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Abstract This paper describes an algorithm for solving structured nonsmooth convex optimization prob-
lems using the optimal subgradient algorithm (OSGA), which is a first-order method with the complexity
O(e~?) for Lipschitz continuous nonsmooth problems and O(e~'/2) for smooth problems with Lipschitz
continuous gradient. If the nonsmoothness of the problem is manifested in a structured way, we refor-
mulate the problem in a form that can be solved efficiently by OSGA with the complexity O(s~'/?). To
solve the reformulated problem, we equip OSGA by an appropriate prox-function for which the OSGA
subproblem can be solved either in a closed form or by a simple iterative scheme, which decreases the
computational cost of applying the algorithm, especially for large-scale problems. We show that applying
the new scheme is feasible for many problems arising in applications. Some numerical results are reported.
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1 Introduction

Subgradient methods are a class of first-order methods that have been developed to solve convex non-
smooth optimization problems, dating back to 1960, see, for example, [53, 58]. In general, they only
need function values and subgradients, and not only inherit the basic features of general first-order
methods such as low memory requirement and simple structure but also able to deal with every convex
optimization problem. Thus they are suitable for solving convex problems involving large number of
variables, say several millions. Although these features make them very attractive for large problems in
applications involving high-dimensional data, they suffer from low convergence rate, which finally limits
the attainable accuracy. In 1983, NEMIROVSKI & YUDIN in [40] derived the worst-case complexity bound
for several classes of problems by first-order methods to achieve an e-solution, where it is O(¢~2) for
Lipschitz continuous nonsmooth problems and O(sfl/ 2) for smooth problems with Lipschitz continuous
gradient. The low convergence speed of subgradient methods suggests that they often reach an e-solution
in the number of iterations closing to the worst-case complexity bound on iterations.

In [40] it was proved that the subgradient, subgradient projection, and mirror descent methods attain
the optimal complexity of first-order methods for solving Lipschitz continuous nonsmooth problems; here
the mirror decent method is a generalization of the subgradient projection method, cf. [9, 11]. NESTEROV
in [45, 46] proposed some primal-dual subgradient schemes, which attain the the complexity O(s~2) for
Lipschitz continuous nonsmooth problems. JUDITSKY & NESTEROV in [30] proposed a primal-dual sub-
gradient scheme for uniformly convex functions with an unknown convexity parameter, which attains the
complexity close to the optimal bound. NESTEROV in [42] and later in [41] proposed some gradient meth-
ods for solving smooth problems with Lipschitz continuous gradients attaining the complexity 0(5’1/ ).
He also in [43, 44] proposed some smoothing methods for structured nonsmooth problems getting the
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complexity 0(5_1/ 2). Smoothing methods also have been studied by many authors, see, for example,
BECK & TEBOULLE in [10], BoT & HENDRICH in [12, 13], and DEVOLDER et al. in [24].

In many fields of applied sciences and engineering such as signal and image processing, geophysics,
economic, machine learning, and statistics, there exist many applications that can be modeled as a convex
optimization problem, in which the objective function is a composite function of a smooth function with
Lipschitz continuous gradients and a nonsmooth function, see AHOOKHOSH [1] and references therein.
Hence studying this class of problems using first-order methods has dominated the convex optimization
literature in the recent years. NESTEROV in [47, 48] proposed some gradient methods for solving com-
posite problems obtaining the complexity 0(5’1/ 2). For this class of problems, some more first-order
methods with the complexity O(e~'/2) have been developed by AUSLANDER & TEBOULLE [7], BECK &
TEBOULLE [10], CHEN [16, 17, 18, 19], DEVOLDER et al. [23], GONZAGA et al. [28, 29], LAN [35], LAN
et al. [36], and TSENG [60]. In particular, NEUMAIER in [49] proposed an optimal subgradient algorithm
(OSGA) attaining the complexity O(s~?) for Lipschitz continuous nonsmooth problems and the com-
plexity 0(5’1/ 2) for smooth problems with Lipschitz continuous gradients at the same time. OSGA is a
black-box method and does not need to know about global information of the objective function such as
Lipschitz constants.

Content. In this paper we consider a class of structured nonsmooth convex constrained optimization
problems that is a generalization of the composite problems discussed above, which is frequently found
in applications. OSGA behaves well for composite problems in applications, see AHOOKHOSH [1] and
AHOOKHOSH & NEUMAIER [5, 6], however, it does not have the complexity O(¢~1/2) for this class of
problems. Hence we first reformulate the problem considered in a way that only the smooth part remains
in the objective, in the cost of adding a functional constraint to our feasible domain. Afterward, we pro-
pose a suitable prox-function and show that solving the OSGA auxiliary subproblem for the reformulated
problem is equivalent to solving a proximal-like problem. It is shown that this proximal-like subproblem
can be solved efficiently for many cases appearing in applications either in a closed form or by a simple
iterative scheme. Due to this reformulation, the problem can be solved by OSGA with the complexity
0(5*1/ 2). Finally, some numerical results are reported suggesting a good behavior of OSGA.

The remainder of this paper is organized as follows. In the next section we give some preliminary
results needed later in the paper. In Section 3 we briefly review the main idea of OSGA. In Section 4 we
give a reformulation for the basic problem considered and show that solving the OSGA subproblem is
equivalent to solving a proximal-like problem. Section 5 points out how the proximal-like subproblem can
be solved in many interesting cases. Some numerical results are reported in Section 6, and conclusions
are given in Section 7.

2 Preliminaries and notation
Let V be a finite-dimensional vector space endowed with the norm || - ||, and let V* denotes its dual space,
formed by all linear functional on V where the bilinear pairing (g, z) denotes the value of the functional
g € V* at x € V. The associated dual norm of || - || is defined by
lgll« = sup{{g, 2) : 2]l < 1}.
zeV

If ¥ =R", then, for 1 < p < oo,

n 1/p m
zllp = <Z |$z‘|p> s el =Y llz,
=1 1=1

where x = (24, ,2g,,) € R" X --- x R"" in which ny + -+ + n,, = n. We set (z); = max(x,0). For
a function f:V — R =R U {£o0},

Dy

domf={xeV| f(x) < +oo}

denotes its effective domain, and f is called proper if domf # () and f(z) > oo for all z € V. Let C be
a subset of V. In particular, if C' is a box, we denote it by x = [z, 7], where in which z and T are the
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vectors of lower and upper bounds on the components of x, respectively. The vector g € V* is called a
subgradient of f at « if f(x) € R and

fly) > f(x)+{g,y—x) forallyeV.

The set of all subgradients is called is called the subdifferential of f at x and is denoted by Jf(x). If
f 'V — R is nonsmooth and convex, then Fermat’s optimality condition for the nonsmooth convex
optimization problem

min f(x)
st. zeC
is given by
0 € 0f(x) + No(x), 1)
where N¢(z) is the normal cone of C' at « defined by
Ne(x)={peV]|{p,x—2) >0 VzeC}. (2)
The proximal-like operator proxff (y) is the unique optimizer of the optimization problem
!
prox§;(y) = argmin o |z — yll3 +Af (@), (3)
kS
where A > 0. From (1), the first-order optimality condition for the problem (3) is given by
0€x—y+ Af(x)+ Neo(z). (4)
If C' =V, then (4) is simplified to
0€x—y+Nof(x), (5)

giving the classical proximity operator. A function f is called strongly convex with the convexity param-
eter o if and only if

o
f(2) 2 f(2) + (9,2 — ) + Sll= — =5, (6)
for all 2,z € V where g denotes any subgradient of f at x, i.e., g € df(z). The conjugate function of f is
V=R, f9) = sup{(g,z) — f(x)}-
xTE

If f is proper and convex, then f* is also proper and convex. The next result, proved in [8], will be used
in Proposition 23 to derive the subdifferential of some desired functions.
Proposition 21 (FENCHEL-YOUNG INEQUALITY) Let f :V — R be proper, and let z € V and g € V*.
Then

f@)+ f(9) = (g,2)
Moreover, g € Of(x) if and only if

f@)+f(9) = {9, 2). (7)
Lemma. 22 Let ¢ : V — R, ¢(z) = |[Wz|, where W : U — V is a linear continuous invertible operator
and || - || is any norm in the vector space V. Then we have

+o00 otherwise.

6*(g) = {0 it | (W) gl <1,

Proof By setting y = Wz and the Cauchy-Schwarz inequality, we get

¢*(9) = sup{(g.x) — |[Wax||} = sup {{g, W 'y) — [ly]|} = sup {<(W_1)* 9,y) — IIyII}
xzeV yeu yeu

< sup {1 (W) glllll = ol § = sup { (I 09" gl = 1) ol }

If || (W) " gl < 1, then ¢*(g) = 0.1 | (W) " g||. > 1, we have || (W=1)" g[|. = sup, < (W) g,9) >
1. Thus there exists § € U such that [|g]] < 1 and ((W™!)" g,7) > 1 leading to

¢*(9) = sup{(g,x) — |[Wax||} = sup {{g, W 'y) — [ly]|} = sup {<(W_1)* 9,y) — IIyII}
xz€eV yeu yeUu

> sup {<(W—1)* 9, t7) — Htg”} — iglg {t (<(W_1)*g,37> — ||g||)} = +00,

t>0

giving the result. ad
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We use Lemma 22 to derive the subdifferential of ¢(z) = ||[Wz|| for an arbitrary norm || - || in the
vector space V and a linear continuous invertible operator W.

Proposition 23 Let ¢ : V — R, ¢(x) = |[Wx|, where W : U — V is a linear continuous invertible
operator and || - || is any norm in the vector space V. Then

CfleeV (WY gl <1} it 2 — 0,
94(x) {{g eV W) gl =1, (g.2) = [Wall} if %0,

In particular, if || - || is self-dual (|| - || = || - ||« ), we have

W We if 2 #0.

VELI(W—H gl <1} ifz=0,
3¢(x){{g€ LW =) gl <1}
TWal

Proof Tf x = 0, the Fenchel-Young equality (7) and Lemma 22 imply

$(0) +¢%(9) = ¢"(9) = (9,0) = 0,

leading to

96(0) = {g e V' || (W) gll. <1}
If 2 # 0, the Fenchel-Young equality (7) implies

¢(x) +¢%(9) = Wl + 67 (9) = (9, ),
leading to

¢"(9) =0, (g,2) = [[Wzl.

By setting y = Wz and using the Cauchy-Schwarz inequality, we get

lyll = [IWe|| = {g.2) = (¢. W y) = (W) g9 < [l (W) gllullyll < llyl (8)

implying
T gl =1,

leading to
o) ={g eV [ (W) gl =1, (g.2) = [Wal }, forz 0
If || - || is self-dual then (8) implies
(g, 2) = (g, W y) = (W) g,0) = | (W) gl Iy,

hence (W~1)" g = ay for a > 0. Since | - || is self-dual and || (W) " g|. = || (W) g|| = 1, we obtain

L= (W) gl = allyl,

leading to
Wax
g=W' oy = W
Iyl W]
giving the result. a
In the following example we show how Proposition 23 is applied for ¢ = || - ||, which will be needed

in Section 5. The subdifferential of other norms of ¥V can be computed with Proposition 23 in the same
way.
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Example. 24 We use Proposition 23 to derive the subdifferential of ¢ = |+ ||oo at arbitrary point x. We
first recall that the dual norm || - ||leo s || - ||1. If © = 0, Proposition 23 implies

99(0) ={g V" | llglL <1} = {9 eV lg=> Bie; Be[-1,1], > |Bi] < 1},
1=1

=1

where .Then we have

1<i<n

op(x) = {g eV | llglh = 1,(g,2) = [|z]|c = max Iwzl} =49V | D gl =1 gz = |l
j=1 j=1

If x #£0, we set
I:={ie{l,---,n}| ||zl = |zil}

and we have ||z = Y ;7 Bilzi| and Y ;.7 Bi = 1 leading to

0o(x) = {9 eV |g= ZﬂZ sign(z;)e;, ZﬂZ = 1} .

i€L i€l

3 A review of OSGA

In this section we briefly review the main idea of optimal subgradient algorithm proposed by NEUMAIER
in [49]. To this end, we first consider the convex constrained minimization problem

min f(x)
s.t. zedl, (9)

where f : C — R is a proper and convex function defined on a nonempty, closed, and convex subset C' of
V. The aim is to derive an approximating a solution Z € C using the first-order black-box information,
function values and subgradients. OSGA (see Algorithm 1) is an optimal subgradient algorithm for the
problem (9) that constructs a sequence of iterates whose related function values converge to the minimum
with the optimal complexity. The primary objective is to monotonically reduce bounds on the error term
flzp) — f of the function values, where f denotes the minimum and x; is the best known point.

In details, OSGA considers a linear relaxation of f at z defined by

f(z) >~v+ (h,z) forallx e C, (10)
where v € R and h € V* and a continuously differentiable prox-function @ : C' — R satisfying (6) and

Qo := zneng(z) >0 (11)

Afterwards, OSGA requires an efficient routine for finding a maximizer u = U(~,h) and the optimal
objective value E(v, h) of an auxiliary problem of the form

sup E, p(x)
s.t. x €, (12)
where it is known that the supremum is positive. The function E, ), : C — R is defined by
7+ (hx)
Eon(z) = ——— 13

with v € R, h € V*. Tt is assumed that e = E(v,h) and and u = U(v, h) are readily computable.
In [49] it is shown that OSGA attains the following bound on function values

0< flaw) — f <nQ(@).
Hence, by decreasing the error factor 7, the convergence to an e-minimizer z; is guaranteed by

ng(zb)ifgga
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for some target tolerance £ > 0. In [49], it is shown that the number of iterations to achieve this optimizer
is O(¢~1/?) for smooth f with Lipschitz continuous gradients and O(¢~2) for Lipschitz continuous nons-
mooth f, which are optimal in both cases, cf. [40]. The algorithm does not needs to know about the global
Lipschitz parameters and has the low memory requirement. Hence if the subproblem (12) can be solved
efficiently, it is appropriate for solving large-scale problems. Numerical results reported by AHOOKHOSH
[1] and AHOOKHOSH & NEUMAIER [3, 4], for unconstrained problems, and by AHOOKHOSH & NEUMAIER
[5, 6], for simple constrained problems, demonstrate that OSGA is well-behaved for problems in applica-
tions. In the next section we show that OSGA can solve some structured problems with the complexity
O(e~1/?). Moreover, it is shown that by selecting a suitable prox-function @, the subproblem (12) can be
solved efficiently for this class of problems.

Algorithm 1: OSGA (optimal subgradient algorithm)

Input: global parameters: 0, amax € ]0,1[, 0 < &’ < k; local parameters: xo, i > 0, fiarget;
Output: 2y, fs,;

begin

choose an initial best point zy;

compute fz, and gg,;

if fz, < ftarget then

| stop;
else
hfgzb 19Q(@s); ¥ = fa, — pQ(xp) — (hy 28);
= fu; u= ( ) n= E('szh)_MQ
end
Q4 Qmax;

while stopping criteria do not hold do

x =z + alu — zp); compute f, and g,;

g—gz—qu( ); h=h+alg—h);

Y =7+ alfa — pQx) — (g, 2) —7);

= rgmlnze{zb z} f(Z UZ) f:bl - mln{fzbv f:b}

fm 5 U _U(’Yb7h)7

=z + a(u — xp); compute fo;

choose Ty in such a way that fz, < min{fa, for};

Vo =7 fz; W=UFyh); T=EFyh) =1 20 =" fo, = [z,
if fmb S ftarget then

/
Ty
/
T
/

| stop;
else
| update the parameters «, h, v, n and u using PUS;
end
end
end

If the best function value f;, is stored and updated, than each iteration of OSGA requires the com-
putation of two function values f, and f,» and one subgradient g,, i.e., for problem of the form (9),
two times applying the forward linear operator A and one applying its adjoint A* are needed. Therefore,
OSGA needs a routine for computing function values and subgradients and a routine for applying forward
and adjoint operators.

As discussed in [49], in order to updating the given parameters «, h, v, n and u, OSGA uses the
following scheme:
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Algorithm 2: PUS (parameters updating scheme)

Input: §, amax €10,1, 0 < <k, a, n, h, 7, 1, U;
Output: a, h, v, 1, u;
begin
R« (n—m)/(6an);
if R <1 then
| h <« h:
else
| @« min(ae” B=D ap..);
end
a < Q;
if 7 <n then
| heh v ne T ue T
end

end

4 Structured convex optimization problems

In this paper we consider the convex constrained problem

min f(Az, ¢(x))

s.t. xedl, (14)

where f: U x R — R is a proper and convex function that is smooth with Lipschitz continuous gradients
with respect to both arguments and monotone increasing with respect to the second argument, A : V — U
is a linear operator, C' C V is a simple convex domain, and ¢ : ¥V — R is a simple nonsmooth, real-valued,
and convex loss function. This class of convex problems generalizes the composite problem considered in
[47, 48]. As discussed in Section 2, OSGA attains the complexity O(e~2) for this class of problems. Hence
we aim to reformulate the problem (14) in such a way that OSGA attains the complexity O(¢~/2). We
here reformulate the problem (14) in the form

min f(,€)

s.t. x € (7, (15)

where ~
f(w,f) = f(.A.Z‘,f), (16)
C={x8eVxR|zeC, ¢)<} (17)

By the assumptions about f, the reformulated function J?is smooth and has Lipschitz continuous gra-
dients. OSGA can handle the problems of the form (15) with the complexity O(e~/2) in the price of
adding a functional constraint to the feasible domain C'. In the next subsection we will show that how
OSGA can effectively handle (15) with the feasible domain C'.

Problems of the form (14) appears in many applications in the fields of signal and image processing,
machine learning, statistics, economic, geophysics, and inverse problems. In the remainder of the paper
we deal with such applications, however, we here mention the following example.

Example. 41 (COMPOSITE MINIMIZATION) We consider the unconstrained minimization problem

min f(Ax) + ¢(z)
st. x e, (18)
where f : U — R is a smooth, proper, and convex function, A :V — U is a linear operator, and ¢ : V — R
is a simple but nonsmooth, real-valued, and convex loss function. In this case we reformulate (18) in the
form (15) by defining the problem

min f(Az,§)

st. 6(z) <&, (19)
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where f: C — R, f(Ax,«E) = f(Ax) 4+ & with the feasible set C is defined by
C:={(z,6) €CxR | ¢(z) <¢&}.
Consider the linear inverse problem
y=Ax + v, (20)
where x € R™ is the original object, y € R™ is an observation, and v € R™ s additive or impulsive noise.
The objective is to recover x from y by solving (20). In practice, this problem is typically underdetermined

and ill-conditioned, and v is unknown. Hence x typically is approzimated by one of the minimization
problems

. 1 1
min Sy — A3+ S\l

(21)
s.t. x€eR",
i L Az|2 + X
min §||y— x|z + Allz(l1 (22)
s.t. xeR™,
or ) )
min L[y~ Azl + 32l + Asll )
s.t. zeR™
These problems can be reformulated in the form (18) by setting
1 1
F(@,€) = 5lly = Azl + & o) == SAllxll3, (24)
1
f(2,€) = Sly — Azl + & o) == A=, (25)
or ) .
F(2,0) = 5ly = Azl5 + & (x) == SMlalls + Aoz, (26)
respectively.

4.1 Description of OSGA’s new setup

This section devotes to solving the OSGA subproblem (12) for a problem of the form (15). To this end,
we introduce some prox-function and employ it to derive an inexpensive solution of the subproblem. We
generally assume that the domain C' is simple enough such that E(n,y) and U(n,y) can be computed
cheaply, in O(nlogn) operations, say.

Lemma. 42 Let Q :V x R — R be a function defined by

Q7o) 1= Qo+ 5 (lell3 +43) (27)

where Qo > 0. Then Q is strongly convex, and Q(x, o) > 0.

Proof Since gg(z) = (z x0)T, we obtain

Q(z,20) + (50 20), (0 = 2,0 = ) + 51w = 2,20 — )7 I3

= Qo+ % ((z,20)7, (2,20)") + ((2,20)", (& — 2,20 — 20)")
+ % {(@ — 2,20 — 20)7, (& — 2,20 — 20)")
= Qo+ 5 {(z )", (,20)7) + 3 {(,20)7, (2 — 7,70 — 20)7)
= Qo+ % ((@,20)7, (2,20)T) = Qo + % (2, 20)" ||
— Q(x, o).

This means that @ is a strongly convex function with the convexity parameter 1, and since Qg > 0, we
get Q(z,z9) > 0. O
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Lemma 42 shows that the quadratic function ) defined by (27) is a prox-function. We now replace
the linear relaxation (10) by

flz,m0) =~ + (h,2) + howy forall z € C. (28)
By using this linear relaxation and the prox-function (27), the subproblem (12) is rewritten in the form

sup Ey o () (29)
st. (z,20) € C xR, ¢(x) < xo,

where Ey jpo 1V xR — R and

v+ (h,x) + hox
By 0) = 2T, (30)

which is a differentiable function. The next result gives a bound on the error f(x3)— f, which is important
for the complexity analysis of the the new setup of OSGA.

Proposition 43 Let v, := v — f(23), u:= U(y, h, ho), and n := E(vp, h, ho). Then we have
0 < f(zs) — < nQ(&, 7o) (31)
In particular, if xp, is not yet optimal then the choice uw = U(vp, h, ho) implies E(yy, h, ho) > 0.
Proof Using (28), (29), and (30), this follows similar to Proposition 2.1 in [49]. O
Proposition 44 Let e := E(vy,h,hg) > 0 and uw = U(v, h, ho). Then
v+ (h,u) + houg = —eQ(u, up), (32)
(ego(u,up) + h,x — u) + (eup + ho)(xo —up) > 0 for all (z,z9) € C xR, ¢(z) < xo. (33)
Proof The problem (29) and the definition (30) imply that the function ¢ : C' x R — R defined by
C(,20) := 7+ (h,z) + howo + eQ(x, o)
is nonnegative and vanishes for (x, x0) = (u, ug) := U(7, h, hg), i.e., the identity (32) holds. Since ((z, )

is continuously differentiable with gradient g¢(z, 7o) = (h+ngo(x), euo + ho)T, the first order optimality
condition holds, i.e.,

(9¢(x, o), 2 — u) + (euo + ho)(zo — uo)) =2 0 (34)
for all (x,20) € C X R, ¢(x) < x0, giving the results. O

The next result gives a systematic way for solving OSGA’s subproblem (29) for problems of the form
(15).

Theorem. 45 Let (u,ug) € V x R be a minimizer of (29) and e = E j, po(u,up). Then
u:=ule, ), ug:=o(u),

where y := —e " h, X\ :=ug + e thy, and
1
u:=u(e,\) = argmin§|\x—y||§ + Ap(x). (35)
zeC

Furthermore, e and A can be computed by solving the two-dimensional system of equations

o) +e thg —A=0,

1 (36)
e (SU3-+ 6@ + Qo) + 7+ 1) + ool .
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Proof From Proposition 44, at the minimizer (u,ug), we obtain

e (313 +48) + Qo) = = = () — houo (37)

and
(eu + h,x —u) + (eug + ho)(xo —up) >0 V (z,20) € C xR, ¢(z) < xp. (38)
We conclude the proof in the next two steps:

Step 1. We first show that this inequality is equivalent to the following two inequalities

eug + ho > 0,
(39)
(egq(u,up) + hyx — u) + (eup + ho)(p(x) —up) >0 V(z,z0) € C xR.

Assuming that these two inequalities hold, we prove (38). From ¢(x) < z¢ and eug + ho > 0, we obtain

(egq(u,ug) + h,x — u) + (eup + ho)(xo — uo)
> (egg(u, ug) + h,x — u) + (euo + ho)(é(x) — ug) > 0.
We now assume (38) and prove (39). The inequality eug + ho > 0 holds; Otherwise, by selecting x¢ big

enough, we get
(ego(u,up) + h,x — u) + (eup + ho)(xzo — up) <0,

which is a contradiction with (38). Since ¢(x) < zg, the second inequality in (39) holds.
Step 2. By setting = w and ug = ¢(u), we see that u is a solution of the minimization problem

xuelg (egq(u,up) + h,x — u) + (eug + ho)(¢d(x) — uop).

The first-order optimality condition (1) for this problem leads to
0€u+e th+ (ug+e the) 0p(u) + Ne(u). (40)

By writing the first-order optimality condition (4) for the problem

1
min & — yl3 + Ao(a)
s.t. e,

we get
0 €t —y+ A dd(@) + Ne(q). (41)

By comparing (40) and (41) and setting y = —e~'h, A = ug + e 1hg, we conclude that both problems
have the same minimizer « = 4. Since ug = ¢(u), we obtain

A= U + eilho = (;5(’(7) + eilho.

Using this and substituting ugp = ¢(u) in (37), e and A are found by solving the system of nonlinear
equations (36). This complets the proof. O

In Theorem 45, if C' =V, the problem (35) is reduced to the classical proximity operator @ = prox,,(y)
defined in (3). Hence the problem (35) is called prozximal-like. Therefore, the world “simple” in the
definition of C' means that the problem (35) can be solved efficiently either in a closed form or by an
inexpensive iterative scheme. To have a clear view of Theorem 45, we give the following example.

Example. 46 Consider the {1-reqularized least squares problem (22). Then the problem can be reformu-
lated as

o1
min -y — A3+
stz <€
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Since ¢ = ||-||1, the solution of (35) isu = sign(y;)(|y;| =\, 0)4 withy = —e~th (see Table 1). Substituting
this into (36) gives

n

D (yil = N4 +e o —A=0,

i=1

i=1 i=1 i=1

1 n n n
e <§(Z(|yz| - N1+ (Z(|yi| - N)+)%) + Qo) +v+ Z(hi + ho)(lyi| = A)+ = 0.
This is a two-dimensional system of nonsmooth equations that can be reformulated as a nonlinear least
squares problem, see, for example, [51].
Theorem 45 leads to the two-dimensional nonlinear system
F(e,A) := (file, V), fa(e, A)" =0, (42)

where
file,N) == (@) + e "ho — A,

folerN) = e (R + 0@+ Qu ) + 7+ (8. + hao@)

in which @ = u(e, A) and e, A > 0. For an instance, in Example 46, we have

file,A) = Z('yz| — N4 e tho - A,

=

fale;A) = e (%(Zﬂyﬂ =N+ QO (yil =N+ + Qo) +7 4+ > (hi + ho)(lyil = N+

i=1 i=1 i=1

—

The system of nonsmooth equations (42) can be handled by the bound-constrained least-squares problem

1
min <[1F(e, V)3

(43)
st. e, A>0
if fi(e,\) and fa(e, A) are smooth and by replacing the vector (e, A) with (|e|, |A|) and solving
o1
min S|P (el DI "

st. e, AeR

if fi(e,A) and fa(e, \) are nonsmooth. The problem (43) can be handled by various bound-constrained
nonlinear optimization schemes such as Newton and quasi-Newton methods [15, 38], Levenberg—Marquardt
methods [31], and trust-region methods [21, 26]. The problems (42)and (44), such as Example 46, can
be solved by the semismooth Newton method or the smoothing Newton method [56], the quasi-Newton
methods [59, 37], the secant method [54], and trust-region methods [2, 55].

In view of Theorem 45, we can propose a systematic way a for solving OSGA’s subproblem (29),
which is summarized in next scheme.

Algorithm 3: OSS (OSGA’s subproblem solver)
Input: Qo, v, h;
Output: u, e;
begin
solve the system of nonlinear equation (42) approximately by a nonlinear solver to find e and X;
set u = (e, \).
end

To implement Algorithm 3 (OSS), we need a reliable nonlinear solver to solve the system of nonlinear
equation (42) and a routine giving the solution of the proximal-like problem (35) effectively. In Section 5
we investigate solving the proximal-like problem (35) for some practically important loss function ¢.
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4.2 Convergence analysis

In this section we establish the complexity bounds of OSGA for Lipschitz continuous nonsmooth problems
and smooth problems with Lipschitz continuous gradients. We also show that if f is strictly convex, the
sequence generated by OSGA is convergent to .

To guarantee the existence of a minimizer for OSGA, we assume that the following conditions :

(H1) The objective function f is proper and convex;
(H2) The upper level set Ny(xg) ={z € C | f(z) < f(x0)} is bounded, for the starting point z.

Since f is convex, the upper level set Ny(zg) is closed, and V' is a finite-dimensional vector space,
(H2) implies that the upper level set Ny(xg) is convex and compact. It follows from the continuity and
properness of the objective function f that it attains its global minimizer on the upper level set Ny(x).
Therefore, there is at least one minimizer Z, and its corresponding minimum is denoted by J?

Since the underlying problem (15) is a special case of the problem (9) considered by NEUMAIER in
[49], the complexity results for OSGA remains valid.

Theorem. 47 Suppose that f — puQ is convex and p > 0. Then we have

(i) (NONSMOOTH COMPLEXITY BOUND) If the points generated by Algorithm 1 stay in a bounded region
of the interior of C, or if f is Lipschitz continuous in C, the total number of iterations needed to reach
a point with f(z) < f(Z) + € is at most O((e% + ue)~t). Thus the asymptotic worst case complezity is
O(e72) when =0 and O(e~1) when p > 0.

(i) (SMOOTH COMPLEXITY BOUND) If f has Lipschitz continuous gradients with Lipschitz constant L,
the total number of iterations needed by Algorithm 1 to reach a point with f(x) < f(Z) + & is at most

O(e™?) if u =0, and at most O(|loge|\/L/u) if u > 0.

Proof Since all assumptions of Theorem 4.1 and 4.2, Propositions 5.2 and 5.3, and Theorem 5.1 in [49]
are satisfied, the results remains valid. ]

Indeed, if a nonsmooth problem can be reformulates as (15) with a nonsmooth loss function ¢,
then OSGA can solve the reformulated problem with the complexity O(s_l/ 2) for an arbitrary accuracy
parameter . The next result shows that the the sequence {xj} generated by OSGA is convergent to z*
if the objective f is strictly convex and z* € int C', where int C' denotes the interior of C.

Proposition 48 Suppose that f is strictly convex, then the sequence {xy} is generated by OSGA is
convergent to x* if * € int C.

Proof Since f is strictly convex, the minimizer z* is unique. By z* € int C, there exists a small 6 > 0
such that the neighborhood
N(x*):={x e C| |z —a"]| <d},

is included in C, which is a convex and compact set. Let x5 be a minimizer of the problem

min f(z)
st. z€ON(z"), (45)

where ON (z*) denotes the boundary of N(z*). Set e5 := f(x5) — f* and consider the upper level set
Ni(zs) :={x € C| f(z) < f(zs) = [ +es}-

Now Theorem 47 implies that the algorithm attains an es-solution of (15) in a finite number  of iterations.
Hence after « iterations the best point z; attained by OSGA satisfies f(zp) < f* +¢5, 1.e., 2y € Ny(xs).
We now show that Ny(zs) C N(z*). To prove this statement by contradiction, we suppose that there
exists € Ny(zs) \ N(z*). Since x & N(z*), we have || — 2*| > J. Therefore, there exists Ao such that

INhoz + (1 — Xo)z™|| = 9.
From (45), f(x) < f(xs), and the strictly convex property of f, we obtain
F(@s) < FOom+ (1= Xo)a™) < Aof (@) + (1= M) f(2*) < Aof(ws) + (1= Ao)f(ws) = F(as),
which is a contradiction, i.e., Ny(xs5) C N(2*) implying € N(z*) giving the results. O
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5 Solving proximal-like subproblem

In this section we show that the proximal-like problem (35) can be solved in a closed form for many
special cases appearing in applications. To this end, we first consider unconstrained problems (C' = V)
and study some problems with simple constrained domains (C' # V). We give some available proximal-like
operators in Table 1.

5.1 Unconstrained examples (C' =V)

We here consider several interesting unconstrained proximal problems appearing in applications and
explain how the associated OSGA subproblem (35) can be solved.

In recent years the interest of applying regularizations with weighted norms is increased by emerging
many applications, see, for example, [22, 57]. Let d be a vector in R™ such that d; #0 fori =1, -+, n.
Then we define the weight matrix D := diag(d), which is a diagonal matrix with D; ; = d; fori =1,--- ,n.
It is clear that D is a invertible matrix. The next result show how to compute a solution of the problem
(35) for special cases of ¢ arising frequently in applications.

Proposition 51 Let D := diag(d), where d € R™ with d; # 0, for i =1,--- ,n. If ¢(x) = ||Dx||1, then
the proximity operator (35) is given by

(prox,(y)), = sign(ya) (lyi| — Aldil)+, (46)
fori=1,--- n.
Proof The optimaliy condition (5) implies that u = prox,,(y) if and only if

0€wu—y+\d|Dul;. (47)

We consider two cases: (i) || D™ ylleo < A; (ii) [|[ D7 ylloo > A
Case (i). Let |[D7'y[lc < A. Then we show u = 0 satisfies (47). If u = 0, Proposition 23 implies
99(0) = {g € V* | |D7'g|loc < 1}. By substituting this into (47), we get that u = 0 is satisfied (47) if
ye{g eV |[[D7'gllc < A} leading to prox,,(y) = 0. Since the right hand side of (46) is also zero,
(46) holds.

Case (ii). Let |[D7'y|loc > A. Then Case (i) implies u # 0. Since || - ||« = || - ||« and D is invertible,
Proposition 23 implies that

0p(u) ={g € V" [ ID7 glle =1, {(g,u) = || Dull1}

leading to
n
> (giui — |dillui]) = 0.
i=1
By induction on nonzero elements of u, we get g;u; = |d;||u;| for ¢ = 1,--- n. This implies ¢g; =

|d;| sign(u;). The optimality condition (5) implies

fori =1,---,n. If u; > 0, then u; = —\|d;| + y; > 0. Hence if M\d;| < y;, we set u; = —\|d;| + ;. If
u; < 0, then u; = A|d;| + y; < 0. Hence if A|d;| > y;, we set u; = Ad;| + y;. Otherwise, we have u; = 0.
Therefore, we obtain
yi — Aldi| if yi > Aldi],
(proxyy(y)), = § vi + Aldi| i yi < =Aldil, (48)
0 otherwise,

giving the result. ad
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Table 1: List of available proximal-like operators for several ¢ and C, where D := diag(d), where d € R™
with d; # 0, for i = 1,--- ,n and Q is n x n orthogonal matrix (QTQ = I).

o (x) C proximity operator u = proxg(y) Reference
A|Dz||1 vV w; = sign(y; ) (lyi| — A di])+ Proposition 51
N V| w=Q" Gignly) (5l - V1) Prop. 11 in [20]
_Jo if [D~1yllz <A,
A|Dz|2 % T u)/(r+ A2, i Dyl > A Proposition 52
7 is the solution of 37 | (d2y2)/(r + Ad2)2 — 1 =0.
Mella v | e=(0-Nlylo)sy 52]
INal3 v | e=1/0+Ny 52]
Iafelielizls |V | u= /(0 + A)pross, 0, ) 52]
0 iyl < A,
u; = sign(yi)uoo if [lylli > Ai € Z,
Yi if [yl >\ igZ.
Al oo 1% IT={li, - ,lz}, o= % (Ciez luil = X) % is the smallest Proposition 53
kel,---,n—1such that% (Ziez [vi| — )\) > Vg1, v = |yl
l1, -+ ,ln a permutation of 1,---,n such that v1 >wve > --- > v,
and otherwise k& = n
Allz]l1,2 vV ug; = (1= M llyg; 12)+yg; Proposition 54
0g; if [lyg; ll1 <A,
ug; = g sign(yg,)ubs if llyg,lln > A, i € I,
Ygi if lyg; [ > A, i & Iy, -
AMzl1,00 W% 7= {lsliq'," . 7ll;i}7 uéo = %1 (ZjEIgi |y£Jh‘ — )\) ,Ei is the smallest Proposition 55
kel,---,n; —1such that% (Zjelgi \v{h\ — )\) > v’gc;rl
vl = yi. |, léi ;++ s ly,a permutation of 1,---,n such that
v;_’ > vg_’ >0 > U;ii and otherwise El =n;
yi — Mdg| it T #£0, yi > Adil,
A||Dzx||1 x>0 wi = v Al T 75_& yi < —Aldil; Proposition 56
0 otherwise.
T = eL  nly; > Ndl)
RN Ea[E; x>0 | u; = {aCZ Tf %<0, Proposition 57
yi/(1+A) ify; >0,
L@+ Ny — Alds|) it T #0, yi > A|dil,
el + M| Dally | #>0 | T (1)/(1 + ) (yi + Aldil) ;ftijmﬂs)e yi < —Aldil, Proposition 58
J:={jel--,nly >Nd;|}
z; if w>0, z; —y;i + Aldi] sign(z;) >0,
T; if w>0, T, —y; + Aldi| sign(z;) <0,
A|Dz|1 [z,7] i = v = Aldil %f w >0, yi > Adil, Proposition 56
yi + Adi|  if w >0, yi < —A|dil,
0 otherwise.
w = iaayl<oWi F AT + 30 3,150 + Aldi])T
z; if (1+Nz; >y,
%)\Hmﬂg [z, 7] u; =1 T; if 14Nz <, Proposition 57
yi/(A+ ) if 2, <yi/(L+N) <7,
z; if w>0, z; —yi + Aldi| sign(z;) >0,
T; if w>0, T, —y; + A|d;| sign(z;) <0,
%)\1”1”% + Xe||Dz||1 | [z, 7] wi = LA+ = Aldl) i w >0,y > Aldil, Proposition 58

/(A + My +Aldi]) if w>0, yi < —=Aldil,
0 otherwise.
W= iaal<o@i T AT+ g, 150Wi + Aldi])T
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Proposition 52 Let D := diag(d), where d € R™ and d; # 0, for i =1,--- ,n. If ¢(x) = ||Dx|2, then
the proximity operator (35) is given by proxy,(y) = 0 if [D~yll2 < X and otherwise

TYi
(proxw(y))i = vk

fori=1,--- n, where T is given by solving the one-dimensional nonlinear equation
z": Gy 1 _,
i (T + \d?)?

which has a unique solution.
Proof The optimaliy condition (5) shows that u = prox,,(y) if and only if
0€u—y+ oD uls. (49)
We consider two cases: (i) [|[D ™ ylla < \; (ii) |D yll2 > A
Case (i). Let [[D7'yll2 < A. Then we show u = 0 satisfies (49). If u = 0, Proposition 23 implies

99(0) = {g € V* | ||[D7'gll2 < 1}. By using this and (49), we get that u = 0 is satisfied (49) if
ye{geV*||Dglla < A} leading to prox,,(y) = 0.

Case (ii). Let ||[D~'y||2 > A. Then Case (i) implies u # 0. Proposition 23 implies d¢(u) = DT Du/||Dul|,
and the optimality conditions (5) yields

Du
u—y+XDT—— —0.
Y [Duls

By using this and setting 7 = || Dul|2, we get

Ad?
( )ui_yizoa

leading to
w = —9
Y
for i =1,---,n. Substituting this into 7 = || Dul|2 implies
z": dy;
(T + Ad?)?

i=1
We define the function ) : 0, +oo] — R by

E -1
— (7 + Ad2 ’
where it is clear that ¢ is decreasing

n

lim $(7) = — Aw—fQWD*m@fvy lim (r) = —1.

7—0 )\2 d2 T—400

By ||[D7'y|l2 > A and the mean value theorem, we get that there exists 7 € |0, +oo[ such that ¥ (7) = 0,
giving the results. ad

W here emphasize that if D = I (I denotes the identity matrix) then the proximity operator for

¢(-) = || - |2 is given by
proxyg(y) = (1= A/llyll2)+v,

see, for example, [52]. If one solves the equation ¥(7) = 0 approximately, and an initial interval [a, b]
is available such that 1 (a)1(b) < 0, then a solution can be computed to e-accuracy using the bisection
scheme in O(log,((b — a)/e)) iterations, see, for example, [50]. However, it is preferable to use a more
sophisticated zero finder like the secant bisection scheme (Algorithm 5.2.6, [50]). If an interval [a, b] with
sign change is available one can also use MATLAB’s fzero function combining the bisection scheme, the
inverse quadratic interpolation, and the secant method.
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Proposition 53 Let ¢(-) = ||-||co- Then the proximity operator (35) is given by prox,,(y) = 0 if [y[l < A
and otherwise
0 i flylly < A,
(proxyg(y))i =  sign(yi)use if [lyls > A, i €1, (50)
Yi if flyll > A, i €7,
fori=1,--- n, where
1
=} (Sl ) &
k \iez
with

T:={l, I} (52)

in which k is the smallest k € {1,---,n—1} such that

L[ F
=D vi=A| =v, (53)
kE\i=

where v; = |y;,| and ly,--- |1, is a permutation of 1,--- ,n such that vi > vy > -+ > v,. If (58) is not

satisfied for k € {1,--- ,n — 1}, then k =n.
Proof The optimaliy condition (5) shows that u = prox,,(y) if and only if

0€u—y+ A Jd|ullso- (54)
We consider two cases: (i) [|y]l1 < A; (i) |lyll1 > A
Case (i). Let |ly|li < A. Then we show u = 0 satisfies (54). If u = 0, the subdifferential of ¢ derived
in Example 24 is 9¢(0) = {g € V* | ||lg|l1 < 1}. By substituting this into (54), we get that v = 0 is
satisfied (54) if y € {g € V* | ||lg]lx < 1} leading to prox,4(y) = 0. Since the right hand side of (46) is also
zero, (46) holds.

Case (ii). Let |ly|]s > A. From Case (i), we have u # 0. We show that, for i =1,--- ,n,

[ sign(yi)us if i €T,
= {yz otherwise, (55)

with Z defined in (52), satisfies (54). Hence, using the subdifferential of ¢ derived in Example 24, there
exist coefficients ;, for j € Z, such that

u—y+ )\Z B; sign(u;)e; =0, (56)
JjeL
where
Bi>0 eI, Y =1 (57)
JjeL

Let u be the vector defined in (55). Let us define

_ il —us

for j € T = {l1,--- I3} with us defined in (51). We show that the choice (58) satisfies (56) and (57).

We first show use > 0. It follows from (51) and (53) if k¥ < n and from |jy|l; > A if & = n. By (55) and
(56), we have

wi — i + APy sign(u;) = sign(yi)uee — vi + (|Yi] — Uoo) sign(sign(y;)uso)
= sign(yi)uco — ¥i + (|yi] — uoo) sign(y;) = 0,
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for i € Z. For i ¢ T, we have u; — y; = 0. Hence (56) is satisfied componentwise. It remains to show that
(57) holds. From (53), we have that |y;| > ueo, for ¢ € Z. This and (58) imply 8; > 0 for i € Z. From
(51), we obtain

k 1E 7 1 k 1 k
ZﬁiZX;|yi|—XUm=X;|yi|—X ;lyi|_)\ =1,

i=1
giving the results. a

Grouped variables typically appear in high-dimensional statistical learning problems. For example,
in data mining applications, categorical features are encoded by a set of dummy variables forming a
group. Another interesting example is learning sparse additive models in statistical inference, where each
component function can be represented using basis expansions and thus can be treated as a group. For
such problems, see [39] and references therein, it is more natural to select groups of variables instead of
individual ones when a sparse model is preferred.

In the following two results we show how the proximity operator proxA¢(~) can be computed for the
mixed-norms ¢(-) = || - |[1,2 and ¢(-) = || - ||1,00, Which are especially important in the context of sparse
optimization and sparse recovery with grouped variables.

Proposition 54 Let ¢(-) = || - ||1,2- Then the prozimity operator (35) is given by
A
(pI‘OX)\d)(y))gi =|1- ”— Yg;- (59)
ygi 2 +
fori=1,--- m.
Proof Since u = (ug,,- -+ ,ug,,) € R™ x---xR" and ¢ is separable with respect to the grouped variables,

we fix the index i € {1,---,m}. The optimaliy condition (5) shows that u,, = prox,,(yg,) if and only if

0e Ug; — Yg, + A a”“!h

2, (60)

for i =1,---,m. We now consider two cases: (i) ||yg,ll2 < A; (il) [|lyg:[l2 > A

Case (i). Let |lyg,
96(0,,) = {g € R™
Yg: € {9 € R™ | [|gg,
(59) holds.

|2 < A. Then we show ug, = 0 satisfies (60). If u,, = 0, Proposition 23 implies
[lgg:ll2 < 1}. By substituting this into (60), we get that u,, = 0 is satisfied in (60) if
2 < A} leading to prox,,(yg,) = Og,. Since the right hand side of (59) is also zero,

Case (ii). Let ||yg, ]2 > A. Then Case (i) implies that ug, # 0. From Proposition 23, we obtain

5¢(Ugi)={ s } (61)

||ugi 2

where ¢ =1,--- ,m and ||yg,||2 > A. Then (60) and (61) imply

Ug,
Ug; — Yg; +)\||ug =0,

gill2
A
(1 T
||ugi

) Ug; = Yy,
2

leading to

implying ug, = piyg,. By substituting this into the previous identity and solving with respect to p;, we

get
%)
tug, = (1= 77— | Ygi;
! ( lyg:ll2/ 4 ™

implying the result is valid. O



18 Masoud Ahookhosh, Arnold Neumaier

Proposition 55 Let ¢(-) = ||-[|1,00- Then prox,4(yy,) = 0y, if [|yg, |1 < A, fori=1,---,m and otherwise
‘ 0 i flyg i <A
(prOX)«z)(ygi))?]i = Sign(yéi)uéo if Hygz 1> )" ] € Igi’ (62)
yél if Hygl 1> )\a .] gIgia
fori=1,--- m, where
. 1 _
uly == | > |yl - A (63)
ki J€Ly;

with R

Ty, = {1}, - 15} (64)

in which k; is the smallest k € {1,--- ,n; — 1} such that

1 [ -
S DICAERY T e (65)
7 j=1
where v} = |yl]g'_| and 1) .-+ 17 is a permutation of 1,--- ,n; such that vy > v2 > .- >vli. If (53)

is not satisfied for k € {1,--- ,n; — 1}, then ki = ng, fori=1,--- ,m.

Proof Since u = (ug,,- -+ ,ug,,) € R™ x---xR"™ and ¢ is separable with respect to the grouped variables,
we fix the index ¢ € {1,---,m}. The optimaliy condition (5) shows that uy, = prox,,(y,,) if and only if

0 € ug, =Yg, + A I ug, [|co- (66)

We now consider two cases: (1) [|yg, /1 < A; (1) [lyg: /1 > A
Case (i). Let |lyg|[i < A. Then we show ugy = 0 satisfies (66). If uy, = 0, the subdifferential of ¢
derived in Example 24 is 9¢(04,) = {g € R™ | ||g|l1 < 1}. By substituting this into (66), we get that

ug, = 0 is satisfied (66) if y,, € {g € R™ | [|g]}1 < 1} leading to prox,4(y,,) = Oy,

Case (ii). Let ||y,

1 > A From Case (i), we have u,4, # 0. We show that

j _ [sign(ylul, if i€y, (67)
Yg: = yl, otherwise,

with Z,, defined in (64), satisfies (66). Hence, using the subdifferential of ¢ derived in Example 24, there
exist coefficients 3 , for j € Z,,, such that

Ug, — Yg, + )\Zﬁgi sign(ugi)ej =0, (68)
jez
where
Bl 20 j€Ly, D B =1 (69)
J€Ly;

Let ug, be the vector defined in (67). Let us define

AT
g, o= o e (70)

for j € Z,, = {l},--- ,l%} with u’, defined in (63). We show that the choice (70) satisfies (68). We first
show u’_ > 0. It follows from (63) and (65) if k; < n and from llyg:lln > A if ki = n. By (67) and (68), we
have

— ug, ) sign(sign(y], us,)

i

— ug,) sign(y,) =0,

ugh o yi + )\ﬂzjh Sign(ugi) - Sign(ygi)uio o yél + (|y;1
= sign(y), Juee — vy, + (lv3,
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for j € Z,,. For j & Igi, we have u; — yg = 0. Hence (68) is satisfied componentwise. It remains to show
that (69) holds. From (65), we have that |yJ | > u,, for j € Z,,. This and (70) imply £} > 0 for j € Z,,.
From (63), we obtain

,-\

i 1 i 1 ki 1 .
Zﬁjizxzygz"—“oo—leyéil—; Slwl-A] =1,
Jj=1 j=1 j=1

giving the results. a

5.2 Constrained examples (C # V)

In this section we consider the subproblem (35) and show how it can be solved for some ¢ and C. More
precisely, we solve the minimization problem

o1
min e~ gl + Ac(e)
s.t. xeC,

where (z) is a simple convex function and C' is a simple domain. We consider a few examples of this
form.

Proposition 56 Let o(z) = ||Dx||; and C = [z, T]. Then the global minimizer of the subproblem (35) is
given by

z; w(y, A) > — i + Aldi| sign(z;) > 0,
T 1f w(y, \) > —yi + Aldi] sign(Z;) <0,
(orox$y ()i = { i — Ndil i w(y, \) > 0, g1 > Ndi. (71)
yi + Aldi| i w(y, A) >0, yi < —A|di],
0 otherwise.

fori=1,--- n, where
Wy N = Y i ANdhz+ Y (AT (72)
yit+Ald;[<0 yi+Aldi|>0
Proof The optimaliy condition (4) shows that u = proqu5 (y) if and only if
0€u—y+ X J||Dul1 + No(u), (73)
where N¢(u) is the normal cone of C at u defined in (2). Let us define w(y, A) by (72). We now consider
two cases: (1) w(y, A) < 0; (ii) w(y, A) > 0.
Case (i). Let w(y,A) < 0. Then we show that u = 0 satisfies (73). If v = 0, Proposition 23 implies
99(0) = {g € V* | ||[D7Yg||lco < 1}. This and (73) leads to
y — A 09(0) € No(0), (74)
where

Nc(O){pGVIVZE[Lpr,@SO}{pGVI > piz+ ZPESO}.

pi<0 pi>0
This and (74) leads to

max Z piz + Z piT

pi<0 pi >0
st. pe{y—g|ID gl <A geR}
It is clear that p = y — A\|D1] is the solution of this problem, where 1 is the vector of all ones. Then if
w(y,A) <0, then u = 0 is satisfied (73) leading to prox,,(y) = 0.

Case (ii). Let w(y, A) > A. Then Case (i) implies u # 0. Proposition 23 yields

0p(u) ={g € V" [ ID7glc =1, (g,u) = | Dull1}
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leading to
n
Z(giui — |diui|) = 0.
i=1
By induction on nonzero elements of u, we get g;u; = |d;u;|, for i = 1,---  n. This implies that g; =

|d;| sign(u;) if u; # 0. This and the definition of N¢(u) imply

>0 if u;=uax,,
=0 if z; <w; <7y,

fori=1,---,n, and equivalently for u # 0, we get

U; — Yi + )\|dz| Sign(ui) <0 if u; =7y, (75)

=0 if z;, <w <7y,
fori =1,---,n. If u; = z;, substituting u; = z; in (75) implies z; — y; + A|d;| sign(z;) > 0. If u;, = T,
substituting u; = T; in (75) implies T; —y; + A|d;]| sign(z;) < 0. If z; < u; < T;, there are three possibilities:
(a) u; > 0; (b) u; < 0; (¢) u; = 0. In Case (a), the fact sign(u;) = 1 and (75) imply w; = y; — A|d;| > 0.
In Case (b), the condition sign(u;) = —1 and (75) imply u; = y; + A|d;| < 0. In Case (c¢), we get u; = 0.

This completes the proof. O
Proposition 57 Let o(x) = §||z||3 and C = [z, T]. Then the global minimizer of the subproblem (35) is
given by

Z; if (14 X)z; >y,

(proxSy(y))i = | Ti it (14 N7 < i, (76)
yi/ L4+ X)) if z; <wyi/(1+X) <7,

fori=1,--- n.

Proof The function ¢(z) = 1||z[|3 is differentiable, i.e.,
Do) = {a).

This and the definition of Ne(u) imply

u; — Yi + Au; ¢ <0 if u; =Ty, (77)
=0 if z;, <wu; <7y,

fori =1,--- ,n. If u; = z;, substituting u; = z; in (77) implies (1 + Nz, > y;. If u; = T;, substituting
u; = T; in (77) implies (1 4+ N7; < y;. If 2; < u; < T;, then u; = y; /(1 + A\). This gives the result. O

Proposition 58 Let ¢(z) = $\i[|z]|3 + X2||Dz|1 and C = [z,7]. Then the global minimizer of the
subproblem (35) is determined by

z; if w(y,A) >0, (1+X)z; — yi + Aa|ds| sign(z;) >0,
T if w(y, )\) > 0, (1 + Al)fi —Y; + )\2|dl| sign(fi) <0,
(prox$y (1)) = § 1/(L+ A1) (g — Aalds]) i w(y,A) >0, y; > Aa|ds, (78)
/(14 M) (s + Aaldi])  if w(y, A) > 0, yi < —Aaldi],
0 otherwise,
fori=1,--- n, where w(y, \) is defined by (72).
Proof Since V is finite-dimensional and dom (£ [|z[|3) N domAs||Dz||y # 0, we get
1 2 Lo
9 sAllzllz + A2l Dally | = X0 { Sllzllz | +A20 ([ Delly) - (79)

The optimaliy condition (4) shows that u = proxfd) (y) if and only if

0€u—y+ Mu+ A 9||Dull1 + Ne(u), (80)
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where N¢(u) is the normal cone of C at u defined in (2). Let us consider w(y, A) defined by (72). We now
consider two cases: (i) w(y, A) < 05 (ii) w(y, A) > 0.

Case (i). Let w(y,\) < 0. Then we show that u = 0 satisfies (80). If v = 0, Proposition 23 implies
99(0) = {g € V* | [|[D7Yg||so < 1}. This and (80) leads to

y — A 99(0) € No(0), (81)

where

NC(O):{p€V|Vz€[g,f],(p,z>§0}={p€V| Zpiz-f- Zpﬁg()}.

pi<0 pi >0

This and (81) leads to

max Z piz + Z piT

pi<0 pi >0
st. pe{y—g|lID 7 'gllec <A, g €R"}.

It is clear that p = y — A|D1| is the solution of this problem, where 1 is the vector of all one’s. Then if
w(y, A) <0, then u = 0 is satisfied (80) leading to prox,,(y) = 0.

Case (ii). Let w(y,A) > A. Then Case (i) implies v # 0. From (79) and the definition of N (u), we
obtain
>0 if u; = Ly
U — Yi + Mwg + A0|diui | <0 if u =7,
=0 if z, <w <7y,

for i =1,--- ,n. This leads to

>0 if u; = a2y,
(14 A)ui — yi + Aoldi] sign(u;) ¢ <0 if u; =7, (82)
=0 if z; <u; <7y,

fori=1,---,n. If u; = g;, substituting v, = z; in (75) implies (1 + A1)z, — y; + A2|d;| sign(z;) > 0.
If u; = T, Substituting u; = T; in (75) implies (1 + )\1)51 — Y + )\2|dz| Slgn(fz) <0.Ifz <wu; < T,
there are three possibilities: (i) w; > 0; (i) u; < 0; (iii) u; = 0. In Case (i), the fact sign(u;) = 1 and
(75) imply u; = 1/(1 + A1)(yi — A2ldi]) > 0. In Case (ii), the condition sign(u;) = —1 and (75) imply
u; = 1/(14+ M) (yi + A2ld;]) < 0. In Case (iii), we get u; = 0 giving the result. 0

Let > 0 be nonnegativity constraints. These constraints are important in many applications, espe-
cially if « describes physical quantities, see, for example, [25, 32, 33]. Since nonnegativity constraints can
be regarded as especial case of bound-constrained domain, Propositions 56, 57, and 58 can be used to
derive the results for nonnegativity constraints (see Table 1).

6 Numerical experiments

In this section we report some numerical results to compare the performance of the new setup of OSGA
(OSGA-O) with some state-of-the-art solvers. In our comparison with OSGA, and OSGA-O, we consider
PGA (proximal gradient algorithm [52]), NSDSG (nonsummable diminishing subgradient algorithm [14]),
FISTA (Beck and Tebolle’s fast proximal gradient algorithm [10]), NESCO (Nesterov’s composite optimal
algorithm [47]), NESUN (Nesterov’s universal gradient algorithm [48]), NES83 (Nesterov’s 1983 optimal
algorithm [42]), NESCS (Nesterov’s constant step optimal algorithm [41]), and NES05 (Nesterov’s 2005
optimal algorithm [43]). Indeed, we adapt NES83, NESCS, and NES05 by passing a subgradient in the
place of the gradient to be able to apply them to nonsmooth problems (see AHOOKHOSH [1]). The codes
of these algorithms are written in MATLAB, where we use the parameters proposed in the associated
papers.

We divide the solvers into two classes: (i) proximal-based methods (PGA, FISTA, NESCO, and
NESUN) that can directly applied to nonsmooth problems; (ii) Subgradient-based methds (NSDSG,
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NES83, NESCS, and NES05) in which the nonsmooth first-order oracle required, where NES83, NESCS,
and NESO05 are adapted to take a subgradient in the place of the gradient. We set
L:= max ||a||?,
1<i<n
where a;, for i =1,2,--- n, is the i-th column of A. In the implementation, NESCS, NES05, PGA, and
FISTA use L = 10*L, and NSDSG employs ag = 10~7. OSGA and OSGA-O use the parameters

§=0.9, Qmaz =07, K=k =05, frarget = —00,

and the prox-function (27) with Qo = %[/zoll2 + €, where € is the machine precision. All numerical
experiments were executed on a PC Intel Core i7-3770 CPU 3.40GHz 8 GB RAM. To solve the nonlinear
system of equations (36), we first consider the nonlinear least-squares problem (44) and solve it by the
MATLAB internal function fminsearch!, which is a derivative-free solver handling both smooth and
nonsmooth problems.

We consider solving an underdetermined system

Ax =y,

where A is a m x n matrix (m < n) and y is a m-vector. Underdetermined system of linear equations is
frequently appeared in many applications of linear inverse problem such as those in the fields signal and
image processing, geophysics, economics, machine learning, and statistics. The objective is to recover x
from the observed vector y, and matrix A by some optimization models. Due to the ill-conditioned feature
of the problem, the most popular optimization models are (21), (22), and (23), where (21) is smooth and
(22) and (23) are nonsmooth. In Subsection 6.1 we report numerical results with the ¢; minimization
(22) and in Subsection 7 give results regarding the Elastic Net minimization problem (23). Let us set
m = 5000 and n = 10000. The data A, y, and z( for problem (22) is randomly generated by

A =rand(m,n), y=rand(l,m), x,=rand(1,n),

where rand generates uniformly distributed random numbers between 0 and 1. In our implementation
we stop the algorithms after 30 seconds of the running time.

6.1 /1 minimization

We here consider the ¢; minimization problem (22), reformulate it as a minimization problem of the
form (19) with the objective and the constraint described in (25), and solve the reformulated problem by
OSGA-O. We give some numerical results and a comparison among OSGA-O,0SGA and some state-of-
the-art solvers.

We consider 6 different regularization parameters and report numerical results for PGA, FISTA,
NESCO, NESUN, OSGA, and OSGA-O in Table 2 and for NSDSG, NES83, NESCS, NES05, OSGA,
and OSGA-O in Table 3. We illustrate function values versus iterations for both classes of solvers with
the regularization parameters A = 1, A = 107!, and A = 107! in Figure 1.

Table 2: Function values of PGA, FISTA, NESCO, NESUN, OSGA, and OSGA-O for solving the ¢;

minimization problem (22) with several regularization parameters.

Regularization parameter PGA FISTA NESCO NESUN OSGA OSGA-O
A=1 163813.29 29254.36 95648.33 65551.18 7705.11 224.05
A=10"1 161882.90 28826.02 73503.70 52081.40 5654.31 209.12
A=10"2 160173.56 14223.04 69294.26 62919.36 3668.93 1134.07
A=10"3 153709.75 16835.48 88402.78 60112.50 6065.37 418.97
A=10"* 158812.94 12630.09 74889.01 55774.92 76092.84 364.55
A=10"° 155573.77 19060.71 60964.63 64549.46 8454.57 418.63

I The function fminsearch is a derivative-free solver for unconstrained optimization problems based on Nelder-Mead
simplex direct search method performing well for two-dimensional problems, see, for example, [27, 34]
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Fig. 1: A comparison among first-order methods for solving ¢; minimization problem: Subfigures (a), (c),
and (e) illustrate a comparison of function values versus iterations among PGA, FISTA, NESCO, NESUN,

OSGA, and OSGA-O for A = 1, A = 1071\ = 1072, respectively; Subfigures (b), (d), and (f) illustrate
a comparison of function values versus iterations among NSDSG, NES83, NESCS, NES05, OSGA, and

OSGA-O for A =1, A = 10~1,\ = 1072, respectively. The algorithms stopped after 30 seconds.
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Table 3: Function values of NSDSG, NES83, NESCS, NES05, OSGA, and OSGA-O for solving the ¢;

minimization problem (22) with several regularization parameters.

Regularization parameter NSDSG NES83 NESCS NESO05 OSGA OSGA-O
A=1 174672.58 37465.49 26510.61 10918.82 789485 224.47
A=10"1 173411.33 34340.16 42601.60 4893.27 583.5.84 444.79
A =102 170935.10 38405.66 23236.88 6730.46 6881.61 204.62
A=10"3 170272.21 35226.85 23708.27 9457.75 6295.59 203.87
A=10"1% 172775.42 35738.34 24127.66 87641.85 69687.72 452.96
A=10"° 171480.55 25210.72 23291.35 6074.28 6750.34 204.52

The results of Tables 2 and 3 show that OSGA-O obtains the best function values for the £; minimiza-
tion problem. From Figure 1, it can be seen that the worst results are obtained by NSDSG and PGA;
FISTA, NESCO, NESUN, NES83, NESCS, NES05 and OSGA are comparable to some extent; OSGA-O
is significantly superior to the other methods.

7 Elastic Net minimization

We consider the Elastic Net minimization problem (23), reformulate it as a minimization problem of
the form (19) with the objective and the constraint given in (26), and solve the reformulated problem
by OSGA-O. We then give some numerical results and a comparison among OSGA-O,0SGA and some
state-of-the-art solvers.

We consider 6 different regularization parameters and report numerical results for PGA, FISTA,
NESCO, NESUN, OSGA, and OSGA-O in in Table 4 and for NSDSG, NES83, NESCS, NES05, OSGA,
and OSGA-O in Table 5. We then illustrate function values versus iterations for both classes of solvers
with A =1, A =107, and A = 107! in Figure 2.

Table 4: Function values of PGA, FISTA, NESCO, NESUN, OSGA, and OSGA-O for solving Elastic Net

problem with several regularization parameters.

Regularization parameter PGA FISTA NESCO NESUN OSGA | OSGA-O
A=1 163170.01 23221.75 81268.32 61438.91 7242.91 209.89
A=10"1 155821.50 18934.35 83111.27 57095.06 5439.81 213.44

A =102 160336.99 23076.71 80901.20 50686.03 4891.32 1866.06
A=10"3 159181.19 26166.87 92879.45 56724.63 8078.09 205.84
A=10"* 163193.78 27845.31 855474.09 62852.97 7759.84 208.86
A=10"° 163771.85 26335.87 90349.26 67991.56 7908.11 210.66

Table 5: Function values of NSDSG, NES83, NESCS, NES05, OSGA, and OSGA-O for solving Elastic
Net problem with several regularization parameters.

Regularization parameter ~NSDSG NES83 NESCS NESO05 OSGA OSGA-O
A=1 175349.77 33979.90 24608.58 69894.52 9476.02 207.28
A=10"1 171367.80 28446.35 24270.92 5675.27 7624.94 201.33

A =102 174310.41 22264.53 24207.23 9436.33 6944.39 2608.05
A=10"3 171458.76 31253.67 24127.23 9476.60 8160.70 209.95
A=10"% 164912.11 21584.42 23423.70 9174.28 4433.32 445.25
A=10"5 180334.49 31765.64 24834.49 7656.03 6871.54 204.15

The results of Tables 4 and 5 show that the best function values are obtained by OSGA-O. In
Figure 2, we can see that the worst results are obtained by NSDSG and PGA; FISTA, NESCO, NESUN,
NES83, NESCS, NES05 and OSGA behave competitively; again, OSGA-O outperforms the other methods
considerably.



Solving nonsmooth convex optimization with complexity O(s’l/ 2)

25

PGA
= = FISTA | 4
/11 NESCO
= = = NESUN
= = = OSGA-
a
[
] ]
&
>
c
S
£ ]
g
3
-
~ - e-a----e-
102 0 ! 1 ' 2
10 10 10 10
iterations
10" -
o PGA
10 = = FISTA | 4
' NESCO
. = = = NESUN
10 — OSGA 3
= = = OSGA-
10° E
8
7
2 10 E
g
c
S
8 10° E
2
10° b 2 E
[y
X [y
10" b ‘e ]
~
-,
-
10° b S.. 4
»
~ ~ --
102 0 ’ 1 ’ 2
10 10 10 10
iterations
(c) A=10""1
!
PGA
= = FISTA | ]
' NESCO
= = = NESUN
= = = OSGA-
. J
[
]
&
g
z ]
S
3
g
3
-~ -~ 3
10" b E
103 0 ! 1 ! 2
10 10 10 10
iterations
(e) A =10"2

function values

function values

function values

NSDSG
= = = NES83
= = +NESCS
11 NES05
— OSGA

= = = OSGA-

10

NSDSG
= = = NES83
= = +NESCS
11 NES05
— OSGA

= = = OSGA-

iterations

(d) A=10"1

10

NSDSG
= = = NES83
==+ NESCS
' NES05
— OSGA
= = = OSGA-

iterations

(f) A =102

Fig. 2: A comparison among first-order methods for solving Elastic Net minimization problem: Subfigures
(a), (c), and (e) illustrate a comparison of function values versus iterations among PGA, FISTA, NESCO,
NESUN, OSGA, and OSGA-O for A = 1, A = 1071 X\ = 1072, respectively; Subfigures (b), (d), and (f)
illustrate a comparison of function values versus iterations among NSDSG, NES83, NESCS, NES05,
OSGA, and OSGA-O for A = 1, A = 10~',A = 1072, respectively. The algorithms stopped after 30

seconds.
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8 Conclusions

This paper discusses the solution of structured nonsmooth convex optimization with the complexity
O(E_l/ 2), which is optimal for smooth problems with Lipschitz continuous gradients. If the nonsmoothness
of the problem is manifested in a structured way, we reformulate the problem in a form that the objective
is smooth with Lipschitz continuous gradients in the price of adding a functional constraint to the feasible
domain. Afterwards, a new setup of the optimal subgradient algorithm (OSGA-O) is developed to solve
the problem with the complexity O(s~1/?). Tt is proved that OSGA-O’s auxiliary subproblem is equivalent
to a proximal-like problem, which is well-studied due to its appearance in Nesterov-type optimal methods
for composite minimization. We either give explicit formulas or simple iterative schemes for solving several
proximal-like problems appearing in the applications. We finally give numerical results indicating a good
behavior of OSGA.

Acknowledgement. Thanks to Stephen M. Robinson and Defeng Sun for their comments about solving
nonsmooth equations.
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