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Abstract We use preconditioned defect estimates and op-
timization techniques to compute error bounds for approxi-
mate solutions of initial value problems for ordinary differ-
ential equations with uncertain initial conditions.

The bounds are based on new results about conditional
differential inequalities, which are developed, too.

The scheme is implemented in MATLAB and AMPL,
and the resulting enclosures are compared with the packages
VALENCIA-IVP, VNODE-LP and VSPODE for bounding
solutions of ODEs. The current prototype implementation
uses heuristics to solve the global optimization subprob-
lems, hence the bounds obtained in the numerical exper-
iments are not fully rigorous. They could be made so by
using rigorous global optimization and rounding error con-
trol, but the effect on the bounds is likely to be marginal
only.
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1 Introduction

1.1 Problem formulation

The problem addressed in this paper is the computation of
error bounds for a system of n ordinary differential equa-
tions (ODEs) with uncertain initial data ranging over an n-
dimensional box,

y′(t) = F(t,y(t)), y(0) ∈ yyy0, t ∈ [0,T ], (1)

where F ∈C1(D,Rn) is a continuously differentiable func-
tion from D⊆R×Rn to Rn, y : [0,T ]→Rn is the unknown
function to be solved for, and yyy0 = [y0,y0] is a box, with
componentwise bounds. The bounds computed for y(t) are
of the ellipsoidal form

‖U(t)(y(t)−u(t))‖ ≤ ∆(t), (2)

where u(t) is an approximate solution of the systems of
ODEs, U(t) is a matrix function used to precondition the
system, and ∆(t) is a bound for the preconditioned error.
The preconditioner is introduced to reduce the wrapping
effect caused by the outer ellipsoidal approximation.

1.2 Prior work

I. Theory: Bounding the solution of ordinary differential
equations in the context of interval analysis was first dis-
cussed by MOORE [31,33]. He designed a computer pro-
gram to determine intervals containing the exact solution
to an ordinary differential equation [34,45]. Then in [32],
he presented a technique to reduce the wrapping effect pro-
duced by the successive expansions into Taylor series with
interval remainder [31,45].
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EIJGENRAAM [11] developed an algorithm for the solu-
tion of initial value problems (IVPs) with initial values con-
tained in a given initial value set. He gave the first rigorous
overestimation analysis for an enclosure algorithm.

CHERNOUSKO [8,5,7,6] developed methods for ellip-
soidal enclosures in place of interval arithmetic, but did not
account for discretization errors. KURZHANSKI [18,20,19]
and FILIPPOVA [13] also used ellipsoidal techniques for
reachability analysis.

KÜHN [17], derived error bounds for a computed ap-
proximate solution, based on defect estimates and bounds on
the second derivatives of F . Kühn’s approach is quite differ-
ent from that of Moore, and is superior for highly nonlinear
problems.

NEDIALKOV [38] presented an interval Hermite-
Obreschkoff (IHO) method for computing guaranteed
enclosures of the solution of IVPs. He gave a compari-
son between interval Taylor series (ITS) methods and his
IHO scheme for the same stepsize and order, and showed
that IHO scheme has a smaller truncation error, better sta-
bility, and requires fewer Taylor coefficients and high-order
Jacobians.

II. Software packages There are several software pack-
ages for computing error bounds for initial value problems
for systems of ODEs. These include AWA [25,26,27], VN-
ODE-LP [36,35,37,38], VSPODE [23,24], VODESIA [9],
ADIODES [48], COSY INFINITY [4,28,29,30] and RIOT
[10]. They are based on the traditional approach, using inter-
val arithmetic and a Taylor expansion in time (and in some
cases also in uncertainty space), refining the earliest enclo-
sure method by MOORE [33]. Each step proceeds according
to the following scheme, but the details are different in each
implementation and characterize a particular method.

I: (Existence and uniqueness) Find a step size hi and a
coarse enclosure box yyyiii ⊆D such that for t ∈ ttt iii := [ti, ti+hi],
the solution y(t) exists and satisfies y(t) ∈ yyyiii.

II: (Tightening) Compute a tight enclosure for y(t) at
t = ti+1 := ti +hi.

Historically, AWA, written in Pascal-XSC, was one of
the most important packages for computing guaranteed
enclosures for the solution of ordinary IVP involving pa-
rameters with uncertainties. It replaced Moore’s simple
preconditioner by a preconditioner based on QR factoriza-
tions, thereby increasing the numerical stability of Moore’s
method.

VNODE-LP (a successor of the VNODE package) is a
C++ package developed using literate programming. It is
based on an IHO method for performing the tightening step
II.

VSPODE is a C++ package that allows uncertainty in
parameters and initial data; these are dealt with by using
Taylor models.

VALENCIA-IVP [44,42,43], written in C++, first calcu-
lates a non-validated approximate solution of an initial value
problem. Based on this, a fixed-point iterative scheme is im-
plemented to compute guaranteed error bounds.

ADIODES [48] is a C++ package based on the inter-
val package BIAS/PROFIL[16]. It finds periodic solutions
of ordinary differential equations by using Picard iteration
and uses the extended mean value method to compute the
enclosures.

The automatic differentiation(AD) packages FADBAD,
TADIFF[3] and FADBAD++ [2] are used in VNODE, VN-
ODE-LP, VSPODE, and ADIODES to compute the Taylor
coefficients of the solution of ODE and the solution of its
variational equation, while in VALENCIA-IVP, Jacobians
must be programmed explicitly.

COSY INFINITY is a FORTRAN based code to study
the design of beam physics system. This provides a direct
functional relationship between final and initial solution sets
by means of Taylor model. It also computes tight enclosures
by constructing Taylor models of the flow of ODE.

RIOT, written in C++, is a verified Taylor-model-based
IVP solver.

1.3 Contents of this paper

I. Theory: The mathematical techniques proposed in this
paper are fully rigorous and are refinement of the theoretical
approaches of CHERNOUSKO and KÜHN [17]. Our defect
estimates are based on new differential inequalities (which
replace the second derivative estimates of Kühn), applied
together with global optimization of the constants involved
in the theoretical bounds. The bounds are applied to the
squared Euclidean norm of a preconditioned residual and
define ellipsoidal bounds for the solutions. The initial el-
lipsoidal enclosure must contain the given initial box; this
results in an initial wrapping step not present in the tradi-
tional methods (where an initial wrapping step would in-
stead be present if the initial uncertainty has an ellipsoidal
form). Nevertheless, the improved bounding procedures for
the ellipsoidal information make up for this wrapping except
in the simplest problems.

The new conditional differential inequalities are derived
in Section 2, and used in Section 3 to derive theoretical er-
ror bounds. These form the backbone of the new method
presented in Section 4.

II. Implementation: To test the new method, we pro-
vided a prototype implementation in MATLAB in the solver
DIBIS (Differential Inequalities Based IVP Solver). A rig-
orous implementation would require a rigorous constraint
global optimization solver, but there is no such solver in
MATLAB. Thus we used a simple (theoretically unreliable)
multistart heuristic for global optimization, using many
starting points to make it work correctly in our tests.
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The implementation would become fully rigorous with
an interface to a rigorous global optimization solver such as
COCONUT [47]; it is planned to do this in the near future.

In Section 5, numerical results of the new method are
shown. The resulting enclosures of ODEs are compared with
those of the existing solvers VALENCIA-IVP, VNODE-LP
and VSPODE.

In Section 6, we briefly describe perspectives and future
work.

2 Conditional differential inequalities

An inequality such as y′(t) ≥ F(t,y(t)) connecting a func-
tion, its arguments, and its derivative is known as a differen-
tial inequality.

The theory of differential inequalities plays an essen-
tial role for our enclosures of ODEs. It dates back to a
1919 paper by GRONWALL [14]; a systematic exposition
was given in 1964 by WALTER [50]. In 1969, LAKSHMI-
KANTHAM & LEELA [22] used differential inequalities to
construct sup and sub functions for differential equations.
In 1980, ADAMS [1] used differential inequalities to char-
acterize the systems of ODEs for which tight inclusions
can be computed. In 1983, NICKEL [21] used differential
inequalities to compute bounds for the set of solutions
of functional-differential equations. In 1994, NEUMAIER

[39] used logarithmic norms and differential inequalities to
compute rigorous enclosures for the solution of dissipative
differential equations over very long times, and outlined an
idea for obtaining enclosures without step size restrictions
for the solutions of certain stiff ODEs. In 2002, PAPA-
MICHAIL & ADJIMAN [40] used differential inequalities
to construct bounds on the set of solutions of parameter-
dependent ODEs and their second order sensitivities.

Our new contribution to the theory is the concept of a
conditional differential inequality. This leads to flexible and
powerful bounds, which are more suitable for adaptive us-
age than traditional differential inequalities. Conditional dif-
ferential inequalities form the basis of our new method for
computing bounds on solutions of systems of ODEs.

Our conditional differential inequalities come in two
versions, nearly symmetric to each other.

Theorem 1 Let ∆ : [t, t] → R be a continuously differen-
tiable function and let ∆0, ∆+ and ∆ ′+ be constants such
that, for all t ∈ [t, t],

∆(t) ∈ [∆0,∆+] ⇒ ∆
′(t)≤ ∆

′
+ (3)

If ∆(t)≤ ∆0 < ∆+ and ∆ ′+ > 0 then

∆(t)≤ ∆0 +∆1(t− t) for t ∈ [t, t1], (4)

where the constants t1 and ∆1 are defined by

t1 := t, ∆1 := 0 if ∆
′
+ ≤ 0, (5)

t1 : = min
(

t, t + ∆+−∆0
∆ ′+

)
∆1 : = ∆ ′+

}
if ∆

′
+ > 0. (6)

Proof We first make the stronger assumption that

∆(t) ∈ [∆0,∆+] ⇒ ∆
′(t)< ∆

′
+, for all t ∈ [t, t] (7)

and show that (4) holds with (5) and (6).
Let t0 be the supremum of all t1 ≤ t such that (4) holds.

We define δ (t) := ∆0 + ∆1(t − t)− ∆(t) and have δ (t) =
∆0−∆(t)≥ 0. If δ (t)> 0 then

δ (t ′) = δ (t)+δ
′(t)(t ′− t)+o(t ′− t)> 0 for small t ′ > t.

(8)

Otherwise ∆(t) = ∆0, hence δ ′(t) = ∆1 − ∆ ′(t) ≥ ∆ ′+ −
∆ ′(t) > 0 by (7), and we see that (8) holds too. Thus (8)
holds generally.

By continuity, we see that (4) also holds for t0 in place
of t1. Therefore, if (4) is violated, then t0 < t1, and for some
sequence tl ↓ t0, we have

∆(tl) > ∆0 +∆1(tl− t).

Taking the limit, we find that

∆(t0) = ∆0 +∆1(t0− t)≥ ∆0, (9)

∆
′(t0) = lim

tl→t0

∆(tl)−∆(t0)
tl− t0

≥ ∆1 ≥ ∆
′
+. (10)

Because of (7), (9) and (10), we see that ∆(t0) > ∆+. But
then (9) implies ∆1(t0− t)> ∆+−∆0 > 0, hence

∆1 > 0, t0 > t +
∆+−∆0

∆1
≥ t1, (11)

a contradiction.
Now we return to the general case and assume that (3)

holds. Then for all ε > 0, we see that

∆(t) ∈ [∆0,∆+] ⇒ ∆
′(t)< ∆

′
++ ε. (12)

Therefore, (4) holds with

t1 = t, ∆1 = 0, if ∆
′
++ ε ≤ 0 (13)

and

t1 = min
(

t, t +
∆+−∆0

∆ ′++ ε

)
, ∆1 = ∆

′
++ ε, if ∆

′
++ ε > 0.

(14)

We now distinguish three cases from (14) as follows:

(i) If ∆ ′+ > 0 then, for ε → 0, we have

t1 = t +
∆+−∆0

∆ ′+
, ∆1 = ∆

′
+ > 0,

so (4) holds with (6).
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(ii) If ∆ ′+ = 0 then t1 = t, ∆1 = 0, so (4) holds with (5).
(iii) If ∆ ′+ < 0 then, for small ε > 0, we have (13), so for

ε→ 0, (4) holds with (5). Thus Theorem 1 holds in each
case.

Theorem 2 Let ∆ : [t, t] → R be a continuously differen-
tiable function and let ∆0, ∆− and ∆ ′− be constants such
that, for all t ∈ [t, t],

∆(t) ∈ [∆−,∆0] ⇒ ∆
′(t)≤ ∆

′
−. (15)

If ∆− < ∆0 and ∆ ′− < 0 then

∆(t)≤ ∆0 +∆1(t− t) for t ∈ [t, t1], (16)

where the constants t1 and ∆1 are defined by

t1 := min
(

t, t +
∆−−∆0

∆ ′−

)
, ∆1 := ∆

′
−. (17)

Proof This is proved by essentially the same argument as in
the proof of Theorem 1.

In our algorithm, Theorem 1 is applied when bounds
growth is expected (see Case I in Section 3), while Theo-
rem 2 is used when the bounds are expected to decay (see
Case II in Section 3).

3 Error bounds by optimization

In this section, we discuss our new scheme for computing
validated enclosures of the solutions of ODEs. The tech-
niques presented by CHERNOUSKO [5] and KÜHN [17] are
combined with the new bounds from Theorem 1 and Theo-
rem 2, evaluated with global optimization methods to com-
pute error bounds. We begin with computing an approxi-
mate solution of the differential equations and a t-dependent
preconditioning matrix defining the shape of the ellipsoid.
We then compute the worst case of the norm of the precon-
ditioned defect by solving a global optimization problem,
which produces a value for the size of the enclosing ellip-
soid.

The initial enclosure. The initial box yyy0 is contained in
the ellipsoid

E = {y ∈ Rn | ‖U0(y−u0)‖2 ≤ ∆0}, (18)

where u0 =
1
2 (y0+y0) and ∆0 = ‖U0(yyy000−u0)‖2. We choose

as initial preconditioner U0 :=Diag(y0− y0)
−1, so that ∆0 =

n
4 .

Approximating the solution. We use a standard solver
to get, on an adaptive grid, at time ti an approximate solu-
tion u(ti) of the IVP posed at the midpoint of the initial box,
and an approximate solution U(ti) of the variational prob-
lem for the preconditioner with initial condition U(0) =U0,

modified by a nonlinear regularization term to control the
condition of the preconditioner:

Y (t)′ = −Y Fy−Y
(

δ0 +δk(Y TY )k
)
, t ∈ [0,T ]. (19)

Here δ0 and δk are positive regularization parameters, and
k is a nonnegative integer. In our current implementation,
these parameters are chosen interactively for each problem.

The solutions on the grid are interpolated by cubic Her-
mite splines to get continuous approximations u(t) of the
solution and U(t) of the preconditioner.

Given t < t, we define piecewise continuously differen-
tiable solutions u and U by using cubic Hermite interpola-
tion:
u(t) = a(t− t)2(t− t)+b(t− t)2 + c(t− t)+d, t ∈ [t, t], (20)

u(t)′ = 2a(t− t)(t− t)+a(t− t)2 +2b(t− t)+ c, t ∈ [t, t], (21)

and
U(t) = A(t− t)2(t− t)+B(t− t)2 +C(t− t)+D, t ∈ [t, t], (22)

U(t)′ = 2A(t− t)(t− t)+A(t− t)2 +2B(t− t)+C, t ∈ [t, t]. (23)

Here the coefficients a,b,c,d and A,B,C and D are com-
puted by using the continuity of the function and its first
derivative and are given as:

a :=
(

u(t)′+u(t)′−2(u(t)−u(t))/h
)
/h2,

b :=
(
(u(t)−u(t))/h−u(t)′

)
/h,

c := u(t)′,

d := u(t), (24)

and similarly

A :=
(

U(t)′+U(t)′−2(U(t)−U(t))/h
)
/h2,

B :=
(
(U(t)−U(t))/h−U(t)′

)
/h,

C := U(t)′,

D := U(t). (25)

Propagating error bounds. We want to find error bounds
for an approximate continuously differentiable solution
u(t) ≈ y(t) of (1). The error between the approximate and
the exact solution is given by

ε(t) = y(t)−u(t).

We define the preconditioned residual

η(t) = U(t)ε(t), (26)

and look for bounds of

∆(t) = ‖η(t)‖2 = η(t)T
η(t) =

n

∑
i=1

η
2
i (t)≥ 0, (27)

where ‖.‖ denotes the Euclidean norm. Bounds at t = 0
come from the initial enclosure. Thus we may assume that
we have already such a bound for t = t,

0≤ ∆(t)≤ ∆0. (28)
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We want to extend it to a bound valid for t in some interval
[t, t]. To find these bounds, we differentiate (27),

∆
′ = 2η

T
η
′ = 2η

T (Uε)′

= 2(Uε)T (Uε
′+U ′ε)

= 2(Uε)T
(

U(F(t,u+ ε)−u′)+U ′ε
)
.

This is done by solving two auxiliary global optimization
problems, accounting for two qualitatively different situa-
tions. The actual step size is determined by the maximal time
for which the above theorems are applicable.

CASE I: Bound growth expected. Denote by ∆ ′1 the max-
imum value of the optimization problem

max
ε,t

2(U(t)ε)T
(

U(t)
(

F(t,u(t)+ ε)−u(t)′
)
+U(t)′ε

)
s.t. ∆0 ≤ ‖U(t)ε‖2 ≤ ∆+, t ∈ [t, t]. (29)

Depending upon the value of ∆ ′1, we compute bounds for
each solution component. If ∆ ′1 > 0, we take ∆ ′+ :=∆ ′1. Then
the definition of ∆ ′+ implies that

∆
′(t)≤ ∆

′
+ if ∆(t) ∈ [∆0,∆+], t ∈ [t, t] (30)

and we obtains from Theorem 1

∆(t)≤ ∆(t) := ∆0 +∆1(t− t) for t ∈ [t, t1], (31)

where

t1 = t, ∆1 = 0, if ∆
′
+ ≤ 0 (32)

and

t1 = t +
∆+−∆0

∆ ′+
, ∆1 = ∆

′
+, if ∆

′
+ > 0. (33)

CASE II: Decaying bound expected. If we hope for a
decaying bound we solve instead the optimization problem

max
ε,t

2
(

U(t)ε
)T(

U(t)
(

F(t,u(t)+ ε)−u(t)′
)
+U(t)′ε

)
s.t. ∆− ≤ ‖U(t)ε‖2 ≤ ∆0, t ∈ [t, t]. (34)

Now let ∆ ′2 be the maximum value of (34). Then the defini-
tion of ∆ ′2 implies that

∆
′(t)≤ ∆

′
2 if ∆(t) ∈ [∆−,∆0], t ∈ [t, t]. (35)

If ∆ ′2 < 0 then we take ∆1 := ∆ ′2, and from Theorem 2 we
get the bounds of the solution

∆(t)≤ ∆(t) := ∆0 +∆1(t− t) for t ∈ [t, t1], (36)

where

t1 = t +
∆−−∆0

∆ ′−
, ∆1 = ∆

′
−, if ∆

′
− < 0. (37)

If ∆ ′2 ≥ 0, we do not get a useful information and must pro-
ceed by Case I.

In both cases, if we succeed, then (31) and (36) imply
that

∆(t) ≤ ∆(t) for t ∈ [t, t1]. (38)

Now we see from (26) that

ε(t) = U(t)−1
η(t),

and for any vector c with V (t) :=U(t)−T , we have

|cT ε(t)| = |cTV (t)T η(t)|
= |(V (t)c)T η(t)| ≤ ‖V (t)c‖‖η(t)‖,

}
by the Cauchy-Schwarz inequality. From (27) and (38) we
now find

|cT
ε(t)| ≤ ‖V (t)c‖∆(t)1/2 ≤ ‖V (t)c‖∆(t)

1/2
. (39)

In particular, for a unit vector c = ek, we have

|εk(t)| ≤ ‖V (t)ek‖∆(t)
1/2

for t ∈ [t, t1]. (40)

This inequality gives computable bounds for the component-
wise error of the solution.

4 Implementation

This section contributes a description of an overall proce-
dure to compute the error bounds of ODEs. We start with
computing the approximate solution u and U for the system
of ODEs (1) and the preconditioner (19) for [0,T ] by using
ODE solver ode45. Then we split our problem into pieces
at the spline nodes 0 = t0 < t1, · · · < tn = T , and evaluate
the system of ODEs and the approximate solutions u(ti) and
U(ti) at these nodes. For each polynomial piece [ti, ti+1], we
compute the spline coefficients a, b, c, d and A, B, C, D of
the system of ODEs and the preconditioner at the bounds ti,
ti+1.

Now we discuss the technique used to compute defect
estimates ∆ l and tl .

We have 0 = t := ti as fixed starting time, and ∆0 := n/4
as starting defect estimate, where n is the dimension of the
system of ODEs. We put t := ti+1. We begin with the case
when bound growth is expected. We need to increase ∆0 by
some factor q > 1. For [t, t], we solve the optimization prob-
lem (29) with ∆+ := q∆0 and ∆0. Since we optimize with
the local optimization solver IPOPT, we solve the optimiza-
tion problem (29) with many different starting points and
take ∆ ′ as the maximum of all solutions of (29). (This very
time-consuming step would not be needed if we would use
a reliable global solver.) Depending upon the sign of ∆ ′, we
proceed further.

If ∆ ′ > 0, we compute t1 and ∆(t1) by

t1 = min
(

t, t +
(∆±−∆0)

∆ ′

)
, (41)

∆(t1) = ∆0 +∆
′(t1− t). (42)

There are two possibilities: either t1 = t or t1 < t. If t1 = t,
we take tl := t1 and ∆ l := ∆(t1) and apply inequality (40)
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to compute the component-wise error bounds of ODEs for
the polynomial piece [ti, ti+1]. If t1 < t, we check whether or
not a significant step was taken. If not, then we increase the
current value of ∆+ by a factor q j for j = 2, · · · , jmax, where
jmax is the maximum number of attempts we make. With
the new value of ∆+, we solve (29) to compute ∆ ′. Again,
if ∆ ′ > 0, we compute t1 and the defect estimate ∆ (t1) by
using (41) and (42), and check whether t1 = t or t1 reaches at
least 20% of the interval [t, t]. If not, we further increase the
current value of ∆+, again solve (29) and continue the above
process until we succeed or j = jmax. If j = jmax and still we
can not reach at least 20% of the interval [t, t], we stop our
algorithm, and report that the bounds cannot be extended to
larger times.

In case a significant step was taken, we put tl := t1 and
∆ l := ∆(t1) and split our interval [t, t] into two subintervals
[t, tl ] and [tl , t]. We are done with [t, tl ]. We also take qused :=
q. For the interval [tl , t], we proceed in the following way.

At t = tl , we compute approximate continuously differ-
entiable solutions u and U for the systems of ODEs and the
preconditioner, respectively, and their derivatives u′ and U ′.
Using these values, we compute spline coefficients (24) and
(25). We put t := tl and ∆0 := ∆ l . With the new values of the
spline coefficients, t, ∆0 and q := qused ,where qused is the
last value of q used in previous iteration, we again solve the
optimization problem (29) to compute ∆ ′. If ∆ ′ > 0, then we
compute tl and the defect ∆l by using the same technique as
described above. We continue this process of computing tl ,
∆ l until tl = t or ∆ ′ ≤ 0. If ∆ ′ ≤ 0, we take tl = t, ∆ l = ∆0
and q = qused . Using these tl and their corresponding defects
∆ l , we apply inequality (40) to compute the error bounds of
ODEs for the polynomial piece in [ti, ti+1].

If ∆ ′ < 0, the bounds are decaying. In that case we de-
crease ∆0 by some factor q > 1. With new value ∆− := ∆0/q
we solve the optimization problem (34) to compute ∆ ′.

If ∆ ′ ≥ 0, the bounds could not decay further. Therefore,
we take tl = t and ∆ l = ∆0 and compute the error bounds for
[t, t] by using (40). If now ∆ ′ < 0, we compute t1 and ∆(t1)
by (41) and (42).

Now we check whether or not a significant step was
taken. If not, we decrease the current value of ∆− by a factor
q j for j = 2, · · · , jmax. With the new value of ∆− := ∆0/q j,
we solve (34) to compute ∆ ′. Again if ∆ ′ < 0, we com-
pute t1 and the defect estimate ∆ (t1) from (41) and (42), and
check whether t1 = t or t1 reaches at least 20% of the interval
[t, t]. If not, we further decrease the current value of ∆− and
continue the above process until we succeed or j = jmax. If
j = jmax and still we can not reach 20% of the interval [t, t],
we stop our algorithm, and report that the bounds cannot be
extended to larger times.

Otherwise we put tl := t1 and ∆ l := ∆(t1), and split our
interval [t, t] into two subintervals [t, tl ] and [tl , t]. We are
done with [t, tl ], so we proceed to the interval [tl , t]. As far

as computing of spline coefficients is concerned, we use the
same technique we have described for ∆ ′ > 0. Then we take
t := tl and ∆0 := ∆ l and new values of spline coefficients, t,
∆0 and q := qused , and solve the optimization problem (34)
to compute ∆ ′. If ∆ ′ < 0, we compute tl and the defect ∆l ,
using the same technique as described above. We continue
this process of computing tl , ∆ l until tl = t or ∆ ′ ≥ 0.

If ∆ ′ ≥ 0, we take tl = t, ∆ l = ∆0 and qused = q. Us-
ing these tl and their corresponding defects ∆ l , we apply
inequality (40) to compute the error bounds of ODEs forthe
polynomial piece in [ti, ti+1].

For the next iteration, [ti+1, ti+2], we take q = qused ,

∆0 := ∆ l and proceed as above.
Now we describe step by step the implementation of our

new scheme for computing the error bounds. Each step is
graphically represented by a number of items shown in Fig-
ure 4.

Step I, items 1−6:
We construct an ODE model in MATLAB consisting of the
systems of differential equations (1) and the equation for the
preconditioner (19). The initial conditions for this model are
chosen as

y0 =
y0 + y0

2
, Y0 = Diag(y0− y0)

−1.

Using an approximate ODE solver, we compute an approx-
imate solutions of the systems (1) and (19) on a grid deter-
mined by the solver. In order to check the error bounds, we
also solve (1) for y(0) = y1 = y0 and y(0) = y2 = y0.

Step II, items 7−8:
Using cubic Hermite interpolation, we find an approximate
continuously differentiable solution

u(t) = ui(t) for ti−1 ≤ t < ti,

U(t) = Ui(t) for ti−1 ≤ t < ti

(where 0 = t0 < t1 < · · · < tm = T ) for the systems (1) and
(19) in the form of piecewise cubic polynomials u(t) and
U(t) respectively. For each polynomial piece [ti−1, ti] we do
Steps III-V.

Step III, items 9−16:
We encode the optimization problems (29) and (34) in

AMPL [41] and solve them by feeding the AMPL code into
the solver IPOPT [49]. We construct the model file, the data
file and the command file to compute the scalar bound func-
tion ∆ .

We take 0 = t := ti as fixed starting time and ∆0 := n/4
(where n is a dimension of the system of ODEs) as the start-
ing defect estimate. We put t := ti+1 and begin with the case
when the bound is expected to increase. We increase ∆0 by
∆+ := q∆0, where q > 1 is fixed, and solve the optimization
problem (29) for [t, t] and [∆0,∆+].

Step IV, items 17,18,25−29:
If the result gives ∆ ′ ≤ 0, this means that the bound is de-
caying. Therefore, we solve the optimization problem (34)
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Fig. 1 DIBIS: a graphical representation

for [t, t] and [∆−,∆0], ∆− = ∆0/q. Since we are doing lo-
cal optimization but need a global optimum, we solve these
optimization problems with many different starting points,
and take ∆ ′ as the maximum of all solutions of either (29)
or (34).

Step V, items 19−21:
Depending upon the sign of ∆ ′, we compute t1 and ∆(t1) by
(41) and (42).

There are two possibilities: either t1 = t or t1 < t. If t1 =
t, then we take tl := t1 = t and ∆ l := ∆(t1) and go to Step
VII, otherwise we increase/decrease the current value of ∆±
by a factor q j, j = 1, · · · , jmax and we solve the optimization
problem (29) with ∆+ := q j∆0, or the optimization problem
(34) with ∆− := ∆0/q j. We repeat Steps IV–V to compute tl
and ∆ l .

We continue until a significant step has been taken, that
is t1 reaches at least 20% of the interval [t, t].

Step VI, items 22−24:
We put tl := t1 and ∆ l := ∆(t1) and split our interval [t, t]
into two subintervals [t, tl ] and [tl , t]. We are done with [t, tl ].
We also take qused := q. For the interval [tl , t], we take t := tl ,
∆0 := ∆l and q := qused .

We repeat Steps II–VI with l = l +1.
We continue until l = lmax and tlmax = t.

Step VII, items 32−33:
Using lists of tl and ∆l computed for [ti, ti+1], we plot the
componentwise error in the solution by using inequality
(40). Now we take ∆0 := ∆ l and t := tl and return to Step II
for the next iteration, i = i+1.

Remarks. 1. There is a possibility that tlmax < t in Step
VI. Therefore, if after finite many iterations say j = jmax in
Step V, the goal that t1 reaches at least 20% of the interval
[t, t] is not achieved, we stop the program, and report that the
bounds cannot be extended to larger times.

2. Since in the current implementation we are only do-
ing multiple start local optimizations, the bounds obtained
are not rigorous. In order to get rigorous bounds, one would
need to do instead rigorous global optimization with round-
ing error control.

Graphical representation

A graphical representation of our method DIBIS for enclos-
ing the solutions is given by the following flow diagram.

Full details are given in the first author’s Ph.D. thesis
[12]. In particular, Appendix B in [12] contains a MATLAB
routine driver.m for how to call DIBIS, and further explana-
tions of Figure 1. The whole package is automatized. User’s
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input consists just of the system of ODEs with initial condi-
tions.

5 Numerical results

In this section we apply our solver DIBIS to compute error
bounds for some sample ODEs. The results obtained from
DIBIS are compared with the solvers VALENCIA-IVP, V-
NODE-LP, and VSPODE, for which we were able to obtain
implementations.

The results for DIBIS were usually produced with a
large step size of h = 0.1, and in two cases h = 0.01 was
needed. The other solvers needed much smaller step sizes.
As we shall see, the results obtained from VALENCIA-IVP
are not acceptable for the step size 2e− 4. In order to pro-
duce tight enclosures for VNODE-LP, the order of method
is kept between 5 and 8 with step size 1e− 5 and in some
cases even 1e− 7. For higher orders, VNODE-LP does not
behave well and diverges at very early stages. To get good
results for VSPODE, the orders of the Taylor model and
the interval Taylor series method were chosen as 17 or 18
depending upon the nature of the problem, with step size
1e−3.

The reported widths Wi = ysup − yinf, i = 1, · · · ,n, are
evaluated at tend. In cases where a solver did not reach tend,
we usually tried several variants for the solver settings, and
reported the best results.

To get an idea of the minimal size of the solution set,
we calculated approximate solutions for initial values at the
lower bound, the midpoint, and the the upper bound of the
initial box. (For a better inner approximation, one would
have to use a Monte-Carlo approach.)

5.1 Example 1

y′ =−y3,

t ∈ [0, .07], y(t0) = y0 ∈ [0.1,10].

Method W (t = .07) W (t = 1) W (t = 100) CPU time(sec)
VALENCIA-IVP − − − −

VNODE-LP − − − −
VSPODE 21.13 − − 0.0396

DIBIS 5.28 2.75 0.30 9.975
yapprox 2.48×10−2 0.61 0.01 −

Table 1 Results of Example 1

VALENCIA-IVP and VNODE-LP do not reach tend. V-
SPODE reaches tend; the width of the enclosure W computed
at tend is 21.1296 with order of Taylor model 18 and order
of interval Taylor series method 17. DIBIS reaches tend; the

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07
−15

−10
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10

15

20

25

t

y

 

 
yapprox
vnode
vspod
valencia
divis

best
solution for correct printing. another method is scaling with scale=0.3

Fig. 2 Enclosures with q = 1.05, δ0 = 1e− 4, δ1 = 1e− 4, h = .01,
k = 1

width of the enclosure at t1 = tend is W = 5.2849. DIBIS
computes much tighter enclosures as t increases from t = .07
to t = 1 and t = 100.

VALENCIA-IVP diverges at t1 = 0.0092; the width of
the enclosure computed at t1 is W = 5.0499e+03. VNODE-
LP gives up at t1 = 0.01468 with step size 1e−7; the width
of the enclosure computed at t1 is W = 18.9957 with order
of method p = 8.

5.2 Example 2

y′1 = y1−2y2,

y′2 = 3y1−4y2,

t ∈ [0,5], y(t0) ∈ [0,1]× [−1,0].

VALENCIA-IVP stops at t1 = 1.2388 with wide enclo-
sures; W1 = 4.5945×102, W2 = 9.9963×102.

The enclosures computed by VNODE-LP, and VSPODE
at tend are almost the same upto 4 decimal places. They are
better than those of DIBIS, again due to the unavoidable
wrapping by the initial ellipsoid. The order of the method
for VNODE-LP is kept at p = 5 with the step size 1e− 5.
The order of the Taylor model and the interval Taylor series
method for VSPODE are 18 and 17, respectively.
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Fig. 3 Enclosures with q = 1.001, δ0 = 1e− 4, δ1 = 1e− 4, h = .1,
k = 1

Method W1(tend) W2(tend) CPU time(sec)
VALENCIA-IVP − − −

VNODE-LP 3.3508×10−2 3.3417×10−2 2.77
VSPODE 3.3508×10−2 3.3417×10−2 2.10541

DIVIS 5.71×10−2 5.621×10−2 39.50
yapprox 6.7379×10−3 6.7379×10−3 −

Table 2 Results of Example 2

5.3 Example 3

This is an example of chemical reaction dynamics taken
from [15].

y′1 = y2
1y2

2− y4
1− y1y2

2 + y3
1− y4

2,

y′2 = y1y3
2− y3

1y2− y3
2 + y2

1y2,

t ∈ [0, .35], y(t0) ∈ [0.2,1]× [0.6,1].

Method W1(tend) W2(tend) CPU time(sec)
VALENCIA-IVP − − −

VNODE-LP − − −
VSPODE 2.119 1.124 4.44

DIBIS 0.658 0.659 44.92
yapprox 0.494 0.426 −

Table 3 Results of Example 3

VALENCIA-IVP computes enclosures until t1 = .1608
with wide bounds; W1 = 1.6349× 101, W2 = 1.1209× 101.

VNODE-LP (with order p= 5) reaches only t1 = .1558 with
wide bounds; W1 = 5.1006,W2 = 3.6407. VSPODE reaches
tend, but the enclosures are again wide. The order of Tay-
lor model and interval Taylor series method are 18 and 17,
respectively.

DIBIS computes much tighter enclosures at tend.
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Fig. 4 Enclosures with q = 1.001, δ0 = 1e− 4, δ1 = 1e− 4, h = .1,
k = 1

5.4 Example 4

This is another example of a chemical reaction with different
chemistry and is taken from [15].

y1
′ = −2y2 + y2y3− y3

1,

y2
′ = y1− y1y3− y3

2,

y3
′ = y1y2− y3

3,

t ∈ [0, .549858], y(t0) ∈ [0,1.5]× [0,1.2]× [0,1].

VALENCIA-IVP computes enclosures until t1 = .2576
with wide bounds W1 = 4.0314e+ 04, W2 = 8.5279, W3 =

5.7964.
VNODE-LP computes enclosures until t1 = .2520 with

better bounds W1 = 7.9141,W2 = 4.7274,W3 = 3.3217 with



10 Qaisra Fazal, Arnold Neumaier

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
−4

−3

−2

−1

0

1

2

3

4

5

6

t

y 2

 

 
yapprox
vnode
vspod
valencia
divis

Fig. 5 Enclosures with q = 1.01, δ0 = 1e− 4, δ1 = 1e− 4, h = .01,
k = 1

order of method p = 5, but nevertheless couldn’t continue
further.

The enclosures computed by VSPODE with order of
Taylor model = 17 and order of interval Taylor series
method = 17 diverges after tend (which is why we chose this
tend).

DIVIS reached tend and can be continued beyond this
value of t.

Method W1(tend) W2(tend) W3(tend) CPU time(sec)
VALENCIA-IVP − − − −

VNODE-LP − − − −
VSPODE 7.35 3.05 3.21 2.67

DIVIS 3.22 1.72 1.99 −
yapprox 5.14×10−1 7.48×10−1 9.14×10−1 55.45

Table 4 Results of Example 4

Discussion. It can be observed from the above presented
examples that DIBIS computes the best enclosures among
all methods tested for ODEs or systems of ODEs contain-
ing higher order polynomials. This is also the case in other
highly nonlinear test problems.

We only need to compute the Jacobian of the system
of ODEs to construct the preconditioner, whereas the other
solvers need high derivatives and the resulting Taylor series
are not so well-behaved. Since our defect estimates are com-
puted by using local optimization with many starting points,
the execution time is significantly larger, though.

On less nonlinear examples, the performance of the
solvers is more similar. However, since we are using outer
ellipsoidal approximation, our initial enclosing set is al-
ready an ellipsoid enclosing the initial box, which leads to
an unavoidable increase in the volume of the enclosures. As
a result, our bound are slightly worse than those of the other
solvers on simple problems where the latter are highly accu-
rate. (Things would be opposite when the initial uncertainty
is ellipsoidal; in this case the other methods would have this
disadvantage.)

We also note that our results are not fully rigorous since
we use a heuristic global optimization solver (multiple lo-
cal search) only. The rigorous results would usually be only
slightly worse than these heuristic results because wide ini-
tial intervals dominate the errors, and the additional effect of
the rounding errors is minimal. Only in the rare case where
the multistart heuristics fails to find the global minimum,
the true bounds could be significantly worse. (This is why
we used a large number of starting points.) Rigorous bounds
could be found by replacing our optimization heuristics with
a rigorous global solver with full error control together with
interval arithmetic toolbox IntLab [46].

6 Perspectives and future work

We have developed a theory to compute validated enclo-
sures for the solutions of systems of ODEs with uncertain
initial conditions. The proposed method computes defect
estimates by using optimization techniques. Then by ap-
plying differential inequality, validated state enclosures for
IVPs are computed that compare favorably with the existing
solvers VALENCIA-IVP, VNODE-LP and VSPODE.

In the future, we intend to improve the efficiency of this
scheme. Instead of using the local optimizer IPOPT [49]
with multiple starts, we will use a rigorous global optimiza-
tion solver to make our bounds fully rigorous. Preliminary
results with the COCONUT solver showed that a warm start
facility will be needed to solve the many similar global op-
timization problems in a reasonable time.

At present, we are using cubic Hermite spline to approx-
imate the solution. If the solution is highly differentiable,
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the error can be reduced further by using higher-order spline
approximations.

At present, step length and regularizing parameters are
chosen by user. We intend to automatize their choice. This
would involve looking into the nature of the problem by in-
specting the Jacobian of the system, condition numbers etc..

The theory also applies to the systems of ODEs with un-
certain parameters, and we intend to extend the implemen-
tation in this direction.
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