On bounding the diameter of a distance-regular graph
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Abstract

In this note we investigate how to use an initial portion of the intersection array of a
distance-regular graph to give an upper bound for the diameter of the graph. We prove
three new diameter bounds. Our bounds are tight for the Hamming d-cube, doubled Odd
graphs, the Heawood graph, Tutte’s 8-cage and 12-cage, the generalized dodecagons of
order (1,3) and (1,4), the Biggs—Smith graph, the Pappus graph, the Wells graph, and
the dodecahedron.
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1 Introduction

Let I" denote a connected graph. For two vertices x,y of I' we denote by d(z,y) the distance
between x and y in I'. We write [';(x) for the set of vertices z with d(x, z) = i (see Section 2
for formal definitions).

Let d = d(I') denote the diameter of I'. For any two vertices x and y of I' at distance h,
let Ch(z,y) = Tpo1(z) NT1(y), An(z,y) == Tn(x) NTi(y) and By(z,y) = Tp(x) NTi(y).
A graph T is called distance-regular if there are integers b;, ¢; (0 < i < d) which satisfy
¢; = |Ci(z,y)| and b; = |B;(x,y)| for any two vertices  and y of I' at distance i. The array
{bo,b1,...,ba_1;¢1,C2,...,cq} is called the intersection array of I'. Clearly such a graph is
regular of valency k := by and a; := |A;(x,y)| = k — b; — ¢;, (0 < i < d). Distance-regular
graphs play an important role in algebraic combinatorics because of the relation to design
theory, coding theory, finite and Euclidean geometry, and group theory (cf. [18, 13]). Bounding
the diameter of a distance-regular graph in terms of some of its intersection numbers is very
important in the theory of DRGs. BANG, DUBICKAS, KOOLEN and MOULTON [4] proved the
Bannai-Ito Conjecture (from 1984) that there are only finitely many distance-regular graphs
of fixed valency greater than two. However, this still leaves open questions about the diameter
given a small initial part of the intersection array. In this paper we recall old and prove some
new bounds about bounding the diameter.

Only three distance-regular graphs with d > 2k are known: Tutte’s 12-cage, the Biggs—Smith
graph and the Foster graph, all of valency 3. The explanation of this fact, and the construction
of a tight diameter bound, is one of the main open problems about distance-regular graphs. In
this paper we consider the following problem.



Problem 1.1 Let I' denote a distance-reqular graph, and assume that we only know the first
q + 2 elements b; and c; of intersection array

{bo, by, ... s bgy bgr1s - 5C1, €50 Cgy Crty Cata,s - - 1, (1)

i.e., assume that we don’t know intersection intersection numbers byio, ..., bg—1 and cgqs, ..., cq.
Use the numbers given in the intersection array (1) to give an upper bound for the diameter of

r.

For example, if we know that {3,2,2,2,2,...;1,1,1,1,2,...} are the first 5 numbers of the
intersection array of a distance-regular graph I', can we conclude that diameter bound is at most
97 An additional question is how to find the smallest such ¢ so that these intersection numbers
produce a tight diameter bound of I'? For example, if we know that {k,by,...;1,¢o,...} are
the first two elements of the intersection array of I', can we conclude that the diameter of I' is
at most k7 Moreover, in that case, can we give some upper bound for the diameter, a formula
that includes some linear or nonlinear combination of the numbers from the set {k, by, 1,¢co}?
In the case where ¢y > 2 and a; < ¢3 — 1 the answers are positive (see Theorem 1.1).

Similar problems which involve intersection numbers can be found in the dynamic survey
paper by VAN DAM, KOOLEN and TANAKA, [18, Subsection 18.9] (for example, see Problem 51
(problem raised by Bannai)).

Our main results are Theorems 1.1, 1.2 and 1.3. We prove them using a similar technique
as HIRAKI in [22] and our proof is mainly based on [22, Lemma 3.1]. We re-prove this lemma
in the (self-contained) Section 3 using 5-point counts. This simplifies the proof and makes the
paper self-contained. It demonstrates the usefulness of the ¢-point count technique (from [35])
in the present context. Section 3 may be skipped without impairing the remaining contents if
[22, Lemma 3.1] is assumed instead.

Theorem 1.1 Let I' denote a distance-reqular graph of diameter d, valency k > 3 and assume
that co > 2. If a1 < ¢y — 1 then for every ¢, (1 < g < d) we have

d<k—c,+q. (2)

Note that every bipartite distance-regular graph with co > 2 satisfies the conditions of The-
orem 1.1. For ¢ = 1 inequality (2) becomes equality for the Hamming d-cube (the intersection
numbers are b; =d — i, ¢; =i (0 < i < d)). For ¢ = 4, (2) becomes equality for all distance-
regular graphs of diameter 5 and ¢, > 2 which are both antipodal and bipartite (some examples
of such graphs are the doubled Gewirtz, doubled 77 and doubled Higman—Sims graphs (for the
intersection numbers see [13, pg. 418])).

Theorem 1.2 Let I' denote a distance-reqular graph of diameter d, valency k > 3 and let q be
an integer with 2 < g < d — 1. If cqy1 > ¢q and ag < cqq1 — ¢4 then

dngJH)qﬂ. (3)

Cq

Note that if ¢;11 > ¢, then for every bipartite distance-regular graph we have a, < cg41 —
¢,- Some examples for which the inequality (3) becomes equality are doubled Odd graphs
(intersection array is b =m+1— [5(i+1)], ¢; = [3(i +1)] (0 <4 < d)), the Heawood graph
(intersection array {3,2,2;1,1,3}), Tutte’s 8-cage (intersection array {3,2,2,2;1,1,1,3}) and
12-cage (intersection array {3,2,2,2,2,2;1,1,1,1,1,3}), the generalized dodecagons of order
(1,3) (intersection array {4,3,3,3,3,3;1,1,1,1,1,4}) and of order (1,4) (intersection array
{5,4,4,4,4,4;1,1,1,1,1,5}), and the Biggs—Smith graph (intersection array {3,2,2,2,1,1, 1; 1,
1,1,1,1,1,3}). For the Foster graph, the bipartite graph with diameter 8 and intersection array
{3,2,2,2,2,1,1,1;1,1,1,1,2,2,2,3}, the expression on the right-hand side of (3) equals 9 for
the smallest ¢g. This suggests that a sharper bound might be possible.
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Theorem 1.3 Let I' denote a distance-regqular graph of diameter d, valency k > 3, let q be an
integer with 2 < q¢ < d — 1 and assume that cqp1 > ¢ and aq < cqp1 — ¢q. If cgra > cqi1 then

dSQMJH)qH. (4)

Cq

Some of distance-regular graphs for which inequality (4) becomes equality are the Pappus
graph (intersection array is {3,2,2,1;1,1,2,3}), AG(2,4) minus a parallel class (the intersection
array is {4,3,3,1;1,1,3,4}), the Wells graph (intersection array is {5,4,1,1;1,1,4,5}), the
dodecahedron (intersection array is {3,2,1,1,1;1,1,1,2,3}), and more (cf. [13]). See also
Table 1.

DRG d]k|q (m +2)q+1 (’““17“‘2 +2)q+2
the Pappus graph 4132 5 4
AG(2,4) minus a parallel class 41412 5 4
the Wells graph 4152 5 4
the dodecahedron 51313 7 )
the Ivanov-Ivanov-Faradjev graph || 8 | 7 | 6 13 8

Table 1: Some distance-regular graphs for which inequality (4) becomes equality. These graphs
provide a partial positive solution of Problem 1.1, i.e., they can be characterized by the first
q + 2 elements of their intersection arrays.

The paper is organized as follows: in Subsection 1.1 we collect several well-known diame-
ter bounds, in Section 2 we recall notation and definitions, in Section 3 we re-prove Hiraki’s
inequality c,y; > ¢, + ¢; using 5-point counts with 3 fixed vertices, and in Section 4 we prove
Theorems 1.1, 1.2 and 1.3.

Comment 1.4 After Theorems 1.1, 1.2 and 1.3, some natural questions that arise include the
following:

(i) Find a tight diameter bound of a distance-regular graph for which we have ¢,11 > ¢, and
aq > Cqt1 — Cq-

(ii) Find a tight diameter bound of a distance-regular graph for which we have b, > b,+1 and
% S bq — bq+1.

(iii) Find a tight diameter bound of a distance-regular graph for which we have b, > b,+1 and
% > bq - bq+1.

(iv) The problem of bounding the diameter of a distance-regular graph that includes some
restriction on ¢, and b,_; (or with some relation between these two intersection numbers)
is also interesting. The simplest example is, if ¢, = 1 and b, = 2, since ¢; +b;_1 > a1 +2
for any 2 <i < d—1 (see [40], or [35, Corollary 4.7]), we have a; < 1 which yields k& < 4.
Now from [11, 14] we can conclude that d < 9.

Partial results on these four problems are given in [34].



1.1 Some known diameter bounds

Various bounds for the valency and the diameter of distance-regular graphs (with different
restrictions on the structure of the graph) are known, as with different relations between inter-
section numbers (see [18, Chapter 7], [13, Chapter 5] and [4, 6, 7, 9, 12, 16, 20, 21, 36, 38, 39]).
If we consider different restrictions on its eigenvalues, some bounds and relations between in-
tersection numbers can be found in [3, 19, 23, 25, 26, 31], if we consider girth of a graph, some
bounds and relations between intersection numbers can be found in [15, 17], and if we consider
geometric distance-regular graph, some bounds and relations between intersection numbers can
be found in [1, 2]. In this subsection we recall some known diameter bounds. For the case when
I' is bipartite, the diameter bounds in Theorems 1.7, 1.6 and 1.5 are well-known.

Theorem 1.5 ([41, 42]) Let ' denote a bipartite distance-regular graph of diameter d > 3 and
valency k > 3 and girth 2q > 2. Then

d<(k—-1)g+1.

Theorem 1.6 ([27, Theorem 6]) Let I' denote a bipartite distance-reqular graph of diameter
d, valency k > 3 and girth 2q > 6. If I' is not the doubled Odd graph then

k—3

i<@-ne-n- |32,

Theorem 1.7 ([22, Theorem 1.2]) Let I' denote a bipartite distance-reqular graph of diameter
d, valency k > 3 and girth 2q > 6. Suppose I is not the doubled Odd graph. Then

k+2
d < {%J(frl.

For the case when a graph does not need to be bipartite, the following two results are
well-known.

Theorem 1.8 ([24] or [13, Theorem 5.9.8]) Let I' denote a distance-regular graph of diameter
d, valency k > 3 and numerical girth g. Then

d<g-2%3,

Theorem 1.9 ([6, Corollary 1.4]) Let I' denote a distance-regular graph of diameter d > 2,
valency k > 3, and assume that c1 > c¢g = 1 for some fized integer q. Then

1
d< -k%+1
2
where @ := min{z > 0] 4% — 2= < 1} (note that 1.44 < a < 1.441).

Recently, in [35], the authors proved the following.

Theorem 1.10 ([35, Theorem 10.6]) Let I' denote a distance-reqular graph of diameter d with
valency k > 3, and let q be an integer with 2 < q < d—1. If ¢; < cgy1 and aq < cg41 — ¢4 then

d<(k+1-—cgr1)qg+1.



2 Definitions and preliminaries

A graph T is a pair (X, R), where X is a nonempty set and R is a collection of two element
subsets of X. The elements of X are called the vertices of I', and the elements of R are called
the edges of I'. When zy € R, we say that vertices x and y are adjacent, or that x and y are
neighbors. A graph is finite if both its vertex set and edge set are finite. By our definition for
an edge it is not allowed to start and to end at the same vertex, so we can say a graph is simple
if no two of its edges join the same pair of vertices.

Let I' = (X, R) be a graph. For any two vertices z,y € X, a walk of length h from x to y is
a sequence [xg, L1, Ta, ..., 2] (; € X, 0 <14 < h) such that xg = z, ), = y, and x; is adjacent
to z;41 (0 <i < h—1). We say that I' is connected if for any z,y € X, there is a walk from z
to y. From now on, assume that I' is finite, simple and connected.

For any z,y € X, the distance between x and ¥y, denoted 9(z, y), is the length of the shortest
walk from z to y. The diameter d = d(T") is defined to be

d = max{J(u,v) |u,v € X}.

Let I' = (X, R) be a graph with diameter d. For a vertex x € X and any non-negative
integer h not exceeding d, let I'y,(z) denote the subset of vertices in X that are at distance h
from x. Let I'_y(z) = T'y;1(z) := 0. For any two vertices z and y in X at distance h, let

Ch(z,y) = Tha(2) NT1(y),

Ap(z,y) == Tn(z) NT1(y),

Bi(z,y) = Pnya(z) N Ti(y).
We say ' is reqular with valency k if each vertex in I' has exactly k neighbors. A graph I is
called distance-regular if there are integers b;, ¢; (0 < i < d) which satisfy ¢; = |Ci(z,y)| and

b; = |B;i(x,y)| for any two vertices x and y in X at distance i. Clearly such a graph is regular
of valency k := by, by = co =0, ¢c; =1 and

is the number of neighbors of y in I';(z) for 2,y € X (0(x,y) = ). Sometimes we will denote
the intersection number a; by A. From the definition of a distance-regular graph it is routine
to show that I' is distance-regular if and only if for all triples h,4,j (0 < h, j,i < d) and for all
z,y € X with d(z,y) = h, the number

piy = ILi(x) N T5(y)|

is independent of choice of z and y. The numbers p?j are called the intersection numbers of I'.
It is not hard to see that a; = p{;, b; = p},,, and ¢; = p;_, ;. The array

i(I') = {bo, b1,...,ba—1;c1,C2, ..., Ca}

is called the intersection array of I' (also, see Figure 1). The following properties of intersection
arrays are well-known.

Lemma 2.1 ([13, Proposition 4.1.6]) LetI' denote a distance-reqular graph of diameter d >
2, valency k and intersection numbers c;, a;, b; (0 <1 < d). The following hold.

(1) k:b0>blzb22--->bd:0,

i) l=1 << < <<k and



Figure 1: Intersection diagram with respect to z and illustration for intersection numbers ¢,
ap and bh.

(iii) ¢ <b;  ifi+j<d.

For vertices z1, xs, ..., xr € X and integers iy, 1s,...,0 (0 < iy, d9,...,1x < d) we define

k
Fil,ig,...,ik ($17 T, ... w'Ek) = ﬂ Pie (5513)
=1

A polygon p1paps . .. pmy1 of length m (m > 3) (or a circuit of length m > 3) is a closed
walk [p1, p2, P3, - - -, Pma1] on distinet vertices, where p,,.1 = p1. A polygon of length m is called
reduced if m > 4 and none of its proper subsets form a polygon. A shortest reduced polygon is
called a minimal polygon. The numerical girth (or girth) of I, denoted by g, is the length of a
minimal polygon. A graph I is called bipartite if it has no odd cycle. (If ' is a distance-regular
graph with diameter d and bipartite, then a; = a3 = -+ = a4 =0.)

For more information about distance-regular graphs, definitions and notation, we refer the
reader to [10, 13, 18, 37].

3 5-point counts with 3 fixed vertices

In [22, Lemma 3.1] HIRAKI proved that if 1 < ¢ < d —1, ¢;41 > ¢, and a, < ¢g41 — ¢, then
cq + ¢ < cgyq forall 2 < i < d—gq. For completeness and clarity, and for readers who have
just started to study the topic, in this section we re-prove Hiraki’s inequality using the ¢-point
counts technique from [35]. For general definition and more information about ¢-point counts,
see [35]. A concept related to t-point counts (due to MARTIN in [32]) are scaffolds, providing
a graph-based system for computations in Bose-Mesner algebras.

Let I' = (X, R) denote a distance-regular graph of diameter d, let ¢ be an integer with
1<g¢g<d-landfixi (2<i<d-—gq). Pickue X, vel(u), weTl,(u,v)and define

u . u
i| = |To(u,v)], ti | = Do (u, v, w)],
v 4w ST
u u
= |l (u, w)|, | = [Ther (u, v, W),
v 4w T %



= |{(Z,y) | zZ € Félh(u7vaw)a y e Flm(wvz)H

v 4q w
= |{(Z7y) | y e Fl(w)a z € Fﬂlhm(u7v7way>}|a
i = H(Zay) | Yy € Fhﬂl(uav7w)7 S Flm(vay)H
v q w
= |{(Zvy) | S Fl(v)a ye Fhm@l(uazav7w)}|a
i | = |{(Zay) ‘ S Fﬁlh(ujvvw)v (TS Fljm(w>vaz)}|
v q w
= ‘{(273/) | Yy e Fjl(v>w)> S Fglhm(U,’U,w,y)}‘,
= |{(Z7y) | Yy € Fhﬁl(uavvw>7 VS Fljm<vaway)}|
v q w

= |{(z,y) | KIS F1j<U,w), RS Fhmzl(U,Z,U,w)H,

and

= |{(Zvy) | z € Fﬂh(u,’l},w), (TS Fljmt(wav7zau)}|

- |{(Zay) | Yy € thl(u7v7w)7 S Fﬂlhm<u7v7w7y)}|'

In the above notation, for the reason of simplicity, we have split the definition of a 5-point

count with 3 fixed vertices into several parts.
Now, note that from

we have




Next, if we define numbers |Z4| and |Zp| in the following way:

since

Cqri = |Cqyi(u, w)| =

we have
| Za|l +|ZB| = cqri — ¢4 (6)

(for cg41 > ¢, we have |Z4| + |Zp| > 0). Also, note that

and

|ZB|(Cq+1 - Cq) =

By (5), (7) and (8) we have
ileqst — ¢0) < |Zalag + |Zsl(cqr — cq). )
If 41 > ¢, and ay < cg41 — ¢4 then, by (6) and (9), we have
i(arn — cq) < (1741 + 1 Z5]) (cer — ) = (cqrs — ) (cgnr — €5),
and with that we have proven Lemma 3.1 (note that ¢, < ¢,41 yields c,41 > ¢, + ¢1).

Lemma 3.1 ([22, Lemma 3.1]) Let I" denote a distance-reqular graph of diameter d, and let q
be an integer with 1 < q < d — 1. Suppose ¢, < cqy1. If ag < cqy1 — ¢4 then

Cqri > Ci+ ¢4 foralli (1 <i<d-q).

Remark 3.2 Studying the proof of Lemma 3.1, if we fix ¢ (1 < i < d—gq), the reader can figure
out what structure the graph will have, if we assume that a, = c,41 — ¢, and ¢,4; = ¢; +¢, (also
see [22] and [35, Lemma 9.1]).



4 Bounding the diameter

In this section we prove Theorems 1.1, 1.2 and 1.3. For the proof of Theorem 1.1 we need
Lemma 4.1.

Lemma 4.1 Let I' denote a distance-regular graph of diameter d, valency k > 3 and assume
that co > 2. If a; < cog — 1 then for every t (1 <t <d),

Ctzt.

Proof. By assumption ¢y > ¢; = 1, a3 < ¢g — ¢4, so from Lemma 3.1 we have ¢; 1 > ¢; + ¢; for
alli (1<i<d-1).

We prove the inequality by induction on t. For the induction basis, note that for t = 1
we have ¢, = ¢; > 1 = t, while for t = 2 we have ¢, = ¢o > 2 = t. For the induction step,
assume that ¢ > s for every 2 < s <t — 1, and prove that inequality also holds for ¢. Indeed,
Ct = C(t—1)41 = ¢—1 +¢1 >t — 1+ 1 =1 and the result follows. |

Our proof of Theorem 1.1 goes along the same lines as the proof of [22, Theorem 1.2].

Proof of Theorem 1.1. Pick ¢, (1 < ¢ <d). If d < k — ¢,, the proof is over. Assume that
k—cg+1<dandlett:=k%k—c,+1. Weclaimd<1t+qg—1. To derive a contradiction,
suppose t + ¢ < d. Then ¢t < d — ¢. Thus, because of Lemma 2.1, we have b; > by_, > ¢4, and
cq > q by Lemma 4.1. Tt follows that

t+ceg<c+b <k=t+c —1
This contradiction proves the theorem. 1

More results on bounding the diameter with different restrictions on intersection numbers
c2 and ay (and with different restrictions on the combinatorial structure of I') can be found in
[5, 8, 12, 28, 29, 30, 31, 33, 43].

For the proof of Theorem 1.2 we need Lemma 4.2.

Lemma 4.2 Let I' denote a distance-reqular graph of diameter d and let q be an integer with
2<q<d-1. Ifcg1 >cy and ay < cgyq — ¢q then for every t (1 <tq+1<d),

Ctg+1 > th + 1.

Proof. Note that by Lemma 3.1 we have ¢,; > ¢; + ¢, for all i (1 <i<d—q).

We prove the inequality by induction on ¢. For the induction basis, note that for t = 0 we
have cig41 = c1 > 1 = tey + 1, while for t = 1 we have c¢g41 = ¢cg41 > ¢ + 1 = tc, + 1. For the
induction step, assume that csq41 > scy + 1 for every 1 < s <t — 1, and prove that inequality
also holds for t. Indeed, cjq41 = Ct—1)g41+q = Cqt—1)4+1 + Cq = (t—1)cg+14c¢,=tcg+ 1 and

the result follows. 1

Our proof of Theorem 1.2 goes along the same lines as the proof of [22, Theorem 1.2].

Proof of Theorem 1.2. Let t := V_c‘é—:l_lJ + 1 (note that ¢ > 0). By the definition of ¢ we
have t > k*c‘i—;“lfl which yields tc, > k—c,41 — 1 and with that & < tc,+c,1. If d < tg+1, the
proof is over. Assume that tqg+ 2 < d. We claim d < (t + 1)¢ + 1. To derive a contradiction,
suppose (t +1)g+ 2 < d. Then t¢q+1 < d — ¢ — 1. Thus, because of Lemma 2.1, we have

big+1 = ba—g—1 > cqy1, and cg41 > teg + 1 by Lemma 4.2. It follows that
th + 1+ Cq+1 < Ctqg+1 + btq+1 <k< th + Cg11-
This contradiction proves the theorem. 1

For the proof of Theorem 1.3 we need Lemma 4.3.
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Lemma 4.3 Let ' denote a distance-reqular graph of diameter d, let q be an integer with
2 < qg <d-1 and assume that cgpa > cqy1 > ¢q and a; < cgp1 — ¢q. Then for every t
(g+2<tg+2<ad),

Ctq+-2 Z th + 2.

Proof. Note that by Lemma 3.1 we have c,4; > ¢; + ¢, forall i (1 <i¢<d-—1).

We prove the inequality by induction on ¢. For the induction basis, note that for ¢ = 1
we have cigio = Cgpo > Cqu1 + 1 > ¢ + 2 = te, + 2, while for ¢ = 2 we have ¢;g42 = cogq2 >
Cot2 + €4 > 2¢4+ 2 = tc, + 2. For the induction step, assume that csp40 > sc, + 2 for every
1 < s < t—1, and prove that inequality also holds for ¢. Indeed, ciyio = ci—1)g+2+9 =
Cqt—1)+2 + ¢ > (t = 1)cqg + 2 4 ¢4 = tcg + 2 and the result follows. 1

Our proof of Theorem 1.3 goes along the same lines as the proof of [22, Theorem 1.2].

Proof of Theorem 1.3. Let t := V_C‘j;—:l_ZJ +1. By assumption ¢q19 > ¢441+1, which implies

that c,41 < k — 1, and with that ¢t > 0. If £ = 0 then ¢,y = k — 1, which yields ¢;,42 = k, and
with that d = ¢ + 2. So for the case t = 0, the theorem is proven.

Now consider the case when ¢ > 1. By the definition of ¢ we have ¢t > y which yields
tcy > k — cqy1 — 2 and with that k£ < tc, 4+ cy1 + 1. If d < tg + 2, the proof is over. Assume
that tqg+3 < d. We claim d < (t+1)g+ 2. To derive a contradiction, suppose (t+1)g+3 < d.
Then tq +2 < d — ¢ — 1. Thus, because of Lemma 2.1, we have by49 > bg—q—1 > c441, and
Ctq+2 = tcg + 2 by Lemma 4.2. Tt follows that

k—cqy1—2
c

teq + 24 coy1 < Crgro + bigro <k <tcyg+cqyr + 1.

This contradiction proves the theorem. 1

5 Acknowledgments

The authors thank the anonymous reviewers for helpful and constructive comments that con-
tributed to improving the final version of the paper.

Safet Penji¢ acknowledges the financial support from the Slovenian Research Agency (re-
search program P1-0285 and research project J1-1695).

References

[1] S. Bang, Geometric distance-regular graphs without 4-claws, Linear Algebra Appl. 438 (2013),
3746, doi:10.1016/j.1aa.2012.07.021. [4]

[2] S. Bang, Diameter bounds for geometric distance-regular graphs, Discrete Math. 341 (2018),
253-260, doi:10.1016/j.disc.2017.08.036. [4]

[3] S. Bang, Geometric antipodal distance-regular graphs with a given smallest eigenvalue, Graphs
Combin. 35 (2019), 1387-1399, doi:10.1007/s00373-019-02073-8. [4]

[4] S.Bang, A. Dubickas, J. H. Koolen and V. Moulton, There are only finitely many distance-regular
graphs of fixed valency greater than two, Adv. Math. 269 (2015), 1-55, do0i:10.1016/j.aim.2014.
09.025. [1, 4]

[5] S. Bang, A. L. Gavrilyuk and J. H. Koolen, Distance-regular graphs without 4-claws, European
J. Combin. 80 (2019), 120-142, doi:10.1016/j.ejc.2018.02.022. [9]

10



[6]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

S. Bang, A. Hiraki and J. H. Koolen, Improving diameter bounds for distance-regular graphs,
European J. Combin. 27 (2006), 79-89, doi:10.1016/j.€jc.2004.07.004. [4]

S. Bang, A. Hiraki and J. H. Koolen, Improving diameter bounds for distance-regular graphs,
European J. Combin. 27 (2006), 79-89, doi:10.1016/j.€jc.2004.07.004. [4]

S. Bang, A. Hiraki and J. H. Koolen, Delsarte set graphs with small co, Graphs Combin. 26
(2010), 147-162, doi:10.1007/s00373-010-0905-1. [9]

S. Bang, J. H. Koolen and V. Moulton, A bound for the number of columns [, in the
intersection array of a distance-regular graph, Furopean J. Combin. 24 (2003), 785-795, doi:
10.1016,/S0195-6698(03)00092-1. [4]

N. Biggs, Algebraic graph theory, Cambridge Mathematical Library, Cambridge University Press,
Cambridge, 2nd edition, 1993. [6]

N. L. Biggs, A. G. Boshier and J. Shawe-Taylor, Cubic distance-regular graphs, J. London Math.
Soc. (2) 33 (1986), 385-394, doi:10.1112/jlms/s2-33.3.385. [3]

A. Blokhuis and A. E. Brouwer, Determination of the distance-regular graphs without 3-claws,
Discrete Math. 163 (1997), 225-227, doi:10.1016/S0012-365X(96)00022-2. [4, 9]

A. E. Brouwer, A. M. Cohen and A. Neumaier, Distance-reqular graphs, volume 18 of FErgeb-
nisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related Areas (3)],
Springer-Verlag, Berlin, 1989, doi:10.1007/978-3-642-74341-2. [1, 2, 3, 4, 5, 6]

A. E. Brouwer and J. H. Koolen, The distance-regular graphs of valency four, J. Algebraic Combin.
10 (1999), 5-24, doi:10.1023/A:1018693118268. [3]

A. E. Brouwer and A. Neumaier, A remark on partial linear spaces of girth 5 with an application
to strongly regular graphs, Combinatorica 8 (1988), 5761, doi:10.1007/BF02122552. [4]

J. S. Caughman, IV, Intersection numbers of bipartite distance-regular graphs, Discrete Math.
163 (1997), 235-241, doi:10.1016/S0012-365X(96)00023-4. [4]

B. V. C. Collins, The girth of a thin distance-regular graph, Graphs Combin. 13 (1997), 21-30,
doi:10.1007/BF01202234. [4]

E.van Dam, J. H. Koolen and H. Tanaka, Distance-regular graphs, Dynamic Surveys, Electron. J.
Combin., 2016, http://www.combinatorics.org/ojs/index.php/eljc/article/view/DS22/
pdf. [1, 2, 4, 6]

E. R.van Dam and W. H. Haemers, A characterization of distance-regular graphs with diameter
three, J. Algebraic Combin. 6 (1997), 299-303, doi:10.1023/A:1008626416743. [4]

R. M. Damerell and M. A. Georgiacodis, On the maximum diameter of a class of distance-regular
graphs, Bull. London Math. Soc. 13 (1981), 316-322, doi:10.1112/blms/13.4.316. [4]

C. D. Godsil, Bounding the diameter of distance-regular graphs, Combinatorica 8 (1988), 333
343, doi:10.1007/BF02189090. [4]

A. Hiraki, A characterization of the odd graphs and the doubled odd graphs with a few of their
intersection numbers, European J. Combin. 28 (2007), 246-257, d0i:10.1016/j.jc.2005.07.006. [2,
4, 6, 8,9, 10]

Q. Igbal, J. H. Koolen, J. Park and M. U. Rehman, Distance-regular graphs with diameter 3 and
eigenvalue ag — cg, Linear Algebra Appl. 587 (2020), 271-290, doi:10.1016/j.1aa.2019.10.021. [4]

A. A. Ivanov, Bounding the diameter of a distance-regular graph, Dokl. Akad. Nauk SSSR 271
(1983), 789-792. [4]

11



[25]

[26]

[27]

[34]

[35]

[36]

[37]

[38]

[41]

[42]

A. Jurisi¢, J. Koolen and S. Miklavi¢, Triangle- and pentagon-free distance-regular graphs with
an eigenvalue multiplicity equal to the valency, J. Combin. Theory Ser. B 94 (2005), 245-258,
doi:10.1016/j.jctb.2005.01.005. [4]

A. Jurigié, J. Koolen and P. Terwilliger, Tight distance-regular graphs, J. Algebraic Combin. 12
(2000), 163-197, doi:10.1023/A:1026544111089. [4]

J. H. Koolen, On subgraphs in distance-regular graphs, J. Algebraic Combin. 1 (1992), 353-362,
do0i:10.1023/A:1022442717593. [4]

J. H. Koolen, The distance-regular graphs with intersection number a1 # 0 and with an eigenvalue
—1—(b1/2), Combinatorica 18 (1998), 227-234, doi:10.1007/PL00009818. [9]

J. H. Koolen and J. Park, Distance-regular graphs with a; or co at least half the valency, J.
Combin. Theory Ser. A 119 (2012), 546-555, do0i:10.1016/j.jcta.2011.11.001. [9]

J. H. Koolen and J. Park, A relationship between the diameter and the intersection number cs for
a distance-regular graph, Des. Codes Cryptogr. 65 (2012), 55-63, do0i:10.1007/s10623-011-9600-3.
[9]

J. H. Koolen, J. Park and H. Yu, An inequality involving the second largest and small-
est eigenvalue of a distance-regular graph, Linear Algebra Appl. 434 (2011), 2404-2412, doi:
10.1016/j.1aa.2010.12.032. [4, 9]

W. J. Martin, Scaffolds: a graph-based system for computations in Bose-Mesner algebras, 2020,
https://arxiv.org/abs/2001.02346. [6]

B. Mohar and J. Shawe-Taylor, Distance-biregular graphs with 2-valent vertices and distance-
regular line graphs, J. Combin. Theory Ser. B 38 (1985), 193-203, doi:10.1016,/0095-8956(85)
90065-6. [9]

A. Neumaier and S. Penji¢, A unified view of inequalities for distance-regular graphs, part II,
preprint, https://www.mat.univie.ac.at/~neum/papers.html. [3]

A. Neumaier and S. Penji¢, A unified view of inequalities for distance-regular graphs, part I, J.
Combin. Theory Ser. B (2020), doi:10.1016/j.jctb.2020.09.015, accepted for publication. [2, 3, 4,
6, 8]

L. Pyber, A bound for the diameter of distance-regular graphs, Combinatorica 19 (1999), 549—
553, doi:10.1007/s004939970006. [4]

P. Safet, On the Terwilliger algebra of bipartite distance-reqular graphs, University of Primorska,
2019, thesis (Ph.D.), http://osebje.famnit.upr.si/~penjic/research/. [6]

H. Suzuki, Bounding the diameter of a distance regular graph by a function of kg, Graphs Combin.
7 (1991), 363-375, doi:10.1007/BF01787641. [4]

H. Suzuki, Bounding the diameter of a distance regular graph by a function of k4. II, J. Algebra
169 (1994), 713-750, doi:10.1006/jabr.1994.1305. [4]

D. E. Taylor and R. Levingston, Distance-regular graphs, in: Combinatorial mathematics (Proc.
Internat. Conf. Combinatorial Theory, Australian Nat. Univ., Canberra, 1977), Springer, Berlin,
volume 686 of Lecture Notes in Math., 1978 pp. 313-323. [3]

P. Terwilliger, The diameter of bipartite distance-regular graphs, J. Combin. Theory Ser. B 32
(1982), 182-188, do0i:10.1016,/0095-8956(82)90034-X. [4]

P. Terwilliger, Distance-regular graphs and (s, ¢, a, k)-graphs, J. Combin. Theory Ser. B 34
(1983), 151-164, doi:10.1016/0095-8956(83)90015-1. [4]

12



[43] L. Y. Tsiovkina, Two new infinite families of arc-transitive antipodal distance-regular graphs of
diameter three with A = yu related to groups Sz(q) and 2Ga(q), J. Algebraic Combin. 41 (2015),
1079-1087, doi:10.1007/s10801-014-0566-x. [9]

13



