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LETTER TO THE EDITOR

FINDING ALL SOLUTIONS OF NON-LINEAR RESISTIVE
CIRCUIT EQUATIONS VIA INTERVAL ANALYSIS

L. ¥ KOLEYV

Department of Control, Institute for Mechanical and Electrotechnical Engineering, Darvenitsa, Sofia, Bulgaria

INTRODUCTION

The problem of finding the sct of all d.c. solutions of non-linear eleetronic circuits has recently received
a great deal of attention among circuit theoreticians in view of its numerous applications. This problem
has two versions depending on whether the non-linear resistors are modelled by piecewise-linear functions
{PLF problem)} or by continuously ditffcrentiable functions (CDF problem).

There exist-eevewal algorithms' * {or solving the former problem in the case where the resistive circuit
equations are written in the knowfi hvbrid-representation form.

Various methods for handling the CDF problem have been suggested. The most effective algorithms
searching for distinct solutions involve numerically integrating some associated system of non-lincar
ordinary differential cquations along a solution curve."® The CDF problem can be solved only if the
solution curve of the circun investigated consists of one single branch.** Afthough random searches will
uncover additional solutions for the general case of a multibranched solution curve,” these algorithms all
share the serious shortcoming that they cannot guarantee the attainment of all solutions,

In this letter a new approach for solving the CDF problem is proposed which appeals to interval analysis
techniques.”® An efficient algorithm based on extended interval arithmetic'! is presented for the general
case where the non-linear resistive circuit is described by the equation

Fiy)=0 (1)

where f:R" - R" is a C' function. The algorithm presented obtains within prescribed accuracy all the
real solution of (1) contained in a tounded region D.

Ordinary interval arithmetic was first introduced for the analysis of linear electrical circuits in
Reference 9. .

The reader is assumed to be familiar with the basic concepts of interval analysis. Any relevant notions
not defined here are discussed in References 7 and 8.

THE INTERVAL ANALYSIS ALGORITHM

The algorithm herein presented is based on an interval version of Newton's method exposed in References
10 and 11.

The initial region D is represented by an interval vector X° (a box). As the algorithm proceeds the
initial box X" is dynamically subdivided into sub-boxes. Let X denote such a sub-box. The following
notations are needed in the sequel:

x is the midpoint of X
J(X) is the interval extension of the Jacobian J of (1) with elements Jy=af./ax

g is a real matrix whose element in position (i, ) is the midpoint of the corresponding interval element
Jo(X) of J(X)

B is an approximate inverse of J_,
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The interval element J,(X) is defined as follows'®

JEI(X)=JI_1(X1|---9X}’ Xivir. o0y Xn) (2)
where X, (k=1,...,j)is the kth component of X, and x,, (m=/+1,..., n)is the corresponding element
of x. If the circuit considered does not contain coupled resistors, then (2) is simplified to

Ji (XY= 1,(X}) (29

The real vector g = Bf(x) and the interval matrix P= BJ(X) are not computed.
According to References 10 and 11 a new set X' with components X is obtained as follows:

i—=1 n
Y, =x- P [g,-+ T PAX-x)+ T P.-,-(X,—xJ)] (3)
=l F=i+l
Xi=Y,NX ()
As each new component Y; (i=1,....n) is computed, it is immediately intersected with X, so that the
newest result X7 is used in finding Y,.,,..., Y.

Since the interval P, may contain zero for one or more values of i, extended interval arithmetic is used
to compute ¥, from (3). The cofputational details related to this case are given in Reference 11.

When Q€ P; it is possible for X} to be composed of two disjoint intervals. If this is the case (sav) for
X the single interval X, is used instead of X} when computing Y, as recommended in Reference 11.

If X} is composed of two intervals X| and XP® for one or more values of i we only retain (for
simpticity'”"') the mdex i, and the corresponding intervais X- and X® with the largest gap between
them. Thus the new set X' will be composed of only two boxes: one whose ioth component is X and
one whose igth component is X J. The other components of the two boxes are the same as those of X
for all i# i,.

When each X1 is a single interval (i=1,..., n) then the new set X" represents one single box. If X7
is smaller than X the above procedure is applied to X (renamed X). If X € X', the current box X is
divided in half (along its largest component) and each sub-box is processed separately,

If the intersection X} is empty for af least one i, the current box X cannot contain a solution, so X is
deleted.

Whenever a current box is divided into two boxes we put one of these new boxes in a list L to be
processed and work on the other. Subsequent boxes may also have to be subdivided, thus adding to the
list L of boxes yet to be processed. So the number of boxes in L tends to grow initially. Eventually,
however, the boxes become small and, more often, a box is entirely eliminated. Thus the number of boxes
in the list L finally decreases to the number of all real solutions of (1) contained in the initial box X% if
(1) has no solution in X the list L becomes finally empty.

According to the intervai analysis#bproach'®!! it is guaranteed that if the width w of a box from L at
the final stage of the algorithms is smali enough, it contains a solution of (1). The width w of a box with
components X; =[ X, X,] is defined to be

w=m‘;1x[(2(,--—,f,-),i——-t,...,n] {5)

The algorithm is terminated when the width w of each box in L becomes less than a prescribed accuracy
&. Then each solution is assumed to be the midpoint of the corresponding box.

THE STEPS OF THE ALGORITHM

Initially the list L of boxes to be processed consists of a single box X°. The subsequent steps are to be
done in the following order except as indicated by branching.

(1) Let X=X° I=1and »=0 (/ is the length of the list L, and » denotes the number of solutions
found so far).
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(2} Compute x, J{X), J, B, g and P corresponding to X. If J, happens to be singular and hence B
does not exist, go to step 8.

(3) Puti=1.

(4) Calculate the interval X} using (3) and (4). If X is empty, eliminate X from the list L and reset
[=]—1.1f the new value /=0 go to step 12; otherwise choose the most recent box from 1.,
rename it X and go to step 1 1.

(3} If X! consists of a single interval put i=i+1.1f i=n go to step 4; otherwise go to step 7.

{6) If X, consists of two subintervals X' and X®. form the gap

gap, = X} ~ Xt

where ‘{l is the lower end of the r1ght -hand subinterval X'} and X is the upper end of the left-hand
subinterval X |, Store the index i as iy and the correspondmg intervals X and X7 if gapy > gap,
put X=X, Set i=i+1 and go to step 4 if i < n; otherwise skip to step 9.

(7) If X< X' go to step 8. Otherwise put X = X’ and skip to step 11,

{8} Find the index j of the largest component X, of X. Divide X, into two subintervals Xr={x,
(X,4X;)/2) and X' =[(X;+X))/2, X} Form the boxes X" =(X,...., X5 ... X.) and X®=
(Xys. .. XE LX), G_o to step 10.

(9) Form the boxes Xt =(X,, ... X, L X yand XR=(XL L XE X,
(10) Add X% to the list L. Put /={+1 and X = X".
1) Compute w for the current X using (5). If w> e gotostep 2, If w=e, set v=p+1. Print », X

and its midpoint. Delete X from L and put [=!-1.
If {=0 the algorithm is terminated and » is the number of solutions contained in X% I>0
choose the most recent box from L, rename it X and go to step 2
(12} In this case » =0 and hence there is no d.c. solution of the non-linear circuit considered in the
initial region X",

Remark 1

According to step 7 of the algorithm we go to step 11 whencver X' is smaller than X. However, if the
reduction of the size of X' with regard to X is negligible this would result in slow convergence so that
it is better, in this case, to go to step 8.

Remark 2

In order to ensure that the initial box X° contains all the d.c. solutions of the circuit considered one
can choose X as large as possible. However, this approach will result in greater computer time, Therefore,
it is expedicnt to find limits on cach variable with the help of the no-gain property'? or any cther techniques.

v

AN ILLUSTRATIVE EXAMPLE

To illustrate the efficiency of the present algorithm we shalf take up the example 2 from Reference 5.
The circuit considered contains two tunnel diodes, a linear resistor and a voltage source. Its equations are:

filx, x2) =30—13-3(2-5x]{ - 10-5x} +11-8x,) —x,— %, =0
falxy, X2} =2-5x3 - 10-5x3+11-8x,—0-43x3+ 2:69x2—4-56x,=0

The real Jacobian matrix J has the following elements J,;:
Ji(xy, x2) =—13:3(7-5x} - 21x, +11-8) -1
Jia(x, x)=-1
Jofxy, ) =75x7-21x,+11-8
Jaa( x4, X3} = —1-29x3 + 5-38x,— 4#66
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The interval clements J, (X)) are determined by formula (27):
) =133 X (75X, 20+ (11 81— 1]
X)) =1
S NI =N (75N, -2+ 88
Jot NV Xof -1-29V.+5-38) -d-56

Note that we have used the so calted nested form® for the polvnomials involved in JAXY sinee this
form assures. in general, narrower intervals than the natural interval extension”™ of J0x, x)

We chose NU= X5 =04} for the components of X" and » = 10 * for the accuracy,

A computer program implementing the algorithm was written in FORTRAN-4. Using this program
all mine aperating points of the circuit were found infallibly within the prescribed accuracy.

To assess the computational efticiency of the present algorithm, the switching-parameter algorithm of
Reference 5 was also programmed. [ was applied to the example considered using the same four starting
points s in Reference 501t wus observed that whereas the second and fourth solution curves pass through
all 9 operating points the list and third solution curves piass through only 5 operating points. Moreover,
the present algorithm requires far less computer time.

As regards the computer memory requirements of the present algorithm, the bulk of the needed memary
volume 1 determined by o two-dimensional array V =1, X2n, where [, is the maximum length of the
list L and n is the number of non-lincar equations. It should be borne in mind that {m May be a very
large number for high-dimensional problems.

CONCLUDING REMARKS

A new algorithm for finding all d.c. solutions of non-lincar clectronic circuits has been presented. The
non-linear functions involved in the circuit equations are assumed to be continucusly differentiable. The
algorithm makes use of interval anulysis technigues und, more specitically, is based on an interval version
of Newton's method proposed in References 10 and 11.

Unlike other known algorithms the present algorithm guarantees that all solutions contained in an
nitiat bounded hyperrectangular region will be found within a prescribed accuracy. At the same time it
requires comparatively lesser computational efforts for low- and medium-size problems. For high-
dimensional problems, however. the memory requirements of the algorithm in its present form may be
excessive.
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