩⊘⌉⌈ ∫⊔≀√√⟩\} ⌋≀\⌈⟩↖ ⊔⟩≀\∫⇔ ⌉⟩⊔⟨⌉∇ \≀ ⟩\⌋∇⌉⊣∫⌉ ⟩\ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† {≀∇ ∫≀⇕⌉ ⊔⟩⇕⌉ ≀∇ ⊔≀≀ ⇕⊣\† ⟩⊔⌉∇⊣⊔⟩≀\∫ ⟨⊣⊑⌉ ≀⌋⌋⊓∇∇⌉⌈↙ S√⌉⌋⟩{†⟩\} ⊣ ⇕⊣§⟩⇕⊓⇕ \⊓⇕⌊⌉∇ ≀{ ⟩⊔⌉∇⊣⊔⟩≀\∫ ∫⌉⌉⇕∫ ⊔≀ ⌊⌉ ⊣ {⊣⟩↕∫⊣{⌉ ⌋≀\⌈⟩⊔⟩≀\⇔ ⌉\∫⊓∇⟩\} ⊔⟨⊣⊔ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟩↕↕ ⊘\⟩∫⟨ ⟩\ ⊣ ∇⌉⊣∫≀\⊣⌊↕⌉ ⊣⇕≀⊓\⊔ ≀{ ⊔⟩⇕⌉↙ I{ \≀ ⟩\⌋∇⌉⊣∫⌉ ⟩\ ∐⊓⊣↕⟩⊔† ⟨⊣∫ ≀⌋⌋⊓∇∇⌉⌈ {≀∇ ∫≀⇕⌉ ⊔⟩⇕⌉ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔∇⊣√√⌉⌈ ⌊† ⊔⟨⌉ ∇⟩∫⟩\} ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⟩\ ⊣ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕⇔ ∫≀ \≀ {⊓∇⊔⟨⌉∇ ⟩⇕√∇≀⊑⌉⇕⌉\⊔∫ ⌋⊣\ ⌊⌉ ⇕⊣⌈⌉⇔ ⟩⊔ ⟩∫ |⊓∫⊔ ⊣ ∐⊓⌉∫⊔⟩≀\ ≀{ ⟨≀⊒ ⇕⊓⌋⟨ ≀{ ⊔⟨⌉ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⊔≀ ∫⌉⊣∇⌋⟨ ⌊⌉{≀∇⌉ ⊣⌈⇕⟩⊔⊔⟩\} ⌈⌉{⌉⊣⊔↙ B≀⊔⟨ ⊔⟨⌉∫⌉ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊣∇⌉ ⌈⌉√⌉\⌈⌉\⊔ ≀\ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⌈⟩⇕⌉\↖ ∫⟩≀\ ⊣\⌈ ⊒⟩↕↕ ⊣{{⌉⌋⊔ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ⟩{ ∫⌉⊔ ⊔≀≀ ↕≀⊒↙ W⟨⌉⊔⟨⌉∇ ⊔⟨⌉∇⌉ ⟩∫ ⊣\† ⟩\⊔⌉∇⊣⌋⊔⟩≀\ ≀{ ⊔⟨⌉ ∫⊔≀√√⟩\} ⌋≀\⌈⟩⊔⟩≀\∫ ⊒⟩⊔⟨ ≀⊔⟨⌉∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⇐∫⊓⌋⟨ ⊣∫ ⊔⟨⌉ ∇⊣⟩\ ∫√⌉⌉⌈⇒ ∇⌉⇕⊣⟩\∫ ⊔≀ ⌊⌉ ∫⌉⌉\↙ T⟨⌉ RTRT ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣∫ ∫⟩⇕⟩↕⊣∇ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\∫ {≀∇ ⟩⊔∫ √⊣∇⊣⇕⌉⊔⌉∇∫↙ T⟨⌉ ⌋≀\⌋⌉∇\∫ {≀∇ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ⌋≀\⊘}⊓∇⊣⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ ∫⊔≀√√⟩\} ⌋≀\⌈⟩⊔⟩≀\∫ ⊣∇⌉ ∫⟩⇕⟩↕⊣∇ ∀∞

⊔≀ ⊔⟨≀∫⌉ {≀∇ ⊔⟨⌉ GDA↙ O⊔⟨⌉∇ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔≀ ⌋≀\∫⟩⌈⌉∇ ⟩\ ⊔⟨⌉ RTRT ⊣√√∇≀⊣⌋⟨ ⊣∇⌉¬ • T⟨⌉ ⟩\⟩⊔⟩⊣↕ ∇⌉⌋≀∇⌈↙ T⟨⌉ ⟩\⟩⊔⟩⊣↕ ∇⌉⌋≀∇⌈ ⟩∫ ∫⌉⊔ ⊔≀ ⌊⌉ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\ ⊒⟨⟩⌋⟨ ⟩∫ ⌋≀∇∇⌉⌋⊔ ∫⟩\⌋⌉ ⊔⟨⌉ ⊘∇∫⊔ ∫≀↕⊓⊔⟩≀\ ∫⌉↕⌉⌋⊔⌉⌈ ⟩∫ ⊣↕∫≀ ⊔⟨⌉ ⌊⌉∫⊔ ≀\⌉ {≀⊓\⌈ ∫≀ {⊣∇↙ B⊓⊔ ⟩{ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⊣↕∇⌉⊣⌈† ⊣ }≀≀⌈ ∫≀↕⊓⊔⟩≀\ ⊒⟨⊣⊔ √∇≀⌊↕⌉⇕∫ ⌈≀⌉∫ ⊔⟨⟩∫ √∇⌉∫⌉\⊔⇔ ⌉∫√⌉⌋⟩⊣↕↕† ⟩\ ⌋≀⇕⌊⟩\⊣⊔⟩≀\ ⊒⟩⊔⟨ ⊔⟨⌉ ⊣↕↕≀⊒⌉⌈ ⌈⌉⊑⟩⊣⊔⟩≀\⊥

F⟩}⊓∇⌉ △↙▽↙ A RTRT ⌉§⊣⇕√↕⌉↙ C≀\∫⟩⌈⌉∇ ⊘\⌈⟩\} ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ≀{ ⊔⟨⟩∫ ∫≀↕⊓⊔⟩≀\ ↕⊣\⌈∫⌋⊣√⌉ ⊓∫⟩\} ⊔⟨⌉ RTRT ⊣↕}≀∇⟩⊔⟨⇕↙ I{ ⊣ ∫⇕⊣↕↕ ⌈⌉⊑⟩⊣⊔⟩≀\ ⟩∫ ⊣↕↕≀⊒⌉⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ \⌉⊑⌉∇ ∇⌉⊣⌋⟨ ⊔⟨⌉ ⇕⊣§⟩⇕⊓⇕ ⊣⊔ B ∫⟩\⌋⌉ ⟩⊔ ⌋⊣\\≀⊔ }≀ √⊣∫⊔ ⊔⟨⌉ ⇕⟩\⟩⇕⊓⇕ ⊣⊔ A↙ A↕⊔⌉∇\⊣⊔⟩⊑⌉↕†⇔ ⌊† ⟨⊣⊑⟩\} ⊣ ↕⊣∇}⌉ ⌈⌉⊑⟩⊣⊔⟩≀\ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ∇⊣\⌈≀⇕↕† ∫⌉⊣∇⌋⟨⌉∫ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉↙ • T⟨⌉ ⊣↕↕≀⊒⌉⌈ ⌈⌉⊑⟩⊣⊔⟩≀\↙ D⊓⌉⌋‖ ∪∞∞⊎ ⇕⊣‖⌉∫ ⊔⟨⌉ ⌋↕⊣⟩⇕ ⊔⟨⊣⊔ ⊣ ∫⇕⊣↕↕ ⌈⌉↖ ⊑⟩⊣⊔⟩≀\ ∇⊣√⟩⌈↕† }⟩⊑⌉∫ ∇⌉∫⊓↕⊔∫ ≀{ ↕≀⊒ ∐⊓⊣↕⟩⊔† ⊒⟨⟩⌋⟨ ⟩∫ ∇⌉⊣∫≀\⊣⌊↕⌉ ∫⟩\⌋⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟩↕↕ \≀⊔ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ⌉∫⌋⊣√⌉ {∇≀⇕ ∫≀⇕⌉ ↕≀⌋⊣↕ ≀√⊔⟩⇕⊓⇕↙ L⊣∇}⌉ ⌈⌉⊑⟩⊣⊔⟩≀\∫ ⊣∇⌉ ⊔≀⊓⊔⌉⌈ ⊔≀ }⟩⊑⌉ ⌊⌉⊔⊔⌉∇ ∐⊓⊣↕⟩⊔† ∫≀↕⊓⊔⟩≀\∫ ⊣⊔ ⊔⟨⌉ ⌉§√⌉\∫⌉ ≀{ ∇⊓\ ⊔⟩⇕⌉↙ I{ ⊔⟨⌉ ⌈⌉⊑⟩⊣⊔⟩≀\ ⟩∫ ↕⊣∇}⌉ ⌉\≀⊓}⟨ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⌉{{⌉⌋⊔⟩⊑⌉↕† √⌉∇{≀∇⇕⟩\} ⊣ ∇⊣\⌈≀⇕ ∫⌉⊣∇⌋⟨ ≀⊑⌉∇ ⊔⟨⌉ ⌉\⊔⟩∇⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉⇔ ⊔⟨⌉ ⊣↕}≀↖ ∇⟩⊔⟨⇕ ⌈≀⌉∫ \≀⊔ ∫⌉⌉⇕ ⊔≀ ⌋≀\⊑⌉∇}⌉ ⟩\ ⊣\† ∫⌉\∫⌉ ⊔≀ ⊔⟨⌉ }↕≀⌊⊣↕ ≀√⊔⟩⇕⊓⇕↙ F⟩}⊓∇⌉ △↙▽ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉∫ ⊔⟨⌉∫⌉ ⌉§⊔∇⌉⇕⌉∫↙ T⟨⌉ ∫⊓}}⌉∫⊔⟩≀\ ≀{ D⊓⌉⌋‖ ∪∞∞⊎ ⊔≀ ⟨⊣⊑⌉ ⊣ ⌈⌉⊑⟩⊣⊔⟩≀\ ⊔⟨⊣⊔ ⌈⌉⌋∇⌉⊣∫⌉∫ ⊒⟩⊔⟨ ⊔⟩⇕⌉ ⇕⊣‖⌉∫ ∫⌉\∫⌉⇔ ⊣∫ ⊔⟨⟩∫ ⊒⟩↕↕ ⌈⟩⊑⌉∇∫⟩{† ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⊣⊔ ⊔⟨⌉ ⌊⌉}⟩\\⟩\} ≀{ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕⇔ ⌊∇≀⊣⌈↕† ∫⌉⊣∇⌋⟨↖ ⟩\} ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉⇔ ⊣\⌈ ⟩\⊔⌉\∫⟩{† ⊔⟨⌉ ∫⌉⊣∇⌋⟨ ⊣⊔ ⊔⟨⌉ ⌉\⌈⇔ ∇⌉⊘\⟩\} ⊔⟨⌉ √∇≀⌋⌉∫∫ ⊔≀ √∇≀⌈⊓⌋⌉ ⊣ ↕≀⌋⊣↕↕† ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\↙

△↙▽ E⇕√⟩∇⟩⌋⊣↕ A\⊣↕†∫⟩∫ T≀ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉ ⊒⟨⟩⌋⟨ √⊣∇⊣⇕⌉⊔⌉∇∫ ⟨⊣⊑⌉ ⊔⟨⌉ }∇⌉⊣⊔⌉∫⊔ ⌉{{⌉⌋⊔ ≀\ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ⊣\⌈ ⊔⟩⇕⌉ ⊔⊣‖⌉\ ⌊† ⊔⟨⌉ GDA ⊣\⌈ ⊔⟨⌉ RTRT ⊣↕}≀∇⟩⊔⟨⇕⇔ ⊣ ∫⌉∇⟩⌉∫ ≀{ ⌉⇕√⟩∇⟩⌋⊣↕ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔↙ T⟨⌉∫⌉ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⊓∫⌉ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕ ⇐TSP⇒ ⊔≀ ⊣\⊣↕†∫⌉ ⟨≀⊒ ⊔⟨⌉ ⊖≀√⊔⟩⇕⊣↕⪰ √⊣∇⊣⇕⌉⊔⌉∇∫

∀∈

⌊⌉⟨⊣⊑⌉⇔ ⌉∫√⌉⌋⟩⊣↕↕† ⊣∫ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ∫⟩‡⌉ ⇐⟩\ ⊔⟨⟩∫ ⌋⊣∫⌉ ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⌋⟩⊔⟩⌉∫⇒ ⟩\⌋∇⌉⊣∫⌉∫↙ A {⊓↕↕ ⌈⌉∫⌋∇⟩√⊔⟩≀\ ≀{ ⊔⟨⌉ TSP ⟩∫ }⟩⊑⌉\ ⟩\ ⌋⟨⊣√⊔⌉∇ ∈↙ T⟨⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ⊔⟨⌉∫⌉ ⊔⊒≀ TA ⊣↕}≀∇⟩⊔⟨⇕∫ ⟩∫ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨∇⌉⌉ E⊓⌋↕⟩⌈⌉⊣\ TSP √∇≀⌊↕⌉⇕∫ ≀{ ∫⟩‡⌉∫ ▽∞⇔ ∞′′ ⊣\⌈ ∞▽′⇔ ⟨⌉\⌋⌉{≀∇⊔⟨ ∇⌉{⌉∇∇⌉⌈ ⊔≀ ⊣∫ ⌉⟩↕▽∞⇔ ‖∇≀C∞′′⇔ ⊣\⌈ ‖∇≀A∞▽′ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ D⌉∫⌋∇⟩√⊔⟩≀\∫ ≀{ ⊔⟨⌉∫⌉ ⊔⟨∇⌉⌉ TSP √∇≀⌊↕⌉⇕∫ ⌋⊣\ ⌊⌉ {≀⊓\⌈ ⟩\ ⊣√√⌉\⌈⟩§ B↙ I\ ⌉⊣⌋⟨ ⌋⊣∫⌉ ⊔⟨⌉ ⌊⌉∫⊔ ⌋†⌋↕⟩⌋ ⊔≀⊓∇ ≀{ ⇕⟩\⟩⇕⊓⇕ ↕⌉\}⊔⟨ |≀⟩\⟩\} ⊣↕↕ ⌋⟩⊔⟩⌉∫ ⟩∫ ∫≀⊓}⟨⊔↙ T≀ ⊣⌋⟨⟩⌉⊑⌉ ⊔⟨⟩∫ }≀⊣↕ ⌊≀⊔⟨ GDA ⊣\⌈ ⊔⟨⌉ RTRT ⊣↕}≀∇⟩⊔⟨⇕ ⌊⌉}⟩\ ⊒⟩⊔⟨ ⊣ ∇⊣\⌈≀⇕ ⊔≀⊓∇ ⊣\⌈ ⌊† ⊓∫⌉ ⊔⟨⌉ ∈↖⌋⟨⊣\}⌉ ≀√⌉∇⊣⊔⟩≀\⇔ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⊣√√⌉\⌈⟩§ A⇔ ⊔≀ √⌉∇⊔⊓∇⌊ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⊔≀⊓∇ ⊔≀ √∇≀⌈⊓⌋⌉ ⊣ ⌋⊣\⌈⟩⌈⊣⊔⌉ {≀∇ ∫⌉↕⌉⌋⊔⟩≀\ ⊔≀ ∇⌉√↕⊣⌋⌉ ⊔⟨⌉ √∇⌉∫⌉\⊔ ∫≀↕⊓⊔⟩≀\↙ T⟨⌉ ⊣⌋⌋⌉√⊔⊣\⌋⌉ ∇⊓↕⌉∫ {≀∇ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ {≀∇ ⌉⟩⊔⟨⌉∇ ⊣↕}≀∇⟩⊔⟨⇕ ⊣∇⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ∫⌉⌋⊔⟩≀\ △↙∈↙ W⟨⌉∇⌉ √≀∫∫⟩⌊↕⌉⇔ ⊔≀⊓∇ ↕⌉\}⊔⟨∫ ⊣∇⌉ ⌉§√∇⌉∫∫⌉⌈ ⟩\ ⊔⌉∇⇕∫ ≀{ ⊣ √⌉∇⌋⌉\⊔⊣}⌉ ⊣⌊≀⊑⌉ ⊔⟨⌉ ≀√⊔⟩⇕⊓⇕ ⊔≀⊓∇ ∞⊣\⌈ ⊔⟩⇕⌉∫ ⊣∇⌉ }⟩⊑⌉\ ⟩\ ∫⌉⌋≀\⌈∫ ≀{ CPU ⊔⟩⇕⌉ ∈↙ F≀∇ ⊔⟨⌉ GDA ⊔⟨⌉ √⊣∇⊣⇕⌉⊔⌉∇ UP represents a fraction as described in section 4▷3 and NSize is related to the αrst stopping condition if no new solution is found to replace the current conαguration in NSize iterations the algorithm terminates▷ NSize determines how many times the neigh bourhood is sampled before the decision is made that no better solution will be found▷ The maximum number of iterations is set arbitrarily large in all runs so as not to interfere with the process proper allowing the algorithm to converge to a local optimum rather than terminating prematurely▷ Since the RTRT algorithm is a threshold accepting algorithm similar to the GDA algorithm with a Ψwaterlevelν in the RTRT algorithm given by RECORD − DEV similar results to those found by the GDA are expected▷ For this reason the following empirical study will look only at the GDA▷ 4▷5▷1 GDA Results eil51 Ten runs of the eil51 problem were performed for fractional UP values of 0.005 0.01 0.05 0.1 0.5 and 1 and for NSize values of 250 500 750 1000 1250 and 1500▷ The maximum number of iterations was set at 1000000 and none of the runs came close to this limit allowing all runs of the algorithm to terminate because of some form of convergence rather than to this more arbitrary stopping condition▷ The GDA was run for each set of parameter values on the same ten seeds used in the random number generator3 so any conclusions made about the GDA are more likely due to different parameter settings rather than to different random number streams▷ 1Where the optimum tour is not known the best possible tour found is used in its place▷ 2Details of the machine used for the analysis and the function used to record CPU time are found in appendix C▷ 3A random number generator is a structure provided by most programming languages to produce a sequence of randomly ordered bits the exact sequence determined by the seed provided to the generator▷ Random bits can be interpreted as numbers▷ A random number distribution uses the bits produced by the generator to give numbers from a given distribution discrete uniform numbers for example▷

Results from the runs are shown in table 4▷1 and table 4▷2 with graphical interpretations of the results given in αgure 4▷7 and αgure 4▷6▷ UP NSize 250 500 750 1000 1250 1500 0▷005 mean 60▷5 113 154 169 200 225 var 144 316 216 440 827 577 0▷01 mean 36▷2 64▷3 80▷2 98▷5 104 128 var 23 111 184 379 532 346 0▷05 mean 10▷1 16▷8 22▷3 25▷9 30▷6 34▷8 var 8▷06 20▷5 18▷9 30▷2 43 47▷7 0▷1 mean 6▷08 10▷1 13▷2 15▷7 19▷3 19▷2 var 0▷82 4▷73 9▷97 12▷9 60▷3 12▷6 0▷5 mean 2▷25 3▷24 4▷73 5▷04 5▷69 6▷29 var 0▷31 0▷336 4▷72 1▷48 2▷61 2▷74 1 mean 1▷34 2▷04 2▷7 2▷86 3▷39 3▷74 var 0▷0868 0▷146 0▷11 0▷122 0▷81 0▷841 Table 4▷1▷ Running times for the GDA on the eil51 TSP▷ Ten runs where made for each parameter setting and the run times measured in seconds of CPU time were recorded with the means and variances displayed above

UP NSize 250 500 750 1000 1250 1500 0▷005 mean 21▷91 9▷49 5▷74 5▷06 3▷70 2▷72 var 23▷20 4▷14 1▷72 1▷96 0▷42 0▷90 0▷01 mean 18▷13 8▷51 6▷28 4▷18 3▷90 2▷36 var 17▷15 5▷65 5▷51 6▷73 7▷60 1▷63 0▷05 mean 15▷32 6▷57 4▷17 3▷37 2▷75 2▷22 var 87▷83 8▷07 3▷95 3▷31 2▷10 1▷34 0▷1 mean 12▷07 6▷99 5▷09 4▷70 4▷09 3▷72 var 7▷58 3▷91 3▷17 2▷92 2▷80 1▷83 0▷5 mean 11▷00 7▷53 6▷29 5▷64 5▷47 5▷24 var 19▷02 12▷81 7▷61 8▷43 8▷65 8▷42 1 mean 19▷21 12▷16 9▷18 9▷18 8▷40 7▷89 var 68▷24 36▷78 29▷84 29▷84 24▷57 14▷86 Table 4▷2▷ GDA solution quality for the eil51 TSP▷ Ten runs where made for each parameter setting and the best tour lengths found measured as percentages above the optimal tour were recorded with means and variances displayed above▷ Figure 4▷6 displays the run times of the GDA algorithm▷ For a given UP value as log(NSize) increases, there is a linear relationship with log(time) such that log(time) increases as log(NSize) increases. Further more there is a linear relationship for a given NSize value between log(time) and log(UP ), log(time) decreases in a linear manner as log(UP ) increases.

Figure 4.7 shows the trends in tour lengths for varying NSize and UP values using cost measured as a fraction above the optimal tour length▷ For a given NSize value it is expected that smaller UP parameters will yield

Figure 4▷6▷ Graphical representation of GDA run times on the eil51 problem▷ See table 4▷1 for greater detail▷ better results▷ Contrary to expectations for all values of NSize shown smaller parameters do not produce better results even though the running times for such parameters are higher▷ However relative rankings of which parameters do better appear to change as NSize increases smaller UP values improving more than larger values▷ If this trend continues then by increasing the NSize value sufαciently smaller UP values should be observed to give the best results▷ Figure 4▷8 shows mean times and costs for 10 repetitions of the eil51 TSP for NSize taking values up to 10000▷ It would seem that better results are produced for smaller UP values only if NSize is sufαciently large▷ It is also clear from αgure 4▷8 that increasing NSize beyound a certain size is of little use since this will only produce the same results in more time▷ By sampling this neighbourhood with replace ment the algorithm is more likely to repeat the selection of a given candidate if the sampling continues for too long thus producing the same result as sampling for a shorter interval▷ The ideal value of NSize to use intuitively should be linked to the dimension of the problem for a 51city TSP the neighbourhood size using the 2change operation 4 is 51 × △∀ = 2448. The manner in which time increases as NSize increases and UP de creases retains its linear nature when taking log values for larger NSize values▷ However this linear relationship begins to fail for NSize values close to 10000▷ Tour lengths being produced by the algorithm for NSize 4See appendix A for description of neighbourhoods using the 2change operator▷

Figure 4▷7▷ Graphical representation of GDA tour lengths on the eil51 problem▷ See table 4▷2 for greater detail▷ beyond a certain limit are unchanged and the algorithm is forced to con tinue unnecessarily searching the neighbourhood for a new solution when it has already sampled a good proportion of the neighbourhood without success▷ The conclusion can be made that these time values are not likely to increase in a log linear manner since they are not reβective of the algorithm proper but instead an artiαcial and unnecessary extension of a prolonged neighbourhood search▷ Exploiting the linear relationships shown in αgure 4▷6 an expression to predict run times for the GDA can be formulated▷ The following expressions are clear from the graphs. log(time) = A log(NSize) + B where B = f(UP ) ⇒ time = 10^{f (UP )}NSize^A log(time) = C log(NSize) + D where C = g(NSize) ⇒ time = 10^{g(NSize)}UP^C The slopes A and C which can be measured from the graphs are constant for varying UP and NSize respectively▷ The yintercepts given by the functions f(UP ) and g(NSize), are dependent on parameter values, but by equating the two above equations the functions can be approximated by f(UP ) = UP^C and g(NSize) = NSize^A▷ If true the yintercepts should

Figure 4▷8▷ GDA results for the eil51 problem for large N Size▷ Tour lengths and run times are shown for N Size values up to 10000▷ be UP^C and NSize^A for each equation respectively▷ Even though the y intercepts have no real meaning since log(0) is undeffned, for purposes of the model a further constant term is required to match the projected yintercept with either the proposed f(UP ) or g(NSize). This extra constant is (approximately) equal for varying NSize or UP enabling a model of the run time to be derived▷ log(time) = A log(NSize) + UP^C + E ⇒ time = 10^ENSize^CUP^A where A ≈ ′.65258 C ≈ −′.75902 E ≈ −∞.503251 This predictive model produces the estimates of GDA run time for the eil51 TSP shown in table 4▷3▷ Comparing the predicted values to the empirical values recorded in ta ble 4▷1 shows a reasonable αt▷ Figure 4▷9 shows that the predicted values are generally within 7 − ∀↗ ≀{ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⌉∫⊓↕⊔∫ ⊣\⌈ ⊣⊔ ⊒≀∇∫⊔ ⌈⟩{{⌉∇ ⌊† ∞∀↗↙ ‖∇≀C∞′′ T⌉\ ∇⊓\∫ ≀{ ⊔⟨⌉ ‖∇≀C∞′′ √∇≀⌊↕⌉⇕ ⊒⌉∇⌉ √⌉∇{≀∇⇕⌉⌈ {≀∇ {∇⊣⌋⊔⟩≀\⊣↕ UP values of 0.005 0.01 0.05 0.1 0.5 and 1 and for NSize values of 250 500 750 1000

250 500 750 1000 1250 1500 0▷005 64▷3 101 132 159 184 207 0▷01 38 59▷7 77▷8 93▷9 109 122 0▷05 11▷2 17▷6 22▷9 27▷7 32 36 0▷1 6▷62 10▷4 13▷6 16▷3 18▷9 21▷3 0▷5 1▷95 3▷07 3▷99 4▷82 5▷57 6▷28 1 1▷15 1▷81 2▷36 2▷85 3▷29 3▷71 Table 4▷3▷ Predicted run times for the GDA on the eil51 TSP▷ Running times in seconds of the GDA are shown for various combinations of the parameters U P and N Size▷

Figure 4▷9▷ Relative differences in predicted run times for the eil51 TSP▷ Box plot of the relative difference in run times between the empirical and predicted results▷

1250 and 1500▷ The maximum number of iterations was set at 2000000 and as before none of the runs came close to this limit allowing all runs of the algorithm to terminate because of some form of convergence▷ The GDA was run for each set of parameter values on the same ten seeds as for the eil51 problem▷ Results from the runs are shown in table 4▷4 and table 4▷4 with graphical interpretations of the results given in αgure 4▷11 and αgure 4▷10▷ UP NSize 250 500 750 1000 1250 1500 0▷005 mean 502 930 1350 1719 1908 2291 var 8488 13493 17223 57465 92866 55866 0▷01 mean 301 557 671 857 988 1192 var 868 9248 5840 16839 13963 4115 0▷05 mean 77▷5 132 181 241 262 306 var 102 816 942 1203 1132 2809 0▷1 mean 40▷7 80▷6 105 132 149 157 var 86▷8 303 473 632 1159 1146 0▷5 mean 15▷9 29▷8 37▷8 42 51▷5 52▷7 var 9▷3 62▷4 29▷6 48▷2 101 122 1 mean 10▷9 18▷6 25▷7 27▷5 31▷7 37▷9 var 6▷46 18▷2 22▷7 14▷9 21▷6 83▷3 Table 4▷4▷ Running times for the GDA on the kroC100 TSP▷ Ten runs where made for each parameter setting and the run times measured in seconds of CPU time were recorded with the means and variances displayed above

UP NSize 250 500 750 1000 1250 1500 0▷005 mean 58▷76 27▷22 14▷97 9▷46 8▷02 4▷87 var 159▷93 34▷62 8▷32 13▷22 12▷10 2▷12 0▷01 mean 47▷86 21▷52 15▷27 10▷00 7▷71 4▷59 var 37▷00 33▷65 13▷66 8▷40 5▷96 1▷00 0▷05 mean 40▷39 20▷76 11▷17 6▷19 5▷08 4▷03 var 59▷61 63▷64 10▷80 6▷24 1▷83 2▷03 0▷1 mean 45▷26 17▷93 12▷07 8▷00 6▷82 6▷61 var 167▷48 44▷09 46▷72 13▷06 11▷62 11▷82 0▷5 mean 38▷81 19▷43 15▷35 14▷43 11▷38 11▷38 var 93▷35 63▷38 22▷73 31▷07 35▷95 35▷98 1 mean 49▷97 25▷03 17▷10 16▷27 14▷54 12▷52 var 151▷59 42▷07 18▷73 25▷76 19▷02 15▷94 Table 4▷5▷ GDA solution quality for the kroC100 TSP▷ Ten runs where made for each parameter setting and the best tour lengths found measured as percentages above the optimal tour were recorded with means and variances displayed above▷ The results for the kroC100 problem have similar characteristics to those found for the eil51 problem▷ From αgure 4▷10 it can be seen that the linear relationships noted for eil51 between log(NSize) and log(time) and between log(UP ) and log(time) again hold true.

Figure 4.10. Graphical representation of GDA run times on the kroC100 problem. See table 4.4 for greater detail.

Similarly the relative performance of the algorithm for different UP fol lows the previously established pattern▷ As NSize increases we αnd that smaller UP values begin to improve faster than larger UP values see αg ure 4▷11▷ This relative improvement in performance seems to happen less quickly than that observed for the eil51 problem▷ Such behaviour is expected this a 100city TSP has a neighbourhood size of 9700 deαned by the 2change operation compared to a size of 2448 for eil51▷ Observe in αgure 4▷12 mean times and costs for 5 repetitions of the kroC100 TSP for NSize taking values up to 10000▷ Once more better results are produced for smaller UP values only if NSize is sufαciently large and that increasing NSize beyond a certain size has only the effect of producing the same results in more time meaning a sta ble set of solutions has been found▷ The stability in solution that is reached by increasing NSize for the kroC100 problem differs slightly from that reached by eil51 here an UP parameter setting of 0▷005 only just produces solutions with the lowest cost solution quality generated by UP = 0.01 is almost as good and are produced in substantially less time▷ The difference between the two parameter settings in the mean percentage above the best known solution is slight once stability has been reached with a value 0▷0103 for UP = 0.005 and a value 0▷0108 for UP = 0.01▷ Whether this small difference is indicative of the particular problem a statistical anomaly or reβective of the increase in the problem dimension is unclear▷

Figure 4▷11▷ Graphical representation of GDA tour lengths on the kroC100 problem▷ See table 4▷5 for greater detail▷ At values of NSize close to 10000 the log linear relationships begin to fail largely due as has been previously noted to the fact the tour lengths being produced by the algorithm have stabilised for a particular UP value▷ Nevertheless for smaller values of NSize an expression to predict run times for the GDA can be formulated in the same manner as for the eil51 problem▷ log(time) = A log(NSize) + UP^C + E ⇒ time = 10^ENSize^CUP^A where A ≈ ′.7501779 C ≈ −′.7562299 E ≈ −′.8494329 For NSize values up to 1500 αgure 4▷13 shows that the predicted values are generally within 10−∞∞↗ ≀{ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ∇⌉∫⊓↕⊔∫ ⊣\⌈ ⊣⊔ ⊒≀∇∫⊔ ⌈⟩{{⌉∇ ⌊† ∈∋↗↙ ‖∇≀A∞▽′ T⌉\ ∇⊓\∫ ≀{ ⊔⟨⌉ ‖∇≀A∞▽′ √∇≀⌊↕⌉⇕ ⊒⌉∇⌉ √⌉∇{≀∇⇕⌉⌈ {≀∇ {∇⊣⌋⊔⟩≀\⊣↕ UP values of 0.005 0.01 0.05 0.1 0.5 and 1 and for NSize values of 250 500 750 1000 1250 and 1500▷ To ensure that the algorithm terminates due to convergence the maximum number of iterations was set at 2000000▷ The GDA was run for each set of parameter values on the same ten seeds used as for the two previous problems▷

Figure 4▷12▷ GDA results for the kroC100 problem for large N Size▷ Tour lengths and run times are shown for N Size values up to 10000▷

Figure 4▷13▷ Relative differences in predicted run times for the kroC100 TSP▷ Box plot of the relative difference in run times between the empirical and predicted results▷

Results from the runs are shown in table 4▷6 and table 4▷6 with graphical interpretations of the results given in αgure 4▷15 and αgure 4▷14▷ Nsize UP 0▷005 0▷01 0▷05 0▷1 0▷5 1 250 mean 1524 855 234 140 52 31 var 42955 31125 2162 474 53 52 500 mean 2962 1608 417 255 94 57 var 231234 71203 2833 2439 198 98 750 mean 4003 2351 643 342 130 77 var 246858 262780 5698 4795 777 356 1000 mean 5165 3063 856 462 148 89 var 788923 89719 15056 6698 996 362 1250 mean 6554 3518 990 521 162 109 var 1129611 224598 9422 12381 1250 188 1500 mean 7442 4048 1144 561 193 116 var 989115 170257 25810 8062 2529 392 Table 4▷6▷ Running times for the GDA on the kroA150 TSP▷ Ten runs where made for each parameter setting and the run times measured in seconds of CPU time were recorded with the means and variances displayed above

UP NSize 250 500 750 1000 1250 1500 0▷005 mean 87▷23 46▷23 31▷69 23▷14 16▷19 12▷66 var 93▷27 91▷79 25▷70 33▷13 35▷47 11▷18 0▷01 mean 80▷48 42▷80 27▷92 17▷65 14▷26 11▷03 var 236▷49 60▷93 136▷04 9▷20 13▷65 5▷87 0▷05 mean 65▷79 34▷65 19▷62 12▷50 9▷76 7▷64 var 120▷77 32▷20 14▷37 17▷42 4▷13 4▷83 0▷1 mean 61▷45 31▷69 22▷34 14▷67 12▷60 11▷41 var 139▷17 57▷52 40▷72 20▷66 15▷21 8▷84 0▷5 mean 55▷01 28▷49 20▷34 17▷83 16▷66 14▷20 var 140▷16 45▷78 53▷07 31▷48 30▷97 12▷90 1 mean 75▷64 41▷84 30▷21 25▷13 19▷77 19▷05 var 206▷64 160▷83 135▷30 66▷28 3▷50 6▷13 Table 4▷7▷ GDA solution quality for the kroA150 TSP▷ Ten runs where made for each parameter setting and the best tour lengths found measured as percentages above the optimal tour were recorded with means and variances displayed above▷ The results for the kroA150 problem have similar characteristics to those found for both the eil51 and kroC100 problems▷ From αgure 4▷14 it can be seen that similar linear relationships noted for the previous problems between log(NSize) and log(time) and also between log(UP ) and log(time) again hold true.

Also the relative performance of the algorithm for different UP follows the previously established pattern▷ As NSize increases we αnd that smaller UP values begin to improve faster than larger UP values see αgure 4▷15▷

Figure 4▷14▷ Graphical representation of GDA run times on the kroA150 problem▷ See table 4▷6 for greater detail▷ This relative improvement in performance seems to happen less quickly than that observed for either the eil51 problem or the kroC100 problem▷ Again this is to expected since the algorithm is dependent on NSize which is related to the neighbourhood size which for a 150city TSP is 22050 as deαned by the 2change operation▷ Although the time required to run the algorithm for repeated trials of NSize values up to 10000 becomes prohibitive for TSPs this size we would expect comparable behaviour to the two smaller problems considered i▷e▷ once NSize is large enough smaller UP values should indeed produce the best ↼in terms of solution quality↽ results▷ As before an expression to predict run times for the GDA for smaller values of NSize can be formulated where the linear relationship still appears to hold true. log(time) = A log(NSize) + UP^C + E ⇒ time = 10^ENSize^CUP^A where A ≈ ′.8141832 C ≈ −′.7576995 E ≈ −′.5178442 The accuracy of these predictions for NSize values up to 1500 can be seen from αgure 4▷16which are largely within 12ϱ of the empirical results and at worst differ by no more than 20ϱ▷

Figure 4▷15▷ Graphical representation of GDA tour lengths on the kroA150 problem▷ See table 4▷7 for greater detail▷

Figure 4▷16▷ Relative differences in predicted run times for the kroA150 TSP▷ Box plot of the relative difference in run times between the empirical and predicted results▷

4▷6 Conclusions The main concern of the empirical study given in section 4▷5 is to analyse the claim made by Dueck ♭11♯ that the TA algorithms are dependent only on a single parameter the rain speed for the GDA and the allowed deviation for the RTRT algorithm▷ The empirical study has produced one clear result that the GDA is not dependent on a single parameter other factors can and do inβuence the quality of the solutions produced▷ Now consider some of the issues raised about parameter selection and interaction in section 4▷4▷ Concerns about the initial conαguration and initial water levels for the GDA when starting near a local optimum are perhaps justiαed but are seldom likely to inβuence the result of the algorithm to any signiαcant degree▷ Since the vast majority of solutions to a TSP instance are of poor quality the chance of randomly hitting a local ↼or near local↽ optimum to begin the algorithm are slim▷ Certainly for all of the trials performed in empirical analysis of the GDA this problem was never encountered▷ The need for a failsafe stopping condition specifying a maximum num ber of iterations seems unnecessary▷ If the algorithm converges to a local optimum the failsafe is redundant it simply introduces the possibility of terminating the search too soon▷ In all of the 2000 or so trials performed with various parameter settings never once did the GDA terminate due to the maximum number of iterations being reached all converged to a αnal conαguration▷ Since the maximum number of iterations needs increasing as the problem dimension increases to prevent an early halt in the algorithm it would seem far simpler to abandon this stopping condition altogether and rely instead on the convergence of the GDA▷ The question remains as to whether the GDA is guaranteed to converge▷ By appealing to the SA analogy made in section 4▷4 a method that has the property of theoretical asymptotic convergence I claim that the GDA is guaranteed to converge▷ In SA when minimising as the temperature approaches zero there is a smaller chance of an uphill move being accepted▷ Thus the algorithm is forced to intensify the search by accepting a greater proportion of solutions that improve the current position leading to con vergence to a particular solution▷ The GDA exhibits similar behaviour▷ As the water level decreases there are fewer allowable uphill moves to choose and the algorithm is more likely in some sense to make moves improving the current position rather than choosing moves that lead away from the local minimum▷ This forces the search to intensify which inevitably leads to convergence▷ As has been mentioned above lower rain speed on its own is not enough to guarantee better quality results▷ Indeed in some cases having low rain speed produces worse results than rain speeds 10 times as fast while tak ing much longer to do soω The quality of the solutions produced by the algorithm seem to depend on two main factors the rain speed UP and NSize the amount of the current neighbourhood looked at before admit ting a better solution cannot be found▷ By increasing NSize sufαciently smaller UP values begin to give the best quality results▷ Why the relative performance of smaller UP values should change as NSize increases ir respective of the problem dimension is unclear▷ Two potential reasons to explain this behaviour whose precise interaction with the algorithm is not fully understood are given below. • T⟨⌉ ⇕⊣⟩\ ⊔⌉∇⇕⟩\⊣⊔⟩≀\ ⌋∇⟩⊔⌉∇⟩≀\ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⊔ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⊔≀ ∫⊔≀√ ⟩{ \≀ \⌉⊒ ∫≀↕⊓⊔⟩≀\ ⟩∫ {≀⊓\⌈ {≀∇ NSize iterations▷ This is stricter than the speciαed criterion of stopping when no improving moves have been made in the last NSize iterations▷ Certainly the weaker condition should result in the algorithm terminating sooner but is the unusual relationship between UP and NSize maintained⋆ • T⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕ ⟩\⌋∇⌉⊣∫⌉ ⟩∫ ↕⟩\‖⌉⌈ ⊔≀ ⊔⟨⌉ √∇⌉∫⌉\⊔ ⌈⟩∫⊔⊣\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ √≀∫⟩⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ ⊒⊣⊔⌉∇ ↕⌉⊑⌉↕↙ W⟨⌉\ ⊣ }⌉\⌉∇⊣↕ ⊢}≀≀⌈≃ ⊣∇⌉⊣ ⟩∫ ⌉\⊔⌉∇⌉⌈ ⊔⟨⌉ ∇⊣⟩\ ∫√⌉⌉⌈ ⟩\⌋∇⌉⊣∫⌉∫↙ I{ ⊔⟨⌉ ∇⊣⟩\ ⟩∫ {⊣∫⊔ ⌉\≀⊓}⟨ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊒⟩↕↕ ⌊⌉⌋≀⇕⌉ ⊔∇⊣√√⌉⌈ ⟩\ ⊔⟨⟩∫ }≀≀⌈ ∇⌉}⟩≀\ ⊣\⌈ ⟩∫ ∫⊓⌊∫⌉∐⊓⌉\⊔↕† {≀∇⌋⌉⌈ ⊔≀ ⟩\⊔⌉\∫⟩{† ⊔⟨⌉ ∫⌉⊣∇⌋⟨↙ W⟩⊔⟨ ⊣ ∫↕≀⊒⌉∇ ∇⊣⟩\ ∫√⌉⌉⌈ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣∫ ⊔⟩⇕⌉ ⊔≀ ⊢⊒⊣\⌈⌉∇ ≀{{≃ {∇≀⇕ ⊔⟨⌉ }≀≀⌈ ⊣∇⌉⊣ ⊣\⌈ ⌉⊑⌉\⊔⊓⊣↕↕† ⌊⌉⌋≀⇕⌉ ⊔∇⊣√√⌉⌈ ⟩\ ⊣\ ⊣∇⌉⊣ ≀{ ⊒≀∇∫⌉ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔†↙ H≀⊒⌉⊑⌉∇ ⇕⊣‖⟩\} ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\∫ ⊔≀ ⊔⟨⌉ GDA ⊔≀ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉ ⊔⟨⌉∫⌉ ⊔⊒≀ ⌉§√↕⊣↖ \⊣⊔⟩≀\∫ √∇≀⌈⊓⌋⌉⌈ ∇⌉∫⊓↕⊔∫ ⊒⟩⊔⟨ ∫⟩⇕⟩↕⊣∇ ⌊⌉⟨⊣⊑⟩≀⊓∇ ⊔≀ ⊔⟨⊣⊔ ⇕⌉\⊔⟩≀\⌉⌈ ⊣⌊≀⊑⌉↙ I⊔ ∇⌉⇕⊣⟩\∫ ⊣\ ≀√⌉\ ∐⊓⌉∫⊔⟩≀\ ⊣∫ ⊔≀ ⊒⟨† ⊔⟨⌉ ⟩\⊔⌉∇⊣⌋⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ UP and NSize should produce the results that it does▷ The matter of which parameter settings should be used to balance the conβicting goals of good quality solutions and reasonable run time is depen dent on the particular problem involved▷ Is any good solution satisfactory or does the solution really need to be near optimal⋆ How is the algorithm to be used⋆ Is a single run acceptable or will many runs be required⋆ Such questions must be considered before the selection of suitable parameters▷ Nevertheless general guidelines about the parameters can be made▷ In agreement with Dueck and Scheuer ♭10♯ a fractional UP value of around 0▷01 produces good quality solution in reasonable time▷ The appropriate value of NSize is inextricably linked to the problem dimension through the size of the neighbourhood▷ Roughly speaking an appropriate NSize value appears to be somewhere over half the size of the neighbourhood▷ In conclusion the GDA is ↼and in fact all the TA algorithms are↽ very sim ple to implement producing good quality solutions in a reasonable amount of time▷ Since the only problem speciαc areas of the algorithm are the deα nition of a cost structure and a neighbourhood GDA is easily applicable to many problems▷ Comparisons to several other generally applicable heuris tics are made in chapter 5▷

Chapter 5

Comparisons of Methods

5▷1 Heuristic Evaluation Evaluation of any heuristic method either exact or generally applicable is subject to the comparison of a number of criteria that relate various aspects of algorithm performance▷ Ball and Magazine ♭2♯ list several evaluation cri teria. • ∐⊓⊣↕⟩⊔† ≀{ ∫≀↕⊓⊔⟩≀\⇔ • ∇⊓\\⟩\} ⊔⟩⇕⌉⇔ • ⌉⊣∫⌉ ≀{ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ • ∫⟩⇕√↕⟩⌋⟩⊔†⇔ • ⊙⌉§⟩⌊⟩↕⟩⊔† ⊣\⌈ ∇≀⌊⊓∫⊔\⌉∫∫↙ A\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ∫⊔⊣⊔⌉⌈ ∫⟩⇕√↕† ⟨⊣∫ ⇕⊓⌋⟨ ⊣√√⌉⊣↕ ⊣\⌈ ⌋⊣\ ⊣↕∫≀ ↕⌉⊣⌈ ⊔≀ {≀∇⇕⊣↕ ⊣\⊣↕†∫⟩∫ ≀{ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈↙ A ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ∫⊔⊓⌈† ≀{ ⊣ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ⊔⌉⌋⟨\⟩∐⊓⌉ ⟩∫ ⌈⟩{⊘⌋⊓↕⊔⇔ ∫≀ ∫⟩⇕√↕⌉ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊔⟨⊣⊔ ↕⌉\⌈ ⊔⟨⌉⇕∫⌉↕⊑⌉∫ ⊔≀ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫ ⟨⊣⊑⌉ ⊣ ⌋⌉∇⊔⊣⟩\ ⊣⇕≀⊓\⊔ ≀{ �∫⊔⟨⌉⊔⟩⌋ ⌋⟨⊣∇⇕↙ L⟩\‖⌉⌈ ⊔≀ ⊣↕}≀∇⟩⊔⟨⇕ ∫⟩⇕√↕⟩⌋⟩⊔† ⟩∫ ⟩⊔∫ ⌉⊣∫⌉ ≀{ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ G⌉\⌉∇⊣↕↕†⇔ ⊣ ∫⟩⇕√↕† ∫⊔⊣⊔⌉⌈ ⊣↕}≀∇⟩⊔⟨⇕ ∫⟨≀⊓↕⌈ ⌊⌉ ⌉⊣∫⟩⌉∇ ⊔≀ ⌋≀⌈⌉ ⟩\⊔≀ ⊣ ⌋≀⇕√⊓⊔⌉∇ ↕⊣\}⊓⊣}⌉ ⊔⟨⊣\ ⊣ ⇕≀∇⌉ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ⊣↕}≀∇⟩⊔⟨⇕↙ H≀⊒⌉⊑⌉∇ ⊔⟨⟩∫ ⟩∫ \≀⊔ \⌉⌋⌉∫∫⊣∇⟩↕† ⊔⟨⌉ ⌋⊣∫⌉⇔ ∫⟩\⌋⌉ ⊣ ∫⟩⇕√↕⌉ ⟩⌈⌉⊣ ⇕⊣† ⟨⊣⊑⌉ ∫⊓⌊⊔↕⌉ ⌋≀⌈⟩\} ∇⌉∐⊓⟩∇⌉⇕⌉\⊔∫↙ A↕∫≀⇔ ⌈⊣⊔⊣ ∫⊔∇⊓⌋⊔⊓∇⌉∫ ∇⌉∐⊓⟩∇⌉⌈ {≀∇ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕⟩⌋ ⊔⌉⌋⟨\⟩∐⊓⌉ ⇕⊣† ⌊⌉ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ⊔≀ ⟩⇕↖ √↕⌉⇕⌉\⊔↙ A\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⟩∫ ⌋≀⇕√⊣∇⊣⊔⟩⊑⌉↕† ⌉⊣∫† ⊔≀ ⌋≀⌈⌉ ⟨⊣∫ ⊣\ ⊣⌈⊑⊣\⊔⊣}⌉ ≀⊑⌉∇ ⊣ ⊔⌉⌋⟨\⟩∐⊓⌉ ⊒⟩⊔⟨ ⟩\⊔∇⟩⌋⊣⊔⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⌈⌉⊔⊣⟩↕∫⇔ ⊣↕⊔⟨≀⊓}⟨⇔ ⊣∫ ⊒⟩⊔⟨ ⊣↕}≀∇⟩⊔⟨⇕ ∫⟩⇕√↕⟩⌋⟩⊔†⇔ ⊔⟨⌉ ⊣⌈⊑⊣\⊔⊣}⌉ ⟩∫ ⌈⟩{⊘⌋⊓↕⊔ ⊔≀ ∐⊓⊣\⊔⟩{†↙ S⟩\⌋⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⇕⌉⊔⟨≀⌈∫ ⊣∇⌉ ⊓↕⊔⟩⇕⊣⊔⌉↕† ⌈⌉∫⟩}\⌉⌈ ⊔≀ ∫≀↕⊑⌉ ∇⌉⊣↕ ⊒≀∇↕⌈ √∇≀⌊↖ ↕⌉⇕∫⇔ ⊙⌉§⟩⌊⟩↕⟩⊔† ⟩∫ ⊣\ ⟩⇕√≀∇⊔⊣\⊔ ⌋≀\∫⟩⌈⌉∇⊣⊔⟩≀\↙ T⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ∫⟨≀⊓↕⌈ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ⌉⊣∫⟩↕† ⟨⊣\⌈↕⌉ ⌋⟨⊣\}⌉∫ ⊔≀ ⊔⟨⌉ ⇕≀⌈⌉↕⇔ ⊔⟨⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫⇔ ⊣\⌈ ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ ⊣ ∇≀⌊⊓∫⊔ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ∫⊔⟩↕↕ ⊣⌊↕⌉ ⊔≀ √∇≀⌈⊓⌋⌉ ∇⌉∫⊓↕⊔∫ ⊓\↖ ⌈⌉∇ ⌈⟩{⊘⌋⊓↕⊔ ⌋⟩∇⌋⊓⇕∫⊔⊣\⌋⌉∫ ∫⊓⌋⟨ ⊣∫ ⊒⟨⌉\ ⊣ √∇≀⌊↕⌉⇕ ⟩\∫⊔⊣\⌋⌉ ⟩∫ √⊣⊔⟨≀↕≀}⟩⌋⊣↕↙ T⊣‖⌉\ ⊔≀ ⌉§⊔∇⌉⇕⌉∫⇔ ⊣\ ⊣↕}≀∇⟩⊔⟨⇕ ⊔⟨⊣⊔ ⟨⊣∫ ⊣ }∇⌉⊣⊔ ⊣⇕≀⊓\⊔ ≀{ ⊙⌉§⟩⌊⟩↕⟩⊔† ⊣\⌈

∃∀

∇≀⌊⊓∫⊔\⌉∫∫ ⌋⊣\ ⌊⌉ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⊣\⌈ ⊔⟨⊓∫ ⊣⌊↕⌉ ⊔≀ ∫≀↕⊑⌉ ⇕⊣\† ⌈⟩{{⌉∇⌉\⊔ ⊔†√⌉∫ ≀{ √∇≀⌊↕⌉⇕∫↙ T⟨⌉ ⊔⟩⇕⌉ ⊣\ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊔⊣‖⌉∫ ⊔≀ √∇≀⌈⊓⌋⌉ }≀≀⌈ ∐⊓⊣↕⟩⊔† ∫≀↕⊓⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⌋∇⊓⌋⟩⊣↕ ⊒⟨⌉\ ⌋⟨≀≀∫⟩\} ⌊⌉⊔⊒⌉⌉\ ⌈⟩{{⌉∇⌉\⊔ ⊔⌉⌋⟨\⟩∐⊓⌉∫↙ S⟩⇕⟩↕⊣∇↕† ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⊘\⊣↕ ∫≀↕⊓⊔⟩≀\⇔ ⊣∫ ⇕⌉⊣∫⊓∇⌉⌈ ⌊† ⊔⟨⌉ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\⇔ ⟩∫ ⟩⇕√≀∇⊔⊣\⊔↙ H≀⊒ ⌋↕≀∫⌉ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⊔≀ ⊔⟨⌉ ≀√⊔⟩⇕⊣↕ ∫≀↕⊓⊔⟩≀\ ⟩∫ ⊣ ∫⊔⊣\⌈⊣∇⌈ ⇕⌉⊣∫⊓∇⌉ ≀{ ∐⊓⊣↕⟩⊔† ≀∇ ⟩{ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⟩∫ ⌈⌉∫⟩}\⌉⌈ ⊔≀ ∫⟩⇕√↕† √∇≀⌈⊓⌋⌉ {⌉⊣∫⟩⌊↕⌉ ∫≀↕⊓⊔⟩≀\∫ ⊔⟨⌉\ ⊔⟨⌉ ⊣⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊔≀ }⟩⊑⌉ ∫⊓⌋⟨ ∫≀↕⊓⊔⟩≀\∫ ⟩∫ ⟩⇕√≀∇⊔⊣\⊔↙ T⟨⌉∇⌉ ⟩∫ }⌉\⌉∇⊣↕↕† ⊣ ⊔∇⊣⌈⌉↖≀{{ ⌊⌉⊔⊒⌉⌉\ ∇⊓\ ⊔⟩⇕⌉ ⊣\⌈ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔†⇔ ⊔⟨⌉ ↕≀\}⌉∇ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⟩∫ ∇⊓\ ⊔⟨⌉ ⌊⌉⊔⊔⌉∇ ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⊘\⊣↕ ∫≀↕⊓⊔⟩≀\↙ A ⌋≀⇕√∇≀⇕⟩∫⌉ ⟩∫ \⌉⌉⌈⌉⌈ ∫≀ ⊔⟨⊣⊔ ⊢}≀≀⌈ ∐⊓⊣↕⟩⊔†≃ ∫≀↕⊓⊔⟩≀\∫ ⊣∇⌉ √∇≀⌈⊓⌋⌉⌈ ⟩\ ⊣ ⊢∇⌉⊣∫≀\⊣⌊↕⌉≃ ⊣⇕≀⊓\⊔ ≀{ ⊔⟩⇕⌉↙ M≀∇⌉ ≀{⊔⌉\ ⊔⟨⊣\ \≀⊔ ⟩⊔ ⟩∫ ⊔⟨⌉ ⊘\⊣↕ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ⊔⟨⊣⊔ ⟩∫ ⊓∫⌉⌈ ⊣∫ ⊣ ⇕⌉⊣∫⊓∇⌉ ≀{ ⊔⟨⌉ ∫⊓⌋⌋⌉∫∫ ≀{ ⊣\ ⟨⌉⊓∇⟩∫⊔⟩⌋↙ A∫ \≀⊔⌉⌈ ⌊† R⌉⌉⊑⌉∫ ∪∋⊎̸⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊔⟨∇⌉⌉ }⌉\⌉∇⊣↕ ⇕⌉⊔⟨≀⌈∫ ⊔≀ ⌋≀⇕√⊣∇⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔†¬ • ⊣\⊣↕†⊔⟩⌋⊣↕ ⇕⌉⊔⟨≀⌈∫⇔ • ⌉⇕√⟩∇⟩⌋⊣↕ ⇕⌉⊔⟨≀⌈∫⇔ • ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⟩\{⌉∇⌉\⌋⌉↙ A\⊣↕†⊔⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫ ≀{ ⊣\ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⌋⊣\ ⌊⌉ ⊣⌋⟨⟩⌉⊑⌉⌈ ⊣ \⊓⇕⌊⌉∇ ≀{ ⊒⊣†∫⇔ ⊔⟨⌉ ⇕≀∫⊔ ⌋≀⇕⇕≀\ ≀{ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⊒≀∇∫⊔↖⌋⊣∫⌉ ⊣\⊣↕†∫⟩∫ ⊣\⌈ ⊣⊑⌉∇⊣}⌉↖⌋⊣∫⌉ ⊣\⊣↕†∫⟩∫↙ W≀∇∫⊔↖⌋⊣∫⌉ ⊣\⊣↕†∫⟩∫⇔ ⊣∫ ⟩⊔∫ \⊣⇕⌉ ∫⊓}}⌉∫⊔∫⇔ ⟩\⊑≀↕⊑⌉∫ ⊘\⌈⟩\} ⊣ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ }⊓⊣∇⊣\⊔⌉⌉ ⌊† √↕⊣⌋⟩\} ⊣ ⌊≀⊓\⌈ ≀\ ⊣↕}≀∇⟩⊔⟨⇕ √⌉∇{≀∇⇕⊣\⌋⌉ ⇐⟩\ ⊔⌉∇⇕∫ ≀{ ⊣ }⌉\⌉∇⊣↕⟩∫⌉⌈ √∇≀⌊↕⌉⇕ ⟩\∫⊔⊣\⌋⌉⇒↙ H≀⊒⌉⊑⌉∇ ⊔⟨⟩∫ ≀{⊔⌉\ }⟩⊑⌉∫ ⌊≀⊓\⌈∫ {≀∇ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊔⟨⊣⊔ ⊣∇⌉ ⊔≀≀ ↕≀≀∫⌉ ⊔≀ ⌊⌉ ≀{ ⊣\† √∇⊣⌋⊔⟩⌋⊣↕ ⊓∫⌉ ⊒⟨⌉\ ⌈⌉⊔⌉∇⇕⟩\⟩\} ⟨≀⊒ ⊒⌉↕↕ ⊔⟨⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⟨⊣∫ ⌈≀\⌉↙ A⊑⌉∇⊣}⌉↖⌋⊣∫⌉ ⊣\⊣↕†∫⟩∫ ∫⌉⌉‖∫ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⟨≀⊒ ⊒⌉↕↕ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ √⌉∇{≀∇⇕∫ ⟩\ ⊔⌉∇⇕∫ ≀{ ⌉§√⌉⌋⊔⊣⊔⟩≀\↙ H≀⊒⌉⊑⌉∇ ⊣∫ ⊒⟩⊔⟨ ⊣\† √∇≀⌊⊣⌊⟩↕⟩∫⊔⟩⌋ ⊣\⊣↕†∫⟩∫⇔ ⊣ ⇕⌉⊣\ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ⇕⌉⊣∫⊓∇⌉ ≀{ ⊑⊣∇⟩⊣⌊⟩↕⟩⊔† ⟩∫ \≀⊔ ≀{ ⇕⊓⌋⟨ ⊓∫⌉↙ A↕∫≀⇔ ⊔⟨⟩∫ {≀∇⇕ ≀{ ⊣\⊣↕†∫⟩∫ ≀{⊔⌉\ ⊣∫∫≀⌋⟩⊣⊔⌉∫ ⊣\ ⊓\∇⌉⊣↕⟩∫⊔⟩⌋ √∇≀⌊⊣⌊⟩↕⟩⊔† ∫√⊣⌋⌉ ⊒⟩⊔⟨ ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∫√⊣⌋⌉⇔ }⟩⊑⟩\} ⇕⌉⊣\⟩\}↕⌉∫∫ ∇⌉∫⊓↕⊔∫↙ B≀⊔⟨ ⊔⟨⌉∫⌉ ⇕⌉⊣∫⊓∇⌉∫ ≀{ √⌉∇{≀∇⇕⊣\⌋⌉ ⊣∇⌉ ∫⌉↕⌈≀⇕ ⊓∫⌉{⊓↕ ⟩\ ⊣ √∇⊣⌋⊔⟩⌋⊣↕ ∫⌉\∫⌉⇔ ⌊⊓⊔ ⌈≀ ↕⌉⊣⌈ ⊔≀ ⊣ ⌊⌉⊔⊔⌉∇ ⊓\⌈⌉∇∫⊔⊣\⌈⟩\} ≀{ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⇕⌉⊔⟨≀⌈ ⊣\⌈ ⊔⟨⌉ √∇≀⌊↕⌉⇕ ⊣⊔ ⟨⊣\⌈↙ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⟩\{⌉∇⌉\⌋⌉⇔ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈ ≀{ ⌉∫⊔⟩⇕⊣⊔⟩\} ⊣ √⊣∇⊣⇕⌉⊔⌉∇ ≀{ ⊣ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ √≀√⊓↕⊣⊔⟩≀\ {∇≀⇕ ⊣ ∫⊣⇕√↕⌉ ⟨⊣∫ ≀\↕† ⌊⌉⌉\ ⊣√√↕⟩⌉⌈ ⊔≀ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ ≀{ ⟨⌉⊓∇⟩∫↖ ⊔⟩⌋ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ∇⌉⌋⌉\⊔↕†↙ R⌉⌉⊑⌉∫ ∪∋⊎̸ ⟨⊣∫ ⌈⌉⊔⊣⟩↕∫ ≀{ ∫⊓⌋⟨ ⊣\ ⊣√√∇≀⊣⌋⟨ ⊓∫⟩\} ∇⌉∫⊓↕⊔∫ {∇≀⇕ ⊔⟨⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⊔⟨⌉≀∇† ≀{ ⌉§⊔∇⌉⇕⌉ ⊑⊣↕⊓⌉∫↙ T⟨⌉ ⇕⌉⊔⟨≀⌈ ⟩∫ √∇≀⇕⟩∫⟩\} ⌊⊓⊔ ⟨⊣∫ ∇⌉⌋⌉⟩⊑⌉⌈ ↕⟩⊔⊔↕⌉ ⊣⊔⊔⌉\⊔⟩≀\ ⟩\ ⊔⟨⌉ ⌉⊑⊣↕⊓⊣⊔⟩≀\ ≀{ ⊣↕}≀∇⟩⊔⟨⇕ √⌉∇{≀∇⇕⊣\⌋⌉↙ B† {⊣∇ ⊔⟨⌉ ⇕≀∫⊔ ⌋≀⇕⇕≀\ ⇐⊣\⌈ ⇕≀∫⊔ ⊔∇⊓∫⊔⌉⌈⇒ ⇕⌉⊔⟨≀⌈ ≀{ ⌉⊑⊣↕⊓⊣⊔⟩\} ⊔⟨⌉ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† ≀{ ⊣ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕ ⟩∫ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫↙ I\ }⌉\⌉∇⊣↕⇔ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫ ⟩\⊑≀↕⊑⌉∫ ⊔⌉∫⊔⟩\} ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⊣⌋∇≀∫∫ ⊣ ⊒⟩⌈⌉ ∇⊣\}⌉ ≀{ √∇≀⌊↖ ↕⌉⇕ ⟩\∫⊔⊣\⌋⌉∫ ⊔≀ }⟩⊑⌉ ⊣\ ⟩⌈⌉⊣ ≀{ ≀⊑⌉∇⊣↕↕ √⌉∇{≀∇⇕⊣\⌋⌉↙ T≀ }⟩⊑⌉ ⌋≀\⌋↕⊓∫⟩≀\∫ ⊔⟨⊣⊔ ⟨⊣⊑⌉ ⇕⌉⊣\⟩\} ⟩\ ⊣ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ∫⌉\∫⌉⇔ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ⌈⌉∫⟩}\ ∫⟨≀⊓↕⌈ ∇⌉⊣↕↕†

∃∃

⌊⌉ ⊓∫⌉⌈ ≀\ ⌈⟩{{⌉∇⌉\⊔ ↕⌉⊑⌉↕∫ ≀{ ⊔⟨⌉ ⊑⊣∇⟩≀⊓∫ ⊣↕}≀∇⟩⊔⟨⇕ √⊣∇⊣⇕⌉⊔⌉∇∫ ⊣\⌈ ⊔⟨⌉ ∇⌉↖ ∫⊓↕⊔∫ ⌋≀⇕√⊣∇⌉⌈ ⌊† ANOVA ∞ ≀∇ ⌊† ⊣ \≀\√⊣∇⊣⇕⌉⊔∇⟩⌋ ⊔⌉∫⊔ ∈↙ L⊣⊒↕⌉∇ ⌉⊔ ⊣↕↙ ∪∈⊎ ⌈⌉⊑≀⊔⌉∫ ⊣ ⌋⟨⊣√⊔⌉∇ ⊔≀ ⊔⟨⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫ ≀{ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ∫√⌉⌋⟩⊘⌋ ⊔≀ ⊔⟨⌉ T∇⊣⊑↖ ⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕ ⇐TSP⇒⇔ ⌊⊓⊔ ⊔⟨⌉⟩∇ ⌈⟩∫⌋⊓∫∫⟩≀\ ⟩∫ ⊑⊣↕⟩⌈ {≀∇ ⊣↕↕ ⟨⌉⊓∇⟩∫⊔⟩⌋∫↙ T⟨⌉ ⊣\⊣↕†∫⟩∫ ≀{ ⊣↕}≀∇⟩⊔⟨⇕ √⌉∇{≀∇⇕⊣\⌋⌉ ⌋⊣∇∇⟩⌉⌈ ≀⊓⊔ ⟨⌉∇⌉ ⟩∫ ⊑⟩⊣ ∫⟩⇕√↕⌉ ⌉⇕√⟩∇⟩⌋⊣↕ ⊣\⊣↕†∫⟩∫ ≀{ ⊔⟨⌉ ∇⊓\ ⊔⟩⇕⌉ ⊣\⌈ ⊘\⊣↕ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† √∇≀⌈⊓⌋⌉⌈ {∇≀⇕ ∫⌉⊑⌉∇⊣↕ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⊣√√↕⟩⌉⌈ ⊔≀ ⊔⟨⌉ TSP↙ T⟨⌉ ⇕⌉⊣\∫ ⊣\⌈ ⊑⊣∇⟩⊣\⌋⌉∫ {≀∇ ⊔⟨⌉ ⊣⌊≀⊑⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ⇕⌉⊣∫⊓∇⌉∫ {∇≀⇕ ∇⌉√⌉⊣⊔⌉⌈ ∇⊓\∫ ≀{ ∫⌉⊑⌉∇⊣↕ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ {≀∇ ⊣ \⊓⇕↖ ⌊⌉∇ ≀{ ⊔⌉∫⊔ √∇≀⌊↕⌉⇕∫ ⊣∇⌉ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊒⟨⟩⌋⟨ ⟨⌉⊓∇⟩∫⊔⟩⌋ ⟩∫ ⊢⌊⌉∫⊔≃ ⊣⊔ ∫≀↕⊑⟩\} ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕∫↙ T⟨⌉ ⌉⇕√⟨⊣∫⟩∫ ⟩∫ ≀\ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⊣\⌈ ⊔⟨⌉ ⇕⌉⊔⟨≀⌈≀↕≀}⟩⌉∫ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⟨⌉∇⌉ ⊣∇⌉ ⊔⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕ ⇐GDA⇒⇔ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⇐GA∫⇒⇔ ⊣\⌈ ∇⌉√⌉⊣⊔⌉⌈ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ ⇐RLS⇒⇔ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ ⌋⟨⊣√⊔⌉∇ △⇔ ⌋⟨⊣√⊔⌉∇ ∋⇔ ⊣\⌈ ∫⌉⌋⊔⟩≀\ ∈↙ ̸∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ F≀∇ ⊣ {⊓↕↕ ⌋≀⇕√⊣∇⟩∫≀\⇔ ⊔⟨⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ∫⟨≀⊓↕⌈ ⌊⌉ ⌋≀⇕√⊣∇⌉⌈ ⊣⌋∇≀∫∫ ⊣ ∇⊣\}⌉ ≀{ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕∫⇔ ⌊⊓⊔ ⌈⊓⌉ ⊔≀ ⊔⟩⇕⌉ ⌋≀\∫⊔∇⊣⟩\⊔∫ ⊔⟨⌉ TSP ⟩∫ ⊓∫⌉⌈ ⊣∫ ⊔⟨⌉ ∫⟩\}↕⌉ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ √∇≀⌊↕⌉⇕ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⊣\⌈ ⟩⊔ ⟩∫ ⟨≀√⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ TSP ⟩∫ ∫⊓{⊘⌋⟩⌉\⊔↕† ⟩\⌈⟩⌋⊣⊔⟩⊑⌉ ≀{ ≀⊔⟨⌉∇ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\ √∇≀⌊↕⌉⇕∫ ⊔≀ }⟩⊑⌉ ∫≀⇕⌉ ⟩\∫⟩}⟨⊔ ⟩\⊔≀ ⊔⟨⌉ ∇⌉↕⊣⊔⟩⊑⌉ √⌉∇{≀∇⇕⊣\⌋⌉ ≀{ ⊔⟨⌉ ⊔⟨∇⌉⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⊒⟨⌉\ ⊣√√↕⟩⌉⌈ ⊔≀ ⌋≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ √∇≀⌊↕⌉⇕∫↙ F≀∇ ⌋≀⇕√↕⌉⊔⌉\⌉∫∫⇔ ∇⌉↖ ∫⊓↕⊔∫ {∇≀⇕ ⊔⟨⌉ ⊔⟨∇⌉⌉ }⌉\⌉∇⊣↕↕† ⊣√√↕⟩⌋⊣⌊↕⌉ ⟨⌉⊓∇⟩∫⊔⟩⌋∫ ⊣∇⌉ ⌋≀⇕√⊣∇⌉⌈ ⊔≀ ⊔⟨≀∫⌉ √∇≀⌈⊓⌋⌉⌈ ⌊† ⊣ ⊔⊣⟩↕≀∇⌉⌈ TSP ⟨⌉⊓∇⟩∫⊔⟩⌋⇔ ⊔⟨⌉ ⊑⊣∇⟩⊣⌊↕⌉ kopt algorithm discussed in section 2▷5▷ A description of the four TSP instances used in the compar ison of the heuristics is given in appendix B▷ The problems are of various dimensions 29 cities 51 cities 100 cities and 150 cities hereafter referred to as the bays29 TSP the eil51 TSP the kroC100 TSP and the kroA150 TSP respectively▷

5▷2 A Preliminary Analysis The three generally applicable heuristic algorithms compared in this chap ter all have a similar purpose when applied to combinatorial optimisation problems▷ All three methods seek to αnd a ℓgoodφ solution to a large and complicated search space by escaping the trap of local optimality in a con trolled fashion▷ Since GAs the GDA and RLS can easily be applied to many different problem types with little need for recoding they require the deαni tion of a cost function to evaluate the success of a solution and also require a problem structure to determine how to move about the search space▷ The heuristic methods differ in the manner in which they move about the search space and in the way local optima are avoided▷ Although the three heuristics mentioned above have similar intent and use similar ideas to achieve their goal there are many differences between them▷ 1ANOVA is an acronym for ANalysis Of VAriance a statistical test for homogeneity across several groups of data▷ 2The usual tests are the Wilcoxon signed rank test or an extension of this test a nonpara metric version of ANOVA the Friedman test▷

The GDA and GAs Ψconvergeν in some sense to a αnal solution ↼or set of solutions↽ whereas RLS has an arbitrary stopping condition dependent on the number of times local search is restarted▷ The GDA and GAs both ℓexploreφ the search space in a general manner then ℓexploitφ information by reαning the search to examine a particular good area to ultimately αnd a good local optimum▷ RLS applies this process in reverse immediately searching for a local optimum then restarting the procedure in another area of the search space▷ RLS and the GDA move around the solution space by way of the 2 change operator described in appendix A GAs move around the solution space by means of the reproductive plan especially the crossover and mu tation operators described in chapter 3▷ The GA operators are much more computationally intensive than the 2change operator and are certainly more complicated ↼at least for the TSP GA operators↽▷ Furthermore when mov ing between solutions in the search space the 2change operator allows for incremental cost calculation since the costs of the old and new solutions are closely linked with no need to recalculate the entire cost of the new solution▷ GAs have no such ability and must recalculate the cost of a new solution every time one is produced▷ GAs maintain a population of solutions to overcome the trap of local optimality▷ The GDA works with a single solution allowing uphill moves in a controlled manner to climb out of a poor local optimum▷ RLS also works with a single solution simply restarting itself in a random location in the search space once a local optimum has been found▷ GAs and the GDA are randomised algorithms that use a stochastic ele ment to help guide the search for optimality and so are not strongly depen dent on the initial solution▷ Local search ↼when using steepest descent↽ has no probabilistic element and so is strongly dependent on the initial solution selected▷ If the initial local search solution is in a good area then a good local optimum will result if started in a poor area then the algorithm will produce a poor quality solution▷ This dependence is overcome to a certain extent by restarting the algorithm in a random location once a local optimum has been found but the ability of RLS to give a good αnal solution is dependent on one of the initial solutions being in a good area which may be a unlikely event▷ RLS has the advantage that it does not require any parameters to change given an initial solution the heuristic will continue until told to stop pro ducing a series of local optima of which the best is selected▷ The GDA and GAs have many parameters that can be adjusted to try and produce better results and the algorithm can be heavily dependent on the exact choice of parameters used meaning in many situations a preliminary trial must be carried out to select suitable parameter values▷ There may also be unfore seen interaction between the parameters so a careful watch must be kept on how altering parameters affects solution quality▷ It can be of use in examining heuristic performance to view how solution quality varies over time as the algorithm proceeds▷ To this end solutions from a typical run of each of the three generally applicable heuristics applied

Figure 5▷1▷ Solution quality over time for RLS▷ Beginning with an initial solution the algorithm αnds the steepest path and follows it downhill to the local optimum▷ The heuristic is then restarted several times to generate a number of local optima▷ The solution quality over time for the eil51 TSP is shown in the top graph with the log of the solution quality shown in the bottom graph▷ to the eil51 TSP have been collected and are displayed in αgure 5▷1 αgure 5▷2 and αgure 5▷3▷ Looking at the three graphs mentioned above it is apparent that the GDA spends a lot of time searching the solution space at levels of quality that are close to optimal▷ GAs do not appear to spend as much time at quality levels close to optimality▷ The question this poses is whether the extra effort spent at αnetuning the search produces solutions of substantially better quality▷

5▷3 Empirical Results A tailored TSP heuristic kopt and three generally applicable heuristics the GDA GAs ↼looking at the best solution found rather than the average generation solution quality↽ and RLS ↼steepest descent↽ discussed in detail in chapter 4 chapter 3 and section 2▷6 respectively have been run several times on four TSP instances bays29 eil51 kroC100 and kroA150▷ The solution qualities measured as a percentage above optimal and the run times measured in seconds of CPU time were recorded are displayed in two formats▷ The means and variances of the solution qualities and of the run times are given in a tabular form while boxplots of the results are given as a graphical portrayal of the relative performance of the heuristics▷ For each TSP instance different heuristic parameters and various numbers of repetitions have been used▷

Figure 5▷2▷ Solution quality over time for the GDA▷ The solution quality over time for the eil51 TSP on the right and the solution quality over the log of time on the left for several U P values with N Size and the maximum number of iterations both large are shown above▷

Figure 5▷3▷ Solution quality over time for a GA▷ The solution qualities over time for the eil51 TSP on the bottom and over log time on the top are displayed above▷ The best solution quality in a generation is shown by the dashed line and the average solution quality from a generation is shown by the solid line▷ Parameter settings. n = 500, p_c = 0.6 p_m = 0.05 ϵ = 0.0005 N = 10. bays29: • kopt was run for ten repetitions▷ • T⟨⌉ GA ⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ n = 400, p_c = 0.6 p_m = 0.05 ϵ = 0.05 and N = 10 • RLS∞⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GA ≀\ ⊔⟨⌉ ⌊⊣†∫∈∃ TSP↙ • T⟨⌉ GDA ⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ UP = 0.01 NSize = 750, and the maximum number of iterations set at 5 million. • RLS∈⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GDA ≀\ ⊔⟨⌉ ⌊⊣†∫∈∃ TSP↙ ⌉⟩↕▽∞¬ • kopt was run for ten repetitions▷ • T⟨⌉ GA ⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ n = 600, p_c = 0.6 p_m = 0.05 ϵ = 0.0005 and N = 10 • RLS∞⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GA ≀\ ⊔⟨⌉ ⌉⟩↕▽∞ TSP↙ • T⟨⌉ GDA ⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ UP = 0.01 NSize = 2500, and the maximum number of iterations set at 5 million.

• RLS∈⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GDA ≀\ ⊔⟨⌉ ⌉⟩↕▽∞ TSP↙ ‖∇≀C∞′′¬ • kopt was run for ten repetitions▷ • T⟨⌉ GA ⊒⊣∫ ∇⊓\ {≀∇ ⊘⊑⌉ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ n = 1500, p_c = 0.6 p_m = 0.05 ϵ = 0.000001 and N = 10 • RLS∞ ⊒⊣∫ ∇⊓\ {≀∇ ⊘⊑⌉ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩↖ ⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GA ≀\ ⊔⟨⌉ ‖∇≀C∞′′ TSP↙ • T⟨⌉ GDA ⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ UP = 0.01 NSize = 5000, and the maximum number of iterations set at 5 million. • RLS∈⊒⊣∫ ∇⊓\ {≀∇ ⊔⌉\ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GDA ≀\ ⊔⟨⌉ ‖∇≀C∞′′ TSP↙ ‖∇≀A∞▽′¬ • kopt was run for ten repetitions▷ • T⟨⌉ GA ⊒⊣∫ ∇⊓\ {≀∇ ⊘⊑⌉ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ n = 1500, p_c = 0.6 p_m = 0.05 ϵ = 0.0000001 and N = 10 but no convergence was achieved for reasons that have been discussed in chapter 3. • RLS∞⊒⊣∫ \≀⊔ ∇⊓\ ∫⟩\⌋⌉ \≀ ∇⌉∫⊓↕⊔∫ {∇≀⇕ ⊔⟨⌉ GA ⊒⌉∇⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉ {≀∇ ⌋≀⇕√⊣∇⟩∫≀\↙ • T⟨⌉ GDA ⊒⊣∫ ∇⊓\ {≀∇ ⊘⊑⌉ ∇⌉√⌉⊔⟩⊔⟩≀\∫ ⊒⟩⊔⟨ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫¬ UP = 0.01 NSize = 7500, and the maximum number of iterations set at 5 million. • RLS∈⊒⊣∫ ∇⊓\ {≀∇ ⊘⊑⌉ ∇⌉√⌉⊔⟩⊔⟩≀\∫ {≀∇ ⊣ ↕⌉\}⊔⟨ ≀{ ⊔⟩⇕⌉ ⊣√√∇≀§⟩↖ ⇕⊣⊔⌉↕† ⌉∐⊓⊣↕ ⊔≀ ⊔⟨⌉ ⇕⌉⊣\ ∇⊓\ ⊔⟩⇕⌉ ∇⌉∐⊓⟩∇⌉⌈ ⌊† ⊔⟨⌉ GDA ≀\ ⊔⟨⌉ ‖∇≀A∞▽′TSP↙ T⊣⌊⊓↕⊣∇ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ }⟩⊑⌉\ ⟩\ ⊔⊣⌊↕⌉ ▽↙∞ ⊣\⌈ ⊔⊣⌊↕⌉ ▽↙∈ ⊒⟨⟩↕⌉ ⊣ }∇⊣√⟨⟩⌋⊣↕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ⟩∫ ⌈⟩∫√↕⊣†⌉⌈ ⟩\ ⊘}⊓∇⌉ ▽↙△ ⊣\⌈ ⊘}⊓∇⌉ ▽↙▽↙ F∇≀⇕ ⊘}⊓∇⌉ ▽↙△ ⟩⊔ ⌋⊣\ ⌊⌉ ∫⌉⌉\ ⊔⟨⊣⊔ kopt and the GDA consistently give the best quality solutions▷ For problems of smaller dimensions the tailored heuristic produces results with almost negligible variation but as the prob lem size increases the variation becomes comparable with that produced by the GDA and it is difαcult to say which heuristic is ℓbetterφ in terms of so lution quality▷ For all TSP instances investigated the GDA outperforms RLS ↼for a comparable length of time↽ quite noticeably▷ The GA seldom produces solutions of a quality as good as that produced by the GDA or kopt and appears to have a relatively large variation associated with the solutions▷ Furthermore the heuristic is often outperformed by RLS▷ The run times of the various heuristics can be seen in αgure 5▷5▷ As expected the tailored heuristic produces results very quickly in comparison to the general heuristics while the GDA is substantially faster than the GA▷ In comparing run times it should be noted that the three general heuristic bays29 eil51 kroC100 kroA150 kopt mean 0▷0281 0▷8440 2▷5386 1▷2465 var 9▷7600·∞′^{−▽} ′↙▽′△ ̸∈↙∀∃∞′ ′↙∈∀∃∀ GA ⇕⌉⊣\ ∞↙∀∋∋′ ∋↙∞∃′△ ∀↙∀△̸∀ NA ⊑⊣∇ ∞↙′△̸▽ ∞↙∃∈∋ ∈∋↙∞▽∈∀ NA RLS ∞ ⇕⌉⊣\ ′↙∈∈△∈ ∋↙△′∞ ∈↙′▽∃ NA ⊑⊣∇ ′↙′∈∀ ̸∞↙△∃△∋ ′↙∃△̸△ NA TA ⇕⌉⊣\ ′↙△′̸ ∞↙′̸∞∞ ∞↙▽∀∃▽ ∞↙▽∈▽ ⊑⊣∇ ′↙△∀ ∈↙∞△∈∃ ∞↙∈∋△∞ ′↙∃∈△∀ RLS ∈ ⇕⌉⊣\ ′↙▽∞∀ ∋↙∀̸▽̸ ↙̸∈∃▽ ↙̸∀▽∞∈ ⊑⊣∇ ′↙∞∋▽△ ∞↙̸∞′ △↙▽∞∈ ↙̸∉∈▽

T⊣⌊↕⌉ ▽↙∞↙ H⌉⊓∇⟩∫⊔⟩⌋ ∫≀↕⊓⊔⟩≀\ ∐⊓⊣↕⟩⊔† {≀∇ ⊔⟨⌉ TSP↙ A ⊔⊣⟩↕≀∇⌉⌈ TSP ⟨⌉⊓∇⟩∫⊔⟩⌋⇔ kopt and three generally applicable heuristics the GDA GAs and RLS have been run several times on four TSP instances bays29 eil51 kroC100 and kroA150▷ The solution qualities measured as a percentage above optimal have been recorded and their means and variances are given above▷

bays29 eil51 kroC100 kroA150 kopt mean 0▷0367 0▷0683 0▷1533 0▷2883 var 1▷7284·∞′^{−△} ∋↙∋△̸∈·∞′^{−△} ↙̸′△∃△·∞′^{−△} ∞↙∞∞△∈·∞′^{−∋} GA ⇕⌉⊣\ △↙∞′▽′ ∈▽↙′∀∃ ∞∈▽∋△↙∞ NA ⊑⊣∇ ∃↙∃▽ ̸∃∃↙̸∃∀▽ ∋↙′∃▽·∞′ NA RLS∞ ⇕⌉⊣\ △∀↙△△∋∋ ∈∃△↙∞▽▽ ∞∋∞△∃↙∃ NA ⊑⊣∇ ′↙′̸′∃ ∞∞▽↙′∃∀ ∈∋△△∞̸↙△ NA TA ⇕⌉⊣\ ∞∀↙∋△∞ ∞∀▽↙∋∞▽ ∈∈▽∃↙∞̸ ∞′∃∞∈↙∀ ⊑⊣∇ ∞▽↙′∃▽∃ ∈∋∃↙∃ ∞∈∋∀∈↙∃ ∞△∞∃∈∞ RLS∈ ⇕⌉⊣\ ∞∃↙▽∀▽′ ∞∃∃↙∃∞▽ ∋∞∞′↙∞̸ ∞▽△̸↙△ ⊑⊣∇ ′↙∉′∀ ▽∃↙∀′∋ △△∈△↙▽′ ∈∈∞▽↙̸∞ T⊣⌊↕⌉ ▽↙∈↙ H⌉⊓∇⟩∫⊔⟩⌋ ∇⊓\ ⊔⟩⇕⌉ {≀∇ ⊔⟨⌉ TSP↙ A ⊔⊣⟩↕≀∇⌉⌈ TSP ⟨⌉⊓∇⟩∫⊔⟩⌋⇔ kopt and three generally applicable heuristics the GDA GAs and RLS have been run several times on four TSP instances bays29 eil51 kroC100 and kroA150▷ The run times measured in seconds of CPU time have been recorded and their means and variances are given above▷

Figure 5▷4▷ Comparison of heuristic solution quality▷ Four heuristic algorithms were run repeatedly for four TSP instances and solution qualities were measured as a ϱ above the optimal tour length with boxplots given above▷ The heuristics are kopt a GA RLS and the GDA▷ The four TSP instances are bays29 eil51 kroC100 and kroA150 as described in appendix B▷

Figure 5▷5▷ Comparison of heuristic run time▷ Four heuristic algorithms were run repeatedly for four TSP instances and algorithm run times were measured in seconds of CPU time with boxplots given above▷ The heuristics are kopt a GA RLS and the GDA▷ The four TSP instances are bays29 eil51 kroC100 and kroA150 as described in appendix B▷ are coded in the same language C ⇁⇁ ↼see appendix C↽ whereas the k opt 3 algorithm is written in a different language FORTRAN so a direct comparison of run times is not relevant although the general relationship is still valid▷

5▷4 Conclusions From the above empirical analysis it may be possible to determine which heuristic is the best at solving combinatorial optimisation problems espe cially the TSP▷ In terms of solution quality there is not much difference be tween the GDA and the kopt algorithm and these two algorithms certainly produce solutions closest to optimality with the greatest regularity▷ How ever the time taken by the kopt algorithm is orders of magnitude smaller than that required for all three general heuristics considered which was expected from a tailored algorithm▷ Of the general heuristics it can be said that GDA outperforms RLS ↼when comparative run times are used↽ with regularity while GA is not much better than if at all better than RLS when considering solution quality▷ The GDA is better than the GA both in solu tion quality and in run time and for the TSP at least is therefore a ℓbetterφ heuristic▷ Although solution quality and algorithm run time are the main com parative measures used in this analysis other evaluation criterion can be examined▷ Comparing the ease of heuristic implementation subject to per sonal opinions RLS requires the least effort to code then the GDA and lastly the GA▷ The simplicity of algorithm ↼again subject to my own prejudices↽ mirrors the ease of implementation RLS is most simple then the GDA ↼as is essentially an extended local search↽ and lastly the GA▷ All three general heuristics are βexible and robust so can easily handle changes to the problem structure constraints and objective function▷ The kopt cannot easily accom modate such changes and so although kopt ties for solution quality with the GDA and wins hands down for run time over all the other heuristics as with any tailored algorithm it will need substantial reworking if difαcult side constraints or a change to the problem are required▷ Considering only the performance of the three general heuristics the rea sons for the difference in solution quality needs examining▷ The difference in the manner by which the GA moves about the solution space together with the lack of incremental cost improvement for the GA should lead to slower running times for the same amount of exploration▷ Also whereas RLS and the GDA work with a single solution by design GAs work with a population of solutions and so require a lot more work to maintain than the the local search style algorithms which should lead to a slower algorithm unless convergence occurs more rapidly than for the GDA▷ The fact that the GDA spends a larger fraction of total run time search 3D Slowinski ↼slow∂runkel▷cray▷com↽kindly provided the code for the kopt heuris tic via the goodwill of G Grimwood ↼geoff∂isor▷vuw▷ac▷nz↽▷ It is in FORTRAN and was compiled using the Sun FORTRAN compiler▷ ing solutions that are close to optimal as compared to GAs which spend a relatively small fraction of run time αnetuning the search seems to re sult in solutions of better quality▷ Even though the GDA spends more time αnetuning it is still faster than the GA which is perhaps attributable to the fact that the algorithm has less work to do and with an incremental cost structure the GDA can sift through a comparable amount of the search space with less effort▷ RLS seems to outperform GAs when run in comparable amounts of time and is also a much simpler algorithm which questions the validity of the GA paradigm when applied to combinatorial optimisation▷ GAs as has been mentioned are good at αnding a general area of optimality but are poor at αnetuning the search this is reβected both in chapter 3 and in the results given in this chapter▷ Although RLS does outperform the GA implemented here it does not outperform the GDA which appears better at αnetuning the search than the GA▷ GDA is not as dependent on the initial solution as RLS so can αnd a good solution with greater regularity▷ RLS will give a good solution only if an initial solution in a good area is found when restarting the algorithm▷ GAs have only been applied to function optimisation and combinatorial optimisation relatively recently and do have a broader application than the GDA and RLS which are essentially restricted to the combinatorial opti misation domain▷ At present it seems GAs are best suited to areas other than combinatorial optimisation especially Artiαcial Intelligence and other related areas▷ Since general heuristics such as the GDA already exist for com binatorial optimisation and do a better job than GAs both in solution quality and in run time there seems little need to appeal to the GA paradigm to solve such problems▷ Having said this GAs have more parameters to ℓop timiseφ than for the GDA when considering a combinatorial optimisation problem and it is conceivable that further reαnement of the parameters will produce better results for the GA than those displayed here▷ However a similar argument can be applied to the GDA▷ Direct comparisons of generally applicable heuristic seem scarce in the literature although the following papers tend to support the conclusions made here▷ Nurmela ♭32♯ investigates the use of general heuristics when applied to covering design packing design and tdesigns▷ The conclusions made at the end of the report are that GAs were well outperformed by local search style algorithms and of the local search algorithms SA performed consistently well although GDA and RTRT often outperformed SA in solution quality and run time▷ Sinclair ♭38♯ investigated several general heuristics when applied to a realworld problem hydraulic turbine runner balancing ↼a special case of the quadratic assignment problem↽ and found that GAs performed poorly Tabu Search gave the best quality solutions but took a long time annealing gave good quality solutions and the TA methods gave the best balance between solution quality and algorithm run time▷

Appendix A

The 2Change Neighbourhood Generation Operation

The 2change operation was αrst proposed by Lin ♭29♯ and is thus sometimes referred to as the Lin2Opt change▷ Given a solution x to an instance of the Traveling Salesman Problem ↼TSP↽ the 2change operation generates a new tour in the following manner▷ Two edges are removed from the tour representing x and are replaced so that a tour is maintained▷ There is just one way in which to do this for the 2change and it amounts to the reversal of the order in which the cities are traversed inbetween two arbitrary cities p and q say in the tour x▷ A 2change is demonstrated in αgure A▷1▷

Figure A▷1▷ Example of a interchange operation on a instance of the TSP between the initial tour ↼a↽ and the tour resulting from a 2change ↼b↽▷If p and q are the cities selected by the operation then the links pp^′ ⊣\⌈ qq^′ ⊣∇⌉ ⌊∇≀‖⌉\ ⊣\⌈ ∇⌉√↕⊣⌋⌉⌈ ⌊† pq^′ ⊣\⌈ qp^′↙ B† ⌋≀\∫⟩⌈⌉∇⟩\} ⊣↕↕ ⊔⟨⌉ √≀∫∫⟩⌊↕⌉ ⊔≀⊓∇∫ ⊔⟨⊣⊔ ⌋⊣\ ⌊⌉ ∇⌉⊣⌋⟨⌉⌈ {∇≀⇕ x by the two change a neighbourhood for x N(x, σ), is deffned, where σ is the 2 change operation▷ As mentioned above the operation is fully described by choosing two cities p and q and reversing the order in which the cities are traversed between them▷ Let y be the solution resulting from the 2change operation on x with speciαc values for p and q▷ Then the cyclic permutations π_x and π_y representing the two tours are related▷

A cyclic permutation is a term used in algebra a αeld of mathematical study▷ A permutation is a onetoone mapping from a set S onto itself▷ When S is the set of integers up to and including n {∞, 2, · · · , n}⇔ ⊔⟨⌉ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ }∇≀⊓√ ≀{ √⌉∇⇕⊓⊔⊣⊔⟩≀\∫ ⟩∫ ⌋⊣↕↕⌉⌈ S_n▷ An element of S_n π can be represented in a tworow form▷ Write 1 · · · n on the αrst line and below each number k write its image π(k). Thus ( )

√~√√~√~{√ [~ √~√⌉∐]}{ ]{ S 4 deαned by 1 → ∈⇔ ∈ → △⇔ ∋ → ∞⇔ ⊣\⌈ △ → ∋↙ C†⌋↕⌉ \≀⊔⊣⊔⟩≀\ ⌋⊣\ ⌊⌉ ⊓∫⌉⌈ ⊔≀ ∇⌉√∇⌉∫⌉\⊔ ⌉↕⌉⇕⌉\⊔∫ ≀{ S_n▷ A kcycle is a cycle (a 1, a2, · · · , ak), where a 1· · · ak ∈ S representing the permutation in S deαned by a 1 → a2, a2 → a3, · · · , a_{k−∞} → a_k▷ Thus an ncycle represents a tour if 1 · · · n are Ψcitiesν▷ So the cyclic permutation representing an ncycle is a onetoone mapping from each city k in the tour to its successor π(k), and ( · · · n π(1) π(2) · · · π(n) )

~⌈⌈ √~√√~√~{√ ∐ }√ }~ [~ n cities▷ In any permutation π we let π m(i) be the composition of m images beginning at i i▷e π^m(i) = π(· · · (π(π(i)))). In the above example then π 2(2) = π(π(2)) = π(4) = 3. Let π_x and π_y be the permutations representing the two tours x and y and p and q the two Ψcitiesν representing the 2change operation▷▷ Let k equal the integer value for which π^k_x(p) = q 1 < k < n▷ The two permutations are then related as follows. π_y(p) = π^{−∞}_x (q) = π^{k−∞}_x (p)

π_y(π_x(p)) = q = π^k_x(p) π_y(π^r_x(p)) = π^{r−∞}_x (p) r = 2, · · · , k − ∞ π_y(s) = π_x(s) otherwise The size of the neighbourhoods generated by this operation is theoreti cally the number of ways of choosing p × ⊔⟨⌉ \⊓⇕⌊⌉∇ ≀{ ⊒⊣†∫ ≀{ ⌋⟨≀≀∫⟩\} ∐ ⇔ ⊒⟨⟩⌋⟨ ⟩∫ n2in an ncity TSP▷ However we exclude all tours from the neighbourhood which are equal to the current tour since they are not genuine permutations▷ By excluding cases where |p − q| < 3 any tour in the neighbourhood is en sured to be different from the present solution giving a neighbourhood size of n(n − ∋). Using the 2-change operation to generate neighbours has the implication that any solution x can be reached from any other solution y in n − ∈ ⇕≀⊑⌉∫⇔ ∫⟩\⌋⌉ {≀∇ ⊣↕↕ ⊔≀⊓∇∫ x and y there exists a sequence l 0, · · · , l_{n−∈} ∫⊓⌋⟨ ⊔⟨⊣⊔ π_{l0} = π_x and π_{ln}�2 = π_y and π_{lk} → π_{lk}+1 k = 0, · · · , n − ∋ ⊔⟨∇≀⊓}⟨ ⊣ ∈↖⌋⟨⊣\}⌉ ⊒⟩⊔⟨ p and q such that p = π^k_y (1) and q = π_{lk} (π^{k+1}_y (1))

This reachability is of great theoretical importance in many of the generally applicable heuristics.

Using the notation of cyclic permutations makes aspects of the TSP easy to express. The solution space of a TSP instance is represented by the set of all cyclic permutations π = (π(1), · · · , π(n)), where π(i) represents the successor of city i i = 1 · · · n in the tour represented by π▷ Given a cost matrix D = [ d_{ij} ] √~√√~√~{]{~ [~ ^]√∐{^~√ ^~~~{ ∐⌈⌈ ^]]~√ i and j the cost function ↼the total length of the tour↽ is given by. f(π) = n∑ i=1 d_{i,π(i)} By performing the 2-change operation, reversing the tour order between cities p and q a new tour results with a cost equal to f(π) + △f where △f = −d_{p,π(p)} − d_π�1_{(q),q} + d_{p,π}�1_{(q)} + d_{π(p),q} The cost of the entire tour need not be reevaluated after each 2change only the above incremental difference must be calculated▷

Appendix B

TSP Test Problems

To investigate the performance of speciαc heuristics and how different heuristics compare four TSP instances are used as common test problems▷ Since relative performances of different heuristics may vary with increas ing problem size four problems used are bays29▷tsp eil51▷tsp kroC100▷tsp and kroA150▷tsp of 29 51 100 and 150 cities respectively▷ These prob lems form part of a standard TSP library tsplib1▷2 that can be accessed electronically using anonymous FTP at ftp elib▷zibberlin▷de in the directory pub◁mptestdata◁tsp◁TSPLIB▷

B▷1 bays29▷tsp

NAME. bays29 COMMENT. 29city problem in Bavaria TYPE. TSP DIMENSION. 29 TYPE. Euclidean 2dimensions Node Number.xcoordinate ycoordinate 1.1150▷0 1760▷0 2.630▷0 1660▷0 3.40▷0 2090▷0 4.750▷0 1100▷0 5.750▷0 2030▷0 6.1030▷0 2070▷0 7.1650▷0 650▷0 8.1490▷0 1630▷0 9.790▷0 2260▷0 10.710▷0 1310▷0 11.840▷0 550▷0 12.1170▷0 2300▷0 13.970▷0 1340▷0 14.510▷0 700▷0 15.750▷0 900▷0 16.1280▷0 1200▷0 17.230▷0 590▷0 18.460▷0 860▷0 19.1040▷0 950▷0 20.590▷0 1390▷0 21.830▷0 1770▷0 22.490▷0 500▷0 23.1840▷0 1240▷0 24.1260▷0 1500▷0 25.1280▷0 790▷0 26.490▷0 2130▷0 27.1460▷0 1420▷0 28.1260▷0 1910▷0 29.360▷0 1980▷0

NAME. bays29▷opt▷tour COMMENT. Optimum tour for bays29▷tsp 1 TYPE. TOUR DIMENSION. 29 LENGTH. 9074▷15 1241316278237251911221714181541020221529326 912628

Figure B▷1▷ Optimal tour for the bays29 TSP instance▷

1The optimum tour given in the TSP library is incorrect▷ The tour given is the best tour produced by many runs of the Lin and Kernighan variable kopt algorithm and is not guaranteed to be optimal▷ See chapter 2▷

B▷2 eil51▷tsp NAME. eil51 COMMENT. 51city problem ↼Christoαdes◁Eilon↽ TYPE. TSP DIMENSION. 51 TYPE. Euclidean 2dimensions Node Number.xcoordinate ycoordinate 1.37 52 2.49 49 3.52 64 4.20 26 5.40 30 6.21 47 7.17 63 8.31 62 9.52 33 10.51 21 11.42 41 12.31 32 13.5 25 14.12 42 15.36 16 16.52 41 17.27 23 18.17 33 19.13 13 20.57 58 21.62 42 22.42 57 23.16 57 24.8 52 25.7 38 26.27 68 27.30 48 28.43 67 29.58 48 30.58 27 31.37 69 32.38 46 33.46 10 34.61 33 35.62 63 36.63 69 37.32 22 38.45 35 39.59 15 40.5 6 41.10 17 42.21 10 43.5 64 44.30 15 45.39 10 46.32 39 47.25 32 48.25 55 49.48 28 50.56 37 51.30 40

NAME. eil51▷opt▷tour COMMENT. Optimum tour for eil51▷tsp 2 TYPE. TOUR DIMENSION. 51 LENGTH. 428▷872 1321138537174184712465127648237432414251140 19424415453339104993034215016229203536328316 822

Figure B▷2▷ Optimal tour for the eil51 TSP instance▷

2The optimum tour given in the TSP library is incorrect▷ The tour given is the best tour produced by many runs of the Lin and Kernighan variable kopt algorithm and is not guaranteed to be optimal▷ See chapter 2▷

B▷3 kroC100▷tsp NAME. kroC100 TYPE. TSP COMMENT. 100city problem C ↼Krolak◁Felts◁Nelson↽ DIMENSION. 100 TYPE. Euclidean Node Number.xcoordinate ycoordinate 1.1357 1905 2.2650 802 3.1774 107 4.1307 964 5.3806 746 6.2687 1353 7.43 1957 8.3092 1668 9.185 1542 10.834 629 11.40 462 12.1183 1391 13.2048 1628 14.1097 643 15.1838 1732 16.234 1118 17.3314 1881 18.737 1285 19.779 777 20.2312 1949 21.2576 189 22.3078 1541 23.2781 478 24.705 1812 25.3409 1917 26.323 1714 27.1660 1556 28.3729 1188 29.693 1383 30.2361 640 31.2433 1538 32.554 1825 33.913 317 34.3586 1909 35.2636 727 36.1000 457 37.482 1337 38.3704 1082 39.3635 1174 40.1362 1526 41.2049 417 42.2552 1909 43.3939 640 44.219 898 45.812 351 46.901 1552 47.2513 1572 48.242 584 49.826 1226 50.3278 799 51.86 1065 52.14 454 53.1327 1893 54.2773 1286 55.2469 1838 56.3835 963 57.1031 428 58.3853 1712 59.1868 197 60.1544 863 61.457 1607 62.3174 1064 63.192 1004 64.2318 1925 65.2232 1374 66.396 828 67.2365 1649 68.2499 658 69.1410 307 70.2990 214 71.3646 1018 72.3394 1028 73.1779 90 74.1058 372 75.2933 1459 76.3099 173 77.2178 978 78.138 1610 79.2082 1753 80.2302 1127 81.805 272 82.22 1617 83.3213 1085 84.99 536 85.1533 1780 86.3564 676 87.29 6 88.3808 1375 89.2221 291 90.3499 1885 91.3124 408 92.781 671 93.1027 1041 94.3249 378 95.3297 491 96.213 220 97.721 186 98.3736 1542 99.868 731 100.960 303

NAME. kroC100▷opt▷tour COMMENT. Optimum tour for kroC100▷tsp TYPE. TOUR DIMENSION. 100 LENGTH. 20750▷76 1852715137964204255674731658077306835254675 22817259034589888283938715643586728362509594 917670232189415973369604939919921014365774 1003345819796875211844866446351163797882726 61322446291849124053

Figure B▷3▷ Optimal tour for the kroC100 TSP instance▷

B▷4 kroA150▷tsp NAME. kroA150 TYPE. TSP COMMENT. 150city problem C ↼Krolak◁Felts◁Nelson↽ DIMENSION. 150 TYPE. Euclidean Node Number.xcoordinate ycoordinate 1.1380 939 2.2848 96 3.3510 1671 4.457 334 5.3888 666 6.984 965 7.2721 1482 8.1286 525 9.2716 1432 10.738 1325 11.1251 1832 12.2728 1698 13.3815 169 14.3683 1533 15.1247 1945 16.123 862 17.1234 1946 18.252 1240 19.611 673 20.2576 1676 21.928 1700 22.53 857 23.1807 1711 24.274 1420 25.2574 946 26.178 24 27.2678 1825 28.1795 962 29.3384 1498 30.3520 1079 31.1256 61 32.1424 1728 33.3913 192 34.3085 1528 35.2573 1969 36.463 1670 37.3875 598 38.298 1513 39.3479 821 40.2542 236 41.3955 1743 42.1323 280 43.3447 1830 44.2936 337 45.1621 1830 46.3373 1646 47.1393 1368 48.3874 1318 49.938 955 50.3022 474 51.2482 1183 52.3854 923 53.376 825 54.2519 135 55.2945 1622 56.953 268 57.2628 1479 58.2097 981 59.890 1846 60.2139 1806 61.2421 1007 62.2290 1810 63.1115 1052 64.2588 302 65.327 265 66.241 341 67.1917 687 68.2991 792 69.2573 599 70.19 674 71.3911 1673 72.872 1559 73.2863 558 74.929 1766 75.839 620 76.3893 102 77.2178 1619 78.3822 899 79.378 1048 80.1178 100 81.2599 901 82.3416 143 83.2961 1605 84.611 1384 85.3113 885 86.2597 1830 87.2586 1286 88.161 906 89.1429 134 90.742 1025 91.1625 1651 92.1187 706 93.1787 1009 94.22 987 95.3640 43 96.3756 882 97.776 392 98.1724 1642 99.198 1810 100.3950 1558 101.3477 949 102.91 1732 103.3972 329 104.198 1632 105.1806 733 106.538 1023 107.3430 1088 108.2186 766 109.1513 1646 110.2143 1611 111.53 1657 112.3404 1307 113.1034 1344 114.2823 376 115.3104 1931 116.3232 324 117.2790 1457 118.374 9 119.741 146 120.3083 1938 121.3502 1067 122.1280 237 123.3326 1846 124.217 38 125.2503 1172 126.3527 41 127.739 1850 128.3548 1999 129.48 154 130.1419 872 131.1689 1223 132.3468 1404 133.1628 253 134.382 872 135.3029 1242 136.3646 1758 137.285 1029 138.1782 93 139.1067 371 140.2849 1214 141.920 1835 142.1741 712 143.876 220 144.2753 283 145.2609 1286 146.3941 258 147.3613 523 148.1754 559 149.2916 1724 150.2445 1820

NAME. kroA150▷opt▷tour COMMENT. Optimum tour for kroA150▷tsp 3 TYPE. TOUR DIMENSION. 150 LENGTH. 26524▷86 113028931314711363649901061345319759713956143 1194651181242612966702294168813779182438104111 10299368410722174127591411715113210945919823 11077606215035862712205779117348355149120115 1234312813641711004814346291321121073012110139 967852537147103146337613951268211650441141442 5440646973688513514014587511252581615810867105 14214813313889318012242892

Figure B▷4▷ Optimal tour for the kroA150 TSP instance▷

3No optimum tour is given in the TSP library▷ The tour given is the best tour produced by many runs of the Lin and Kernighan variable kopt algorithm and is not guaranteed to be optimal▷ See chapter 2▷

Appendix C

Program Listings

This appendix is a listing of the C⇁⇁ programs for the Great Deluge Al gorithm a Genetic Algorithm and repeated local search algorithm imple mented for the Traveling Salesman Problem▷ The LEDA library♭31♯ is used with GNU g ⇁⇁2▷2▷3 on a SPARCstation running SunOS 4▷1▷3 with OpenWin dows 3▷0 and X11 Release 5▷ One particular machine is used for running programs. a SPARCstation 10◁512 ↼dual 50MHz processor↽ with 160MB main memory and 400MB swap space▷ The programs are run directly from the Unix prompt with output redirected to relevant collection αles▷

C▷1 The Genetic Algorithms C▷1▷1 Makeαle ϑThis Makeαle takes the ▷cc αles deαned by SOURCES and compiles and links ϑthen to give the program with name deαned by PROGRAM▷ LEDA / /u/grads/geoff/LEDA ϑLEDA is a handy library of graph list array and geometrical objects▷ ϑThis Makeαle is not setup to compile and link source αles that use the ϑLEDA X11 window objects and programs▷ X11 / /usr/openwin/lib TARGET / GA SOURCES / TSPprob popn GA OBJECTS / ϖ↼SOURCES.ϱ/ϱ▷o↽ ϑOBJECTS is a list of ▷o αlenames corresponding to SOURCES▷ ▷SILENT. ϑTo see all that is happening comment out the ▷SILENT line▷ The horriαc ϑcommands that do the compiling and linking will be shown▷ ▷SUFFIXES. ▷cc ▷o

▷KEEP STATE. CCC / g⇁⇁ ϑg⇁⇁ is the GNU C⇁⇁ compiler and linker▷ INCLUDES/ Iϖ↼LEDA↽/incl ϑINCLUDES is the directory in which to search for LEDA ▷h αles▷ CCFLAGS / O2 ϑO2 is the optimisation βag for the g⇁⇁ compiler and linker▷ CPPFLAGS/ LDFLAGS / LEDALIBS/ Lϖ↼LEDA↽ lP lG lL ϑLEDALIBS is the directory and list of library archive αles in which to ϑfor LEDA objects and programs▷ lP means libP▷a etc▷ X11LIBS / COMPILE / ϖ↼CCC↽ ϖ↼CCFLAGS↽ ϖ↼INCLUDES↽ ϖ↼CPPFLAGS↽c ϑCOMPILE is the compile command without linking▷ LINK / ϖ↼CCC↽ ϖ↼CCFLAGS↽ ϖ↼CPPFLAGS↽ ϖ↼LDFLAGS↽ ϑLINK is the link command ▷cc▷o. ∂echo Compiling ϖ∗ ↔⇐COMPILE⇒ ↔< ϑ▷cc▷o means for each ▷cc with an old ▷o or no ▷o perform the compile command▷ ϖ↼TARGET↽. ϖ↼OBJECTS↽ ∂echo Linking δ ϖ∂ ϖ↼LINK↽o ϖ↼TARGET↽ ϖ↼OBJECTS↽ ϖ↼LEDALIBS↽ ϖ↼X11LIBS↽lm ϑ↼TARGET↽. ϖ↼OBJECTS↽ means link any new ▷o αles to give a new PROGRAM αle ϑor link all ▷o αles to give a PROGRAM αle if no PROGRAM αle exists▷

C▷1▷2 GA▷cc //GA▷cc //Implements a Genetic Algorithm ϑinclude εpopn▷hε void WriteParams↼int popsizedouble convergedouble cprobdouble mprob int sqsizeint genβoat time↽ { ⌋≀⊓⊔≪√≀√∫⟩‡⌉∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⌋≀\⊑⌉∇}⌉∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⌋√∇≀⌊∅\⌉⊒↕⟩\⌉∅

∞∈∈

⌋≀⊓⊔≪⇕√∇≀⌊∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪∫∐∫⟩‡⌉∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪}⌉\∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⊔⟩⇕⌉∅\⌉⊒↕⟩\⌉∅ \⌉⊒↕⟩\⌉∅ } ⊑≀⟩⌈ GA∇⊓\⇐⟩\⊔ √≀√∫⟩‡⌉⇔⌈≀⊓⌊↕⌉ ⌋≀\⊑⌉∇}⌉⇔⌈≀⊓⌊↕⌉ ⌋√∇≀⌊⇔⌈≀⊓⌊↕⌉ ⇕√∇≀⌊⇔ ⟩\⊔ ∫∐∫⟩‡⌉⇔A∫⌉⌉⌈L⟩∫⊔∗ ∫L⟩∫⊔√⊔∇⇔C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ ∝∝G⟩⊑⌉\ √≀√∫⟩‡⌉⇔ ⌋≀\⊑⌉∇}⌉⇔ ⌋√∇≀⌊⇔ ⇕√∇≀⌊⇔ ⊣\⌈ ∫∐∫⟩‡⌉ √⌉∇{≀∇⇕∫ ⊣ ∝∝∫⟩\}↕⌉ GA ∇⊓\↙ { ⟩\⊔ }⌉\∅ ⊙≀⊣⊔ ⊔⟩⇕⌉ℑ⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒∅ A√≀√\ √≀√\⇐√≀√∫⟩‡⌉⇔⌋≀\⊑⌉∇}⌉⇔⌋√∇≀⌊⇔⇕√∇≀⌊⇔∫∐∫⟩‡⌉⇔∫L⟩∫⊔√⊔∇⇒∅ √≀√\↙G⌉\I\⟩⊔P≀√⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇒∅ }⌉\ℑ∞∅ ⌈≀ { √≀√\↙G⌉\M⊣⊔⌉P≀≀↕⇐⇒∅ √≀√\↙G⌉\N⌉⊒P≀√⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇒∅ }⌉\⇓⇓∅ } ⊒⟨⟩↕⌉⇐→√≀√\↙C≀\⊑⌉∇}⌉⇐}⌉\⇒⇒∅ ⊔⟩⇕⌉ℑ⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒↖⊔⟩⇕⌉∅ √≀√\↙P∇⟩\⊔G⌉\⇐⇒∅ W∇⟩⊔⌉P⊣∇⊣⇕∫⇐√≀√∫⟩‡⌉⇔⌋≀\⊑⌉∇}⌉⇔⌋√∇≀⌊⇔⇕√∇≀⌊⇔∫∐∫⟩‡⌉⇔}⌉\⇔⊔⟩⇕⌉⇒∅ } ⇕⊣⟩\⇐⇒ ∝∝R⌉⊣⌈∫ ⟩\ ⊔⟨⌉ GA √⊣∇⊣⇕⌉⊔⌉∇∫ ⊣\⌈ ⊣↕↕≀⊒∫ {≀∇ ∇⌉√⌉⊣⊔⌉⌈ ∇⊓\∫ ≀{ ∝∝⊑⊣∇†⟩\} √⊣∇⊣⇕⌉⊔⌉∇∫ ⊔≀ ⌊⌉ ⇕⊣⌈⌉↙ { ⟩\⊔ ⟩⇔|⇔‖⇔↕⇔⇕⇔\⇔≀∅ ⟩\⊔ P≀√S⟩‡⌉N⊓⇕ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ ⊣∇∇⊣†<int> PopSizes↼1PopSizeNum↽, PopSizes▷read↼↽, int CvgNum/read int↼↽, array<double> Cvgs↼1CvgNum↽, Cvgs▷read↼↽, int CrossProbNum/read int↼↽, array<double> CrossProbs↼1CrossProbNum↽, CrossProbs▷read↼↽, int MuteProbNum/read int↼↽, array<double> MuteProbs↼1MuteProbNum↽, MuteProbs▷read↼↽, int QSizeNum/read int↼↽, array<int> QSizes↼1QSizeNum↽, QSizes▷read↼↽, int SeedNum/read int↼↽, array<int> Seeds↼1↼6∗S⌉⌉⌈N⊓⇕⇒⇒∅ S⌉⌉⌈∫↙∇⌉⊣⌈⇐⇒∅ P∇≀⌊S⟩‡⌉ √∇≀⌊∫⟩‡⌉∅ C≀∫⊔S⊔∇⊓⌋⊔ ⌋∫⊔∇⊓⌋⊔∅ A∫⌉⌉⌈L⟩∫⊔ ∫L⟩∫⊔⇐∞⇔⇏∅ ↕≀≀√⇐⟩⇔∞⇔P≀√S⟩‡⌉N⊓⇕⇒ { ↕≀≀√⇐|⇔∞⇔C⊑}N⊓⇕⇒ { ↕≀≀√⇐‖⇔∞⇔C∇≀∫∫P∇≀⌊N⊓⇕⇒ { ↕≀≀√⇐↕⇔∞⇔M⊓⊔⌉P∇≀⌊N⊓⇕⇒ { ∞∈∋

↕≀≀√⇐⇕⇔∞⇔QS⟩‡⌉N⊓⇕⇒ { ↕≀≀√⇐\⇔∞⇔S⌉⌉⌈N⊓⇕⇒ { ↕≀≀√⇐≀⇔∞⇔⇏ { ∫L⟩∫⊔∪≀⊎ℑS⌉⌉⌈∫∪≀⇓∗̸⇐\↖∞⇒⊎∅ } GA∇⊓\⇐P≀√S⟩‡⌉∫∪⟩⊎⇔C⊑}∫∪|⊎⇔C∇≀∫∫P∇≀⌊∫∪‖⊎⇔M⊓⊔⌉P∇≀⌊∫∪↕⊎⇔ QS⟩‡⌉∫∪⇕⊎⇔↘∫L⟩∫⊔⇔↘⌋∫⊔∇⊓⌋⊔⇒∅ } } } } } } }

C↙∞↙∋ √≀√\↙⟨ //popn▷h //Deαnes the essentials needed for the GA process a method of //generating the initial population a method of implementing the //generational replacement process a method of selecting individuals //for reproduction and a method of determining convergence▷ ϑifndef popn H ϑdefine popn H ϑinclude εTSPprob▷hε ϑinclude<LEDA◁list▷h> typedef array<int> AMatePool, typedef array<Asoln> AGen, typedef list<double> AnAvgQ, class CvgStats { ⟩\⊔ ∐∫⟩‡⌉∅ ⌈≀⊓⌊↕⌉ ⊣⊑}∅ ⌈≀⊓⌊↕⌉ ⌋⊑}∅ A\A⊑}Q \⌉⊒∐∅ A\A⊑}Q ≀↕⌈∐∅ ⌈≀⊓⌊↕⌉ \⌉⊒∫⊓⇕∅ ⌈≀⊓⌊↕⌉ ≀↕⌈∫⊓⇕∅ √⊓⌊↕⟩⌋¬ C⊑}S⊔⊣⊔∫⇐⟩\⊔⇔⌈≀⊓⌊↕⌉⇒∅ ⊑≀⟩⌈ N⌉⊒A⊑}⇐⌈≀⊓⌊↕⌉⇒∅ ⊑≀⟩⌈ U√⌈⊣⊔⌉S⊔⊣⊔∫⇐⇒∅ ⌊≀≀↕ D⟩{{M⌉⊣\T⌉∫⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔A⊑}⇐⇒∅ ⟩\⊔ G⌉⊔Q∫⟩‡⌉⇐⇒∅ }∅ ⌋↕⊣∫∫ A√≀√\ { AG⌉\ ⇕⌉⇕⌊⌉∇∫∅ AG⌉\ \⌉⊒}⌉\∅ A∫≀↕\ ⌊⌉∫⊔∅ ⌈≀⊓⌊↕⌉ ⌋∇≀∫∫√∇≀⌊∅ ⌈≀⊓⌊↕⌉ ⇕⊓⊔⟩⌉√∇≀⌊∅ AM⊣⊔⌉P≀≀↕ √≀≀↕∅

∞∈△

C⊑}S⊔⊣⊔∫∗ ⌋∫⊔⊣⊔∫√⊔∇∅ R⊣\⌈N⊓⇕G⌉\∗ ∇\}√⊔∇∅ √⊓⌊↕⟩⌋¬ A√≀√\⇐⟩\⊔⇔⌈≀⊓⌊↕⌉⇔⌈≀⊓⌊↕⌉⇔⌈≀⊓⌊↕⌉⇔⟩\⊔⇔A∫⌉⌉⌈L⟩∫⊔∗⇒∅ ∼A√≀√\⇐⇒∅ ⊑≀⟩⌈ G⌉\I\⟩⊔P≀√⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅ ⊑≀⟩⌈ G⌉\M⊣⊔⌉P≀≀↕⇐⇒∅ ⊑≀⟩⌈ G⌉\N⌉⊒P≀√⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅ ⌊≀≀↕ C≀\⊑⌉∇}⌉⇐⟩\⊔⇒∅ ⊑≀⟩⌈ P∇⟩\⊔G⌉\⇐⇒∅ }∅ ↓⌉\⌈⟩{

C↙∞↙△ √≀√\↙⌋⌋ //popn▷cc //Deαnes the essentials needed for the GA process a method of //generating the initial population a method of implementing the //generational replacement process a method of selecting individuals //for reproduction and a method of determining convergence▷ ϑinclude εpopn▷hε ϑinclude <math▷h> CvgStats..CvgStats↼int sqsizedouble converge↽ ◁◁Maintains statistics needed to determine convergence▷ { ∐∫⟩‡⌉ℑ∫∐∫⟩‡⌉∅ ⌋⊑}ℑ⌋≀\⊑⌉∇}⌉∅ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔∐∫⟩‡⌉⇒ { \⌉⊒∐↙⊣√√⌉\⌈⇐′↙′⇒∅ ≀↕⌈∐↙⊣√√⌉\⌈⇐′↙′⇒∅ } \⌉⊒∫⊓⇕ℑ′∅ ≀↕⌈∫⊓⇕ℑ′∅ } ⊑≀⟩⌈ C⊑}S⊔⊣⊔∫¬¬N⌉⊒A⊑}⇐⌈≀⊓⌊↕⌉ \⌉⊒⊣⊑}⇒ ∝∝R⌉∫⌉⊔∫ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉↙ { ⊣⊑}ℑ\⌉⊒⊣⊑}∅ } ⊑≀⟩⌈ C⊑}S⊔⊣⊔∫¬¬U√⌈⊣⊔⌉S⊔⊣⊔∫⇐⇒ ∝∝U√⌈⊣⊔⌉∫ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋∫∝ { ⌈≀⊓⌊↕⌉ ⊔⌉⇕√⇔∇⊓⌊⌊⟩∫⟨∅ \⌉⊒∐↙⊣√√⌉\⌈⇐⊣⊑}⇒∅ ⊔⌉⇕√ℑ\⌉⊒∐↙√≀√⇐⇒∅ \⌉⊒∫⊓⇕ℑ\⌉⊒∫⊓⇕⇓⊣⊑}↖⊔⌉⇕√∅ ≀↕⌈∐↙⊣√√⌉\⌈⇐⊔⌉⇕√⇒∅ ∇⊓⌊⌊⟩∫⟨ℑ≀↕⌈∐↙√≀√⇐⇒∅ ≀↕⌈∫⊓⇕ℑ≀↕⌈∫⊓⇕⇓⊔⌉⇕√↖∇⊓⌊⌊⟩∫⟨∅ }

∞∈▽

⌊≀≀↕ C⊑}S⊔⊣⊔∫¬¬D⟩{{M⌉⊣\T⌉∫⊔⇐⇒ ∝∝D⌉⊔⌉∇⇕⟩\⌉∫ ⟩{ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⟨⊣∫ ≀⌋⌋⊓∇∇⌉⌈↙ { ⟩{ ⇐⇐{⊣⌊∫⇐\⌉⊒∫⊓⇕↖≀↕⌈∫⊓⇕⇒/newsum↽<cvg↽ {∇⌉⊔⊓∇\ ⊔∇⊓⌉∅} ⌉↕∫⌉ {∇⌉⊔⊓∇\ {⊣↕∫⌉∅} } ⌈≀⊓⌊↕⌉ C⊑}S⊔⊣⊔∫¬¬G⌉⊔A⊑}⇐⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⊣⊑⌉∇⊣}⌉↙ { ∇⌉⊔⊓∇\ ⊣⊑}∅ } ⟩\⊔ C⊑}S⊔⊣⊔∫¬¬G⌉⊔Q∫⟩‡⌉⇐⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⌋≀\⊑⌉∇}⌉\⌋⌉ ∫⌉⊔ ∫⟩‡⌉↙ { ∇⌉⊔⊓∇\ ∐∫⟩‡⌉∅ } A√≀√\¬¬A√≀√\⇐⟩\⊔ √≀√∫⟩‡⌉⇔⌈≀⊓⌊↕⌉ ⌋≀\⊑⌉∇}⌉⇔⌈≀⊓⌊↕⌉ ⌋√∇≀⌊⇔⌈≀⊓⌊↕⌉ ⇕√∇≀⌊⇔ ⟩\⊔ ∫∐∫⟩‡⌉⇔A∫⌉⌉⌈L⟩∫⊔∗ ∫L⟩∫⊔√⊔∇⇒¬ ⇕⌉⇕⌊⌉∇∫⇐∞⇔√≀√∫⟩‡⌉⇒⇔ \⌉⊒}⌉\⇐∞⇔√≀√∫⟩‡⌉⇒⇔ √≀≀↕⇐∞⇔∈∗√≀√∫⟩‡⌉⇒⇔ ⌋∫⊔⊣⊔∫√⊔∇⇐\⌉⊒ C⊑}S⊔⊣⊔∫⇐∫∐∫⟩‡⌉⇔⌋≀\⊑⌉∇}⌉⇒⇒⇔ ∇\}√⊔∇⇐\⌉⊒ R⊣\⌈N⊓⇕G⌉\⇐∫L⟩∫⊔√⊔∇⇔√≀√∫⟩‡⌉⇒⇒ ∝∝C≀\∫⊔∇⊓⌋⊔∫ ⊣ \⌉⊒ √≀√⊓↕⊣⊔⟩≀\↙ { ⌋∇≀∫∫√∇≀⌊ℑ⌋√∇≀⌊∅ ⇕⊓⊔⟩⌉√∇≀⌊ℑ⇕√∇≀⌊∅ } A√≀√\¬¬∼A√≀√\⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ ⌋∫⊔⊣⊔∫√⊔∇∅ ⌈⌉↕⌉⊔⌉ ∇\}√⊔∇∅ } ⊑≀⟩⌈ A√≀√\¬¬G⌉\I\⟩⊔P≀√⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ { ∝∝G⌉\⌉∇⊣⊔⌉∫ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ √≀√⊓↕⊣⊔⟩≀\↙ ⟩\⊔ ⟩∅ ⌈≀⊓⌊↕⌉ ⊔≀⊔⌋≀∫⊔ℑ′∅ ↕≀≀√⇐⟩⇔∞⇔⇕⌉⇕⌊⌉∇∫↙⟨⟩}⟨⇐⇒⇒ { A∫≀↕\∗ \⌉⊒∫≀↕\√⊔∇ℑ\⌉⊒ A∫≀↕\⇐⇐∗∇\}√⊔∇⇒↙⌈⊓\⟩{√⊔∇⇔⌋∫⊔∇⊓⌋⊔√⊔∇⇒∅ ⇕⌉⇕⌊⌉∇∫∪⟩⊎ℑ⇐∗\⌉⊒∫≀↕\√⊔∇⇒∅ ⟩{ ⇐⟩ℑℑ∞⇒ { ⌊⌉∫⊔ℑ⇐∗\⌉⊒∫≀↕\√⊔∇⇒∅ } ⟩{ ⇐⇐∗\⌉⊒∫≀↕\√⊔∇⇒↙⌋≀∫⊔<best▷cost↽ { ⌊⌉∫⊔ℑ⇐∗\⌉⊒∫≀↕\√⊔∇⇒∅ } ⊔≀⊔⌋≀∫⊔ℑ⊔≀⊔⌋≀∫⊔⇓⇐∗\⌉⊒∫≀↕\√⊔∇⇒↙⌋≀∫⊔∅ ⌈⌉↕⌉⊔⌉ \⌉⊒∫≀↕\√⊔∇∅ } ⇐∗⌋∫⊔⊣⊔∫√⊔∇⇒↙N⌉⊒A⊑}⇐⊔≀⊔⌋≀∫⊔/↼members▷high↼↽↽↽, } ⊑≀⟩⌈ A√≀√\¬¬G⌉\M⊣⊔⌉P≀≀↕⇐⇒ { ∞∈

∝∝F⟩↕↕∫ ⊔⟨⌉ ⇕⊣⊔⟩\} √≀≀↕ ⊓∫⟩\} ⊣ ⌊⟩\⊣∇† ⊔≀⊓∇\⊣⇕⌉\⊔ √∇≀⌋⌉∫∫↙ ⟩\⊔ ⟩⇔√⇔∐∅ ↕≀≀√⇐⟩⇔∞⇔√≀≀↕↙⟨⟩}⟨⇐⇒⇒ { √ℑ⇐∗⇐∗∇\}√⊔∇⇒↙DU⇕⊣⊔⌉√⊔∇⇒⇐⇒∅ ∐ℑ⇐∗⇐∗∇\}√⊔∇⇒↙DU⇕⊣⊔⌉√⊔∇⇒⇐⇒∅ ⟩{ ⇐⇕⌉⇕⌊⌉∇∫∪√⊎↙⌋≀∫⊔≤⇕⌉⇕⌊⌉∇∫∪∐⊎↙⌋≀∫⊔⇒ √≀≀↕∪⟩⊎ℑ√∅ ⌉↕∫⌉ √≀≀↕∪⟩⊎ℑ∐∅ } } ⊑≀⟩⌈ A√≀√\¬¬G⌉\N⌉⊒P≀√⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ { ∝∝G⌉\⌉∇⊣⊔⌉∫ ⊣ \⌉⊒ √≀√⊓↕⊣⊔⟩≀\ ≀\⌋⌉∇ ⊔⟨⌉ ⇕⊣⊔⟩\} √≀≀↕ ⟩∫ {⊓↕↕⇔ ⌊† ∝∝⌋∇≀∫∫≀⊑⌉∇ ⊣\⌈ ⇕⊓⊔⊣⊔⟩≀\↙ ⟩\⊔ ⟩∅ ⌈≀⊓⌊↕⌉ ↕≀\}↕⟩{⌉∅ {≀∇⇐⟩ℑ∞∅⟩≤⇐√≀≀↕↙⟨⟩}⟨⇐⇒↖∞⇒∅⟩⇓ℑ∈⇒ { ↕≀\}↕⟩{⌉ℑ⇐∗⇐⇐∗∇\}√⊔∇⇒↙CU⌋∇≀∫∫√⊔∇⇒⇒⇐⇒∅ ⟩{ ⇐↕≀\}↕⟩{⌉<crossprob↽ { A∫≀↕\∗ ≀{{∫√∇⟩\}√⊔∇ℑ\⌉⊒ A∫≀↕\∅ ⇕⌉⇕⌊⌉∇∫∪√≀≀↕∪⟩⊎⊎↙R⌉√∇≀⌈⊓⌋⌉⇐↘⇕⌉⇕⌊⌉∇∫∪√≀≀↕∪⟩⇓∞⊎⊎⇔⌋∫⊔∇⊓⌋⊔√⊔∇⇔≀{{∫√∇⟩\}√⊔∇⇔∇\}√⊔∇⇒∅ \⌉⊒}⌉\∪⇐⟩⇓∞⇒/2♯/∗⇐≀{{∫√∇⟩\}√⊔∇⇒∅ ⌈⌉↕⌉⊔⌉ ≀{{∫√∇⟩\}√⊔∇∅ } ⌉↕∫⌉ ⟩{ ⇐↕≀\}↕⟩{⌉<↼0▷5∗⇐⌋∇≀∫∫√∇≀⌊⇓∞⇒⇒⇒ { \⌉⊒}⌉\∪⇐⟩⇓∞⇒/2♯/members♭pool♭i♯♯, } ⌉↕∫⌉ { \⌉⊒}⌉\∪⇐⟩⇓∞⇒/2♯/members♭pool♭i⇁1♯♯, } ⟩{ ⇐⇐∗⇐∗∇\}√⊔∇⇒↙CU⇕⊓⊔⟩⌉√⊔∇⇒⇐⇒<mutieprob↽ { \⌉⊒}⌉\∪⇐⟩⇓∞⇒/2♯▷Mutate↼cstructptrrngptr↽, } } ⌈≀⊓⌊↕⌉ ⊔≀⊔⌋≀∫⊔ℑ′∅ ↕≀≀√⇐⟩⇔∞⇔⇕⌉⇕⌊⌉∇∫↙⟨⟩}⟨⇐⇒⇒ { ⇕⌉⇕⌊⌉∇∫∪⟩⊎ℑ\⌉⊒}⌉\∪⟩⊎∅ ⟩{ ⇐⟩ℑℑ∞⇒ { ⌊⌉∫⊔ℑ\⌉⊒}⌉\∪∞⊎∅ } ⌉↕∫⌉ ⟩{ ⇐\⌉⊒}⌉\∪⟩⊎↙⌋≀∫⊔<best▷cost↽ { ⌊⌉∫⊔ℑ\⌉⊒}⌉\∪⟩⊎∅ } ⊔≀⊔⌋≀∫⊔ℑ⊔≀⊔⌋≀∫⊔⇓\⌉⊒}⌉\∪⟩⊎↙⌋≀∫⊔∅ } ⇐∗⌋∫⊔⊣⊔∫√⊔∇⇒↙N⌉⊒A⊑}⇐⊔≀⊔⌋≀∫⊔/↼members▷high↼↽↽↽, ↼∗⌋∫⊔⊣⊔∫√⊔∇⇒↙U√⌈⊣⊔⌉S⊔⊣⊔∫⇐⇒∅ } ⌊≀≀↕ A√≀√\¬¬C≀\⊑⌉∇}⌉⇐⟩\⊔ }⌉\N⊓⇕⇒ { ∝∝D⌉⊔⌉∇⇕⟩\⌉∫ ⟩{ ⌋≀\⊑⌉∇}⌉\⌋⌉ ⟨⊣∫ ≀⌋⌋⊓∇∇⌉⌈↙ ⟩{ ⇐}⌉\N⊓⇕<↼2∗⇐∗⌋∫⊔⊣⊔∫√⊔∇⇒↙G⌉⊔Q∫⟩‡⌉⇐⇒⇒⇒ {∇⌉⊔⊓∇\ {⊣↕∫⌉∅} ⌉↕∫⌉ {∇⌉⊔⊓∇\ ⇐∗⌋∫⊔⊣⊔∫√⊔∇⇒↙D⟩{{M⌉⊣\T⌉∫⊔⇐⇒∅} } ⊑≀⟩⌈ A√≀√\¬¬P∇⟩\⊔G⌉\⇐⇒ { ∝∝O⊓⊔√⊓⊔∫ ⌈⌉⊔⊣⟩↕∫ ≀{ ⊣ }⌉\⌉∇⊣⊔⟩≀\ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ ⌋≀⊓⊔≪⌊⌉∫⊔↙G⌉⊔F⟩⊔⇐⇒∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⇐∗⌋∫⊔⊣⊔∫√⊔∇⇒↙G⌉⊔A⊑}⇐⇒∅\⌉⊒↕⟩\⌉∅ }

∞∈

C↙∞↙▽ TSP√∇≀⌊↙⟨ //TSPprob▷h //Details speciαc GA operators needed in the implementation //of the TSP▷ ϑifndef TSPprob H ϑdefine TSPprob H ϑinclude<LEDA◁basic▷h> ϑinclude<LEDA◁array▷h> ϑinclude<LEDA◁plane▷h> ϑinclude εGenerator▷hε typedef array<int> Aperm, typedef array2<double> Amatrix, typedef array<point> AposList, typedef array<int> AseedList, int NumCities, class ProbSize { √⊓⌊↕⟩⌋¬ ⟩\⊔ N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ P∇≀⌊S⟩‡⌉⇐⇒∅ }∅ ⌋↕⊣∫∫ R⊣\⌈N⊓⇕G⌉\ { √⊓⌊↕⟩⌋¬ G⌉\⌉∇⊣⊔≀∇∗ DU⇕⊣⊔⌉√⊔∇∅ CG⌉\⌉∇⊣⊔≀∇∗ CU⌋∇≀∫∫√⊔∇∅ CG⌉\⌉∇⊣⊔≀∇∗ CU⇕⊓⊔⟩⌉√⊔∇∅ G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇∅ CG⌉\⌉∇⊣⊔≀∇∗ ⊓\⟩{√⊔∇∅ G⌉\⌉∇⊣⊔≀∇∗ DU⇕⊓⊔⌉√⊔∇∅ R⊣\⌈N⊓⇕G⌉\⇐A∫⌉⌉⌈L⟩∫⊔∗⇔⟩\⊔⇒∅ ∼R⊣\⌈N⊓⇕G⌉\⇐⇒∅ }∅ ⌋↕⊣∫∫ C≀∫⊔S⊔∇⊓⌋⊔ { A⇕⊣⊔∇⟩§∗ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ A√≀∫L⟩∫⊔∗ √≀∫L⟩∫⊔√⊔∇∅ √⊓⌊↕⟩⌋¬ C≀∫⊔S⊔∇⊓⌋⊔⇐⇒∅ ∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ C⊣↕⌋C≀∫⊔⇐A√⌉∇⇕∗⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔D⟩∫⊔⇐⟩\⊔⇔⟩\⊔⇒∅ ⊑≀⟩⌈ P∇⟩\⊔D⟩∫⊔⇐⇒∅ ⊑≀⟩⌈ P∇⟩\⊔P≀∫⇐⇒∅ }∅ ⌋↕⊣∫∫ A∫≀↕\ { √⊓⌊↕⟩⌋¬ A√⌉∇⇕∗ √⌉∇⇕√⊔∇∅ ⌈≀⊓⌊↕⌉ ⌋≀∫⊔∅ A∫≀↕\⇐⇒¬√⌉∇⇕√⊔∇⇐\⌉⊒ A√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒{ ⌋≀∫⊔ℑ′∅ }∅ A∫≀↕\⇐G⌉\⌉∇⊣⊔≀∇∗⇔C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅

∞∈∀

A∫≀↕\⇐⌋≀\∫⊔ A∫≀↕\↘ ∫⇒¬√⌉∇⇕√⊔∇⇐\⌉⊒ A√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒{ A√⌉∇⇕↘ √⌉∇⇕ℑ⇐∗√⌉∇⇕√⊔∇⇒∅ √⌉∇⇕ℑ⇐∗∫↙√⌉∇⇕√⊔∇⇒∅ ⌋≀∫⊔ℑ∫↙⌋≀∫⊔∅ }∅ ∼A∫≀↕\⇐⇒ { ⌈⌉↕⌉⊔⌉ √⌉∇⇕√⊔∇∅}∅ A∫≀↕\↘ ≀√⌉∇⊣⊔≀∇ℑ⇐⌋≀\∫⊔ A∫≀↕\↘⇒∅ ⊑≀⟩⌈ R⌉√∇≀⌈⊓⌋⌉⇐A∫≀↕\∗⇔C≀∫⊔S⊔∇⊓⌋⊔∗⇔A∫≀↕\∗⇔R⊣\⌈N⊓⇕G⌉\∗⇒∅ ⊑≀⟩⌈ M⊓⊔⊣⊔⌉⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇔R⊣\⌈N⊓⇕G⌉\∗⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔F⟩⊔⇐⇒∅ {∇⟩⌉\⌈ ⊑≀⟩⌈ P∇⟩\⊔⇐⌋≀\∫⊔ A∫≀↕\↘ ∫⇔≀∫⊔∇⌉⊣⇕↘ ≀∫ℑ⌋≀⊓⊔⇒∅ {∇⟩⌉\⌈ ⊑≀⟩⌈ R⌉⊣⌈⇐A∫≀↕\↘ ∫⇔⟩∫⊔∇⌉⊣⇕↘ ⟩∫ℑ⌋⟩\⇒∅ {∇⟩⌉\⌈ ⟩\⊔ ⌋≀⇕√⊣∇⌉⇐⌋≀\∫⊔ A∫≀↕\↘ ∫⇔⌋≀\∫⊔ A∫≀↕\↘ ⊔⇒∅ LEDA MEMORY⇐A∫≀↕\⇒ }∅ ⟩\↕⟩\⌉ ⊑≀⟩⌈ P∇⟩\⊔⇐⌋≀\∫⊔ A∫≀↕\↘ ∫⇔ ≀∫⊔∇⌉⊣⇕↘ ≀∫ℑ⌋≀⊓⊔⇒ { ⇐∗∫↙√⌉∇⇕√⊔∇⇒↙√∇⟩\⊔⇐⇒∅\⌉⊒↕⟩\⌉∅ ≀∫≪∫↙⌋≀∫⊔∅\⌉⊒↕⟩\⌉∅ } ⟩\↕⟩\⌉ ⊑≀⟩⌈ R⌉⊣⌈⇐A∫≀↕\↘ ∫⇔ ⟩∫⊔∇⌉⊣⇕↘ ⟩∫ℑ⌋⟩\⇒ { ⇐∗∫↙√⌉∇⇕√⊔∇⇒↙∇⌉⊣⌈⇐⇒∅ ⟩∫≫∫↙⌋≀∫⊔∅ } ⟩\↕⟩\⌉ ⟩\⊔ ⌋≀⇕√⊣∇⌉⇐⌋≀\∫⊔ A∫≀↕\↘ ∫⇔ ⌋≀\∫⊔ A∫≀↕\↘ ⊔⇒ { ∇⌉⊔⊓∇\ ′∅ } LEDA TYPE PARAMETER⇐A∫≀↕\⇒ ↓⌉\⌈⟩{

C↙∞↙ ̸TSP√∇≀⌊↙⌋⌋ //TSPprob▷cc //Details speciαc GA operators needed in the implementation //of the TSP▷ ϑinclude εTSPprob▷hε ϑinclude<LEDA◁set▷h> typedef set<int> intset, typedef array<intset∗> EdgeMap, ProbSize..ProbSize↼↽ ◁◁Deαnes the problem dimension for the TSP▷ { N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ N⊓⇕C⟩⊔⟩⌉∫ℑN⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ } R⊣\⌈N⊓⇕G⌉\¬¬R⊣\⌈N⊓⇕G⌉\⇐A∫⌉⌉⌈L⟩∫⊔∗ ∫L⟩∫⊔⇔⟩\⊔ √≀√∫⟩‡⌉⇒¬ DU⇕⊣⊔⌉√⊔∇⇐\⌉⊒ G⌉\⌉∇⊣⊔≀∇⇐∞⇔√≀√∫⟩‡⌉⇔⇐∗∫L⟩∫⊔⇒∪∋⊎⇒⇒⇔ CU⌋∇≀∫∫√⊔∇⇐\⌉⊒ CG⌉\⌉∇⊣⊔≀∇⇐′⇔∞⇔⇐∗∫L⟩∫⊔⇒∪△⊎⇒⇒⇔ CU⇕⊓⊔⟩⌉√⊔∇⇐\⌉⊒ CG⌉\⌉∇⊣⊔≀∇⇐′⇔∞⇔⇐∗∫L⟩∫⊔⇒∪▽⊎⇒⇒⇔ ⌈⊓\⟩{√⊔∇⇐\⌉⊒ G⌉\⌉∇⊣⊔≀∇⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇔⇐∗∫L⟩∫⊔⇒∪∞⊎⇒⇒⇔

∞∈∃

⊓\⟩{√⊔∇⇐\⌉⊒ CG⌉\⌉∇⊣⊔≀∇⇐′⇔∞⇔⇐∗∫L⟩∫⊔⇒∪∈⊎⇒⇒⇔ DU⇕⊓⊔⌉√⊔∇⇐\⌉⊒ G⌉\⌉∇⊣⊔≀∇⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇔⇐∗∫L⟩∫⊔⇒∪⊎̸⇒⇒ ∝∝C≀\∫⊔∇⊓⌋⊔∫ ⊣ ∇⊣\⌈≀⇕ \⊓⇕⌊⌉∇ }⌉\⌉∇⊣⊔≀∇↙ { } R⊣\⌈N⊓⇕G⌉\¬¬∼R⊣\⌈N⊓⇕G⌉\⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ DU⇕⊣⊔⌉√⊔∇∅ ⌈⌉↕⌉⊔⌉ CU⌋∇≀∫∫√⊔∇∅ ⌈⌉↕⌉⊔⌉ CU⇕⊓⊔⟩⌉√⊔∇∅ ⌈⌉↕⌉⊔⌉ ⌈⊓\⟩{√⊔∇∅ ⌈⌉↕⌉⊔⌉ ⊓\⟩{√⊔∇∅ ⌈⌉↕⌉⊔⌉ DU⇕⊓⊔⌉√⊔∇∅ } ⌈≀⊓⌊↕⌉ A∫≀↕\¬¬G⌉⊔F⟩⊔⇐⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ↕⌉\}⊔⟨ ≀{ ⊣ ⊔≀⊓∇↙ { ∇⌉⊔⊓∇\ ⌋≀∫⊔∅ } A∫≀↕\¬¬A∫≀↕\⇐G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇⇔C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ ¬√⌉∇⇕√⊔∇⇐\⌉⊒ A√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒ ∝∝C≀\∫⊔∇⊓⌋⊔∫ ⊣ TSP ⊔≀⊓∇ ⊣\⌈ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⟩⊔∫ ⌋≀∫⊔↙ { A√⌉∇⇕↘ √⌉∇⇕ℑ⇐∗√⌉∇⇕√⊔∇⇒∅ ⟩\⊔ ⟩⇔|⇔√⇔∐⇔⊔⌉⇕√∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { √⌉∇⇕∪⟩⊎ℑ⟩∅ } ↕≀≀√⇐|⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { √ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ∐ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ⊔⌉⇕√ℑ√⌉∇⇕∪√⊎∅ √⌉∇⇕∪√⊎ℑ√⌉∇⇕∪∐⊎∅ √⌉∇⇕∪∐⊎ℑ⊔⌉⇕√∅ } ⌋≀∫⊔ℑ⇐∗⌋∫⊔∇⊓⌋⊔√⊔∇⇒↙C⊣↕⌋C≀∫⊔⇐↘√⌉∇⇕⇒∅ } A∫≀↕\↘ A∫≀↕\¬¬≀√⌉∇⊣⊔≀∇ℑ⇐⌋≀\∫⊔ A∫≀↕\↘ ⌋≀√†∫≀↕\⇒ ∝∝C≀√⟩⌉∫ ⊣ TSP ∫≀↕⊓⊔⟩≀\↙ { A√⌉∇⇕↘ √⌉∇⇕ℑ⇐∗√⌉∇⇕√⊔∇⇒∅ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { √⌉∇⇕∪⟩⊎ℑ⇐∗⌋≀√†∫≀↕\↙√⌉∇⇕√⊔∇⇒∪⟩⊎∅} ⌋≀∫⊔ℑ⌋≀√†∫≀↕\↙⌋≀∫⊔∅ ∇⌉⊔⊓∇\ ∗⊔⟨⟩∫∅ } ⌋↕⊣∫∫ A\E⌈}⌉M⊣√ { ∝∝T⟨⌉ ⌉⌈}⌉ ⇕⊣√ ∇⌉∐⊓⟩∇⌉⌈ {≀∇ ⊔⟨⌉ ⌉⌈}⌉ ∇⌉⌋≀⇕⌊⟩\⊣⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉↙ √⊓⌊↕⟩⌋¬ E⌈}⌉M⊣√ ⌉⇕⊣√∅ ∞∋′

A\E⌈}⌉M⊣√⇐⇒¬⌉⇕⊣√⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ∝∝A ⌋≀\∫⊔∇⊓⌋⊔≀∇↙ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌉⇕⊣√∪⟩⊎ℑ\⌉⊒ ⟩\⊔∫⌉⊔∅ } }∅ ∼A\E⌈}⌉M⊣√⇐⇒ { ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌈⌉↕⌉⊔⌉ ⌉⇕⊣√∪⟩⊎∅ } }∅ ⊑≀⟩⌈ M⊣‖⌉E⌈}⌉M⊣√⇐A√⌉∇⇕∗ P∞√⊔∇⇔A√⌉∇⇕∗ P∈√⊔∇⇒∅ }∅ ⊑≀⟩⌈ A\E⌈}⌉M⊣√¬¬M⊣‖⌉E⌈}⌉M⊣√⇐A√⌉∇⇕∗ P∞√⊔∇⇔A√⌉∇⇕∗ P∈√⊔∇⇒ ∝∝M⊣‖⌉∫ ⊣\ ⌉⌈}⌉ ⇕⊣√ }⟩⊑⌉\ ⊔⊒≀ TSP ⊔≀⊓∇∫↙ { ⟩\⊔ {∇≀⇕P∞⇔{∇≀⇕P∈⇔⟩∅ A√⌉∇⇕↘ P∞ℑ∗P∞√⊔∇∅ A√⌉∇⇕↘ P∈ℑ∗P∈√⊔∇∅ {∇≀⇕P∞ℑP∞∪∞⊎∅ {∇≀⇕P∈ℑP∈∪∞⊎∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪∈⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪N⊓⇕C⟩⊔⟩⌉∫⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪∈⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪N⊓⇕C⟩⊔⟩⌉∫⊎⇒∅ ↕≀≀√⇐⟩⇔∈⇔N⊓⇕C⟩⊔⟩⌉∫↖∞⇒ { {∇≀⇕P∞ℑP∞∪⟩⊎∅ {∇≀⇕P∈ℑP∈∪⟩⊎∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪⟩↖∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪⟩⇓∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪⟩↖∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪⟩⇓∞⊎⇒∅ } {∇≀⇕P∞ℑP∞∪N⊓⇕C⟩⊔⟩⌉∫⊎∅ {∇≀⇕P∈ℑP∈∪N⊓⇕C⟩⊔⟩⌉∫⊎∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪N⊓⇕C⟩⊔⟩⌉∫↖∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∞⊎⇒↙⟩\∫⌉∇⊔⇐P∞∪∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪N⊓⇕C⟩⊔⟩⌉∫↖∞⊎⇒∅ ⇐∗⌉⇕⊣√∪{∇≀⇕P∈⊎⇒↙⟩\∫⌉∇⊔⇐P∈∪∞⊎⇒∅ } ⟩\⊔ G⌉⊔N⌉§⊔⇐⟩\⊔∫⌉⊔∗ ⇕†∫⌉⊔√⊔∇⇔R⊣\⌈N⊓⇕G⌉\∗ ∇\}√⊔∇⇒ ∝∝R⌉⊔⊓∇\∫ ⊣ ∇⊣\⌈≀⇕ \⊓⇕⌊⌉∇ {∇≀⇕ ⊣ ∫⌉⊔ ≀{ ⊣∇⌊⟩⊔∇⊣∇† ∫⟩‡⌉↙ { R⊣\⌈N⊓⇕G⌉\↘ ∇\}ℑ∗∇\}√⊔∇∅ ⟩\⊔∫⌉⊔↘ ⇕†∫⌉⊔ℑ∗⇕†∫⌉⊔√⊔∇∅ ⟩\⊔ ⟩\⊔∫⌉↕⌉⌋⊔⟩≀\ℑ⟩\⊔⇐⇐∗∇\}↙⊓\⟩{√⊔∇⇒⇐⇒∗⇕†∫⌉⊔↙∫⟩‡⌉⇐⇒⇒⇓∞∅ ⟩\⊔ ⊣\⟩\⊔⇔⊔⟨⌉⟩\⊔⇔⟩∅ ⟩ℑ∞∅ ⊔⟨⌉⟩\⊔ℑ⇕†∫⌉⊔↙⌋⟨≀≀∫⌉⇐⇒∅ {≀∇⊣↕↕⇐⊣\⟩\⊔⇔⇕†∫⌉⊔⇒ { ⟩{ ⇐⟩ℑℑ⟩\⊔∫⌉↕⌉⌋⊔⟩≀\⇒ {⊔⟨⌉⟩\⊔ℑ⊣\⟩\⊔∅} ⟩⇓⇓∅ ∞∋∞

} ∇⌉⊔⊓∇\ ⊔⟨⌉⟩\⊔∅ } ⊑≀⟩⌈ A∫≀↕\¬¬R⌉√∇≀⌈⊓⌋⌉⇐A∫≀↕\∗ ⇕⊣⊔⌉√⊔∇⇔C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔ A∫≀↕\∗ ⌋⟨⟩↕⌈√⊔∇⇔R⊣\⌈N⊓⇕G⌉\∗ ∇\}√⊔∇⇒ ∝∝I⇕√↕⌉⇕⌉\⊔∫ ⊔⟨⌉ ⌉⌈}⌉ ∇⌉⌋≀⇕⌊⟩\⊣⊔⟩≀\ ⌋∇≀∫∫≀⊑⌉∇ ≀√⌉∇⊣⊔≀∇↙ { A√⌉∇⇕↘ √⌉∇⇕ℑ⇐∗√⌉∇⇕√⊔∇⇒∅ A\E⌈}⌉M⊣√ ⇕⊣√∅ A√⌉∇⇕↘ P∞ℑ√⌉∇⇕∅ A√⌉∇⇕↘ P∈ℑ⇐∗⇐∗⇕⊣⊔⌉√⊔∇⇒↙√⌉∇⇕√⊔∇⇒∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ∗⌋∫⊔∇⊓⌋⊔√⊔∇∅ R⊣\⌈N⊓⇕G⌉\↘ ∇\}ℑ∗∇\}√⊔∇∅ A√⌉∇⇕∗ \⌉⊒√⌉∇⇕√⊔∇ℑ\⌉⊒ A√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒∅ ⇕⊣√↙M⊣‖⌉E⌈}⌉M⊣√⇐√⌉∇⇕√⊔∇⇔⇐∗⇕⊣⊔⌉√⊔∇⇒↙√⌉∇⇕√⊔∇⇒∅ ⟩\⊔ ⟩⇔⇕∫⟩‡⌉⇔⊔∫⟩‡⌉⇔⌋⟩⊔†∅ ⟩\⊔∫⌉⊔ ⇕⟩\∫⟩‡⌉∅ ⇕⟩\∫⟩‡⌉↙⟩\∫⌉∇⊔⇐P∞∪∞⊎⇒∅ ⇕⟩\∫⟩‡⌉↙⟩\∫⌉∇⊔⇐P∈∪∞⊎⇒∅ ⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪∞⊎ℑG⌉⊔N⌉§⊔⇐↘⇕⟩\∫⟩‡⌉⇔∇\}√⊔∇⇒∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫↖∞⇒ { ⟩{ ⇐⇐∗⇕⊣√↙⌉⇕⊣√∪⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪⟩⊎⊎⇒↙⌉⇕√⊔†⇐⇒⇒ { ⟩\⊔∫⌉⊔ ∇⌉⇕⌋⟩⊔⟩⌉∫∅ ⟩\⊔ §∅ ↕≀≀√⇐§⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ∇⌉⇕⌋⟩⊔⟩⌉∫↙⟩\∫⌉∇⊔⇐§⇒∅ } ↕≀≀√⇐§⇔∞⇔⟩⇒ { ∇⌉⇕⌋⟩⊔⟩⌉∫↙⌈⌉↕⇐⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪§⊎⇒∅ } ⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪⟩⇓∞⊎ℑG⌉⊔N⌉§⊔⇐↘∇⌉⇕⌋⟩⊔⟩⌉∫⇔∇\}√⊔∇⇒∅ } ⌉↕∫⌉ { ⇕⟩\∫⟩‡⌉↙⌋↕⌉⊣∇⇐⇒∅ ⇕∫⟩‡⌉ℑN⊓⇕C⟩⊔⟩⌉∫∅ ⟩\⊔ |∅ {≀∇⊣↕↕⇐⌋⟩⊔†⇔⇐∗⇕⊣√↙⌉⇕⊣√∪⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪⟩⊎⊎⇒⇒ { ⇐∗⇕⊣√↙⌉⇕⊣√∪⌋⟩⊔†⊎⇒↙⌈⌉↕⇐⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪⟩⊎⇒∅ ⊔∫⟩‡⌉ℑ⇐∗⇕⊣√↙⌉⇕⊣√∪⌋⟩⊔†⊎⇒↙∫⟩‡⌉⇐⇒∅ ⟩{ ⇐⊔∫⟩‡⌉<msize↽ { ⇕∫⟩‡⌉ℑ⊔∫⟩‡⌉∅ ⇕⟩\∫⟩‡⌉↙⌋↕⌉⊣∇⇐⇒∅ ⇕⟩\∫⟩‡⌉↙⟩\∫⌉∇⊔⇐⌋⟩⊔†⇒∅ } ⌉↕∫⌉ ⟩{ ⇐⊔∫⟩‡⌉ℑℑ⇕∫⟩‡⌉⇒ { ⇕⟩\∫⟩‡⌉↙⟩\∫⌉∇⊔⇐⌋⟩⊔†⇒∅ } } ⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∪⟩⇓∞⊎ℑG⌉⊔N⌉§⊔⇐↘⇕⟩\∫⟩‡⌉⇔∇\}√⊔∇⇒∅ } } ⌈≀⊓⌊↕⌉ \⌉⊒⌋≀∫⊔ℑ⌋∫⊔∇⊓⌋⊔↙C⊣↕⌋C≀∫⊔⇐\⌉⊒√⌉∇⇕√⊔∇⇒∅ ⇐∗⇐∗⌋⟨⟩↕⌈√⊔∇⇒↙√⌉∇⇕√⊔∇⇒ℑ⇐∗\⌉⊒√⌉∇⇕√⊔∇⇒∅ ⇐∗⌋⟨⟩↕⌈√⊔∇⇒↙⌋≀∫⊔ℑ\⌉⊒⌋≀∫⊔∅ ⌈⌉↕⌉⊔⌉ \⌉⊒√⌉∇⇕√⊔∇∅ } ⊑≀⟩⌈ A∫≀↕\¬¬M⊓⊔⊣⊔⌉⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔R⊣\⌈N⊓⇕G⌉\∗ ∇\}√⊔∇⇒ ∝∝I⇕√↕⌉⇕⌉\⊔∫ ⊣ ∫⊒⊣√ ⇕⊓⊔⊣⊔⟩≀\ ≀√⌉∇⊣⊔≀∇↙ { ∞∋∈

⟩\⊔ √⇔∐⇔⊔⌉⇕√∅ A√⌉∇⇕↘ √⌉∇⇕ℑ⇐∗√⌉∇⇕√⊔∇⇒∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ⇐∗⌋∫⊔∇⊓⌋⊔√⊔∇⇒∅ R⊣\⌈N⊓⇕G⌉\↘ ∇\}ℑ⇐∗∇\}√⊔∇⇒∅ ⌈≀ { √ℑ⇐∗∇\}↙DU⇕⊓⊔⌉√⊔∇⇒⇐⇒∅ ∐ℑ⇐∗∇\}↙DU⇕⊓⊔⌉√⊔∇⇒⇐⇒∅ } ⊒⟨⟩↕⌉ ⇐√ℑℑ∐⇒∅ ⊔⌉⇕√ℑ√⌉∇⇕∪√⊎∅ √⌉∇⇕∪√⊎ℑ√⌉∇⇕∪∐⊎∅ √⌉∇⇕∪∐⊎ℑ⊔⌉⇕√∅ ⌋≀∫⊔ℑ⌋∫⊔∇⊓⌋⊔↙C⊣↕⌋C≀∫⊔⇐↘√⌉∇⇕⇒∅ } C≀∫⊔S⊔∇⊓⌋⊔¬¬C≀∫⊔S⊔∇⊓⌋⊔⇐⇒¬ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇐\⌉⊒ A⇕⊣⊔∇⟩§⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒⇔ √≀∫L⟩∫⊔√⊔∇⇐\⌉⊒ A√≀∫L⟩∫⊔⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒ ∝∝R⌉⊣⌈∫ ⟩\ ⌋⟩⊔† ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⊣\⌈ ⌋≀\∫⊔∇⊓⌋⊔∫ ⊣\ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ⌈⟩∫⊔⊣\⌋⌉ ∝∝⇕⊣⊔⟩∇§↙ { A√≀∫L⟩∫⊔↘ √≀∫L⟩∫⊔ℑ∗√≀∫L⟩∫⊔√⊔∇∅ A⇕⊣⊔∇⟩§↘ ⌈⟩∫⊔M⊣⊔∇⟩§ℑ∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⟩\⊔ §⇔†⇔⟩∅ √≀∫L⟩∫⊔↙∇⌉⊣⌈⇐⇒∅ ⟩\⊔ ∇≀⊒⇔⌋≀↕∅ ↕≀≀√⇐∇≀⊒⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐⌋≀↕⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌈⟩∫⊔M⊣⊔∇⟩§⇐∇≀⊒⇔⌋≀↕⇒ℑ√≀∫L⟩∫⊔∪∇≀⊒⊎↙⌈⟩∫⊔⊣\⌋⌉⇐√≀∫L⟩∫⊔∪⌋≀↕⊎⇒∅ } } } C≀∫⊔S⊔∇⊓⌋⊔¬¬∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⌈⌉↕⌉⊔⌉ √≀∫L⟩∫⊔√⊔∇∅ } ⌈≀⊓⌊↕⌉ C≀∫⊔S⊔∇⊓⌋⊔¬¬G⌉⊔D⟩∫⊔⇐⟩\⊔ ⌋⟩⊔†∞⇔⟩\⊔ ⌋⟩⊔†∈⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⊒≀ ⌋⟩⊔⟩⌉∫↙ { ∇⌉⊔⊓∇\ ⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐⌋⟩⊔†∞⇔⌋⟩⊔†∈⇒∅ } ⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔D⟩∫⊔⇐⇒ ∝∝P∇⟩\⊔∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⇕⊣⊔∇⟩§ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩⇔|∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐|⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐⟩⇔|⇒≪↑ ↑∅ } \⌉⊒↕⟩\⌉∅ } }

∞∋∋

⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔P≀∫⇐⇒ ∝∝P∇⟩\⊔∫ ⊔⟨⌉ ⌋⟩⊔† ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗√≀∫L⟩∫⊔√⊔∇⇒∪⟩⊎≪↑ ↑∅ \⌉⊒↕⟩\⌉∅ } } ⌈≀⊓⌊↕⌉ C≀∫⊔S⊔∇⊓⌋⊔¬¬C⊣↕⌋C≀∫⊔⇐A√⌉∇⇕∗ √⌉∇⇕√⊔∇⇒ ∝∝C⊣↕⌋⊓↕⊣⊔⌉∫ ⊔⟨⌉ ↕⌉\}⊔⟨ ≀{ ⊣ ⊔≀⊓∇↙ { ⟩\⊔ ⟩∅ A√⌉∇⇕↘ √⌉∇⇕ℑ∗√⌉∇⇕√⊔∇∅ A⇕⊣⊔∇⟩§↘ ⌈M⊣⊔∇⟩§ℑ∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⌈≀⊓⌊↕⌉ ⌋≀∫⊔ℑ′∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫↖∞⇒ { ⌋≀∫⊔ℑ⌈M⊣⊔∇⟩§⇐√⌉∇⇕∪⟩⊎⇔√⌉∇⇕∪⟩⇓∞⊎⇒⇓⌋≀∫⊔∅ } ⌋≀∫⊔ℑ⌈M⊣⊔∇⟩§⇐√⌉∇⇕∪N⊓⇕C⟩⊔⟩⌉∫⊎⇔√⌉∇⇕∪∞⊎⇒⇓⌋≀∫⊔∅ ∇⌉⊔⊓∇\ ⌋≀∫⊔∅ }

C↙∞↙ G⌉\⌉∇⊣⊔≀∇↙⟨ //Generator▷h ϑifndef GENERATOR H ϑdefine GENERATOR H //Constructs a random number generator for discrete uniform numbers //and continuous random numbers on the interval ♭01♯ ϑinclude <ACG▷h> ϑinclude <DiscUnif▷h> ϑinclude <Uniform▷h> class Generator{ ACG∗ RNG√⊔∇∅ D⟩∫⌋∇⌉⊔⌉U\⟩{≀∇⇕∗ DU√⊔∇∅ √⊓⌊↕⟩⌋¬ G⌉\⌉∇⊣⊔≀∇⇐⟩\⊔ ↕≀⊒ℑ′⇔⟩\⊔ ⟨⟩}⟨ℑ∞⇔⟩\⊔ ∫⌉⌉⌈ℑ∞⇒{ RNG√⊔∇ ℑ \⌉⊒ ACG⇐∫⌉⌉⌈⇔ ∋′⇒∅ DU√⊔∇ ℑ \⌉⊒ D⟩∫⌋∇⌉⊔⌉U\⟩{≀∇⇕⇐↕≀⊒⇔⟨⟩}⟨⇔RNG√⊔∇⇒∅ } ∼G⌉\⌉∇⊣⊔≀∇⇐⇒{ ⌈⌉↕⌉⊔⌉ RNG√⊔∇∅ ⌈⌉↕⌉⊔⌉ DU√⊔∇∅ } ⟩\⊔ ≀√⌉∇⊣⊔≀∇⇐⇒⇐⇒{ ∇⌉⊔⊓∇\ ⟩\⊔⇐⇐∗DU√⊔∇⇒⇐⇒⇒∅ } }∅ ⌋↕⊣∫∫ CG⌉\⌉∇⊣⊔≀∇{ ACG∗ RNG√⊔∇∅ U\⟩{≀∇⇕∗ U√⊔∇∅ √⊓⌊↕⟩⌋¬

∞∋△

CG⌉\⌉∇⊣⊔≀∇⇐⌈≀⊓⌊↕⌉ ↕≀⊒ℑ′⇔⌈≀⊓⌊↕⌉ ⟨⟩}⟨ℑ∞⇔⟩\⊔ ∫⌉⌉⌈ℑ∞⇒{ RNG√⊔∇ ℑ \⌉⊒ ACG⇐∫⌉⌉⌈⇔ ∋′⇒∅ U√⊔∇ ℑ \⌉⊒ U\⟩{≀∇⇕⇐↕≀⊒⇔⟨⟩}⟨⇔RNG√⊔∇⇒∅ } ∼CG⌉\⌉∇⊣⊔≀∇⇐⇒{ ⌈⌉↕⌉⊔⌉ RNG√⊔∇∅ ⌈⌉↕⌉⊔⌉ U√⊔∇∅ } ⌈≀⊓⌊↕⌉ ≀√⌉∇⊣⊔≀∇⇐⇒⇐⇒{ ∇⌉⊔⊓∇\ ⇐∗U√⊔∇⇒⇐⇒∅ } }∅ ↓⌉\⌈⟩{

C↙∈ T⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀∇⟩⊔⟨⇕ T⟨⌉ M⊣‖⌉⊘↕⌉ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ⊣\⌈ ↕⟩\‖⟩\} ≀{ ⊔⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ P∇≀↖ }∇⊣⇕∫ ⟩∫ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∫ ⊔⟨⊣⊔ ⊓∫⌉⌈ {≀∇ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ⊣\⌈ ⊔⊣∇}⌉⊔ \⊣⇕⌉∫ ⌋⟨⊣\}⌉⌈ ⊣⌋⌋≀∇⌈⟩\}↕†↙

C↙∈↙∞ GDA↙⌋⌋ //GDA▷cc //Great Deluge Algorithm implemented for minimisation ϑinclude<LEDA◁basic▷h> ϑinclude εTSP▷hε double InitLevel↼SolnObj∗ ∫≀↕\√⊔∇⇔⌈≀⊓⌊↕⌉ LEVEL⇒ { ∇⌉⊔⊓∇\ ⇐∗∫≀↕\√⊔∇⇒↙G⌉⊔C≀∫⊔⇐⇒∅ } ⊑≀⟩⌈ GDA∇⊓\⇐⌈≀⊓⌊↕⌉ UP⇔⟩\⊔ M⊣§I⊔⌉∇⇔⟩\⊔ Q⊓⊣↕⟩⊔†L⟩⇕⇔⌈≀⊓⌊↕⌉ LEVEL⇔ C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇⇒ ∝∝G⟩⊑⌉\ ⊣ ⊑⊣↕⊓⌉ ≀{ UP⇔ M⊣§I⊔⌉∇⇔ Q⊓⊣↕⟩⊔†L⟩⇕⇔ ⊣\⌈ LEVEL √⌉∇≀∇⇕∫ ⊣ ∝∝∫⟩\}↕⌉ ∇⊓\ ≀{ ⊔⟨⌉ GDA ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⊣ }⌉\⌉∇⊣↕⟩∫⌉⌈ √∇≀⌊↕⌉⇕↙ { ⊙≀⊣⊔ ⊔⟩⇕⌉ℑ⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒∅ ⟩\⊔ ⟩⊔⌉∇⊣⊔⟩≀\∅ ⟩\⊔ ⟩\⌋∇⌉⊣∫⌉∅ S≀↕\O⌊|∗ ∫≀↕\√⊔∇ℑ\⌉⊒ S≀↕\O⌊|⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇒∅ S≀↕\O⌊|∗ ⌊⌉∫⊔√⊔∇ℑ\⌉⊒ S≀↕\O⌊|⇐∫≀↕\√⊔∇⇒∅ S≀↕\O⌊|↘ ∫≀↕\ℑ∗∫≀↕\√⊔∇∅ S≀↕\O⌊|↘ ⌊⌉∫⊔ℑ∗⌊⌉∫⊔√⊔∇∅ ⌈≀⊓⌊↕⌉ ⌊⌉∫⊔⌋≀∫⊔ℑ⌊⌉∫⊔↙G⌉⊔C≀∫⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ \⌉⊒∫≀↕\⌋≀∫⊔∅ LEVELℑI\⟩⊔L⌉⊑⌉↕⇐∫≀↕\√⊔∇⇔LEVEL⇒∅ ⟩⊔⌉∇⊣⊔⟩≀\ℑ′∅ ⟩\⌋∇⌉⊣∫⌉ℑ′∅ ⌈≀ { ⟩⊔⌉∇⊣⊔⟩≀\⇓⇓∅ S≀↕\O⌊|∗ \⌉⊒∫≀↕\√⊔∇ℑ\⌉⊒ S≀↕\O⌊|⇐∫≀↕\√⊔∇⇒∅ S≀↕\O⌊|↘ \⌉⊒∫≀↕\ℑ∗\⌉⊒∫≀↕\√⊔∇∅ \⌉⊒∫≀↕\↙P⌉∇⊔⊓∇⌊S≀↕\⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇔⌈⊓\⟩{√⊔∇⇒∅

∞∋▽

\⌉⊒∫≀↕\⌋≀∫⊔ℑ\⌉⊒∫≀↕\↙G⌉⊔C≀∫⊔⇐⇒∅ ⟩{ ⇐\⌉⊒∫≀↕\⌋≀∫⊔<LEVEL↽ { ∫≀↕\↙C≀√†S≀↕\⇐\⌉⊒∫≀↕\√⊔∇⇒∅ LEVELℑLEVEL↖UP∗⇐LEVEL↖\⌉⊒∫≀↕\⌋≀∫⊔⇒∅ ⟩{ ⇐\⌉⊒∫≀↕\⌋≀∫⊔<bestcost↽ { ⌊⌉∫⊔↙C≀√†S≀↕\⇐\⌉⊒∫≀↕\√⊔∇⇒∅ ⌊⌉∫⊔⌋≀∫⊔ℑ⌊⌉∫⊔↙G⌉⊔C≀∫⊔⇐⇒∅ } ⟩\⌋∇⌉⊣∫⌉ℑ⟩⊔⌉∇⊣⊔⟩≀\∅ } ⌈⌉↕⌉⊔⌉ \⌉⊒∫≀↕\√⊔∇∅ } ⊒⟨⟩↕⌉ ⇐⇐⟩⊔⌉∇⊣⊔⟩≀\<MaxIter↽ςς↼↼iterationincrease↽<QualityLim↽↽, time/used time↼↽time, cout≪⟩⊔⌉∇⊣⊔⟩≀\∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⌊⌉∫⊔⌋≀∫⊔∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪⊔⟩⇕⌉∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪UP∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪M⊣§I⊔⌉∇∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪Q⊓⊣↕⟩⊔†L⟩⇕∅\⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪LEVEL∅\⌉⊒↕⟩\⌉∅ } ⇕⊣⟩\⇐⇒ ∝∝R⌉⊣⌈∫ ⟩\ ⊔⟨⌉ GDA √⊣∇⊣⇕⌉⊔⌉∇∫ ⊣↕↕≀⊒⟩\} {≀∇ ∫⌉⊑⌉∇⊣↕ ∇⊓\∫ ⊒⟩⊔⟨ ∝∝⊑⊣∇⟩≀⊓∫ √⊣∇⊣⇕⌉⊔⌉∇ ∫⌉⊔⊔⟩\}∫↙ { ⟩\⊔ ⟩⇔|⇔‖∅ ⟩\⊔ M⊣§I⊔⌉∇∅ ⌈≀⊓⌊↕⌉ LEVEL∅ ⟩\⊔ \⊓⇕U√ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ ⊣∇∇⊣†<double> UPS↼1numUp↽, UPS▷read↼↽, int numReps/read int↼↽, array<int> seeds↼1numReps↽, seeds▷read↼↽, MaxIter/read int↼↽, int numQual/read int↼↽, array<int> QualityLim↼1numQual↽, QualityLim▷read↼↽, LEVEL/0▷0, ProbSize∗ √∫√⊔∇ℑ\⌉⊒ P∇≀⌊S⟩‡⌉∅ C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇ℑ\⌉⊒ C≀∫⊔S⊔∇⊓⌋⊔⇐√∫√⊔∇⇒∅ ↕≀≀√⇐⟩⇔∞⇔\⊓⇕U√⇒ { ↕≀≀√⇐|⇔∞⇔\⊓⇕R⌉√∫⇒ { ↕≀≀√⇐‖⇔∞⇔\⊓⇕Q⊓⊣↕⇒ { G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇ℑ\⌉⊒ G⌉\⌉∇⊣⊔≀∇⇐∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇔∫⌉⌉⌈∫∪|⊎⇒∅ GDA∇⊓\⇐UPS∪⟩⊎⇔M⊣§I⊔⌉∇⇔Q⊓⊣↕⟩⊔†L⟩⇕∪‖⊎⇔LEVEL⇔⌋∫⊔∇⊓⌋⊔√⊔∇⇔⌈⊓\⟩{√⊔∇⇒∅ ⌈⌉↕⌉⊔⌉ ⌈⊓\⟩{√⊔∇∅ } } } }

∞∋

C↙∈↙∈ TSP↙⟨ //TSP▷h //A Traveling Salesman module implementing a neighbourhood move and //a cost function▷ ϑifndef TSP H ϑdefine TSP H ϑinclude<LEDA◁basic▷h> ϑinclude<LEDA◁array▷h> ϑinclude<LEDA◁plane▷h> ϑinclude εGenerator▷hε typedef array<int> Atourperm, typedef array2<double> Amatrix, typedef array<point> AposList, class ProbSize { √⊓⌊↕⟩⌋¬ ⟩\⊔ N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ P∇≀⌊S⟩‡⌉⇐⇒∅ }∅ ⌋↕⊣∫∫ C≀∫⊔S⊔∇⊓⌋⊔ { A⇕⊣⊔∇⟩§∗ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ A√≀∫L⟩∫⊔∗ √≀∫L⟩∫⊔√⊔∇∅ √⊓⌊↕⟩⌋¬ C≀∫⊔S⊔∇⊓⌋⊔⇐P∇≀⌊S⟩‡⌉∗⇒∅ ∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔C≀∫⊔⇐⟩\⊔⇔⟩\⊔⇒∅ ⊑≀⟩⌈ P∇⟩\⊔D⟩∫⊔⇐⇒∅ ⊑≀⟩⌈ P∇⟩\⊔P≀∫⇐⇒∅ }∅ ⌋↕⊣∫∫ S≀↕\O⌊| { ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∅ A⊔≀⊓∇√⌉∇⇕∗ ⊔≀⊓∇√⊔∇∅ √⊓⌊↕⟩⌋¬ ⟩\⊔ S⊓⌋⌋⇐A⊔≀⊓∇√⌉∇⇕⇔⟩\⊔⇔⟩\⊔⇒∅ S≀↕\O⌊|⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅ S≀↕\O⌊|⇐S≀↕\O⌊|∗⇒∅ ∼S≀↕\O⌊|⇐⇒∅ ⊑≀⟩⌈ S⟨≀⊒S≀↕\⇐⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔C≀∫⊔⇐⇒∅ ⊑≀⟩⌈ C≀√†S≀↕\⇐S≀↕\O⌊|∗⇒∅ ⟩\⊔ S⊓⌋⌋⇐A⊔≀⊓∇√⌉∇⇕∗⇔⟩\⊔⇔⟩\⊔⇒∅ ⊑≀⟩⌈ P⌉∇⊔⊓∇⌊S≀↕\⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇔G⌉\⌉∇⊣⊔≀∇∗⇒∅ ⌈≀⊓⌊↕⌉ C⊣↕⌋C≀∫⊔⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅ }∅

↓⌉\⌈⟩{

C↙∈↙∋ TSP↙⌋⌋ //TSP▷cc //A Traveling Salesman module implementing a neighbourhood move and

//a cost function▷ The neighbourhood move implemened is the 2opt //operation with an incremental cost update▷ ϑinclude εTSP▷hε ϑinclude<math▷h> int NumCities, ProbSize..ProbSize↼↽ ◁◁Determines the dimension of the TSP▷ { N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ }

C≀∫⊔S⊔∇⊓⌋⊔¬¬C≀∫⊔S⊔∇⊓⌋⊔⇐P∇≀⌊S⟩‡⌉∗ √∫√⊔∇⇒¬ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇐\⌉⊒ A⇕⊣⊔∇⟩§⇐∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇔∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇒⇒⇔ √≀∫L⟩∫⊔√⊔∇⇐\⌉⊒ A√≀∫L⟩∫⊔⇐∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇒⇒ ∝∝R⌉⊣⌈∫ ⟩\ ⊔⟨⌉ ∈D ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ≀{ ⊔⟨⌉ TSP ⊣⌊⌈ ⌋≀\∫⊔∇⊓⌋⊔∫ ⊣\ ⊣∫∫≀⌋⟩⊣⊔⌉⌈ ∝∝⌋≀∫⊔ ⇕⊣⊔∇⟩§↙ { N⊓⇕C⟩⊔⟩⌉∫ℑ⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ A√≀∫L⟩∫⊔↘ √≀∫L⟩∫⊔ℑ∗√≀∫L⟩∫⊔√⊔∇∅ A⇕⊣⊔∇⟩§↘ ⌈⟩∫⊔M⊣⊔∇⟩§ℑ∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⟩\⊔ §⇔†⇔⟩∅ √≀∫L⟩∫⊔↙∇⌉⊣⌈⇐⇒∅ ⟩\⊔ ∇≀⊒⇔⌋≀↕∅ ↕≀≀√⇐∇≀⊒⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐⌋≀↕⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌈⟩∫⊔M⊣⊔∇⟩§⇐∇≀⊒⇔⌋≀↕⇒ℑ√≀∫L⟩∫⊔∪∇≀⊒⊎↙⌈⟩∫⊔⊣\⌋⌉⇐√≀∫L⟩∫⊔∪⌋≀↕⊎⇒∅ } } } C≀∫⊔S⊔∇⊓⌋⊔¬¬∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⌈⌉↕⌉⊔⌉ √≀∫L⟩∫⊔√⊔∇∅ } ⌈≀⊓⌊↕⌉ C≀∫⊔S⊔∇⊓⌋⊔¬¬G⌉⊔C≀∫⊔⇐⟩\⊔ §⇔⟩\⊔ †⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⊒≀ ⌋⟩⊔⟩⌉∫↙ { ∇⌉⊔⊓∇\ ⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐§⇔†⇒∅ } ⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔D⟩∫⊔⇐⇒ ∝∝P∇⟩\⊔∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⇕⊣⊔∇⟩§ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩⇔|∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐|⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐⟩⇔|⇒≪↑ ↑∅ } \⌉⊒↕⟩\⌉∅ } } ∞∋∀

⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔P≀∫⇐⇒ ∝∝P∇⟩\⊔∫ ⊔⟨⌉ ⌋⟩⊔† ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗√≀∫L⟩∫⊔√⊔∇⇒∪⟩⊎≪↑ ↑∅ \⌉⊒↕⟩\⌉∅ } } S≀↕\O⌊|¬¬S≀↕\O⌊|⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌈⇕⊣⊔∇⟩§√⊔∇⇒ ¬⊔≀⊓∇√⊔∇⇐\⌉⊒ A⊔≀⊓∇√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒ ∝∝C≀\∫⊔∇⊓⌋⊔∫ ⊣ ⊔≀⊓∇ ≀{ ⊔⟨⌉ ⌋⟩⊔⟩⌉∫ ⊣\⌈ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊔⟨⌉ ⌋≀∫⊔↙ { ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⇐∗⊔≀⊓∇√⊔∇⇒∪⟩⊎ℑ⟩\⊔⇐{⇕≀⌈⇐⟩⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇓∞⇒∅ } ⌈⟩∫⊔ℑC⊣↕⌋C≀∫⊔⇐⌈⇕⊣⊔∇⟩§√⊔∇⇒∅ } S≀↕\O⌊|¬¬S≀↕\O⌊|⇐S≀↕\O⌊|∗ ⌋≀√†√⊔∇⇒ ¬⊔≀⊓∇√⊔∇⇐\⌉⊒ A⊔≀⊓∇√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒ ∝∝C≀√†∫ ⊣ ∫≀↕⊓⊔⟩≀\ ⊔≀ ⊔⟨⌉ TSP↙ { C≀√†S≀↕\⇐⌋≀√†√⊔∇⇒∅ } S≀↕\O⌊|¬¬∼S≀↕\O⌊|⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ ⊔≀⊓∇√⊔∇∅ } ⊑≀⟩⌈ S≀↕\O⌊|¬¬S⟨≀⊒S≀↕\⇐⇒ ∝∝O⊓⊔√⊓⊔∫ ⊣ TSP ∫≀↕⊓⊔⟩≀\ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ ⟩\⊔ ⟩⇔√≀∫∅ ⌋≀⊓⊔≪↑T≀⊓∇¬ ∞ ↑∅ √≀∫ℑ⊔≀⊓∇∪∞⊎∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪√≀∫≪↑ ↑∅ √≀∫ℑ⊔≀⊓∇∪√≀∫⊎∅ } \⌉⊒↕⟩\⌉∅ ⌋≀⊓⊔≪↑W⟩⊔⟨ ⌈⟩∫⊔⊣\⌋⌉¬ ↑≪⌈⟩∫⊔∅\⌉⊒↕⟩\⌉∅ } ⌈≀⊓⌊↕⌉ S≀↕\O⌊|¬¬G⌉⊔C≀∫⊔⇐⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⊔≀⊓∇ ↕⌉\}⊔⟨↙ { ∇⌉⊔⊓∇\ ⌈⟩∫⊔∅ } ⊑≀⟩⌈ S≀↕\O⌊|¬¬C≀√†S≀↕\⇐S≀↕\O⌊|∗ ⌋≀√†√⊔∇⇒ ∞∋∃

∝∝C≀√⟩⌉∫ ⊣ TSP ∫≀↕⊓⊔⟩≀\↙ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ S≀↕\O⌊|↘ ⌋≀√†ℑ∗⌋≀√†√⊔∇∅ ⊔≀⊓∇ℑ⇐∗⇐⌋≀√†↙⊔≀⊓∇√⊔∇⇒⇒∅ ⌈⟩∫⊔ℑ⌋≀√†↙⌈⟩∫⊔∅ } ⟩\⊔ S≀↕\O⌊|¬¬S⊓⌋⌋⇐A⊔≀⊓∇√⌉∇⇕∗ √⌉∇⇕√⊔∇⇔⟩\⊔ √⇔⟩\⊔ ‖⇒ ∝∝D⌉⊔⌉∇⇕⟩\⌉∫ ⊔⟨⌉ ⌋⟩⊔† ⊔⟨⊣⊔ ⟩∫ ‖ ∫⊔⌉√∫ ⊣⊒⊣† {∇≀⇕ ⊔⟨⌉ ⌋⟩⊔† √ ⟩\ ⊔⟨⌉ ∝∝⌋⊓∇∇⌉\⊔ ⊔≀⊓∇↙ { A⊔≀⊓∇√⌉∇⇕↘ √⌉∇⇕ℑ∗√⌉∇⇕√⊔∇∅ ⟩{ ⇐‖ℑℑ∞⇒ { ∇⌉⊔⊓∇\ √⌉∇⇕∪√⊎∅ } ⌉↕∫⌉ { ⟩\⊔ ⟩⇔√≀∫⇔\⌉⊒√≀∫∅ √≀∫ℑ√⌉∇⇕∪√⊎∅ ↕≀≀√⇐⟩⇔∞⇔‖↖∞⇒ { \⌉⊒√≀∫ℑ√⌉∇⇕∪√≀∫⊎∅ √≀∫ℑ\⌉⊒√≀∫∅ } ∇⌉⊔⊓∇\ \⌉⊒√≀∫∅ } } ⊑≀⟩⌈ S≀↕\O⌊|¬¬P⌉∇⊔⊓∇⌊S≀↕\⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇⇒ ∝∝P⌉∇{≀∇⇕∫ ⊔⟨⌉ ∈↖≀√⊔ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⇕≀⊑⌉ ≀\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⊔≀⊓∇ ⊔≀ {≀∇⇕ ⊣ ∝∝\⌉⊒ ⊔≀⊓∇ ⊣\⌈ ⌉⊑⊣↕⊓⊣⊔⌉∫ ⟩⊔∫ ⌋≀∫⊔ ⟩\⌋∇⌉⇕⌉\⊔⊣↕↕†↙ { ⟩{ ⇐N⊓⇕C⟩⊔⟩⌉∫>3↽ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ∗⌋∫⊔∇⊓⌋⊔√⊔∇∅ ⟩\⊔ √⇔∐⇔∇⇔‖⇔∫⊓⌋⌋∅ ⌈≀ { √ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ∐ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ‖ℑ′∅ ⌈≀ { ‖ℑ‖⇓∞∅ ∫⊓⌋⌋ℑS⊓⌋⌋⇐↘⊔≀⊓∇⇔√⇔‖⇒∅ } ⊒⟨⟩↕⌉ ⇐∫⊓⌋⌋≠q); } ⊒⟨⟩↕⌉ ⇐⇐‖≤∈⇒||⇐‖ℑℑN⊓⇕C⟩⊔⟩⌉∫⇒⇒∅ A⊔≀⊓∇√⌉∇⇕ ⊔⌉⇕√⇐⊔≀⊓∇⇒∅ ⊔≀⊓∇∪√⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔‖↖∞⇒∅ ⊔≀⊓∇∪S⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∞⇒⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔‖⇒∅ ↕≀≀√⇐∇⇔∈⇔‖↖∞⇒ { ⊔≀⊓∇∪S⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∇⇒⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∇↖∞⇒∅ } ⟩\⊔ √∇⌉⌈∐ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔∐⇔N⊓⇕C⟩⊔⟩⌉∫↖∞⇒∅ ⟩\⊔ ∫⊓⌋⌋√ℑ⊔⌉⇕√∪√⊎∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∞ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√⇔∫⊓⌋⌋√⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∈ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√∇⌉⌈∐⇔∐⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∋ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√⇔√∇⌉⌈∐⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔△ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐∫⊓⌋⌋√⇔∐⇒∅ ⌈≀⊓⌊↕⌉ ⌋⟨⊣\}⌉ℑ⌈⟩∫⊔∋⇓⌈⟩∫⊔△↖⌈⟩∫⊔∞↖⌈⟩∫⊔∈∅ ⌈⟩∫⊔ℑ⌈⟩∫⊔⇓⌋⟨⊣\}⌉∅ } ∞△′

} ⌈≀⊓⌊↕⌉ S≀↕\O⌊|¬¬C⊣↕⌋C≀∫⊔⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ ∝∝C⊣↕⌋⊓↕⊣⊔⌉∫ ⊔⟨⌉ ↕⌉\}⊔⟨ ≀{ ⊣ ⊔≀⊓∇↙ { ⟩\⊔ ⟩⇔√≀∫∅ A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ∗⌋∫⊔∇⊓⌋⊔√⊔∇∅ √≀∫ℑ∞∅ ⌈≀⊓⌊↕⌉ ⌋≀∫⊔ℑ′∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀∫⊔ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√≀∫⇔⊔≀⊓∇∪√≀∫⊎⇒⇓⌋≀∫⊔∅ √≀∫ℑ⊔≀⊓∇∪√≀∫⊎∅ } ∇⌉⊔⊓∇\ ⌋≀∫⊔∅ }

C↙∈↙△ G⌉\⌉∇⊣⊔≀∇↙⟨ //Generator▷h ϑifndef GENERATOR H ϑdefine GENERATOR H //Constructs a random number genertor that can be queried for //discrete uniform numbers▷ ϑinclude <ACG▷h> ϑinclude <DiscUnif▷h> class Generator{ ACG∗ RNG√⊔∇∅ D⟩∫⌋∇⌉⊔⌉U\⟩{≀∇⇕∗ DU√⊔∇∅ √⊓⌊↕⟩⌋¬ G⌉\⌉∇⊣⊔≀∇⇐⟩\⊔ ↕≀⊒ℑ′⇔⟩\⊔ ⟨⟩}⟨ℑ∞⇔⟩\⊔ ∫⌉⌉⌈ℑ∞⇒{ RNG√⊔∇ ℑ \⌉⊒ ACG⇐∫⌉⌉⌈⇔ ∋′⇒∅ DU√⊔∇ ℑ \⌉⊒ D⟩∫⌋∇⌉⊔⌉U\⟩{≀∇⇕⇐↕≀⊒⇔⟨⟩}⟨⇔RNG√⊔∇⇒∅ } ∼G⌉\⌉∇⊣⊔≀∇⇐⇒{ ⌈⌉↕⌉⊔⌉ RNG√⊔∇∅ ⌈⌉↕⌉⊔⌉ DU√⊔∇∅ } ⟩\⊔ ≀√⌉∇⊣⊔≀∇⇐⇒⇐⇒{ ∇⌉⊔⊓∇\ ⟩\⊔⇐⇐∗DU√⊔∇⇒⇐⇒⇒∅ } }∅ ↓⌉\⌈⟩{

C↙∋ R⌉√⌉⊣⊔⌉⌈ L≀⌋⊣↕ S⌉⊣∇⌋⟨ T⟨⌉ M⊣‖⌉⊘↕⌉ ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀⇕√⟩↕⊣⊔⟩≀\ ⊣\⌈ ↕⟩\‖⟩\} ≀{ ⊔⟨⌉ ∇⌉√⌉⊣⊔⌉⌈ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ √∇≀}∇⊣⇕∫ ⟩∫ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∫ ⊔⟨⊣⊔ ⊓∫⌉⌈ {≀∇ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫⇔ ⊒⟩⊔⟨ ⊔⟨⌉ ∫≀⊓∇⌋⌉ ⊣\⌈ ⊔⊣∇}⌉⊔ \⊣⇕⌉∫ ⌋⟨⊣\}⌉⌈ ⊣⌋⌋≀∇⌈⟩\}↕†↙ A↕∫≀ ⊔⟨⌉ G⌉\⌉∇⊣⊔≀∇ ⇕≀⌈⊓↕⌉ ⟩∫ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∫ ⊔⟨⊣⊔ ⊓∫⌉⌈ {≀∇ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫⇔ ∫≀ ⟩∫ \≀⊔ }⟩⊑⌉\ ⌊⌉↕≀⊒↙

∞△∞

C↙∋↙∞ B⟩}H⟩↕↕C↕⟩⇕⌊↙⌋⌋ //BigHillClimb▷cc //Repeated Hill Climb for minimisation▷ ϑinclude<LEDA◁basic▷h> ϑinclude εTSP▷hε void BigHillClimbRun↼int seeddouble runtimeCostStruct∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔ ⟩\⊔ \⊓⇕⇒ ∝∝G⟩⊑⌉\ ⊣ ∇⊓\⊔⟩⇕⌉ √⌉∇{≀∇⇕∫ ⊣ ∫⟩\}↕⌉ ∇⊓\ ≀{ ∇⌉√⌉⊣⊔⌉⌈ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ ∝∝⌊† ∇⌉∫⊔⊣∇⊔⟩\} ⊔⟨⌉ ↕≀⌋⊣↕ ∫⌉⊣∇⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⇐∫⊔⌉⌉√⌉∫⊔ ⌈⌉∫⌋⌉\⊔ ⊑⊣∇⟩⊣⊔⟩≀\⇒ ∝∝⊓\⊔⟩↕ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌉⌈ ⊔⟩⇕⌉ ⟩\⊔⌉∇⊑⊣↕ ⟨⊣∫ ⌉↕↕⊣√∫⌉⌈↙ { G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇ℑ\⌉⊒ G⌉\⌉∇⊣⊔≀∇⇐∞⇔\⊓⇕⇔∫⌉⌉⌈⇒∅ ⌈≀⊓⌊↕⌉ ⊔≀⊔⊣↕⊔⟩⇕⌉ℑ⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒∅ S≀↕\O⌊| ⊔⟨⌉⌊⌉∫⊔∅ ⌈≀ { S≀↕\O⌊| ∫≀↕\⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇔⌈⊓\⟩{√⊔∇⇒∅ S≀↕\O⌊| ⌊⌉∫⊔⇐∫≀↕\⇒∅ ⟩\⊔ √⇔∐∅ ⌈≀⊓⌊↕⌉ \⌉⊒∫≀↕\⌋≀∫⊔⇔⌊⌉∫⊔⌋≀∫⊔∅ ⌊≀≀↕ ≀√⊔⟩⇕⊓⇕ℑ{⊣↕∫⌉∅ ⌈≀ { ⟩\⊔ √⇔∐∅ ⌊⌉∫⊔ℑ∫≀↕\∅ ⌊⌉∫⊔⌋≀∫⊔ℑ⌊⌉∫⊔↙G⌉⊔C≀∫⊔⇐⇒∅ ↕≀≀√⇐√⇔∞⇔\⊓⇕↖∞⇒ { ↕≀≀√⇐∐⇔√⇓∞⇔\⊓⇕⇒ { S≀↕\O⌊| \⌉⊒∫≀↕\⇐∫≀↕\⇒∅ \⌉⊒∫≀↕\↙P⌉∇⊔⊓∇⌊S≀↕\⇐⌋∫⊔∇⊓⌋⊔√⊔∇⇔√⇔∐⇒∅ \⌉⊒∫≀↕\⌋≀∫⊔ℑ\⌉⊒∫≀↕\↙G⌉⊔C≀∫⊔⇐⇒∅ ⟩{⇐\⌉⊒∫≀↕\⌋≀∫⊔<bestcost↽ { ⌊⌉∫⊔ℑ\⌉⊒∫≀↕\∅ ⌊⌉∫⊔⌋≀∫⊔ℑ⌊⌉∫⊔↙G⌉⊔C≀∫⊔⇐⇒∅ } } } ⟩{⇐⌊⌉∫⊔ℑℑ∫≀↕\⇒ { ≀√⊔⟩⇕⊓⇕ℑ⊔∇⊓⌉∅ } ∫≀↕\ℑ⌊⌉∫⊔∅ } ⊒⟨⟩↕⌉⇐→≀√⊔⟩⇕⊓⇕⇒∅ ⌈≀⊓⌊↕⌉ ∫≀↕\⌋≀∫⊔ℑ∫≀↕\↙G⌉⊔C≀∫⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ ⊔⟨⌉⌊⌉∫⊔⌋≀∫⊔ℑ⊔⟨⌉⌊⌉∫⊔↙G⌉⊔C≀∫⊔⇐⇒∅ ⟩{⇐⇐∫≀↕\⌋≀∫⊔<thebestcost↽|⇐⊔⟨⌉⌊⌉∫⊔⌋≀∫⊔ℑℑ′⇒⇒ { ⊔⟨⌉⌊⌉∫⊔ℑ∫≀↕\∅ }∅ } ⊒⟨⟩↕⌉⇐⇐⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒↖⊔≀⊔⊣↕⊔⟩⇕⌉⇒<runtime↽, cout≪⇐⊓∫⌉⌈ ⊔⟩⇕⌉⇐⇒↖⊔≀⊔⊣↕⊔⟩⇕⌉⇒∅\⌉⊒↕⟩\⌉∅ ⊔⟨⌉⌊⌉∫⊔↙S⟨≀⊒S≀↕\⇐⇒∅ } ⇕⊣⟩\⇐⇒ ∝∝R⌉⊣⌈∫ ⟩\ ∫⌉⊑⌉∇⊣↕ ∇⊓\ ⊔⟩⇕⌉∫ ⊣\⌈ ⊣↕↕≀⊒∫ {≀∇ ⇕⊓↕⊔⟩√↕⌉ ∇⊓\∫ ≀{ ⊔⟨⌉ ⟨⟩↕↕ ∝∝⌋↕⟩⇕⌊⟩\} √∇≀⌋⌉⌈⊓∇⌉↙ { ⟩\⊔ ∇⊓\⊔⟩⇕⌉N⊓⇕ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ ⊣∇∇⊣†<double> RunTimes↼1runtimeNum↽, RunTimes▷read↼↽, int seedNum/read int↼↽, array<int> SeedNums↼1seedNum↽,

SeedNums▷read↼↽, ProbSize∗ √∫√⊔∇ℑ\⌉⊒ P∇≀⌊S⟩‡⌉∅ ⟩\⊔ \⊓⇕ℑ⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇ℑ\⌉⊒ C≀∫⊔S⊔∇⊓⌋⊔⇐√∫√⊔∇⇒∅ ⟩\⊔ ⟩⇔|∅ ↕≀≀√⇐⟩⇔∞⇔∇⊓\⊔⟩⇕⌉N⊓⇕⇒ { ↕≀≀√⇐|⇔∞⇔∫⌉⌉⌈N⊓⇕⇒ { B⟩}H⟩↕↕C↕⟩⇕⌊R⊓\⇐S⌉⌉⌈N⊓⇕∫∪|⊎⇔R⊓\T⟩⇕⌉∫∪⟩⊎⇔⌋∫⊔∇⊓⌋⊔√⊔∇⇔\⊓⇕⇒∅ } } }

C↙∋↙∈ TSP↙⟨ //TSP▷h //Deαnes a neighbourhood structure and a cost structure for the TSP▷ ϑifndef TSP H ϑdefine TSP H ϑinclude<LEDA◁basic▷h> ϑinclude<LEDA◁array▷h> ϑinclude<LEDA◁plane▷h> ϑinclude εGenerator▷hε typedef array<int> Atourperm, typedef array2<double> Amatrix, typedef array<point> AposList, int NumCities, class ProbSize { √⊓⌊↕⟩⌋¬ ⟩\⊔ N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ P∇≀⌊S⟩‡⌉⇐⇒∅ }∅ ⌋↕⊣∫∫ C≀∫⊔S⊔∇⊓⌋⊔ { A⇕⊣⊔∇⟩§∗ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ A√≀∫L⟩∫⊔∗ √≀∫L⟩∫⊔√⊔∇∅ √⊓⌊↕⟩⌋¬ C≀∫⊔S⊔∇⊓⌋⊔⇐P∇≀⌊S⟩‡⌉∗⇒∅ ∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔C≀∫⊔⇐⟩\⊔⇔⟩\⊔⇒∅ ⊑≀⟩⌈ P∇⟩\⊔D⟩∫⊔⇐⇒∅ ⊑≀⟩⌈ P∇⟩\⊔P≀∫⇐⇒∅ }∅ ⌋↕⊣∫∫ S≀↕\O⌊| { √⊓⌊↕⟩⌋¬ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∅ A⊔≀⊓∇√⌉∇⇕∗ ⊔≀⊓∇√⊔∇∅ S≀↕\O⌊|⇐⇒¬⊔≀⊓∇√⊔∇⇐\⌉⊒ A⊔≀⊓∇√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒{ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⇐∗⊔≀⊓∇√⊔∇⇒∪⟩⊎ℑ⟩\⊔⇐{⇕≀⌈⇐⟩⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇓∞⇒∅ }

∞△∋

⌈⟩∫⊔ℑ′∅ }∅ S≀↕\O⌊|⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇔G⌉\⌉∇⊣⊔≀∇∗⇒∅ S≀↕\O⌊|⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ∫⇒¬⊔≀⊓∇√⊔∇⇐\⌉⊒ A⊔≀⊓∇√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒{ A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ⇐∗⊔≀⊓∇√⊔∇⇒∅ ⊔≀⊓∇ℑ⇐∗∫↙⊔≀⊓∇√⊔∇⇒∅ ⌈⟩∫⊔ℑ∫↙⌈⟩∫⊔∅ }∅ ∼S≀↕\O⌊|⇐⇒ { ⌈⌉↕⌉⊔⌉ ⊔≀⊓∇√⊔∇∅ }∅ S≀↕\O⌊|↘ ≀√⌉∇⊣⊔≀∇ℑ⇐⌋≀\∫⊔ S≀↕\O⌊|↘⇒∅ ⟩\⊔ ≀√⌉∇⊣⊔≀∇ℑℑ⇐⌋≀\∫⊔ S≀↕\O⌊|↘⇒∅ ⊑≀⟩⌈ S⟨≀⊒S≀↕\⇐⇒∅ ⌈≀⊓⌊↕⌉ G⌉⊔C≀∫⊔⇐⇒∅ ⟩\⊔ S⊓⌋⌋⇐A⊔≀⊓∇√⌉∇⇕∗⇔⟩\⊔⇔⟩\⊔⇒∅ ⊑≀⟩⌈ P⌉∇⊔⊓∇⌊S≀↕\⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇔⟩\⊔⇔⟩\⊔⇒∅ ⌈≀⊓⌊↕⌉ C⊣↕⌋C≀∫⊔⇐C≀∫⊔S⊔∇⊓⌋⊔∗⇒∅ {∇⟩⌉\⌈ ⊑≀⟩⌈ P∇⟩\⊔⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ∫⇔≀∫⊔∇⌉⊣⇕↘ ≀∫ℑ⌋≀⊓⊔⇒∅ {∇⟩⌉\⌈ ⊑≀⟩⌈ R⌉⊣⌈⇐S≀↕\O⌊|↘ ∫⇔⟩∫⊔∇⌉⊣⇕↘ ⟩∫ℑ⌋⟩\⇒∅ {∇⟩⌉\⌈ ⟩\⊔ ⌋≀⇕√⊣∇⌉⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ∫⇔⌋≀\∫⊔ S≀↕\O⌊|↘ ⊔⇒∅ LEDA MEMORY⇐S≀↕\O⌊|⇒ }∅ ⟩\↕⟩\⌉ ⊑≀⟩⌈ P∇⟩\⊔⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ∫⇔ ≀∫⊔∇⌉⊣⇕↘ ≀∫ℑ⌋≀⊓⊔⇒ { ⇐∗∫↙⊔≀⊓∇√⊔∇⇒↙√∇⟩\⊔⇐⇒∅\⌉⊒↕⟩\⌉∅ ≀∫≪∫↙⌈⟩∫⊔∅\⌉⊒↕⟩\⌉∅ } ⟩\↕⟩\⌉ ⊑≀⟩⌈ R⌉⊣⌈⇐S≀↕\O⌊|↘ ∫⇔ ⟩∫⊔∇⌉⊣⇕↘ ⟩∫ℑ⌋⟩\⇒ { ⇐∗∫↙⊔≀⊓∇√⊔∇⇒↙∇⌉⊣⌈⇐⇒∅ ⟩∫≫∫↙⌈⟩∫⊔∅ } ⟩\↕⟩\⌉ ⟩\⊔ ⌋≀⇕√⊣∇⌉⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ∫⇔ ⌋≀\∫⊔ S≀↕\O⌊|↘ ⊔⇒ { ∇⌉⊔⊓∇\ ′∅ } LEDA TYPE PARAMETER⇐S≀↕\O⌊|⇒ ↓⌉\⌈⟩{

C↙∋↙∋ TSP↙⌋⌋ //TSP▷cc //Deαnes a neighbourhood structure and a cost structure for the TSP▷ ϑinclude εTSP▷hε ϑinclude<math▷h> ProbSize..ProbSize↼↽ ◁◁Determines the problem dimension▷ { N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫ℑ∇⌉⊣⌈ ⟩\⊔⇐⇒∅ N⊓⇕C⟩⊔⟩⌉∫ℑN⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ }

C≀∫⊔S⊔∇⊓⌋⊔¬¬C≀∫⊔S⊔∇⊓⌋⊔⇐P∇≀⌊S⟩‡⌉∗ √∫√⊔∇⇒¬

∞△△

⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇐\⌉⊒ A⇕⊣⊔∇⟩§⇐∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇔∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇒⇒⇔ √≀∫L⟩∫⊔√⊔∇⇐\⌉⊒ A√≀∫L⟩∫⊔⇐∞⇔⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫⇒⇒ ∝∝R⌉⊣⌈∫ ⟩\ ⌋⟩⊔† ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⊣\⌈ ⌋≀\∫⊔∇⊓⌋⊔∫ ⊣ ⌋≀∇∇⌉∫√≀\⌈⟩\} ⌈⟩∫⊔⊣\⌋⌉ ∝∝⇕⊣⊔∇⟩§↙ { N⊓⇕C⟩⊔⟩⌉∫ℑ⇐∗√∫√⊔∇⇒↙N⊓⇕⌊⌉∇C⟩⊔⟩⌉∫∅ A√≀∫L⟩∫⊔↘ √≀∫L⟩∫⊔ℑ∗√≀∫L⟩∫⊔√⊔∇∅ A⇕⊣⊔∇⟩§↘ ⌈⟩∫⊔M⊣⊔∇⟩§ℑ∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⟩\⊔ §⇔†⇔⟩∅ √≀∫L⟩∫⊔↙∇⌉⊣⌈⇐⇒∅ ⟩\⊔ ∇≀⊒⇔⌋≀↕∅ ↕≀≀√⇐∇≀⊒⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐⌋≀↕⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌈⟩∫⊔M⊣⊔∇⟩§⇐∇≀⊒⇔⌋≀↕⇒ℑ√≀∫L⟩∫⊔∪∇≀⊒⊎↙⌈⟩∫⊔⊣\⌋⌉⇐√≀∫L⟩∫⊔∪⌋≀↕⊎⇒∅ } } } C≀∫⊔S⊔∇⊓⌋⊔¬¬∼C≀∫⊔S⊔∇⊓⌋⊔⇐⇒ ∝∝A ⌈⌉∫⊔∇⊓⌋⊔≀∇↙ { ⌈⌉↕⌉⊔⌉ ⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇∅ ⌈⌉↕⌉⊔⌉ √≀∫L⟩∫⊔√⊔∇∅ } ⌈≀⊓⌊↕⌉ C≀∫⊔S⊔∇⊓⌋⊔¬¬G⌉⊔C≀∫⊔⇐⟩\⊔ §⇔⟩\⊔ †⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⌊⌉⊔⊒⌉⌉\ ⊔⊒≀ ⌋⟩⊔⟩⌉∫↙ { ∇⌉⊔⊓∇\ ⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐§⇔†⇒∅ } ⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔D⟩∫⊔⇐⇒ ∝∝W∇⟩⊔⌉∫ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⇕⊣⊔∇⟩§ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩⇔|∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ↕≀≀√⇐|⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗⌈⟩∫⊔M⊣⊔∇⟩§√⊔∇⇒⇐⟩⇔|⇒≪↑ ↑∅ } \⌉⊒↕⟩\⌉∅ } } ⊑≀⟩⌈ C≀∫⊔S⊔∇⊓⌋⊔¬¬P∇⟩\⊔P≀∫⇐⇒ ∝∝W∇⟩⊔⌉∫ ⊔⟨⌉ ⌋⟩⊔† ⌋≀≀∇⌈⟩\⊣⊔⌉∫ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ { ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀⊓⊔≪⇐∗√≀∫L⟩∫⊔√⊔∇⇒∪⟩⊎≪↑ ↑∅ \⌉⊒↕⟩\⌉∅ } } S≀↕\O⌊|¬¬S≀↕\O⌊|⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌈⇕⊣⊔∇⟩§√⊔∇⇔G⌉\⌉∇⊣⊔≀∇∗ ⌈⊓\⟩{√⊔∇⇒ ¬⊔≀⊓∇√⊔∇⇐\⌉⊒ A⊔≀⊓∇√⌉∇⇕⇐∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇒ ∝∝C≀\∫⊔∇⊓⌋⊔∫ ⊣ ∇⊣\⌈≀⇕ ⟩\⟩⊔⟩⊣↕ ⊔≀⊓∇ ⊣\⌈ ⌈⌉⊔⌉∇⇕⟩\⌉∫ ⟩⊔∫ ↕⌉\}⊔⟨↙ { ∞△▽

⟩\⊔ ⟩⇔|⇔√⇔∐⇔⊔⌉⇕√∅ A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ⇐∗⊔≀⊓∇√⊔∇⇒∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⊔≀⊓∇∪⟩⊎ℑ⟩\⊔⇐{⇕≀⌈⇐⟩⇔N⊓⇕C⟩⊔⟩⌉∫⇒⇓∞⇒∅ } ⌈⟩∫⊔ℑ′∅ ↕≀≀√⇐|⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { √ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ∐ℑ⇐∗⌈⊓\⟩{√⊔∇⇒⇐⇒∅ ⇐∗⊔⟨⟩∫⇒↙P⌉∇⊔⊓∇⌊S≀↕\⇐⌈⇕⊣⊔∇⟩§√⊔∇⇔√⇔∐⇒∅ } ⌈⟩∫⊔ℑC⊣↕⌋C≀∫⊔⇐⌈⇕⊣⊔∇⟩§√⊔∇⇒∅ } S≀↕\O⌊|↘ S≀↕\O⌊|¬¬≀√⌉∇⊣⊔≀∇ℑ⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ⌋≀√†∫≀↕\⇒ ∝∝C≀√⟩⌉∫ ⊣ TSP ∫≀↕⊓⊔⟩≀\↙ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ⇐∗⊔≀⊓∇√⊔∇⇒∅ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⊔≀⊓∇∪⟩⊎ℑ⇐∗⌋≀√†∫≀↕\↙⊔≀⊓∇√⊔∇⇒∪⟩⊎∅} ⌈⟩∫⊔ℑ⌋≀√†∫≀↕\↙⌈⟩∫⊔∅ ∇⌉⊔⊓∇\ ∗⊔⟨⟩∫∅ } ⟩\⊔ S≀↕\O⌊|¬¬≀√⌉∇⊣⊔≀∇ℑℑ⇐⌋≀\∫⊔ S≀↕\O⌊|↘ ⌋≀√†∫≀↕\⇒ ∝∝C≀√⟩⌉∫ ⊣ TSP ∫≀↕⊓⊔⟩≀\↙ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ⇐∗⊔≀⊓∇√⊔∇⇒∅ A⊔≀⊓∇√⌉∇⇕↘ ⌋≀√†ℑ⇐∗⌋≀√†∫≀↕\↙⊔≀⊓∇√⊔∇⇒∅ ⟩\⊔ ⌉∐⊓⊣↕ℑ∞∅ ⟩\⊔ ⟩∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⟩{⇐⊔≀⊓∇∪⟩⊎≠copy[i]) { ⌉∐⊓⊣↕ℑ′∅ } } ∇⌉⊔⊓∇\ ⌉∐⊓⊣↕∅ } ⊑≀⟩⌈ S≀↕\O⌊|¬¬S⟨≀⊒S≀↕\⇐⇒ { ∝∝W∇⟩⊔⌉∫ ⊔⟨⌉ ⊔≀⊓∇ ↕⌉\}⊔⟨ ⊔≀ ∫⊔⊣\⌈⊣∇⌈ ≀⊓⊔√⊓⊔↙ ⌋≀⊓⊔≪⌈⟩∫⊔∅\⌉⊒↕⟩\⌉∅ } ⌈≀⊓⌊↕⌉ S≀↕\O⌊|¬¬G⌉⊔C≀∫⊔⇐⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ⊔≀⊓∇ ↕⌉\}⊔⟨↙ { ∇⌉⊔⊓∇\ ⌈⟩∫⊔∅ } ⟩\⊔ S≀↕\O⌊|¬¬S⊓⌋⌋⇐A⊔≀⊓∇√⌉∇⇕∗ √⌉∇⇕√⊔∇⇔⟩\⊔ √⇔⟩\⊔ ‖⇒ ∝∝R⌉⊔⊓∇\∫ ⊔⟨⌉ ‖≃⊔⟨ ⌋⟩⊔† {∇≀⇕ √ ⟩\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⊔≀⊓∇↙ { A⊔≀⊓∇√⌉∇⇕↘ √⌉∇⇕ℑ∗√⌉∇⇕√⊔∇∅ ⟩{ ⇐‖ℑℑ∞⇒ { ∇⌉⊔⊓∇\ √⌉∇⇕∪√⊎∅ } ⌉↕∫⌉ { ⟩\⊔ ⟩⇔√≀∫⇔\⌉⊒√≀∫∅ ∞△

√≀∫ℑ√⌉∇⇕∪√⊎∅ ↕≀≀√⇐⟩⇔∞⇔‖↖∞⇒ { \⌉⊒√≀∫ℑ√⌉∇⇕∪√≀∫⊎∅ √≀∫ℑ\⌉⊒√≀∫∅ } ∇⌉⊔⊓∇\ \⌉⊒√≀∫∅ } } ⊑≀⟩⌈ S≀↕\O⌊|¬¬P⌉∇⊔⊓∇⌊S≀↕\⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇔⟩\⊔ √⇔⟩\⊔ ∐⇒ ∝∝P⌉∇{≀∇⇕∫ ⊔⟨⌉ ∈↖≀√⊔ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⇕≀⊑⌉ }⟩⊑⌉\ ⊣ √ ⊣\⌈ ⊣ ∐ ⊣\⌈ ∝∝⌈⌉⊔⌉∇⇕⟩\⌉∫ ⊔⟨⌉ \⌉⊒ ⌋≀∫⊔ ⟩\⌋∇⌉⇕⌉\⊔⊣↕↕†↙ { A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ∗⌋∫⊔∇⊓⌋⊔√⊔∇∅ A⊔≀⊓∇√⌉∇⇕ ⊔⌉⇕√⇐⊔≀⊓∇⇒∅ ⟩\⊔ ‖⇔∇⇔∫⊓⌋⌋∅ ‖ℑ′∅ ⌈≀ { ‖ℑ‖⇓∞∅ ∫⊓⌋⌋ℑS⊓⌋⌋⇐↘⊔≀⊓∇⇔√⇔‖⇒∅ } ⊒⟨⟩↕⌉ ⇐∫⊓⌋⌋≠q); if(k>2↽ { ⊔≀⊓∇∪√⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔‖↖∞⇒∅ ⊔≀⊓∇∪S⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∞⇒⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔‖⇒∅ ↕≀≀√⇐∇⇔∈⇔‖↖∞⇒ { ⊔≀⊓∇∪S⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∇⇒⊎ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔√⇔∇↖∞⇒∅ } ⟩\⊔ √∇⌉⌈∐ℑS⊓⌋⌋⇐↘⊔⌉⇕√⇔∐⇔N⊓⇕C⟩⊔⟩⌉∫↖∞⇒∅ ⟩\⊔ ∫⊓⌋⌋√ℑ⊔⌉⇕√∪√⊎∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∞ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√⇔∫⊓⌋⌋√⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∈ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√∇⌉⌈∐⇔∐⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔∋ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√⇔√∇⌉⌈∐⇒∅ ⌈≀⊓⌊↕⌉ ⌈⟩∫⊔△ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐∫⊓⌋⌋√⇔∐⇒∅ ⌈≀⊓⌊↕⌉ ⌋⟨⊣\}⌉ℑ⌈⟩∫⊔∋⇓⌈⟩∫⊔△↖⌈⟩∫⊔∞↖⌈⟩∫⊔∈∅ ⌈⟩∫⊔ℑ⌈⟩∫⊔⇓⌋⟨⊣\}⌉∅ } } ⌈≀⊓⌊↕⌉ S≀↕\O⌊|¬¬C⊣↕⌋C≀∫⊔⇐C≀∫⊔S⊔∇⊓⌋⊔∗ ⌋∫⊔∇⊓⌋⊔√⊔∇⇒ ∝∝C⊣↕⌋⊓↕⊣⊔⌉∫ ⊔⟨⌉ ⌋≀∫⊔ ≀{ ⊣ TSP ⊔≀⊓∇↙ { ⟩\⊔ ⟩⇔√≀∫∅ A⊔≀⊓∇√⌉∇⇕↘ ⊔≀⊓∇ℑ∗⊔≀⊓∇√⊔∇∅ C≀∫⊔S⊔∇⊓⌋⊔↘ ⌋∫⊔∇⊓⌋⊔ℑ∗⌋∫⊔∇⊓⌋⊔√⊔∇∅ √≀∫ℑ∞∅ ⌈≀⊓⌊↕⌉ ⌋≀∫⊔ℑ′∅ ↕≀≀√⇐⟩⇔∞⇔N⊓⇕C⟩⊔⟩⌉∫⇒ { ⌋≀∫⊔ℑ⌋∫⊔∇⊓⌋⊔↙G⌉⊔C≀∫⊔⇐√≀∫⇔⊔≀⊓∇∪√≀∫⊎⇒⇓⌋≀∫⊔∅ √≀∫ℑ⊔≀⊓∇∪√≀∫⊎∅ } ∇⌉⊔⊓∇\ ⌋≀∫⊔∅ }

∞△

R⌉{⌉∇⌉\⌋⌉∫

∪∞⊎ J↙ A\⊔≀\⟩∫∫⌉↙ A N⌉⊒ I\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ S⌋⟨⌉⇕⊣ N≀⊔⊣⊔⟩≀\ T⟨⊣⊔ O⊑⌉∇⊔⊓∇\∫ ⊔⟨⌉ B⟩\⊣∇† E\⌋≀⌈⟩\} C≀\∫⊔∇⊣⟩\⊔↙ I\ ∪∋⊎↙ ∪∈⊎ M↙ B⊣↕↕ ⊣\⌈ M↙ M⊣}⊣‡⟩\⌉↙ T⟨⌉ D⌉∫⟩}\ ⊣\⌈ A\⊣↕†∫⟩∫ ≀{ H⌉⊓∇⟩∫⊔⟩⌋∫↙ N⌉⊔⊒≀∇‖∫⇔ ∞∞¬∈∞▽∘∈∞∃⇔ ∞∃∀∞↙ ∪∋⊎ D⊣⊑⟩⌈ B⌉⊣∫↕⌉†⇔ D⊣⊑⟩⌈ R↙ B⊓↕↕⇔ ⊣\⌈ R⊣↕√⟨ R↙ M⊣∇⊔⟩\↙ A\ O⊑⌉∇⊑⟩⌉⊒ ≀{ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫¬ P⊣∇⊔ ∞↙ F⊓\⌈⊣⇕⌉\⊔⊣↕∫↙ U\⟩⊑⌉∇∫⟩⊔† C≀⇕√⊓⊔⟩\}⇔ ∞▽⇐∈⇒¬▽∀∘∄⇔ ∞∃∃∋↙ ∪△⊎ L↙ B↙ B≀≀‖⌉∇↙ I⇕√∇≀⊑⟩\} S⌉⊣∇⌋⟨ ⟩\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ I\ L↙ D⊣⊑⟩∫⇔ ⌉⌈⟩⊔≀∇⇔ ∪⊎↙ M≀∇}⊣\ K⊣⊓{{⇕⊣\\↙ ∪▽⊎ V↙ �C⌉∇\†↙ T⟨⌉∇⇕≀⌈†\⊣⇕⟩⌋⊣↕ A√√∇≀⊣⌋⟨ ⊔≀ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↖ ↕⌉⇕¬ A\ E{⊘⌋⟩⌉\⊔ S⟩⇕⊓↕⊣⊔⟩≀\ A↕}≀∇⟩⊔⟨⇕↙ J≀⊓∇\⊣↕ ≀{ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ T⟨⌉≀∇† ⊣\⌈ A√√↕⟩⌋⊣⊔⟩≀\∫⇔ △▽⇐∞⇒¬△∞∘▽∞⇔ ∞∃∀▽↙ ∪⊎̸ D⊣\⊔‡⟩}⇔ F⊓↕‖⌉∇∫≀\⇔ ⊣\⌈ J≀⟨\∫≀\↙ S≀↕⊓⊔⟩≀\ ≀{ ⊣ L⊣∇}⌉∘S⌋⊣↕⌉ T∇⊣⊑⌉↕⟩\}∘ S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕↙ J≀⊓∇\⊣↕ ≀{ ⊔⟨⌉ O√⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨ S≀⌋⟩⌉⊔† ≀{ A⇕⌉∇⟩⌋⊣⇔ ∞∃▽△↙ ∪⊎ L↙ D⊣⊑⟩∫⇔ ⌉⌈⟩⊔≀∇↙ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⊣\⌈ S⟩⇕⊓↕⊣⊔⌉⌈ A\\⌉⊣↕⟩\}↙ M≀∇}⊣\ K⊣⊓{{⇕⊣\\⇔ ∞∃∀↙ ∪∀⊎ L↙ D⊣⊑⟩∫↙ J≀⌊ S⟨≀√ S⌋⟨⌉⌈⊓↕⟩\} W⟩⊔⟨ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ I\ J↙ G∇⌉{⌉\↖ ∫⊔⌉⊔⊔⌉⇔ ⌉⌈⟩⊔≀∇⇔ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊣\ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ G⌉\⌉⊔⟩⌋ A↕}≀↖ ∇⟩⊔⟨⇕∫ ⊣\⌈ T⟨⌉⟩∇ A√√↕⟩⌋⊣⊔⟩≀\∫⇔ √⊣}⌉∫ ∞∋∘̸∞△′↙ L⊣⊒∇⌉\⌋⌉ E∇↕⌊⊣⊓⇕ A∫∫≀↖ ⌋⟩⊣⊔⌉∫⇔ ∞∃∀∀↙ ⇐≀∇⟩}⟩\⊣↕ √∇≀⌋⌉⌉⌈⟩\}∫ ∞∃∀▽⇒↙ ∪∃⊎ L↙ D⊣⊑⟩∫⇔ ⌉⌈⟩⊔≀∇↙ H⊣\⌈⌊≀≀‖ ≀{ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ V⊣\ N≀∫⊔∇⊣\⌈ R⌉⟩\⟨≀↕⌈⇔ ∞∃∃∞↙ ∪∞′⊎ G⊓\⊔⌉∇ D⊓⌉⌋‖ ⊣\⌈ T≀⌊⟩⊣∫ S⌋⟨⌉⊓⌉∇↙ T⟨∇⌉∫⟨≀↕⌈ A⌋⌋⌉√⊔⟩\}¬ A G⌉\⌉∇⊣↕ P⊓∇√≀∫⌉ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ A↕}≀∇⟩⊔⟨⇕ S⊓√⌉∇⟩≀∇ ⊔≀ S⟩⇕⊓↕⊣⊔⌉⌈ A\\⌉⊣↕⟩\}↙ J≀⊓∇\⊣↕ ≀{ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ P⟨†∫⟩⌋∫⇔ ∃′¬∞∞̸∘∞▽⇔ ∞∃∃′↙ ∪∞∞⊎ G⊓\⊔⌉∇ D⊓⌉⌋‖↙ N⌉⊒ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ H⌉⊓∇⟩∫⊔⟩⌋∫¬ T⟨⌉ G∇⌉⊣⊔ D⌉↕⊓}⌉ A↕}≀↖ ∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ R⌉⌋≀∇⌈↖⊔≀↖R⌉⌋≀∇⌈ T∇⊣⊑⌉↕↙ T⌉⌋⟨\⟩⌋⊣↕ ∇⌉√≀∇⊔⇔ IBM G⌉∇⇕⊣\†⇔ H⌉⟩⌈⌉↕⌊⌉∇} S⌋⟩⌉\⊔⟩⊘⌋ C⌉\⊔⌉∇⇔ ∞∃∃′↙ ∪∞∈⊎ L↙ J↙ E∫⟨⌉↕⇕⊣\⇔ R↙ A↙ C⊣∇⊓⊣\⊣⇔ ⊣\⌈ J↙ D↙ S⌋⟨⊣{{⌉∇↙ B⟩⊣∫⌉∫ ⟩\ ⊔⟨⌉ C∇≀∫∫≀⊑⌉∇ L⊣\⌈∫⌋⊣√⌉↙ I\ ∪∋⊎↙ ∞△∀

∪∞∋⊎ A↙ F⊣⟩∇↕⌉†↙ C≀⇕√⊣∇⟩∫≀\ ≀{ M⌉⊔⟨≀⌈∫ ≀{ C⟨≀≀∫⟩\} ⊔⟨⌉ C∇≀∫∫≀⊑⌉∇ P≀⟩\⊔ ⟩\ ⊔⟨⌉ G⌉\⌉⊔⟩⌋ C∇≀∫∫≀⊑⌉∇ O√⌉∇⊣⊔⟩≀\↙ T⌉⌋⟨\⟩⌋⊣↕ ∇⌉√≀∇⊔⇔ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ L⟩⊑⌉∇√≀≀↕⇔ ∞∃∃∞↙ ∪∞△⊎ M⟩⌋⟨⊣⌉↕ R↙ G⊣∇⌉† ⊣\⌈ D⊣⊑⟩⌈ S↙ J≀⟨\∫≀\↙ C≀⇕√⊓⊔⌉∇∫ ⊣\⌈ I\⊔∇⊣⌋⊔⊣⌊⟩↕⟩⊔†¬A G⊓⟩⌈⌉ ⊔≀ ⊔⟨⌉ T⟨⌉≀∇† ≀{ NP↖C≀⇕√↕⌉⊔⌉\⌉∫∫↙ W↙ H↙ F∇⌉⌉⇕⊣\ ⊣\⌈ C≀⇕√⊣\†⇔ ∞∃∃↙ ∪∞▽⊎ F∇⌉⌈ G↕≀⊑⌉∇ ⊣\⌈ M⊣\⊓⌉↕ L⊣}⊓\⊣↙ T⊣⌊⊓ S⌉⊣∇⌋⟨↙ I\ ∪∋⊎̸⇔ √⊣}⌉∫ ′∘∞▽′↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ I\⌋↙ ∪∞⊎̸ F∇⌉⌈ G↕≀⊑⌉∇↙ F⊓⊔⊓∇⌉ √⊣⊔⟨∫ {≀∇ I\⊔⌉}⌉∇ P∇≀}∇⊣⇕⇕⟩\} ⊣\⌈ L⟩\‖∫ ⊔≀ A∇⊔⟩↖ ⊘⌋⟩⊣↕ I\⊔⌉↕↕⟩}⌉\⌋⌉↙ C≀⇕√⊓⊔⌉∇∫ ⊣\⌈ O√⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨⇔ ▽¬▽∋∋∘▽△∃⇔ ∞∃∀↙̸ ∪∞⊎ F∇⌉⌈ G↕≀⊑⌉∇↙ T⊣⌊⊓ S⌉⊣∇⌋⟨¬ A T⊓⊔≀∇⟩⊣↕↙ I\⊔⌉∇{⊣⌋⌉∫⇔ ∈′⇐△⇒¬△∘∃△⇔ ∞∃∃′↙ ∪∞∀⊎ D↙ E↙ G≀↕⌈⌊⌉∇} ⊣\⌈ R↙ L⟩\}↕⌉↙ A↕↕⌉↕⌉∫⇔ L≀⌋⟩⇔ ⊣\⌈ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕↙ I\ ∪∈∞⊎⇔ ∞∃∀▽↙ ∪∞∃⊎ D⊣⊑⟩⌈ E↙ G≀↕⌈⌊⌉∇}↙ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⟩\ S⌉⊣∇⌋⟨⇔ O√⊔⟩⇕‡⊣⊔⟩≀\⇔ ⊣\⌈ M⊣↖ ⌋⟨⟩\⌉ L⌉⊣∇\⟩\}↙ A⌈⌈⟩∫≀\↖W⌉∫↕⌉† P⊓⌊↕⟩∫⟨⟩\} C≀⇕√⊣\†⇔ I\⌋⇔ ∞∃∀∃↙ ∪∈′⊎ J↙ J↙ G∇⌉{⌉\∫⊔⌉⊔⊔⌉↙ I\⌋≀∇√≀∇⊣⊔⟩\} P∇≀⌊↕⌉⇕ S√⌉⌋⟩⊘⌋ K\≀⊒↕⌉⌈}⌉ ⟩\⊔≀ G⌉↖ \⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ I\ ∪⊎↙ M≀∇}⊣\ K⊣⊓{{⇕⊣\\↙ ∪∈∞⊎ J↙ J↙ G∇⌉{⌉\∫⊔⌉⊔⊔⌉⇔ ⌉⌈⟩⊔≀∇↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ F⟩∇∫⊔ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫ ⊣\⌈ T⟨⌉⟩∇ A√√↕⟩⌋⊣⊔⟩≀\∫↙ L⊣⊒∇⌉\⌋⌉ E∇↕⌊⊣⊓⇕ A∫∫≀⌋⟩⊣⊔⌉∫⇔ ∞∃∀▽↙ ∪∈∈⊎ J↙ J↙ G∇⌉{⌉\∫⊔⌉⊔⊔⌉⇔ ⌉⌈⟩⊔≀∇↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ S⌉⌋≀\⌈ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ L⊣⊒∇⌉\⌋⌉ E∇↕⌊⊣⊓⇕ A∫∫≀⌋⟩⊣⊔⌉∫⇔ ∞∃∀↙ ∪∈∋⊎ M↙ H≀⌊⌊∫↙ P∇⟩⊑⊣⊔⌉ ⌋≀∇∇⌉∫√≀\⌈⌉\⌋⌉↙ ∞∃∃△↙ ∪∈△⊎ J↙H↙ H≀↕↕⊣\⌈↙ A⌈⊣√⊔⟩≀\ ⟩\ N⊣⊔⊓∇⊣↕ ⊣\⌈ A∇⊔⟩⊘⌋⟩⊣↕ S†∫⊔⌉⇕∫↙ MIT P∇⌉∫∫⇔ ∞∃▽↙ ∪∈▽⊎ D↙ S↙ J≀⟨\∫≀\ ⊣\⌈ C↙ H↙ P⊣√⊣⌈⟩⇕⟩⊔∇⟩≀⊓↙ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ C≀⇕√↕⌉§⟩⊔†↙ I\ ∪∈⊎↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫↙ ∪∈⊎̸ S↙ K⟩∇‖√⊣⊔∇⟩⌋‖⇔ J∇↙ C↙D↙ G⌉↕⊣⊔⊔⇔ ⊣\⌈ M↙P↙ V⌉⌋⌋⟨⟩↙ O√⊔⟩⇕⟩‡⊣⊔⟩≀\ ⌊† S⟩⇕⊓↖ ↕⊣⊔⌉⌈ A\\⌉⊣↕⟩\}↙ S⌋⟩⌉\⌋⌉⇔ ∈∈′⇐△▽∃∀⇒¬∞̸∘∄⇔ ∞∃∀∋↙ ∪∈⊎ E↙ L↙ L⊣⊒↕⌉∇⇔ J↙ K↙ L⌉\∫⊔∇⊣⇔ A↙ H↙ G↙ R⟩\\≀≀† K⊣\⇔ ⊣\⌈ D↙ B↙ S⟨⇕≀†∫⇔ ⌉⌈⟩⊔≀∇∫↙ T⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕¬ A G⊓⟩⌈⌉⌈ T≀⊓∇ ≀{ C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ O√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ ∞∃∀▽↙ ∪∈∀⊎ S↙ L⟩\ ⊣\⌈ B↙ W↙ K⌉∇\⟩}⟨⊣\↙ A\ E{{⌉⌋⊔⟩⊑⌉ H⌉⊓∇⟩∫⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕ {≀∇ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕↙ O√⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨⇔ ∈∞¬△∃∀∘▽∞⇎ ∞∃∋↙ ∪∈∃⊎ S↙ L⟩\↙ C≀⇕√⊓⊔⌉∇ S≀↕⊓⊔⟩≀\∫ ≀{ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕↙ B⌉↕↕ S†∫⊔⌉⇕ T⌉⌋⟨\⟩⌋⊣↕ J≀⊓∇\⊣↕⇔ △△¬∈∈△▽∘∈∈∄⇔ ∞∃▽̸↙

∞△∃

∪∋′⊎ N⟩⌋⟨≀↕⊣∫ M⌉⊔∇≀√≀↕⟩∫⇔ A∇⟩⊣\\⊣ W↙ R≀∫⌉\B↕⊓⊔⟨⇔ M⊣∇∫⟨⊣↕↕ N↙ R≀∫⌉\⌊↕⊓⊔⟨⇔ A⊓}⊓∫⊔⊣ H↙ T⌉↕↕⌉∇⇔ ⊣\⌈ E⌈⊒⊣∇⌈ T⌉↕↕⌉∇↙ E∐⊓⊣⊔⟩≀\ ≀{ S⊔⊣⊔⌉ C⊣↕⌋⊓↕⊣⊔⟩≀\∫ ⌊† F⊣∫⊔ C≀⇕√⊓⊔⟩\} M⊣⌋⟨⟩\⌉∫↙ T⟨⌉ J≀⊓∇\⊣↕ ≀{ C⟨⌉⇕⟩⌋⊣↕ P⟨†∫⟩⌋∫⇔ ∈∞⇐⇏¬∞′∀∘ ∞′∃∈⇔ ∞∃▽▽↙ ∪∋∞⊎ S↙ N�⊣⟨⌉∇↙ LEDA U∫⌉∇ M⊣\⊓⊣↕¬V⌉∇∫⟩≀\ ∋↙′↙ M⊣§↖P↕⊣\⌋‖↖I\∫⊔⟩⊔⊓⊔ { �⊓∇ I\↖ {≀∇⇕⊣⊔⟩‖⇔ I⇕ S⊔⊣⌈⊔⊒⊣↕⌈⇔ D↖̸′′ S⊣⊣∇⌊∇ �⊓⌋‖⌉\↙ A⊑⊣⟩↕⊣⌊↕⌉ ⌊† ⊣\≀\†⇕≀⊓∫ {⊔√ {∇≀⇕ {⊔√↙⌋∫↙⊓\⟩↖∫⌊↙⌈⌉ ⟩\ ∝√⊓⌊∝LEDA↙ ∪∋∈⊎ K↙J↙ N⊓∇⇕⌉↕⊣↙ C≀\∫⊔∇⊓⌋⊔⟩\} C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ D⌉∫⟩}\∫ ⌊† L≀⌋⊣↕ S⌉⊣∇⌋⟨↙ T⌉⌋⟨\⟩⌋⊣↕ ∇⌉√≀∇⊔⇔ H⌉↕∫⟩\‖⟩ U\⟩⊑⌉∇∫⟩⊔† ≀{ T⌉⌋⟨\≀↕≀}†¬ D⟩}⟩⊔⊣↕ S†∫⊔⌉⇕∫ L⊣⌊≀∇⊣⊔≀∇†⇔ ∞∃∃∋↙ ∪∋∋⊎ I↙ M↙ O↕⟩⊑⌉∇⇔ D↙ J↙ S⇕⟩⊔⟨⇔ ⊣\⌈ J↙ R↙ C↙ H≀↕↕⊣\⌈↙ A S⊔⊓⌈† ≀{ P⌉∇⇕⊓⊔⊣⊔⟩≀\ C∇≀∫∫≀⊑⌉∇ O√⌉∇⊣⊔≀∇∫ ≀\ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ P∇≀⌊↕⌉⇕↙ I\ ∪∈∈⊎↙ ∪∋△⊎ N↙ J↙ R⊣⌈⌋↕⟩{{⌉↙ E∐⊓⟩⊑⊣↕⌉\⌋⌉ C↕⊣∫∫ A\⊣↕†∫⟩∫ ≀{ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ C≀⇕√↕⌉§ S†∫⊔⌉⇕∫⇔ ▽¬∞∀∋∘∈′▽⇔ ∞∃∃∞↙ ∪∋▽⊎ C↙ R↙ R⌉⌉⊑⌉∫↙ G⌉\⌉⊔⟩⌋ ⊣↕}≀∇⟩⊔⟨⇕∫↙ I\ ∪∋⊎̸⇔ √⊣}⌉∫ ∞▽∞∘∞∃↙̸ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ I\⌋↙ ∪∋⊎̸ C≀↕⟩\ R↙ R⌉⌉⊑⌉∫⇔ ⌉⌈⟩⊔≀∇↙ M≀⌈⌉∇\ H⌉⊓∇⟩∫⊔⟩⌋ T⌉⌋⟨\⟩∐⊓⌉∫ {≀∇ C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ P∇≀⌊↕⌉⇕∫↙ J≀⟨\ W⟩↕⌉† ↘ S≀\∫⇔ I\⌋⇔ ∞∃∃∋↙ ∪∋⊎ J↙D↙ S⌋⟨⊣{{⌉∇⇔ ⌉⌈⟩⊔≀∇↙ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ T⟨⟩∇⌈ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ M≀∇}⊣\ K⊣⊓{⇕⊣\\⇔ ∞∃∀∃↙ ∪∋∀⊎ M↙ S⟩\⌋↕⊣⟩∇↙ C≀⇕√⊣∇⟩∫≀\ ≀{ ⊔⟨⌉ P⌉{≀∇⇕⊣\⌋⌉ ≀{ M≀⌈⌉∇\ H⌉⊓∇⟩∫⊔⟩⌋∫ {≀∇ C≀⇕⌊⟩\⊣⊔≀∇⟩⊣↕ O√⊔⟩⇕⟩∫⊣⊔⟩≀\ ≀\ R⌉⊣↕ D⊣⊔⊣∫⇕⇕⟩∫⊣⊔↙ C≀⇕√⊓⊔⌉∇∫ ⊣\⌈ O√↖ ⌉∇⊣⊔⟩≀\∫ R⌉∫⌉⊣∇⌋⟨⇔ ∈′⇐⇒¬∀̸∘∄▽⇔ ∞∃∃∋↙ ∪∋∃⊎ D↙ J↙ S⟩∇⊣} ⊣\⌈ P↙ T↙ W⌉⟩∫∫⌉∇↙ T≀⊒⊣∇⌈∫ ⊣ U\⟩⊘⌉⌈ T⟨⌉∇⇕≀⌈†\⊣⇕⟩⌋ G⌉\⌉⊔⟩⌋ O√⌉∇⊣⊔≀∇↙ I\ ∪∈∈⊎⇔ √⊣}⌉∫ ∞∞∘̸∞∈∈↙ ∪△′⊎ G↙ S↙ S†∫⊒⌉⌈∇⊣↙ U\⟩{≀∇⇕ C∇≀∫∫≀⊑⌉∇ ⟩\ G⌉\⌉⊔⟩⌋ A↕}≀∇⟩⊔⟨⇕∫↙ I\ ∪∋⊎⇔ √⊣}⌉∫ ∈∘∃↙ ∪△∞⊎ D↙ W⟨⟩⊔↕⌉†↙ T⟨⌉ GENITOR A↕}≀∇⟩⊔⟨⇕ ⊣\⌈ S⌉↕⌉⌋⊔⟩⊑⌉ P∇⌉∫∫⊓∇⌉¬ W⟨† R⊣\‖↖B⊣∫⌉⌈ A↕↕≀⌋⊣⊔⟩≀\ ≀{ R⌉√∇≀⌈⊓⌋⊔⟩⊑⌉ T∇⟩⊣↕∫ ⟩∫ B⌉∫⊔↙ I\ ∪∋⊎⇔ √⊣}⌉∫ ∞∞∘̸∞∈∞↙ ∪△∈⊎ D↙ W⟨⟩⊔↕⌉†⇔ T↙ S⊔⊣∇‖⊒⌉⊣⊔⟨⌉∇⇔ ⊣\⌈ D↙ S⟨⊣\⌉∇↙ S⌋⟨⌉⌈⊓↕⟩\} P∇≀⌊↕⌉⇕∫ ⊣\⌈ ⊔⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\¬ T⟨⌉ G⌉\⌉⊔⟩⌋ E⌈}⌉ R⌉⌋≀⇕⌊⟩\⊣⊔⟩≀\ O√⌉∇⊣⊔≀∇↙ I\ ∪∋⊎⇔ ∞∃∀∃↙ ∪△∋⊎ D↙ W⟨⟩⊔↕⌉†⇔ T↙ S⊔⊣∇‖⊒⌉⊣⊔⟨⌉∇⇔ ⊣\⌈ D↙ S⟨⊣\⌉∇↙ T⟨⌉ T∇⊣⊑⌉↕⟩\} S⊣↕⌉∫⇕⊣\ ⊣\⌈ S⌉∐⊓⌉\⌋⌉ S⌋⟨⌉⌈⊓↕⟩\}¬ Q⊓↕⊣⟩⊔† S≀↕⊓⊔⟩≀\∫ U∫⟩\} G⌉\⌉⊔⟩⌋ E⌈}⌉ R⌉↖ ⌋≀⇕⌊⟩\⊣⊔⟩≀\↙ I\ ∪∃⊎↙ ∞∃∃∞↙

∞▽′