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Preface

This book presents classical mechanics, quantum mechanics, and statistical mechanics in an
almost completely algebraic setting, thereby introducing mathematicians, physicists, and
engineers to the ideas relating classical and quantum mechanics with Lie algebras and Lie
groups.

The book should serve as an appetizer, inviting the reader to go more deeply into these
fascinating, interdisciplinary fields of science.

Much of the material covered here is not part of standard textbook treatments of classical or
quantum mechanics (or is only superficially treated there). For physics students who want
to get a broader view of the subject, this book may therefore serve as a useful complement
to standard treatments of quantum mechanics.

We motivate everything as far as possible by classical mechanics. This forced an approach
to quantum mechanics close to Heisenberg’s matrix mechanics, rather than the usual ap-
proach dominated by Schrodinger’s wave mechanics. Indeed, although both approaches are
formally equivalent, only the Heisenberg approach to quantum mechanics has any simi-
larity with classical mechanics; and as we shall see, the similarity is quite close. Indeed,
the present book emphasizes the closeness of classical and quantum mechanics, and the
material is selected in a way to make this closeness as apparent as possible.

Almost without exception, this book is about precise concepts and exact results in classical
mechanics, quantum mechanics, and statistical mechanics. The structural properties of
mechanics are discussed independently of computational techniques for obtaining quantita-
tively correct numbers from the assumptions made. This allows us to focus attention on the
simplicity and beauty of theoretical physics, which is often hidden in a jungle of techniques
for estimating or calculating quantities of interests. The standard approximation machin-
ery for calculating from first principles explicit thermodynamic properties of materials, or
explicit cross sections for high energy experiments can be found in many textbooks and is
not repeated here.

Compared with the 2008 version, most of Chapters 2-3 and all of Chapters 14-18 are new;
the remaining chapters were slightly improved.

The book originated as course notes from a course given by the first author in fall 2007,
written up by the second author, and expanded and polished by combined efforts, resulting
in a uniform whole that stands for itself. Parts II and IV are mainly based on earlier work
by the first author (including NEUMAIER [203, 205]); and large parts of Part I were added
later. The second author acknowledges support by the Austrian FWF-projects START-
project Y-237 and IK 1008-N. Thanks go to Roger Balian, Clemens Elster, Martin Fuchs,
Johann Kim, Mihaly Markot, Mike Mowbray, Hermann Schichl, Peter Schodl, and Tapio
Schneider, who contributed through their comments on earlier versions of parts of the book.

The audience of the course consisted mainly of mathematics students shortly before finishing
their diploma or doctorate degree and a few postgraduates, mostly with only a limited
background knowledge in physics.
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Thus we assume some mathematical background knowledge, but only a superficial acquain-
tance with physics, at the level of what is available to readers of the Scientific American,
say. It is assumed that the reader has a good command of matrix algebra (including com-
plex numbers and eigenvalues) and knows basic properties of vector spaces, linear algebra,
groups, differential equations, topology, and Hilbert spaces. No background in Lie alge-
bras, Lie groups, or differential geometry is assumed. Rudiments of differential geometry
would be helpful to expand on our somewhat terse treatment of it in Part V; most material,
however, is completely independent of differential geometry.

While we give precise definitions of all mathematical concepts encountered (except in Chap-
ter 4, which is taken verbatim from the theoretical physics FAQ), and an extensive index
of concepts and notation, we avoid the deeper use of functional analysis and differential
geometry without being mathematically inaccurate, by concentrating on situations that
have no special topological difficulties and only need a single chart. But we mention where
one would have to be more careful about existence or convergence issues when generalizing
to infinite dimensions.

On the physics side, we usually first present the mathematical models for a physical theory
before relating these models to reality. This is adequate both for mathematically-minded
readers without much physics knowledge and for physicists who know already on a more
elementary level how to interpret the basic settings in terms of real life examples.

This is an open-ended book. It should whet the appetite for more, and lead the reader
into going deeper into the subject.! Thus many topics are discussed far too short for a
comprehensive treatment, and often only the surface is scratched. A term has only this
many hours, and our time to extend and polish the lectures after they were given was
limited, too. We added some material, and would have liked to be more complete in many
respects. Nevertheless, we believe that the topics treated are the fundamental ones, whose
understanding gives a solid foundation to assess the wealth of material on other topics.

We usually introduce physical concepts by means of informal historical interludes, and only
discuss simple physical situations in which the relevant concepts can be illustrated. We
refer to the general situation only by means of remarks; however, after reading the book,
the reader should be able to go deeper into the original literature that treats these topics
in greater physical depth.

Part I is an invitation to quantum mechanics, concentrating on giving motivation and
background from history, from classical mechanics, and from simple, highly symmetric
quantum systems. The latter are used to introduce the most basic Lie algebras and Lie
groups. Part II gives a thorough treatment of the formal part of equilibrium statistical
mechanics, viewed in the present context as the common core of classical and quantum

!Some general references for further reading: BARUT & RACZKA [28], CORNWELL [68], GILMORE [104],
and STERNBERG [260], for the general theory of Lie algebras, Lie groups, and their representations from a
physics point of view, WYBOURNE [296] and FUCHS & SCHWEIGERT [95] for a more application oriented
view of Lie algebras, KAc [145] and NEEB [200] for infinite-dimensional Lie algebras, PAPOUSEK & ALIEV
[211] for quantum mechanics and spectroscopy, VAN DER WAERDEN [276] for the history of quantum
mechanics, and WEINBERG [284] for a (somewhat) Lie algebra oriented treatment of quantum field theory.



CONTENTS xi

mechanics, and discusses the interpretation of the theory in terms of models, statistics and
measurements. Part III introduces the basics about Lie algebras and Poisson algebras,
with an emphasis on the concepts most relevant to the conceptual side of physics. Part IV
discusses the dynamics of nonequilibrium phenomena, i.e., processes where the expectation
changes with time, in as far as no fields are involved. This results in a dissipative dynamics.
Part V introduces the relevant background from differential geometry and applies it to
classical Hamiltonian and Lagrangian mechanics, to a symplectic formulation of quantum
mechanics, and to Lie groups. Part VI applies the concepts to the study of quantum
oscillators (bosons) and spinning systems (fermions), and to the analysis of empirically
observed spectra, concentrating on the mathematical contents of these subjects. The book
concludes with numerous references and an index of all concepts and symbols introduced.
For a more detailed overview of the topics treated, see Section 1.9.

We hope that you enjoy reading this book!

Wien, April 15, 2011

Arnold Neumaier, Dennis Westra
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Part 1

An invitation to quantum mechanics






Chapter 1

Motivation

Part I is an invitation to quantum mechanics, concentrating on giving motivation and
background from history, from classical mechanics, and from 2-state quantum mechanics.

The first chapter is an introduction and serves as a motivation for the following chapters.
We shall go over different areas of physics and give a short glimpse on the mathematical
point of view.

The final section of the chapter outlines the content of the whole book.

For the mathematicians most of the folklore vocabulary of physicists may not be familiar,
but later on in the book, precise definitions in mathematical language will be given. There-
fore, there is no need to understand everything in the first chapter on first reading; we
merely introduce informal names for certain concepts from physics and try to convey the
impression that these have important applications to reality and that there are many inter-
esting solved and unsolved mathematical problems in many areas of theoretical physics.!

1.1 Classical mechanics

Classical mechanics is the part of physics whose development started around the time of
Isaac Newton (1642-1727).

It was in the period of Newton, Leibniz, and Galileo that classical mechanics was born,
mainly studying planetary motion. Newton wanted to understand why the earth seems to
circle around the sun, why the moon seems to circle around the earth, and why apples (and
other objects) fall down. By analyzing empirical data, he discovered a formula explaining
most of the observed phenomena involving gravity. Newton realized that the laws of physics
here on earth are the same as the laws of physics determining the motion of the planets.
This was a major philosophical breakthrough.

'We encourage readers to investigate for themselves some of the abundant literature to get a better
feeling and more understanding than we can offer here.
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The motion of a planet is described by its position and velocity at different times. With
the laws of Newton it was possible to deduce a set of differential equations involving the
positions and velocities of the different constituents of the solar system. Knowing exactly
all positions and velocities at a given time, one could in principle deduce the positions and
velocities at any other time.

Our solar system is a well-posed initial value problem (IVP). However, an initial error in
position and velocities at time t, = 0 grows exponentially at time ¢ > 0 by a factor of
~ e*. The value of A varies for different initial conditions; its maximum is called the
maximal Lyapunov exponent. A system with maximal Lyapunov exponent A = 0 is
called integrable. If A\ < 0 the solutions converge to each other and if A > 0 the solutions
move away from each other. The solar system is apparently not quite integrable: according
to numerical simulations, the maximal Lyapunov exponent for our solar system seems to be
small but positive, with A~! being about five million years (LASKAR [170, 171], LISSAUER

[177)).

Frequently, instead of considering separately time-dependent positions and velocities of
many objects (e.g., planets, atoms, or particles) in a system, it is more convenient to work
with single trajectories, paths parameterized by time, in a high-dimensional space called
the phase space of the system. In the case of the planetary system with N planets, the
points in phase space are described by vectors which have 6 N components grouped into N
pairs consisting of three components for position and three components for momentum,
velocity multiplied by mass, of each particle. One reason that one prefers momentum before
velocity is that the total momentum of all particles is conserved, i.e., remains constant in
time. A deeper reason that will become apparent later is that on the level of position and
momentum, the similarity between classical and quantum mechanics is most apparent. For
a single particle moving in space, there are three spatial directions to specify its position
and three directions to specify the velocity. Hence the phase space of a (free) particle is
six-dimensional; for a system of N astronomical bodies, the dimension is 6./V.

Low-dimensional phase spaces are well-understood in general. Newton showed that the
configuration of a single planet moving around the sun is stable (in fact, the system is
integrable) and motion follows Kepler’s’ laws, which were already known before, thus
giving these a theroetical basis. Higher-dimensional phase spaces tend to cause problems.
Indeed, for more planets (that is, more than 2 bodies in the system), deviations from elliptic
motions are predicted, and the question of stability was open for a long time. The Swedish
king Oskar II was willing to reward with a big amount of money the scientist who proved
stability of our solar system.

However, Poincaré showed that already three objects (one sun, two planets) cause big
problems for a possible stability proof of our solar system and received the prize in 1887.
The numerical studies from the end of the last century (quoted above) strongly indicate
that the solar system is unstable, though a mathematical proof is missing.

We now turn from celestial mechanics, where phase space is finite-dimensional, to contin-
uum mechanics, which has to cope with infinite-dimensional phase spaces. For example,
to describe a fluid, one needs to give the distribution of mass and energy and the local ve-
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locity for all (infinitely many) points in the fluid. The dynamics is now governed by partial
differential equations. In particular, fluid mechanics is dominated by the Navier—Stokes
equations, which still presents a lot of difficult mathematical problems.

Showing that solutions exist for all times (not only short-time solutions) is one of the
Clay Millennium problems (see, e.g., LADYZHENSKAYA [166]), and will be rewarded by one
million dollars.

The infinitely many dimensions of the phase space cause serious additional problems. The
Lyapunov exponents now depend on where the fluid starts in phase space and for fast-
flowing fluids, the maximal Lyapunov exponent is much larger than zero in most regions
of phase space. This results in a phenomenon called turbulence, well-known from the
behavior of water. The notion of turbulence is still not well understood mathematically.
Surprisingly enough, the problems encountered with turbulence are of the same kind as the
problems encountered in quantum field theories (QFT’s) — one of the many instances where
a problem in classical mechanics has an analogue in quantum physics.

Another area of continuum mechanics is elasticity theory, where solids are treated as
continuous, nearly rigid objects, which deform slightly under external forces. The rigidity
assumption is easily verified empirically; try to swim in metal at room temperature. ... Due
to the rigidity assumption the behavior is much better understood mathematically than in
the fluid counterpart.

The configuration of a solid is close to equilibrium and the deviations from the equilibrium
position are strongly suppressed (this is rigidity). Hence the rigidity assumption implies
that linear Taylor approximations work well since the remaining terms of the Taylor series
are small, and the Lyapunov exponent is zero.

Elasticity theory is widely applied in engineering practice. Modern bridges and high rise
buildings would be impossible without the finite element analyses which determine their
stability and their vibration modes. In fact, the calculations are done in finite-dimensional
discretizations, where much of the physics is reducible to linear algebra. Indeed, all con-
tinuum theories are (and have to be) handled computationally in approximations with
only finitely many degrees of freedom; in most areas very successfully. The mathematical
difficulties are often related to establishing a valid continuum limit.

1.2 Relativity theory

In the period between 1900 and 1920, classical mechanics was enriched with special rel-
ativity theory (SRT) and general relativity theory (GRT). In SRT and GRT, space
and time merge into a four-dimensional manifold, called space-time.

In SRT, space-time is flat. Distances in space and time are measured with the Minkowski
metric, an indefinite metric (discussed in more detail in Section 3.13) which turns space-
time a pseudo-Riemannian manifold. Different observers (in SRT) all see the same speed
of light. But they see the same distances only when measured with the Minkowski metric —
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not with the Euclidean spatial or temporal metric (which also holds for the orthogonality
mentioned above). It follows that spatial separation and temporal separation between
localized systems (for example a chicken laying an egg and an atom splitting) are different
for different observers! But the difference is observable only when the two systems move
at widely different velocities, hence Newton couldn’t have noticed this deviation from his
theory.

In classical mechanics, time is absolute in the sense that there exists a global time up to time
shifts; the time difference between two events is the same in every coordinate system. The
symmetries of classical space-time is thus the group generated by time-translations, space
translations and rotations. This group is the Galilean group. Due to the experimental
fact that the speed of light in vacuum is the same for all observers led Einstein to the
conclusion that time is not absolute and that the Galilean group should be enlarged with
transformations that rotate space and time coordinates into each other. The result was the
theory of special relativity. Due to special relativistic effects in the quantum theory, the
world indeed looks different; for example, without special relativity, gold would be white,
and mercury would be solid at room temperature NORRBY [208].

SRT is only valid if observers move at fixed velocities with respect to each other. To handle
observers whose relative velocities may vary requires the more general but also more complex
GRT. The metric now depends on the space-time point; it becomes a nondegenerate sym-
metric bilinear form on the space-time manifold. The transformations (diffeomorphisms)
relating the metric in one patch to the metric in another patch cannot change the signature.
Hence the signature is the same for all observers.

The changing metric has the effect that in GRT, space-time is no longer flat, but has
curvature. That means that freely moving objects do not follow real straight lines — in fact
the notion of what straight means is blurred. The trajectory that an object in a free fall,
where no forces are exerted on the object, will follow is called a geodesic. The geodesics are
determined by the geometry by means of a second-order differential equation. The preferred
direction of time on a curved space-time is now no longer fixed, or as mathematicians
say ’canonical’, but is determined by the observer: The geodesic along the observers’ 4-
momentum vector defines the world line of the observer (e.g., a measuring instrument) and
with it its time; the space-like surfaces orthogonal to the points on the world line define
the observer’s 3-dimensional space at each moment. When the observer also defines a set
of spatial coordinates around its position, and a measure of time (along the observers’
geodesic), one can say that a chart around the observer has been chosen.

When time becomes an observer dependent quantity, so becomes energy. Local energy
conservation is still well defined, described by a conservation law for the resulting differential
equations. The differential equations are covariant, meaning that they make sense in any
coordinate system. For a large system in general relativity, the definition of a total energy
which is conserved, i.e., time-independent, is however problematic, and well-defined only if
the system satisfies appropriate boundary conditions such as asymptotic flatness, believed
to hold for the universe at large. Finally, if the system is dissipative, there is energy loss,
and the local conservation law is no longer valid. Not even the rate of energy loss is well
defined. Dissipative general relativity has not yet found its final mathematical form.
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1.3 Statistical mechanics and thermodynamics

Thermodynamics describes ordinary matter on the level of ordinary experience. Loosely
speaking, it is the theory of the quantitative relations between volume and pressure, tem-
perature and heat, and how this characterizes different substances in their different phases —
as solid, fluid, or gas. Statistical mechanics is the part of physics that derives the macro-
scopic properties of matter — which themselves are primarily described by thermodynamics
— from microscopic principles.

An important ingredient in classical statistical mechanics is a phase space density p
playing the role of a measure to calculate probabilities; the expectation value of a function
f is given by

()= [, (1.1)

where the integral indicates integration with respect to the so-called Liouville measure in
phase space.

In the quantum version of statistical mechanics the density p gets replaced by a linear
operator p on Hilbert space called the density matrix, the functions become linear opera-
tors, and we have again (1.1), except that the integral is now interpreted as the quantum
integral,

[f=tf, (1.2)

where tr f denotes the trace of a trace class operator.

We shall see that the algebraic properties of the classical integral and the quantum integral
are so similar that using the same name and symbol is justified.

A deeper justification for the quantum integral becomes visible if we introduce the Lie

product?
{g,f} in the classical case,

%[f, g] in the quantum case, (1.3)

fZg ::{

unifying the classical Poisson bracket

1f,9} = 0uf - 0p9 — 049 - Opf

on the algebra E = C°°(2) of smooth functions on phase space Q2 = R3" x R3¥ and the
quantum commutator

[f9l=fg—gf

on the algebra E = Lin C*°(R3") of linear operators on the space of smooth functions on
configuration space. (Here i = /=1 — complex numbers will figure prominently in this
book! —, and & is Planck’s constant in the form introduced by DIRAC [74]. Planck had
used instead the constant h = 27h which caused many additional factors of 27 in formulas
discovered later.) The Lie product is in both cases an antisymmetric bilinear map from
E x E to E and satisfies the Jacobi identity; see Chapter 11 for precise definitions.

2 The symbol Z, frequently used in the following, is interpreted as a stylized capital letter L and should
be read as ”Lie”.
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In the classical case, the fact that integration and differentiation are inverse operations
implies that the integral of a derivative of a function vanishing at infinity is zero. The tra-
ditional definition of the Poisson bracket therefore implies that, for functions f, g vanishing
at infinity,

Jf£g=0. (1.4)

Remarkably, in the quantum case, (1.4) is valid for Hilbert—Schmidt operators f, g since
then tr fg = trgf, so that [fZg = tr£[f,g] = +(tr fg — trgf) = 0. Thus the quantum
integral behaves just like the Liouville integral!

Thus we see that there is a very close parallel between the classical and the quantum case.
Indeed, statistical mechanics is the area where classical mechanics and quantum mechanics
meet most closely, and hence an area of central interest for our book. This field, growing out
of the desire to seek a more fundamental understanding of thermodynamics, was developed
especially during the industrial revolution in England. Maxwell wrote many papers on a
mathematical foundation of thermodynamics. With the establishment of a molecular world
view the thermodynamical machinery slowly got replaced by statistical mechanics, where
the macroscopic properties like heat capacity, entropy, temperature were explained through
considerations of the statistical properties of a big population of particles. The first definite
treatise on statistical thermodynamics is by GiBBS [102]* who also invented much of the
modern mathematical notation in physics, especially the notation for vector analysis.

Quantum mechanics and classical mechanics look almost the same when viewed in the
context of statistical mechanics; indeed, Gibbs’ account of statistical mechanics had to be
altered very little after quantum mechanics revolutionized the whole of science. In this
course, we shall always emphasize the closeness of classical and quantum reasoning, and
put things in a way to make this closeness as apparent as possible.

1.4 Hamiltonian mechanics

Understanding statistical physics requires the setting of Hamiltonian mechanics, which
exists both in a classical and a quantum version.

Much of classical mechanics can be understood in both a Hamiltonian formulation and a
Lagrangian formulation; cf. Chapter 18. In the Hamiltonian formulation, the basic object
is the Hamiltonian function H on the phase space (), which gives the value of the energy
at an arbitrary point of phase space. Specifying H essentially amounts to specifying the
physical system under consideration. Often the phase space (2 is the cotangent bundle
T*M of a manifold M. In the Lagrangian formulation, the main object is a Lagrangian
function L on the tangent bundle T'M of a manifold M. The Lagrangian is thus not
a function on phase space, and has no simple physical interpretation, but in some sense,
it plays a more fundamental role than the Hamiltonian since it survives the transition
to the currently most fundamental physical theory, quantum field theory. The physics
point of view on quantum field theory is expounded in many books, perhaps explained

3Today, this book from 1902 is still easily readable.
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most thoroughly in the volumes by WEINBERG [284]. For an introduction to quantum
field theory from a mathematician’s point of view, see ZEIDLER [299]; this book draws
connections to many topics of contemporary mathematics, and points out basic unresolved
marthematical issues in quantum field theory. Both books together provide complementary
perspectives on the subject.

The passage between the Hamiltonian and the Lagrangian formulation is straightforward in
simple cases but may cause problems, especially in so-called gauge theories (pronounced
in English transcription as gaidge). Gauge theories are outside the scope of this book; the
curious reader is referred to the vast literature.

In the Hamiltonian formulation the time-dependence of a function f on the phase space is
determined by the classical Heisenberg equation
df
~ =—H/f={fH}, (1.5)
dt
where H is the Hamiltonian function defined above. Important to note is that the Hamil-
tonian function determines the time-evolution. If we can solve these differential equations,
this defines an operator U(s,t) that maps objects at a time s to corresponding objects at
a time t.

Clearly, the composition of the operators gives U(s, s )U(s',t) = U(s, t). If the Hamiltonian
is independent of time (this amounts to assuming that there are no external forces acting
on the system) the maps U form a so-called one-parameter group, since one can write

U(s,t) = elt=s)adu

with the associated Hamiltonian vector field ady, which is determined by H. The vector
field ady generates shifts in time. In terms of ady, the multiplication is given by

etadHesadH — 6(t—l—s)adH

Y

and the inverse is given by
Ulr,s) ™t =U(s,r), ()™t = tadu

From a mathematical point of view, the physical Hamiltonian is just one of many Hamil-
tonian functions that can be used in the above discussion. Given another Hamiltonian
function H' we get another Hamiltonian vector field adps, another one-parameter group,
and a “time” parameter ¢ with a different physical interpretation (if one exists). For exam-
ple, if H' is a component of the momentum vector (or the angular momentum vector) then
t corresponds to a translation (or rotation) in the corresponding coordinate direction by a
distance (or angle) . Combining these groups for all H', where the initial value problem
determined by ady is well posed, we get an infinite-dimensional Lie group. (See Sections
11.3 and 17.7 for a definition of Lie groups.) Thus, classical mechanics can be understood
in terms of infinite-dimensional groups!

To avoid technical complications, we shall however mainly be concerned with the cases
where we can simplify the system such that the groups are finite-dimensional. In the
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present case, to obtain a finite-dimensional group one either picks a nice subgroup (this
involves understanding the symmetries of the system) or one makes a partial discretization
of phase space.

Most of our discussions will be restricted to conservative systems, which can be described by
Hamiltonians. However, these only describe systems which can be regarded as isolated from
the environment, apart from influences that can be specified as external forces. Many real
life systems (and strictly speaking all systems with the exception of the universe as a whole)
interact with the environment — indeed, if it were not so, they would be unobservable!

Ignoring the environment is possible in so-called reduced descriptions, where only the vari-
ables of the system under consideration are kept. This usually results in differential equa-
tions which are dissipative. In a dissipative system, the energy dissipates, which means
that some energy is lost into the unmodelled environment. Due to the energy loss, going
back in time is not well defined in infinite-dimensional spaces; the initial value problem
is solvable only in the forward time direction. Hence we can not find an inverse for the
translation operators U(s,t), and these are defined only for s < t. Therefore, in the most
general case of interest, the dissipative infinitesimal generators do not generate a group,
but only a semigroup. A well-known example is heat propagation, described by the heat
equation. Its solution forward in time is a well-posed initial value problem, whereas the so-
lution backward in time suffers from uncontrollable instability. Actually, many dissipative
systems are not even described by a Hamiltonian dynamics, but the semigroup property of
the flow they generate still remains valid.

1.5 Quantum mechanics

The historical point of view on quantum mechanics is that it is a deformation of classical
mechanics obtained by a process called quantization. The deformation parameter is Planck’s
constant A.

Since in daily life we do not really see so much of quantum physics, one requires that the
so-called correspondence principle holds. The correspondence principle states that the
formulas of quantum physics should turn into corresponding formulas of classical mechanics
in the limit when h — 0. This limit is called the classical limit. However, # is a constant
of Nature and not a parameter that can be changed in experiments; thus this ‘limit’ must
be properly interpreted. The action of a physical system is a certain functional S that
gives rise to equations of motion and is measured in units of 4. The right way to think
of the classical limit is therefore the limit when the dimensionless quotient S/h becomes
arbitrarily large. The classical limit therefore amounts to considering the limiting case of
very large S. Thus classical mechanics appears as the limit of quantum mechanics when all
values of the action involved are huge when measured in units of A, which is the case when
the systems are sufficiently large.

Keeping only the linear orders of i one obtains so-called semiclassical approximations,
which is intermediate between quantum mechanics and the classical limit, and often can be
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used for quite small systems.

The value of Planck’s constant is approximately 6.6 - 10734.Js; its smallness is the reason
why we do not encounter quantum phenomena on our length and time scales that often.

A nice gedanken experiment, which goes under the name Schrodinger’s cat, illustrates
— though in a philosophically questionable way — quantum mechanics in terms of daily-life
physics. In short the experiment goes as follows. Suppose we have put a cat in a box and in
the same box we have a single radioactive nucleus. The state of the nucleus is determined
by the laws of quantum physics; the nucleus can disintegrate but we don’t know when.
The process of disintegration is described by a probability distribution that is dictated by
the laws of quantum mechanics. Now suppose we link to the nucleus a detector and a
gun; if the nucleus disintegrates, the gun, which is aimed at the cat, goes off and kills the
cat. The state of the cat, dead or alive, is now given by a quantum mechanical probability
distribution. But common sense expects the cat to be either dead or alive. ...

This sort of quantum weirdness is often propagated in the literature about quantum mechan-
ics for the general public. But those who want to get a thorough understanding of quantum
physics should try to forget all that weird stuff, which is only due to an inadequate visu-
alization of what quantum mechanics is about. The science of quantum mechanics is very
orderly and free from paradoxes, if everything is expressed in the proper — mathematical —
language.

Many quantum observations, for example scattering processes, exhibit a stochastic charac-
ter, so probabilities are frequent in quantum mechanics. Probabilities in quantum mechnaics
are usually introduced in terms of an abstract concept without an intuitive meaning, that
of the wave function. In contrast, in this book, we shall hardly make use of wave functions,
since our goal is to emphasize a view that shows how classical mechanics and quantum
mechanics are very alike. Rather than postulating probabilities as fundamental, as in the
usual approach, we derive the probabilistic view in Chapter 10 in a manner exhibiting the
conditions under which this view is appropriate. Therefore, from the point of view of this
book, the wave function is only a mathematical artifice to perform certain calculations
which result in physics of interest. Nevertheless we give here a short introduction so that
readers can easily make the connection to the standard presentation.

The wave function of a single particle is a complex-valued function of space and time
coordinates that is square-integrable over the space coordinates for all time t. For example,
the Uranium nucleus in the gedanken experiment described above is described by such a
wave function.

In quantum chemistry, the square absolute value of the wave function of an electron is
interpreted (apart from a constant factor) as its charge density. One usually normalizes
the wave function to have total weight 1; then the squared absolute value of the wave
function integrates to one, and can be viewed as a probability distribution in space. It is
the distribution governing the random quantum response of an array of detectors placed
at various position in space (when this is feasible to do). In the Copenhagen interpreta-
tion of quantum mechanics (a semiclassical view interpreting quantum aspects of a system
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with classical measurement equipment), one regards it as the distribution for “finding” the
particle in the position where such a detctor responds.

In particular, in case of a single particle, the probability density for observing a detector
response at x is |¢)(x)|?. Physicists and chemists occasionally view a scaled version of the
probability distribution |¢| as a charge density. The justification is that in a population
of a great number of particles that are all subject to the same Schrodinger equation, the
particles will distribute themselves more or less according to the probability distribution of
a single particle.

In a first course on quantum mechanics one postulates the time-dependent Schrodinger
equation

L d
zhaw = Hy (1.6)

for a single particle described by the wave function ¢, where H is the Hamiltonian — now an
operator. The Schrodinger equation describes the dynamics of the wave function and thus of
the particle. Given a solution ¢ to the Schrodinger equation, normalized to satisfy ¢*¢) = 1
(where 9* is the adjoint linear functional, in finite dimensions the conjugate transpose), one
obtains a density operator p = ¥*, which is a Hermitian, positive semidefinite rank-one
operator of trace trp = ¥* = 1. This type of density operator characterizes so-called
pure states; the nomenclature coincides here with that of the mathematical theory of
Cr-algebras.

In quantum mechanics, the classical functions are replaced by corresponding operators de-
fined on a dense subspace of a suitable separable Hilbert space. For example, the momentum
in the z-direction of a particle described by a wave function ¢ (z) can be described by the
operator —ihd,. As we shall see, this process of quantization has interesting connections
to the representation theory of Lie algebras. Using the correspondence between classical
functions and operators one deduces the Hamiltonian for an electron of the hydrogen atom,
the basis for an explanation of atomic physics and the periodic system of elements.

The hydrogen atom is the quantum version of the 2-body problem of Newton and is the
simplest of a large class of problems for which one can explicitly get the solutions of the
Schrodinger equation — it is integrable in a sense paralleling the classical notion. Unfortu-
nately, integrable systems are not very frequent; they seem to exist only for problems with
finitely many degrees of freedom, for quantum fields living on a 2-dimensional space-time,
and for noninteracting theories in higher dimensions. (Whether there are exactly solvable
interacting local 4-dimensional field theories is an unsolved problem.) Nevertheless, the hy-
drogen atom and other integrable systems are very important since one can study in these
simple models the features which in some approximate way still hold for more complicated
physical systems.



1.6. QUANTUM FIELD THEORY 13

1.6 Quantum field theory

In N-particle quantum mechanics, the Hamiltonian is a second-order differential operator
with respect to the spatial coordinates. According to the present state of knowledge, the
fundamental description of nature is, however, given not in terms of particles but in terms of
fields. The quantum mechanics of fields is called quantum field theory; the Hamiltonian
is now an expression composed of field operators rather than differential operators. While
nonrelativistic quantum mechanics may be treated equivalently as N-particle mechanics or
as nonrelativistic quantum field theory, the relativistic quantum mechanics of more than
one particle (see, e.g., the survey by Keister & Polyzou [148]) is somewhat clumsy, and
one uses almost exclusively relativistic quantum field theory for the description of multiple
relativistic particles.

Although very important in physics, the mathematical theory of quantum fields is well
developed only in the case of space-time dimensions < 4. While this covers important
applications such as quantum wires or nanotubes (which have only one or two important
spatial dimensions), it does not cover the most important case — the 4-dimensional space-
time we live in. For example, quantum electrodynamics (QED), the most accurate of all
quantum theories, exists only in the form of perturbative expansions (or other approxima-
tion schemes) and provides mathematically well-defined coefficients of a series in the fine
structure constant a (whose experimental value is about 1/137), which is believed to be
divergent DYSON [76]. The first few terms provide approximations to a-dependent num-
bers like the magnetic moment g(«) of the electron, which match experimental data to
12 digit accuracy, or the Lamb shift AFEy .., («) of hydrogen, whose explanation in 1947
by Julian Schwinger ushered in the era of quantum field theory. However, the value of a
divergent asymptotic series at a finite value of « is mathematically ill-defined; no consistent
definition of functions such as g(«) is known to which the series would be asymptotic.

Finding a mathematically consistent theory of a class of 4-dimensional quantum field the-
ories (quantum Yang-Mills gauge theory with a compact simple, nonabelian gauge group,
believed to be the most accessible case) is another of the Clay Millennium problems whose
solution is worth a million dollars.

In this book, we shall say very little about quantum field theory.

1.7 The Schrodinger picture

For conservative systems, the Hamiltonian is a self-adjoint linear operator. We assume
that the quantum system is confined to a large box; a frequently employed artifice in
quantum mechanics, which in a rigorous treatment must be removed later by going to the
so-called thermodynamic limit where the box contains an arbitrarily large ball. Under
this circumstance the spectrum of the Hamiltonian is discrete. The eigenvalues of the
Hamiltonian correspond to energy levels, but only energy differences are observable (e.g.,
as spectral lines), and one generally shifts the Hamiltonian operator such that the lowest
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eigenvalue is zero. By the spectral theorem, the eigenvalues
OIE(]SElSEQS
are real, and we can find a set of eigenvectors 1)y, normalized to satisfy 1;1s = 1, such that

Hay, = Epapy

and
H=>" B (1.7)

1y is called a ground state, the £} are the energy levels, and £, = F, — Ey > 0 is
called the energy gap. The energy gap is positive iff* the smallest eigenvalue is simple,
i.e., iff the ground state is unique up to a phase, a constant factor of absolute value 1. The
eigenvectors are the solutions of the time-independent Schrodinger equation

Hi = E, (1.8)

and the ground state is the solution of minimal energy FE,. With our normalization of
energies, Fy = 0 and hence Hvy = 0, implying that the ground state is a time-independent
solution of the time-dependent Schrodinger equation (1.6). The other eigenvectors 1 lead
to time-dependent solutions vy (t) = e"*F¥/Mq); which oscillate with the angular frequency
wr, = E)/h. This gives PLANCK’s basic relation

E = hw (1.9)

relating energy and angular frequency. (In terms of the ordinary frequency v = w/27 and
PLANCK’s original constant h = 27h, this reads £/ = hr.) The completeness of the spectrum
and the superposition principle now implies that for a nondegenerate spectrum (where
all energy levels are distinct),

Y(t) =) ane™y,

is the general solution of the time-dependent Schrodinger equation. (In the degenerate case,
a more complicated confluent formula is available.) Thus the time-dependent Schrédinger
equation is solvable in terms of the time-independent Schrodinger equation, or equivalently
with the spectral analysis of the Hamiltonian. This is the reason why spectra are in the
center of attention in quantum mechanics. The relation to observed spectral lines, which
gave rise to the name spectrum for the list of eigenvalues, is discussed in Chapter 23.

The spectral decomposition (1.7) also provides the connection to quantum statistical me-
chanics. A thorough discussion of equilibrium statistical mechanics emphasizing the quan-
tum-classical correspondence will be given in Part II. Here we only scratch the surface.
Under sufficiently idealized conditions, a thermal quantum system is represented as a so-
called canonical ensemble, characterized by a density operator of the form

p=e M B=(kT)",

4iff is the mathematician’s abbreviation for “if and only if”.
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with T" the temperature and & the Boltzmann constant, a tiny constant with approximate
value 1.38 - 10723J/ K. Hence we get

p=>_ e PPt = o + e PPt + (1.10)

At room temperature, 7' ~ 300K, hence 3 ~ 5-10%J~1. Therefore, if the energy gap
E, — Ej is not too small, it is enough to keep a single term, and we find that p ~ 1.
Thus the system is approximately in the ground state.

The fact that the ground state is the most relevant state is the basis for fields like quantum
chemistry: For the calculation of electron configuration and the corresponding energies of
molecules at fixed positions of the nuclei, it suffices to know the ground state. An exception
is to be made for laser chemistry where a few excited states become relevant. To compute
the ground state, one must solve (1.8) for the electron wave function )y, which, because
of the minimality condition, is a global optimization problem in an infinite-dimensional
space. The Hartree—Fock method and their generalizations are used to solve these in
some discretization, and the various solution techniques are routinely available in modern
quantum chemistry packages.

Applying the Schrodinger equation to the pure state p = * and noting that H* = H,
one finds that
dp

ih— = (" + %) = (ihp)y" — Y (ih)" = Hyy™ — p(H)" = Hp — pH,

giving the quantum Liouville equation

dp 1

D — L (Hp— pH) = = [H,p]. (1.11)

ih
1.8 The Heisenberg picture

In the beginning of quantum mechanics there were two independent formulations; the
Heisenberg picture (discovered in 1925 by Heisenberg), and the Schrédinger picture
(discovered in 1926 by Schrodinger). Although the formulations seemed very different at
first, they were quickly shown to be completely equivalent.

In the Schrodinger picture, the physical configuration is described by a time-dependent
state vector in a Hilbert space, and the observables are time-independent operators on
this Hilbert space. In the Heisenberg picture this is the other way around; the vector is
time-independent and the observables are time-dependent operators.

The connection between the two pictures comes from noting that everything in physics that
is objective in the sense that it can be verified repeatedly is computable from expectation
values (here representing averages over repeated observations), and that the time-dependent
expectations

(Ne=Tp@)f = [fp(t) (1.12)
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(remember that the quantum integral (1.2) is a trace!) in the Schrodinger picture can be
alternatively written in the Heisenberg picture as

(o= [pf(t)=[f(t)p. (1.13)

The traditional view of classical mechanics corresponds to the Heisenberg picture — the
observables depend on time and the density is time-independent. However, both pictures
can be used in classical mechanics, too.

To transform the Heisenberg picture description to the Schrodinger picture, we note that
the Heisenberg expectations (1.13) satisfy

i%ﬁzzhﬁu)zfmfuxH}=<UiHDm

giving the differential equation

dif) _
= ({1, (119

for the expectations. An equivalent description in the Schrodinger picture expresses the
same dynamical law using the Schrodinger expectations (1.12). To deduce the dynamics
of p(t) we need the following formula which can be justified for concrete Poisson brackets
with integration by parts,

J{f gth = [f{g.h}; (1.15)

cf. (1.19) below. Using this, we find as consistency condition that 4(f), = [fp(t) and
{f,H})e = [{f. H}p(t) = [f{H, p(t)} must agree for all f. This dictates the classical
Liouville equation

p(t) = {H,p(t)}. (1.16)

In the quantum case, the Heisenberg and Schrodinger formulations are equivalent if the
dynamics of f(t) is given by the quantum Heisenberg equation

L d
ine £ () = [H. /(1)

To check this, one may proceed in the same way as we did for the classical case above.
Using the Lie product notation (1.3), the dynamics for expectations takes the form

d
S = (HLP),

the Heisenberg equation becomes

d

—f=HZ/ 1.17
and the Liouville equation becomes

p(t) = p(t)ZH. (1.18)

(Note that here H appears in the opposite order!) These formulas hold whether we consider
classical or quantum mechanics.
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We find the remarkable result that these equations look identical whether we consider
classical or quantum mechanics; moreover, they are linear in f although they encode all the
intricacies of nonlinear classical or quantum dynamics. Thus, on the statistical level,
classical and quantum mechanics look formally simple and identical in structure.
The only difference lies in the definition of the Lie product and the integral.

The connection is in fact much deeper; we shall see that classical mechanics and quantum
mechanics are two applications of the same mathematical formalism. At the present stage,
we get additional hints for this by noting that, as we shall see later, both the classical and
the quantum Lie product satisfies the Jacobi identity

f£(g4h) +gZ(hLf) +hs(f£g) =0,

hence define a Lie algebra structure; cf. Section 11.1. They also satisfy the Leibniz
identity

gZfh = (9Zf)h+ f(gZh)

characteristic of a Poisson algebra; cf. Section 12.1. Integrating the Leibniz identity and

using (1.4) gives 0 = [gZfh = [((9Zf)h + f(9£h)) = —[(fZLg)h + [ f(gZh), hence the
integration by parts formula

[f(gZh) = [(fZg)h. (1.19)

Readers having some background in Lie algebras will recognize (1.19) as the property that
[ fg defines a bilinear form with the properties characteristic for the Killing form of a Lie
algebra — again both in the classical and the quantum case. Finally, the Poisson algebra
of quantities carries both in the classical case and in the quantum case an intrinsic real
structure given by an involutive mapping * satisfying f** = f and natural compatibility
relations with the algebraic operations: f* is the complex conjugate in the classical case,
and the adjoint in the quantum case.

Thus the common structure of classical mechanics and quantum mechanics is encoded in
the algebraic structure of a Poisson x-algebra. This algebraic structure is built up in the
course of the book, and then exploited to analyze one of the characteristic quantum features
of nature — the spectral lines visible in light emanating from the sun, or from some chemical
compound brought into the flame of a Bunsen burner.

1.9 Outline of the book

The goal of this book is to introduce the ideas relating quantum mechanics, Lie algebras and
Lie groups, motivating everything as far as possible by classical mechanics. We shall mostly
be concerned with systems described by a finite-dimensional phase space; the infinite-
dimensional case is too difficult for a presentation at the level of this book. However,
we present the concepts in such a way that they are valid even in infinite dimensions, and
select the material so that it provides some insight into the infinite-dimensional case.
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Chapter 2 discusses the mathematics and physics of the 2-level system, the simplest quan-
tum system. It describes a number of important physical situations: Systems having only
two energetically accessible energy eigenstates (e.g., 2-level atoms), the spin of a single
particle such as an electron or a silver atom, the two polarization degrees of freedom of
light, the isospin symmetry between proton and neutron, and the qubit, the smallest unit
of quantum information theory. From a mathematical point of view, this is essentially the
theory of the Lie group SU(2) and its Lie algebra su(2); therefore we introduce along the
way basic concepts for matrix groups and their Lie algebras.

Chapter 3 discusses the mathematics of the most important symmetries found in our uni-
verse, and their associated Lie groups and Lie algebras: The rotation group and the group
of rigid motions in physical space R?, the Heisenberg groups describing systems of point
particles, the Galilei group and the Poincare group describing the symmetry of Newtonian
and Minkowski space-time, the Lorentz group describing basic features of the theory of
relativity, and some more groups describing the hydrogen atom, the periodic system of
elements, a model for nuclei, and quarks. Currently, parts of this chapter are only very
sketchy.

Chapter 4 currently contain a number of sections quoted verbatim from the Theoretical
Physics FAQ at ht t p: // www. mat . uni vi e. ac. at/ ~neum physf aq/ physi cs- f aq.
ht m ; the material there must be integrated into the other chapters of the book (mostly
into Chapter 3), a task still to be done..

Chapter 5 discusses systems of classical oscillators, starting with ordinary differential equa-
tions modeling nonlinearly coupled, damped oscillators, and introducing some notions from
classical mechanics — the Hamiltonian (energy), the notion of conservative and dissipative
dynamics, and the notion of phase space. We then look in more detail into the single oscil-
lator case, the classical anharmonic oscillator, and show that the phase space dynamics can
be represented both in terms of Hamilton’s equations, or in terms of Poisson brackets and
the classical Heisenberg equation of motion. Since the Poisson bracket satisfies the Jacobi
identity, this gives the first link to Lie algebras. Considering the special case of harmonic
oscillators, we show that they naturally arise from eigenmodes of linear partial differential
equations describing important classical fields: The Maxwell equations for beams of light
and gamma rays, the Schrodinger equation and the Klein—Gordon equation for nonrela-
tivistic and relativistic beams of alpha rays, respectively, and the Dirac equation for beams
of beta rays.

Chapter 6.5 relates the dynamics of arbitrary systems to those of oscillators by coupling the
latter to the system, and exploring the resulting frequency spectrum. The observation that
experimental spectra often have a pronounced discrete structure (analyzed in more detail
in Chapter 11) is found to be explained by the fact that the discrete spectrum of a quan-
tum Hamiltonian is directly related to the observed spectrum via the quantum Heisenberg
equation of motion. Indeed, the observed spectral lines have frequencies corresponding to
differences of eigenvalues of the Hamiltonian, multiplied by Planck’s constant. This natu-
rally explains the Rydberg-Ritz combination principle that had been established about 30
years before the birth of modern quantum theory. An excursion into the early history of
quantum mechanics paints a colorful picture of this exciting time when the modern world
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view got its nearly definite shape. We then discuss general properties of the spectrum of
a system consisting of several particles, and how it reflects the bound state and scattering
structure of the multiparticle dynamics. Finally, we show how black body radiation, the
phenomenon whose explanation (by Planck) initiated the quantum era, is related to the
spectrum via elementary statistical mechanics.

Part II discusses statistical mechanics from an algebraic perspective, concentrating on ther-
mal equilibrium but discussing basic things in a more general framework. A treatment
of equilibrium statistical mechanics and the kinematic part of nonequilibrium statistical
mechanics is given. From a single basic assumption (Definition 9.1.1) the full structure of
phenomenological thermodynamics and of statistical mechanics is derived, except for the
third law which requires an additional quantization assumption.

Chapter 7 gives a description of standard phenomenological equilibrium thermodynamics for
single-phase systems in the absence of chemical reactions and electromagnetic fields. Section
7.1 states the assumptions needed in an axiomatic way that allows an easy comparison with
the statistical mechanics approach discussed in later chapters, and derives the basic formulas
for the thermodynamic observables. Section 7.2 then discusses the three fundamental laws
of thermodynamics; their implications are discussed in the remainder of the chapter. In
particular, we derive the conventional formulas that express the thermodynamic observables
in terms of the Helmholtz and Gibbs potentials and the associated extremal principles.

Chapter 8 introduces the technical machinery of statistical mechanics, Gibbs states and the
partition function, in a uniform way common to classical mechanics and quantum mechan-
ics. Section 8.1 introduces the algebra of quantities and their basic realizations in classical
and quantum mechanics. Section 8.2 defines Gibbs states, their partition functions, and
the related KMS condition, and illustrates the concepts by means of the canonical ensemble
and harmonic oscillators. The abstract properties of Gibbs states are studied in Section
8.3, using the Kubo product and the Gibbs-Bogoliubov inequality. These are the basis of
approximation methods, starting with mean field theory, and we indicate the connections.
However, since approximation methods are treated abundantly in common texts, we dis-
cuss elsewhere in the present book only exact results. The final Section 8.4 discusses limit
resolutions for the values of quantities, and the associated uncertainty relations.

Chapter 9 rederives the laws of thermodynamics from statistical mechanics, thus putting the
phenomenological discussion of Chapter 7 on more basic foundations. Section 9.1 defines
thermal states and discusses their relevance for global, local, and microlocal equilibrium.
Section 9.2 deduces the existence of an equation of state and connects the results to the
phenomenological exposition in Section 7.1. Section 9.3 proves the first law of thermody-
namics. In Section 9.4, we compare thermal states with arbitrary Gibbs states and deduce
the extremal principles of the second law. Section 9.5 shows that the third law is related
to a simple quantization condition for the entropy and relates it to the time-independent
Schrodinger equation.

In Chapter 10 we discuss in more detail the relation between mathematical models of phys-
ical systems and reality. Through a discussion of the meaning of uncertainty, statistics,
and probability, the abstract setting introduced in the previous chapters is given both a
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deterministic and a statistical interpretation. Section 10.1 discusses questions relating to
different thermal models constructed on the basis of the same Euclidean x-algebra by select-
ing different lists of extensive quantities. Section 10.2 discusses the hierarchy of equilibrium
descriptions and how they relate to each other. Section 10.3 reviews the role of statistics in
the algebraic approach to statistical mechanics. Section 10.4 gives an operational meaning
to classical instruments for measuring the value of uncertain quantities, and to statistical
instruments whose measurement results are only statistically correlated to properties of
the measured system. Section 10.5 extends the discussion to quantum systems, and dis-
cusses the deterministic and statistical features of quantum mechanics. Section 10.6 relates
the subject to information theory, and recovers the usual interpretation of the value of
the entropy as a measure of unobservable internal complexity (lack of information). The
final Section 10.7 discusses the extent to which an interpretation in terms of subjective
probability makes sense, and clarifies the relations with the maximum entropy principle.

Part III introduces the basics about Lie algebras and Lie groups, with an emphasis on the
concepts most relevant to the conceptual side of physics.

Chapter 11 introduces Lie algebras. We introduce in Section 11.1 the basic definitions and
tools for verifying the Jacobi identity, and establish the latter for the Poisson bracket of
a single harmonic oscillator and in Section 11.2 for algebras of derivations in associative
algebras. Noncommutative associative algebras give rise to Lie algebras in a different way —
via commutators, discussed in Section 11.3. The fact that linear operators on a vector space
form a Lie algebra brings quantum mechanics into the picture. Differential equations in
associative algebras defining exponentials naturally produce Lie groups and the exponential
map, which relates Lie groups and Lie algebras. In Section 11.4, we discuss classical groups
and their Lie algebras. Taking as the vector space the space of n-dimensional column vec-
tors gives as basic examples the Lie algebra of n x n matrices and its most important Lie
subalgebras, the orthogonal, symplectic, and unitary Lie algebras. Many finite-dimensional
Lie groups arise as groups of square invertible matrices, and we discuss the most important
families, in particular the unitary, orthogonal, and symplectic groups. We then discuss
Heisenberg algebras and Heisenberg groups and their relation to the Poisson bracket of
harmonic oscillators via the canonical commutation relations. The product law in Heisen-
berg groups is given by the famous Weyl relations, which are an exactly representable case
of the Baker-Campbell-Hausdorff formula valid for many other Lie groups, in particular
for arbitrary finite-dimensional ones. We end the Chapter with a treatment of the slightly
richer structure of a Lie x-algebra usually encountered in the mechanical applications. In
traditional terms, Lie x-algebras are equivalent to complexifications of real Lie algebras,
but the x-formulation is often more suitable for discussing physics.

Chapter 12 brings more physics into play by introducing Poisson algebras, the algebras in
which it is possible to define Hamiltonian mechanics. Poisson algebras abstract the alge-
braic features of both Poisson brackets and commutators, and hence serve as a unifying tool
relating classical and quantum mechanics. After defining the basic concepts in Section 12.1,
we discuss in Section 12.2 rotating rigid bodies, in Section 12.3 the concept of angular mo-
mentum, and the commutative Poisson algebra of smooth functions of angular momentum.
It is directly related to the group SO(3) of 3-dimensional rotations and the corresponding
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Lie algebra so(3) of infinitesimal rotations, which is generated by the components of the
angular momentum. In particular, we obtain in Section 12.4 the Euler equations for a spin-
ning rigid body from a Hamiltonian quadratic in the angular momentum. This example
shows how the quantities of a classical Poisson algebra are naturally interpreted as physical
observables. The angular momentum Poisson algebra is a simple instance of Lie-Poisson al-
gebras, a class of commutative Poisson algebras canonically associated with any Lie algebra
and constructed in Section 12.5. The Poisson bracket for the harmonic oscillator is another
instance, arising in this way from the Heisenberg algebra. Thus Hamiltonian mechanics
on Lie-Poisson algebras generalizes the classical anharmonic oscillator, and gives for so(3)
the dynamics of spinning rigid bodies. Sections on classical symplectic mechanics and its
application to the dynamics of molecules and an outlook to quantum field theory conclude
the chapter.

Chapter 13 introduces representations of Lie algebras and Lie groups in associative alge-
bras and in Poisson algebras. A general physical system can be characterized in terms of
a Poisson representation of the kinematical Lie algebra of distinguished quantities of in-
terest, a Hamiltonian, a distinguished Hermitian quantity in the Poisson algebra defining
the dynamics, and a state defining a particular system at a particular time. We also in-
troduce Lie algebra and Lie group representations in associative algebras, which relate Lie
algebras and Lie groups of matrices or linear operators to abstract Lie algebras and Lie
groups. These linear representations turn out to be most important for understanding the
spectrum of quantum systems, as discussed later in Section 23.6. We then discuss unitary
representations of the Poincare group, the basis for relativistic quantum field theory. An
overview over semisimple Lie algebras and their classification concludes the chapter.

Part IV discusses the dynamics of nonequilibrium phenomena, i.e., processes where the
expectation changes with time, in as far as no fields are involved. This part is still in a
preliminary, somewhat sketchy form. It also lacks references (both to historical origins, the
literature on the subject) and subject indexing, and must also better connected with the
earlier parts.

Chapter 14 discusses general Markov processes, i.e., abstract (classical or quantum) stochas-
tic processes without memory. It will also contain the basic features of quantum dynamical
semigroups and the associated Lindblad dynamics.

Chapter 15 discusses stochastic differential equations and associated diffusion processes,
and their deterministic limits — dissipative Hamiltonian systems.

Chapter 16 discusses collective processes described by a master equation, and their most
prominent application — stirred chemical reactions.

Part V gives an introduction to differential geometry from an algebraic perspective.

Chapter 17 starts with an introduction to basic concepts of differential geometry. We
define (smooth, infinitely often differentiable) manifolds and the associatated algebra of
scalar fields. Its derivations define vector fields, which form important examples of Lie
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algebras. The exterior calculus on alternating forms is developped. Finally, Lie groups are
interpreted as manifolds.

Chapter 18 discusses the construction of Poisson algebras related to manifolds, and associ-
ated Poisson manifolds, the arena for the most general classical dynamics. We show how
classical symplectic mechanics (in flat phase space) and constrained Hamiltonian mechanics
fit into the general abstract picture. We end the chapter with a discussion of the Lagrangian
approach to classical mechanics.

Chapter 19 is about Hamiltonian quantum mechanics. We discuss a classical symplec-
tic framework for the Schrodinger equation. This is then generalized to a framework for
quantum-classical dynamics, including important models such as the Born-Oppenheimer
approximation for the quantum motion of molecules. A section on deformation quanti-
zation relates classical and quantum descriptions of a system, and the Wigner transform
makes the connection quantitiatively useful in the special case of a canonical system with
finitely many degrees of freedom.

Part VI applies these concepts to the study of the dominant kinds of elementary motion
in a bound system, vibrations (described by oscillators, Poisson representations of the
Heisenberg group), rotations (described by a spinning top, Poisson representations of the
rotation group), and their interaction. On the quantum level, quantum oscillators are
always bosonic systems, while spinning systems may be bosonic or fermionic depending on
whether or not the spin is integral. The analysis of experimental spectra, concentrating on
the mathematical contents of the subject, concludes our discussion.

Chapter 20 is a study of harmonic oscillators (bosons, elementary vibrations), both from
the classical and the quantum point of view. We introduce raising and lowering operators
in the symplectic Poisson algebra, and show that the classical case is the limit A — 0 of
the quantum harmonic oscillator. The representation theory of the single-mode Heisenberg
algebra is particularly simple since by the Stone-von Neumann theorem, all unitary repre-
sentations are equivalent. We find that the quantum spectrum of a harmonic oscillator is
discrete and consists of the classical frequency (multiplied by /) and its nonnegative integral
multiples (overtones, excited states). For discussing the representation where the harmonic
oscillator Hamiltonian is diagonal, we introduce Dirac’s bra-ket notation, and deduce the
basic properties of the bosonic Fock spaces, first for a single harmonic oscillator and then
for a system of finitely many harmonic modes. We then introduce coherent states, an over-
complete basis representation in which not only the Heisenberg algebra, but the action of
the Heisenberg group is explicitly visible. The coherent state representation is particularly
relevant for the study of quantum optics, but we only indicate its connection to the modes
of the electromagnetic field.

Chapter 21 discusses spinning systems, again from the classical and the quantum per-
spective. Starting with the Lie-Poisson algebra for the rotation group and a Hamiltonian
quadratic in the angular momentum, we obtain the Euler equations for the classical spin-
ning top. The quantum version can be obtained by looking for canonical anticommutation
relations, which naturally produce the Lie algebra of a spinning top. As for oscillators,
the canonical anticommutation relations have a unique irreducible unitary representation,
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which corresponds to a spin 1/2 representation of the rotation group. The multimode
version gives rise to fermionic Fock spaces; in contrast to the bosonic case, these are finite-
dimensional when the number of modes is finite. In particular, the single mode fermionic
Fock space is 2-dimensional. Many constructions for bosons and fermions only differ in
the signs of certain terms, such as commutators versus anticommutators. For example,
quadratic expressions in bosonic or fermionic Fock spaces form Lie algebras, which give
natural representations of the universal covering groups of the Lie algebras so(n) in the
fermionic case and sp(2n,R) in the bosonic case, the so-called spin groups and metaplectic
groups, respectively. In fact, the analogies apart from sign lead to a common generalization
of bosonic and fermionic objects in form of super Lie algebras, which are, however, outside
the scope of the book. Apart from the Fock representation, the rotation group has a unique
irreducible unitary representation of each finite dimension. We derive these spinor repre-
sentations by restriction of corresponding nonunitary representations of the general linear
group GL(2,C) on homogeneous polynomials in two variables, and find corresponding spin
coherent states.

Chapter 22 discusses highest weight representations, providing tools for classifying many
irreducible representations of interest. The basic ingredient is a triangular decomposition,
which exists for all finite-dimensional semisimple Lie algebras, but also in other cases of
interest such as the oscillator algebra, the Heisenberg algebra with the harmonic oscillator
Hamiltonian adjoined. We look at detail at 4-dimensional Lie algebras with a nontrivial
triangular decomposition (among them the oscillator algebra and so(3)), which behave
almost like the oscillator algebra. As a result, the analysis leading to Fock spaces generalizes
without problems, and we are able to classify all irreducible unitary representations of the
rotation group.

Chapter 23 applies the Lie theoretic structure to the analysis of quantum spectra. After a
short history of some aspects of spectroscopy, we look at the spectrum of bound systems of
particles. We show how to obtain from a measured spectrum the spectrum of the associated
Hamiltonian, and discuss qualitative results on vibrations (giving discrete spectra) and
chemical reactions (giving continuous spectra) that come from the consideration of simple
systems and the consideration of approximate symmetries. The latter are shown to result
in a clustering of spectral values. The structure of the clusters is determined by how the
irreducible representations of a dynamical Lie algebra split when the algebra is reduced
to a subalgebra of generating symmetries. The clustering can also occur in a hierarchical
fashion with fine splitting and hyperfine splitting, corresponding to a chain of subgroups.
As an example, we discuss the spectrum of the hydrogen atom.

The material presented should be complemented (in a later version of the book) by two
further parts, one covering quantum field theory, and the other on nonequilibrium statistical
mechanics, deriving space-time dependent thermodynamics from quantum field theory.
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Chapter 2

The simplest quantum system

The simplest quantum system is a 2-level system. It describes a number of different sit-
uations important in practice: Systems having only two energetically accessible energy
eigenstates (e.g., 2-level atoms), the spin of a single particle such as an electron or a sil-
ver atom, the two polarization degrees of freedom of light, the isospin symmetry between
proton and neutron, and the qubit, the smallest unit of quantum information theory.

The observable quantities of a 2-level system are 2 x 2 matrices. Matrices and their infinite-
dimensional generalizations — linear operators — are the bread and butter of quantum me-
chanics.

In mathematics and physics, symmetries are described in terms of Lie groups and Lie
algebras. An understanding of these concepts is fundamental to appreciate the unity of
modern physics.

This chapter introduces some basic concepts for matrix groups and their Lie algebras,
concentrating on the case of 2 x 2 matrices and their physical interpretation. In the next
chapter we introduce in an elementary way a number of other Lie groups and Lie algebras
that are important for physics, by means of concrete matrix representations, and relate them
to concrete physics. A general, more abstract treatment of Lie groups and Lie algebras is
given later in Chapter 11.

We assume that the reader already has a good command of matrix algebra (including com-
plex numbers and eigenvalues) and knows basic properties of vector spaces, linear algebra,
limits, and power series (quickly reviewed in Section 2.1).

The beginning is just matrix calculus with some new terminology, but the subject soon
takes on a life of its own. ... Readers who see matrix groups for the first time may want to
skip forward to the sections with more physical content to get a better idea of how matrix
group are used in physics, before reading the chapter in a linear order.

25
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2.1 Matrices, relativity and quantum theory

The early 20th century initiated two revolutions in physics that changed the nature of the
mathematical tools used to describe physics. Both revolutions gave matrices a prominent
place in understanding the new physics.

The transition from the old, Newtonian world view to the new, relativistic conception of
the world culminated in the realization that Nature is governed by symmetries that can
be descibed in terms of the Lorentz group, a group of 4 x 4-matrices that mathematicians
refer to by the symbolic name SO(1,3) or SL(2,C). Since then, many other symmetry
groups have found uses in physics. Indeed, symmetry considerations and the associated
group theory have become a unifying theme and one of the most powerful tools in modern
physics.

Independently of the theory of relativity, an increasing number of quantum phenomena
defying an explanation in terms of classical physics were noticed, beginning in 1900, when
Max PLANCK [219] successfully used a quantization condition for his analysis of black
body radiation. After 25 years of groping in the dark to make classical sense of these
quantum phenomena, Werner HEISENBERG [123] laid in 1925 the mathematical foundations
of modern quantum mechanics. The key was the insight that basic physical quantities such
as the components of position and momentum should be represented in terms of matrices (in
this case infinite arrays of numbers) rather than by single numbers as in classical mechanics.
Since then, matrices and linear operators, their infinite-dimensional generalizations, form
the cornerstone of quantum mechanics.

Therefore, the language of matrices is an indispensible foundation for a deeper understand-
ing of modern physics. To fix the notation and to remind the reader, we begin by repeating
some definitions and properties of matrices and related concepts. Thorough treatments
(from complementary points of views) are given in LAX [172] and HORN & JOHNSON
[127].

K denotes a field, usually the field R of real numbers or the field C of complex numbers.
Then K" denotes the space of column vectors = of length n with entries z;, € K (k =
1,...,n), and K™*™ denotes the vector space of all m x n matrices A with entries A;;, € K
(j=1,....m; k=1,...,n). We identify 1 x 1 matrices with the entry they contain, and
column vectors with matrices having a single column; thus K>! = K and K™ = K™,
The zero matrix of any size (with all entries zero) is denoted by 0, or by 0, if it is
square and its size n X n is emphasized. The identity matrix of any size is denoted by
1, or by 1, if its size n X n is emphasized; multiples of the identity are identified with
the corresponding elements of K. The transpose of the matrix A € K™*" is the matrix
AT € K™™ with entries (A7), := Ay;; the transpose of the column vector x € K" is the
row vector 7 € K" The matrix A is called symmetric if AT = A. The conjugate
transpose of the matrix A € C™" is the matrix A* € C™™ with entries (A*);), := Ay,
where A = A\* denotes the complex conjugate of A € C. The matrix A is called Hermitian
if A* = A.

The product of the m x n matrix A and the n x r matrix B is the m X r matrix AB with
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entries (AB);, = ZAlelk. The product is associative, (AB)C' = A(BC), and distribu-
I=1
tive, A(B+C) = AB+ AC, (A+ B)C = AB+ AC, but in general not commutative. For a

square matrix A € K™*" the number tr A := Z Ay is the trace of A, and det A denotes

the determinant of A. The trace of a produc_t is generally written without parentheses.
The trace is a linear operation, and for A, B € K"*", we have

trAT =tr A, trA*=(trA)*, trAB =trBA,
det AT =det A, det A* = (det A)*, det(AB) = det Adet B.

The determinant det(A — A) of a real or complex n x n matrix A factors into a product
of n linear factors A — A\; with complex numbers )\, called the eigenvalues of A; they are
are unique up to ordering. The trace is the sum of the eigenvalues, and the determinant is
their product. All eigenvalues of a Hermitian matrix are real numbers. The real or complex
n x n matrix A is called positive semidefinite (positive semidefinite) if z*Az > 0
for all z € C" (resp. x*Axz > 0 for all nonzero x € C"). The eigenvalues of a positive
semidefinite (positive definite) matrix have nonnegative (positive) real part.

|z| = V2T is the length of the vector 2 € R™. || = /4" is the norm of the vector
1 € C". For any real or complex matrix A, the matrix A*A is Hermitian and positive
semidefinite; the square roots of the (real and nonnegative) eigenvalues of A*A are called
the singular values of A. The maximal singular value of A is called the spectral norm

|Al| of A. For A, B € C"*" and «, 8 € C, we have
laA+ BBl < |l Al + [5lIB],  [ABIl < Al 1B,
and
[Ay] < [|A[l[y] for ¢ € C.

Matrix functions of a real or complex square matrix A are defined by power series with real
or complex coefficients. If a power series in x has convergence radius r then the series with
x replaced by a square matrix A converges for ||A|| < r. Any two matrix functions of the
same matrix A commute. If A has the eigenvalues A, then the matrix function f(A) has
the eigenvalues f(\x). Identities for power series involving only a single variable x remain
valid when z is replaced by a square matrix; moreover, f(AT) = f(A)T and f(A*) = f(A)*.
In particular, the matrix exponential

1
A _ Lok
e = Z k!A
k=0
is defined for all real or complex square matrices A, and satisfies for s,¢ € C the relations
esAetA _ e(s—i—t)A’ (65A)t — 6stA‘ (21)

On the other hand, e**? is in general distinct from e?e?; however, eA*8 = e%e? if A and
B commute, i.e., AB = BA. We also note the formula

det e? = 4, (2.2)

which follows from det e? = [[eM = eX = r4,



28 CHAPTER 2. THE SIMPLEST QUANTUM SYSTEM

2.2 Continuous motions and matrix groups

A basic fact about square real and complex matrices is that they can often be interpreted
in terms of motions in the underlying vector space on which they act. This gives them an
intuitive meaning that makes it easy to interpret even very abstract applications. Since
motions can be combined and reversed they carry a natural group structure that gives rise
to the concept of a matrix group. Different matrix groups characterize different forms of
permitted motions. Matrix groups are important examples of so-called Lie groups, defined
in Section 17.7. Indeed, by the theorem of Ado (ADO [2]), every finite-dimensional Lie
group is isomorphic to a matrix group.

A matrix group over K is a nonempty, closed set G of invertible matrices from K™*" with
the property that the product of any two matrices from G and the inverse of a matrix from
G are in G. In particular, 1 € G, and the limit of any convergent sequence of elements
U eG(l=1,23,...)isagain in G. If K =R (or K = C) then G is called a real (or
complex) matrix group. The matrix group G is called abelian if all its elements commute,
ie., if UV =VU forall U,V € G.

Let G be a real or complex matrix group. A G-motion (by V' € G) is an arbitrarily often
differentiable map U : [0, 1] — G such that U(0) =1 (and U(1) = V). If the group consists
of n x n matrices, the G-motion moves a vector zy € K from z(0) = x¢ to z(1) = Vxy,
sweeping out a path x(t) = U(t)xo for ¢ € [0,1]. It is natural to interpret ¢ as a time
coordinate in suitable units of time.

2.2.1 Examples. We shall meet a large number of examples in this and the next chapter,
progressing from the matrix groups easiest to define to the ones most useful in physics. We
begin by naming the smallest and largest matrix groups of a given size.

(i) The set Id(n) consisting only of the n x n identity matrix is a matrix group, called a
trivial group.

(i) The set L(n, K) = GL(n,K) of all invertible n x n matrices with entries in K is a matrix

group, called a general linear group over K. In particular, L(1, K) is the multiplicative
group K* :=K\ {0} of the field K.

We now illustrate the geometric inplications of the definitions by means of the complex
plane and the motions corresponding to C* and some of its subgroups.

The first subgroup of C* of geometric interest is the group R of positive real numbers.
An RZ-motion stretches or compresses all vectors from the origin to a nonzero complex
number by a time-varying factor. Such a stretching or compression is called a dilatation
or dilation; thus R is the group of dilatations (with respect to the origin) of the complex
plane. It is well-known that the real multiplicative group and the real additive group R
of translations along the real axis are isomorphic: Vie the exponential function, one can
associate to every translation by f € R a dilatation U = e/ € R, and conversely, find
for every dilatation U € R a unique f = logU € R such that U = e/. In particular, a
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uniform stretch (or compression) is obtained by the exponential motion U(t) = e'/ when
f >0 (resp. f<0).

The subgroup L(1,R) = R* of all nonzero real numbers contains dilations, the reflections
at zero given by multiplication with —1, and their products, given by arbitrary negative
real numbers.

Another important subgroup is the group consisting of all complex numbers with absolute
value one, forming the unit circle in the complex plane. This group is the smallest of the
unitary groups defined in Section 2.8, and is therefore generally denoted by U(1)!. Using
the Euler relation € = cos ¢ + isin p, one can again represent arbitrary group elements
U € U(1) as exponential U = €% of a purely imaginary element f = ip. As group
elements acting by multiplication on the complex plane, the elements of U(1) correspond
to rotations around zero. Indeed, U = €% is a rotation by the angle ¢. In particular, a
uniform rotational motion progresses by equal angles in equal time intervals, hence is given
by the exponential motion U(t) = cos(tp) + isin(tp) = e

Since rotations by integral multiples of 27 have no net effect, the representation U = ¥
does not define ¢ uniquely; hence imaginary elements f differing by a multiple of 27 give
the same group element U = ef. Thus while the two groups behave the same locally, there
is a global topological difference. This also shows in the fact that, as a manifold, U(1) is
compact, while R is noncompact.

2.3 Infinitesimal motions and matrix Lie algebras

The matrix p
U'(0) := =U(t
(0)=2U®)| _
is called the infinitesimal motion of the G-motion U : [0,1] — G. Thus f is the infinites-

imal motion of U : [0, 1] — G iff, for small ¢,
Ut)=1+tf + O(t?).

Here the Landau symbol O(t?) denotes an expression in ¢ whose norm is bounded for small
t by a constant multiple of #> (which may be different in each occurrence of the Landau
symbol). The Lie algebra of (or associated with) the real or complex matrix group G is
the set log G of all infinitesimal motions of G-motions.

The following fundamental theorem gives basic properties of the Lie algebra log G and
describes the effect that a coordinate transformation in form of a G-motion has on Lie
algebra elements.

2.3.1 Theorem.
(i) The Lie algebra L := logG of any real or complex matrix group G is a vector space

!The reader should not confuse the occurrences of U(1) as group with those of U(1) as the final group
element of a motion U : [0,1] — G.
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containing with any two matrices f, g their commutator

[f, 9] == fg—gf.

(ii) For every U € G,
Adyf:=UfU" for feL (2.3)

defines a linear mapping Ady : L — L, called the adjoint mapping of U.

(iii) Every adjoint mapping is a Lie algebra automorphism, i.e.,

AdU[.fa g] = [Ade> AdUg] for f? g€ L. (24)

Proof. Let G be a matrix group over K=R or K=C, and «, 8 € K. If f, g € L then there
are G-motions Vi(t) = 1 +tf + O(t?) and Vu(t) = 1 + tg + O(t?). The product V (t) :=
Vi(at)Va(Bt) is a G-motion with V (t) = (1+atf)(1+ Btg)+O(t?) = 1+t(af + Bg) +O(t?),
so that af + Bg € logG. Therefore IL is a vector space over K.

Let U € G. Then W (t) := UV (t)U! is a G-motion with W(t) = U(1 +tf)Ut + O(t?) =
1+ tUfU 4+ O(t?), whence UfU~! € L. Therefore Ady maps L into itself. The linearity
of the adjoint mapping is straightforward.

In particular, since Va(t) ™! = (1+tg) "'+ O(t?) = 1 —tg+ O(t?), the Lie algebra IL contains
Adyy f — f=Va() fVa(t) ™ = f = (L +1g) f(1 —tg) — f+ O(t*) = t[g, f] + O(#*). Dividing
by t and letting ¢ go to zero, we see that the commutator [g, f] is also in L.

Finally, the property (2.4) is again straightforward. O

The above property (i) motivates to define in general a matrix Lie algebra over K to
be a subspace L of K™*" closed under commutation. The matrix Lie algebra L is called
abelian if all its elements commute, i.e., if [f,g] = 0 for all f,g € L. A subset of a matrix
Lie algebra IL closed under commutation is again a matrix Lie algebra, and is called a Lie
subalgebra of L.

2.3.2 Examples. We shall meet a large number of examples in this and the next chapter,
progressing from the matrix Lie algebras easiest to define to the ones most useful in physics.
We begin by naming the smallest and largest matrix Lie algebras of a given size.

(i) The set id(n) consisting only of the n X n zero matrix is a matrix Lie algebra, called a
trivial Lie algebra. Clearly, if K is the real or complex field, id(n) is the Lie algebra of
the trivial group Id(n).

(i) I(n, K) = gl(n,K) = K™ is a matrix Lie algebra, called a general linear Lie algebra
over K. If K is the real or complex field, I(n,K) is the Lie algebra of the general linear
group L(n,K) since for every f € I(n,K), the mapping U defined by U(t) = e/ is an
L(n,K)-motion with infinitesimal motion f.
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We are mainly interested in matrix groups whose associated Lie algebra has interesting
properties. However, there are important matrix groups with a trivial infinitesimal struc-
ture. A matrix group is called discrete if its Lie algebra is trivial. Discrete matrix groups
that play an important role for the description of symmetris of molecules and crystals. For
example, a permutation group is a group G of bijective mappings of a finite set X. If the
members of X are the atoms of a molecule with given chemical structure, its symmetry
group G consits of the permutations that preserve the chemical nature of the atoms and
the chemical bonds between them; for example, the benzene ring has a dihedral symmetry
group with 12 elements. Assocoated with each permutation group is a finite group of n x n
permutation matrices U € R"*", where n is the size of X, and Uj;, = 1 iff, in a fixed
ordering of the elements of X, the jth element is permuted to the kth element, U;, = 0
otherwise. The representation theory of these discrete matrix groups gives important in-
formation about the chemical properties of symmetric molecules. In this book, we shall
meet discrete groups only in passing; for a deeper treatment we refer to CORNWELL [68],
CotToN [69], KiM [150], or WEYL [286].

2.4 Uniform motions and the matrix exponential

We now generalize the construction of uniform rotations in U(1) to arbitrary real or complex
matrix groups.

Let K=Ror K= C, and f € K®™". Because of (2.1), the set of exp(tf) = ¢!/ witht € R
is a matrix group, called the one-parameter group with infinitesimal generator f.
The infinitesimal generator is determined only up to a nonzero scalar multiple. Because of
the property (2.1) and the analogy to uniform rotations in the complex plane, G-motions
of the form U(t) = €'/ are called uniform motions. Since U(t) = 1 + tf + O(t?), the
infinitesimal generator of a uniform motion belongs to the Lie algebra log G. In view of

d

f— fotf — otf

—e’ = fel =e
7 f f
and the unique solvability of the intitial-value problems for ordinary differential equations
in finite-dimensional spaces, uniform G-motions are characterized by the property

d
LU =fU®)

for some f € log G, which is the infinitesimal generator.

The set of limits of sequences of products U - ... U of an arbitrary number s > 0 of
arbitrary powers Ufj of arbitrary elements U; (j =1,...,s) from a set S is a matrix group,
called the group generated by S. If L is a matrix Lie algebra, exp L denotes the group
generated by the exponentials e/ with f € .. Whether the exponentials themselves form a
group depends on the Lie algebra L.; see

By joining and inverting paths, it is easy to see that the set Gq consisting of all V' € G for
which a motion by V exists is a matrix group, called the connected subgroup of G. The
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matrix group G is called connected if Gy = G. Clearly, the group generated by a set of
elements form G is contained Gy. A matrix group G and its connected subgroup Gy have
the same associated Lie algebra. Moreover, due to the existence of uniform motions, exp IL
is connected. Thus one often concentrates in physics on connected groups.

The dimension of a real or complex matrix group G is the dimension of the associated Lie
algebra log G, considered as a real vector spece. Finite groups are 0-dimensional. The only
connected 0-dimensional matrix groups are the groups Id(n). The connected 1-dimensional
group are just the one-parameter groups.

2.4.1 Theorem.
(i) Let G be a matrix group. Then the exponentials ¢/ with f € logG belong to G and
generate its connected subgroup Gy; thus, explog G = Gy.

(ii) Let L be a matrix Lie algebra. Then logexpL = L.

Proof. (i) This is one of the few places where we need explicit analysis to establish a limit.
To show that e/ € G, we need to represent e/ as a limit of group elements. We construct
these by noting that a uniform motion can be considered as a composition of many identical
tiny, almost infinitesimal motions. The eigenvalues of the matrices e//* have the form e*/*
with eigenvalues A of f. For any fixed ¢ > ||f||, the exponentials e*/* can be bounded in
absolute value by e“/* since |A| < ||f|| < ¢. Therefore the Ej, := ef/* satisfy

1E]| < /",

We know already that there is some G-motion U : [0,1] — G with infinitesimal motion
f €L :=logG. We now put Uy, := U(1/k) and show that

el = lim Uf. (2.5)
k—o0
Since |U#)]| = [[1 +tf + O] = 1+ t|f]| + O?) < 1+ ¢t < e for sufficiently small
t > 0, we have
]| < e

for sufficiently large k. Since the Taylor expansions of U(t) and e/ agree up to first order,
we have U(t) — et/ = O(t?); hence there is a constant C' > 0 such that

U = Bl = IU(1/k) — e!¥|| < C/k?

for sufficiently large k. Now

k
|0k el = Uk = BEll = || > B (U — B By
=1
k
< S IBI U~ Bl Bl

7j=1

< Zeg 1C/kC/]€2 (k—j)e/k __ Zce(k lc/k/k2<Ce /]{37

j=1 7j=1

=
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which tends to zero as k — oco. This establishes the limit (2.5) and proves that e/ € G.

Since every e/ with f € L is part of a uniform motion, it is in Gy. hence the group generated
by these exponentials is contained in (.

(i) O

The theorem implies that connected matrix groups are characterized completely by their
Lie algebras. Since Lie algebras are vector spaces, their structure can be studied with the
help of linear algebra, while most matrix groups are intrinsically nonlinear. This explains
the importance of Lie algebras in the study of connected groups.

2.5 Volume preservation and special linear groups

The oriented volume is preserved iff the determinant is one. The unoriented volume is
preserved iff the determinant has absolute value one.

If G is a matrix group then the set SG consisting of all elements in G with determinant one
is a matrix group. Indeed, if U,V € SG then det(UV) = detUdetV = 1 and det U~! =
(detU)~! =1, so that UV,U~! € SG. In particular, the special linear group SL(n,K)
consisting of all n x n matrices with entries in K and determinant one is a matrix group.

The center of SL(n,C) is the group Z, = {\A € C | A" = 1} of nth roots of unity, and
the quotients PSL(n,C) = SL(n,C)/Z, form a family of simple Lie groups. The group
PSL(2,C) = SL(2,C)/Zy is isomorphic to the restricted Lorentz group defined in Section
3.13.

If L is a matrix Lie algebra then the set sl consisting of all elements in I with zero trace
is a matrix Lie algebra. Indeed, if f,g € s then tr[f,g] = tr fg — trgf = 0, so that
[f,g] € sL. In particular, the special linear Lie algebra sl(n,K) consisting of all n x n
matrices with entries in K and zero trace is a matrix Lie algebra. Since

det(1+tf +O(?) =1+ trtf + O(t)?,

the trace of infinitesimal generators of SG vanishes; conversely, the property (2.2) implies
that the exponentials of elements of sl have determinant one, hence belong to SG. There-
fore slL is the Lie algebra corresponding to the matrix group SG.

We consider the algebraic properties of the special linear group SL(2, C) and its Lie algebra
sl(2,C) in some detail, since the group SL(2, C), its subgroups, and the Lie algebra si(2, C)
and its Lie subalgebras play a very important role in physics. SL(2,C) and/or sl(2,C) are
implicitly present even in applications not mentioning Lie groups or Lie algebras explicitly:
In special relativity, SL(2,C) appears because of its relation to the Lorentz group. The
Dirac equation for electrons and positrons (see Section 5.5) uses properties of Pauli matrices
(or their cousins, the Dirac matrices), whose relation to SL(2,R) is now established.
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3-vectors and 4-vectors. As traditional in physics, we usually use fat letters to write
column vectors a with three components ai, as, as. Depending on the context, these three
components may be real or complex numbers, matrices, linear operators, or elements from
an arbitrary associative algebra A. We write A? for the set of all vectors with three com-
ponents from A. The inner product of a,b € A3 is the element

a-b:=a’b= a1by + asby + asbs € A;
clearly a-b = b -a. We write
2

2 2 2
a“:=a-a=aj+a;+a;s.

The length of a vector a € C? is

al = Vata = VP + o TP,
so a’ = |a|? if a € R3.

We write A3 for the set of vectors p with four components pg, p1, p2, p3 € A, arranged as
p= (];0)7 po €A, pe A’

Using the traditional terminology from relativity theory, we call such vectors p 4-vectors,
and call py the time part and p the space part of p. The Minkowski inner product
of p,q € A3 is the element

P-q:=Dpogo — P-4 =PpPogo — P191 — P292 — P39g3, (2-6)

and

p’i=p-p=p;—p°

Note that p? may be negative!

Pauli matrices. With these preparations, we define the Pauli matrices

o R B (I T () RS (R

Assembling the last three in the Pauli vector
o= (0'1, 02, 03)T < l(2a C)ga

we write for any p € R3

P3 p1 +ip2
-0 = P101 + P20y + p303 = ) . 2.8
p P101 T P202 = P303 (pl—lpz —ps ) (2.8)

This matrix has zero trace, hence belongs to sl(2, C), and it is easily seen that every element
of sl(2,C) can be written uniquely in this form. Similarly, each complex 2 X 2-matrix can
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be written as a complex linear combination of all four Pauli matrices. Defining the Pauli

4-vectors
0o 1,3
= el(2,C)"~
U:t (j:a') ( ) ) 9

we may write the general element of [(2,C) as

PoFp3s  Fpir Fipe Do 1,3
<04 = Poo o= . , for some p = eC. (2.9
p + Po O:Fp (:Fpl:tzp2 pO:l:p3 ) p (p) ( )

We note that, for p,q € C'3,
(p-o-)(g-04)=p-qoo,

det(p-oy) = p*.

Clifford algebras. (2.10) also implies the anti-commutation rule

p-o,q-0]y =2p-qoy.

Here
[fgle = fg+gaf

denotes the anticommutator of f and g.

[0k, 01]+ = 2000 for k,1=1,2,3.
2.6 The vector product, quaternions, and SL(2,C)

The vector product. The structure of the Lie algebra sl(2,C) is intimately tied up with
the vector product in R3.

The vector product of a,b € A3 is the vector

CLng - a3b2
axb:=| agb —aby | €A’
a,lbg — a2b1
One easily checks that
axb=-bxa,

and the determinant formula for the bfitriple product

aq bl C1
(axb)-c=a-(bxc)=det(a,b,c):=det | ay by ¢ |,

as bs c3
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The most common case is that all three components are real or complex vectors. In this
case, the following rules, which will be used in the following without comment, hold.

a-(bxc)=b-(cxa)=c-(axb),

(axb)-(cxd)=(a-c)(b-d)—(b-c)(a-d),
ax (bxc)=Db(a-c)—c(a-b),
(axb)xc=b(a-c)—a(b-c),
ax(bxc)=(axb)xc+bx(axc),
(axc)x (bxc)=det(a,b,c)c.
Indeed, each property follows by a simple computation either directly or from the previous
property.

A simple calculation with (2.8) verifies the product formula

(p-o)(p-o)=(p-q)oo+i(pxq)-o, (2.10)

from which we obtain the commutation rule

[p-o,q-0]=2ipxq-o

and the trace formula
tr(p-o)(q-0) =2p-q.

Although measurements usually involve real numbers only, the need for complex matrices
in physics is undisputable.

Less familiar than complex numbers are the quaternions, obtained by extending the com-
plex number system by adjoining a further square root. This is possible without introducing
zero divisors by renouncing the commutative law of multiplication (which is lost for ma-
trices anyway). After their discovery by William Hamilton in 1843 (cf. HAMILTON [120]),
quaternions had an important role to play in physics because of their usefulness in describ-
ing rotations. But with the introduction of the vector product by GiBBs [101] in 1881,
quaternions declined in popularity and later almost disappeared from physics. However,
they were kept alive in mathematics, and found new and important applications in modern
computational geometry, where they are the method of choice for working with rotational
motion and describe time-dependent rotations, and in astrodynamics, where they are used
for spacecraft attitude control systems.

In the context of Lie groups, quaternions and matrices whose coefficients are quaternions
still play a significant role in the classification of real simple Lie groups and associated
symmetric spaces; see., e.g., CHEVALLEY [61], GILMORE [104], or HELGASON [124].

The Pauli matrices satisfy the product rule

(a-0)b-0)=a-b+i(axb)-o forabeC>. (2.11)
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(2.11) shows that the vector space Q" of complex 2 x 2 matrices of the form ay + ia - o
(ap € R, a € R?) is an algebra. Indeed, if we embed C into R**? using the imaginary unit

0
i= ( Lo ) (which satisfies i = —1), we can write the quaternions (3.41) as

i:(é _2)21'03, j:(_(l] (1)>:i02’ k:((; é)zial,

which exhibits the isomorphism. @’ can also be desribed as the set of complex 2 x 2 matrices
U satisfying Usy = Uy, and Uy = —Uj,, and the matrices in Q' of determinant 1 are just the
unitary 2 x 2 matrices, hence form the Lie group U(2). This proves that U(2) is isomorphic
to a double covering of the group SO(3). An explicit isomorphism is given by

(ro+ir-o)(x-o)(ro+ir-o)" = (Q[r|x) -0, ro=+v1—r2 (2.12)

T Qb — % tr(a- oYU (b- o)U",
_1+4+0-Qo
C2/141trQ

2.6.1 Theorem. The set Q of quaternions is a skew field, i.e., an associative algebra in
which every nonzero element has an inverse. We have

U(ro,r) + U(so,s) = U(rg + so, T + 8), (2.13)
AU(rg,r) = U(Arg, Ar), (2.14)

U(ro,r)" = U(ro, —1), (2.15)
U(ro,r)U(so,8) = U(rosg —r-s, Sor +7res+1 X 8), (2.16)
(2.17)

1

Vo™ =
0

U(rg,—1) ifrd +1? #0.

Proof. (2.13)—(2.15) are trivial, and (2.16) follows by direct computation, using Specializing
(2.16) to sg = rg,s = —r gives

Ul(ro,v)U(rg, —t) = U(rg +12,0) = (rg + 1)1, (2.18)

which implies (2.17). Therefore Q is a vector space closed under multiplication, and every
nonzero element in Q has an inverse. Since matrix multiplication is associative, Q is a skew

field. O

In the standard treatment, quaternions are treated like complex numbers, as objects of the
form
q(ro,r) = rol + ryi+ rj + rsk

with special unit quaternions 1,1, j, k. The correspondence is given by the identification
i:O'1, j:O'Q, k:—O'g (219)

in terms of which q(rg,r) = U(ro,1).



38 CHAPTER 2. THE SIMPLEST QUANTUM SYSTEM

2.7 The Hamiltonian form of a Lie algebra

In the Hamiltonian form, one takes Hermitian matrices and uses the Lie product i/hbar[f,g],
to match things with quantum mechanical usage. Expressed in terms of commutators, as
usual, the structure constants (e.g., for su(2)-so(3)) become purely imaginary, although the
Lie algebra is real.

In the applications, distinguished generators typically are Hermitian and represent impor-
tant real-valued observables. Therefore they tend to replace the matrix A by ¢A. This
is one of the reasons why the structure constants for real algebras appear in the physics
literature with an ¢ when written in terms of commutators.

Every one-parameter group is isomorphic to either L(1,R) or U(1). Two connected matrix
groups are called locally isomorphic if their associated Lie algebras are isomorphic. For
example, L(1,R) and U(1) are locally isomorphic but not isomorphic.

Generators, commutation relations, and structure constants
Introduce the vector L of generators for SL(2,C) and its commutation relations.

The components of the vector product satisfy
(axb); =aj+1bj_1 —aj_1b;41 (indices j = 1,2,3mod 3).
We may express this as in terms of the Levi—Civita symbol, defined by

1 if jkl is an even permutation of 123,
€jrr = § —1 if jkl is an odd permutation of 123, (2.20)

0 otherwise.

Thus €1 is completely antisymmetric in the indices j, k,l and 1 < j,k,1 < 3.

The Pauli matrices (2.7) satisfy (componentwise version of (2.10))
O'Z'O'j = 52']' + ’iEiijk s

tro; =0, troyo; =20, trlo;,ojlo, = 4i€;.
The Pauli matrices satisfy

3
[o), 01] = 2i Z €kimOm for k,1=1,2,3.

m=1

The summation above contains only one nonzero term. For example, [0y, 03] = 2i03, and
all other Lie products can be found using a cyclic permutation.
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2.8 Atomic energy levels and unitary groups

In the terminology to be systematically developed in Chapter 8, the quantities are the
elements of the algebra E = CV*¥ of square complex N x N matrices, the constants are
the multiples of the identity matrix. The Hamiltonian H represents the energy and is a
diagonal matrix H = Diag(FE1, ..., Fy) whose diagonal entries Ej are the energy levels of
the system. In the nondegenerate case (the only case considered in this section), all Ej
are distinct, and the diagonal matrices comprise all functions of H. Quantities represented
by arbitrary nondiagonal matrices are less easy to interpret. However, an important class
of quantities are the matrices of the form P = ¢)*, where v is a vector of norm 1; they
satisfy P2 = P = P* and are the quantities observed in binary measurements such as
detector clicks; see Section 10.5. The states of the N-level system are the linear mappings
that map a quantity f € E to its value (f) = tr pf, where p € E is a positive semidefinite
Hermitian matrix with trace one, called the density matrix of the state. (Frequently,
one talks somewhat sloppily of the "state” p.) The diagonal entries py := pyr represent
the probability for obtaining a response in a binary test for the kth quantum level; the
off-diagonal entries p;;, represent deviations from a classical mixture of quantum levels.

The standard basis consisting of the N unit vectors |k) with a one in component k and
zeros in all other component corresponds to the N levels of the quantum systems.

Extra structure of a Euclidean x-algebra, important for the applications; see Section :
The conjugate f* of f is given by conjugate transposition, and the integral [¢g = trg is
the trace, the sum of the diagonal entries or, equivalently, the sum of the eigenvalues.

Closely related to n-level quantum systems are the unitary groups and their Lie algebras.

A matrix U € C™" is called unitary if U*U = 1, equivalently, if U is invertible and
U~! = U*. The set U(n) of all unitary n x n matrices is a matrix group, called a (full)
unitary group. Indeed, if U,V € U(n then (UV)*UV = V*U*UV = V*V = 1 and
(U)y*'U = (U)*U =UU ! =1, so that UV, U~ € U(n). The unitary n x n matrices
with determinant one form a matrix group SU(n), called a special unitary group.

U(n) acts on the matrices of fixed trace and determinant by mapping p to
U{p} :=UpU".
Show preservation of semidefiniteness, trace and determinant. UV {p} = U{V{p}}.

A matrix A € C"*" is called antihermitian if A* = —A. The set u(n) of all antihermitian
n X n matrices is a matrix Lie algebra, called a unitary Lie algebra. Indeed, if f, g € u(n)
then [f, 9" = (fg —9/)" = (¢°f* = 9" = (=9)(=f) = (=N)(=9) = =(fg —9f) = =[f, 4],
hence [f, g] € u(n). The Lie algebra of infinitesimal generators of U(n) is u(n). Indeed, if
U(t) = 1+tf+O(¢?) is unitary, we have 1 = U(t)U(t)* = (14+tf+O(t?))(1+tf +O(t)*)* =
1+ t(f+ f*)+O(t)? implying that f is antihermitian. The antihermitian n x n matrices
with trace zero form a Lie algebra su(n), called a special unitary Lie algebra. su(n) is
the Lie algebra of the matrix group SU(n).
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2.9 Qubits and Bloch sphere

The smallest quantum systems have two levels only and are called qubits; they play an
fundamental role in quantum information theory and quantum computing; cf. NIELSEN &
CHUANG [207].

We have
(p-oL) " =D-0x,

so that p- o4 is Hermitian if and only if the components of p are real, and antihermitian if
and only if the components of p are purely imaginary. Therefore

u(2) = {ip-ox |p € R},
and letting p take complex values we get the whole of [(2, C).

Similarly, the matrices iog, i01, 109, i03 form a basis of the Lie algebra u(2), considered as
a real vector space; indeed, any Hermitian 2 X 2 matrix can be written in a unique way as
p - o, for some p € RS,

We obtain su(2) for p real and py = 0.

The Lie algebras u(2) and su(2). The matrices ioy,i09,i03 form a basis for the Lie
algebra su(2), considered as a real vector space; indeed, any traceless and Hermitian 2 x 2
matrix can be written in a unique way as p - o for some p € R3.  Clearly, io, spans the
center of the Lie algebra u(2). As a consequence, we can write u(2) = R & su(2).

The Lie group U(2). In the case n = 2 it is a nice exercise to show that each special
unitary matrix U can be written as

v=(2 1) mvec WP rP-1,

Writing = a + ib and y = ¢ + id for a,b,c,d € R we see that a®> + b> 4+ ¢ + d?> = 1. This
implies that there is a one-to-one correspondence between SU(2) and the set of points on
the unit sphere S® in R*. Thus SU(2) is as a manifold homeomorphic to S®. (The manifold
point of view of matrix groups may be used to give a definition of abstract Lie groups; see

)

We now show that SU(2) is a real manifold that is isomorphic to the three sphere S%. We
do this by finding an explicit parametrization of SU(3) in terms of two complex numbers
x and y satisfying |z|? + |y|? = 1, which defines the three-sphere.

—=(0h).

We write an element g € SU(2) as
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Writing out the equation g*g = 1 and det g = 1 one finds the following equations:

al* +c? =1, [pP+]df =1,
ab+7cd =0, ad —bc=1.

We first assume b = 0 and find then that ad = 1 and ¢d = 0, implying that ¢ = 0 and U
is diagonal with a = d. Next we suppose b # 0 and use a = —cd/b to deduce that |b| = ||
and |a| = |d|; we thus have b # 0 < ¢ # 0. We also see that we can use the ansatz

a = e“cosh, b=ePsind,

c = —e7sinf, d=e"cosh.

Using again a = —cd/b we see a + 0 = 3+ and writing out ad — bc =1 we find o = —¢
and = —v. We thus see a = d and b = —¢. Hence the most general element of SU(2) can
be written as
_ (T Y : 2 2 _
stea) = (15 U)o with ol =1

The map S* — SU(2) mapping (z,y) to g(z,y) is clearly injective, and from the above
analysis bijective. Furthermore the map is smooth. Hence we conclude that SU(2) = S3
as a real manifold.

2.10 Polarized light and beam transformations

Qubits are closely related to the polarization of light. Since polarization phenomena show
the basic principles of quantum mechanics in a clean and transparent way, we use polar-
ization to derive the basic equations of quantum mechanics, the Liouville equation and the
Schrodinger equation, thus giving them an easily understandable meaning.

Polarized light was discovered by Christiaan HUYGENS [132] in 1690. The transforma-
tion behavior of beams of completely polarized light was first described by Etienne-Louis
MALUS[180] in 1809 (who coined the name ”polarization”), and that of partially polarized
light by George STOKES [262] in 1852. The transverse nature of polarization was discovered
by Augustin FRESNEL [93] in 1866, and the description in terms of (what is now called)
the Bloch sphere by Henri POINCARE [221] in 1892.

It is instructive to read Stokes’ 1852 paper [262] in the light of modern quantum mechanics.
One finds there all quantum phenomena for modern qubits, explained in classical terms!

Splitting polarized monochromatic beams into two beams with different, but orthogonal
polarization corresponds to writing a wave functions as superposition of preferred basis
vectors. Mixtures are defined (in Stokes’ paragraph 9) as arising from ”groups of indepen-
dent polarized streams” and give rise to partially polarized beams. What is now called
the polarization matrix is represented by Stokes with four real parameters comprising, in
today’s terms, the Stokes vector, or, equivlently, the polarization matrix. Stokes asserts (in
his paragraph 16) the impossibility of recovering from a mixture of several distinct pure
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states any information about these states beyond what is encoded in the Stokes vector (i.e.,
the polarization matrix). The latter can be linearly decomposed in many essentially distinct
ways into a sum of pure states, but all these decompositions are optically indistinguishable.

If one interprets the normalized polarization matrix as density matrix of a qubit, a polarized
monochromatic beam of classical light behaves exactly like a modern qubit, which shares
all the features mentioned. Polarized light is therefore the simplest quantum phenomenon,
and the only one that was understood quantitatively already before the birth of quantum
mechanics in 1900.

Experiments with polarization filters are easy to perform; probably they are already known
from school. Since polarization is a macroscopic phenomenon, the counterintuitive features
of quantum mechanics irritating the untrained intuition are still absent. But polarization
was recognized as a quantum phenomenon only when quantum mechanics was already
fully developed. Norbert WIENER [291] 1930 exhibited a description in terms of the Pauli
matrices and wrote: “It is the conviction of the author that this analogy” between classical
optics and quantum mechanics “is not merely an accident, but is due to a deep-lying
connection between the two theories”. This is indeed the case; see, e.g., NEUMAIER [206].

The mathematics of polarization. A beam of polarized light of fixed frequency is
characterized by a state, described equivalently by the Stokes vector, a real 4-dimensional
vector

S = (So, S1, S, S3)" = (ZO) e R'
with
So > 18|, (2.21)

or by a polarization matrix (also called coherence matrix) a complex positive semidef-
inite Hermitian 2 x 2 matrix C'. These are related by

1S+ 55 S1+4+iS\ 1 1
“=3 <Sl—z'52 So—8y ) T30 0 =gl S0
in terms of the Pauli matrices (2.7). (In the literature, the signs and order of the components
may differ.)

The trace trC' = Sy of the polarization matrix is the intensity of the beam. If Sy = 0,
the beam is dark and contains no light. Otherwise, one may normalize the intensity by
dividing the polarization matrix by Sy, resulting in a density matrix of trace one,

1 1
p=CltrC=rr-o_, r=25/S)= ( );
2 r
it contains the intensity-independent information about the beam. The intensity-independent
quotient
d:=|r| =1S]|/Sy € [0,1]

is called the degree of polarization, and allows the determinant of the polarization matrix
to be written as det C' = 1(S¢ — S%) = 152(1 — &?).
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The extremal case d = 0 characterizes unpolarized light, which therefore has a polariza-
tion matrix C' = %Soao. At the other extreme, a fully polarized beam (a pure polarization
state) has d = 1; it corresponds to a so-called pure polarization state. Since d = 1 char-
acterizes singular polarization matrices, a pure polarization state can be written in the
form C' = " with a state vector ¢ determined up to a phase. In this case, the inten-
sity of the beam is Sy = [1|> = *. In particular, a normalized state vector has norm

[l =V =1.

Beam transformations. Optical instruments may transform beams by letting them pass
through a filter. A linear, non-mixing (not depolarizing) filter is characterized by a complex
2 x 2 Jones matrix U. (In the literature, many authors call U* the Jones matrix.) The
instrument transforms an in-going beam in the state C' into an out-going beam in the state
C' = UCU*. If the instrument is lossless, the intensities of the in-going and the out-going
beam are identical. This is the case if and only if the Jones matrix U is unitary.

A linear, mixing (depolarizing) filter transforms C' instead into a sum of several terms of
the form UCU*. It is therefore described by a completely positive linear map on the
space of 2 x 2 matrices, or a corresponding real 4 x 4 matrix acting linearly on the Stokes
vector, called the Miiller matrix. For definitions and details, see, e.g., AIELLO et al. [3]
and BENATTI & FLOREANINI [30].

The Liouville equation. Passage through inhomogeneous media can be modelled by
means of slices consisting of many very thin filters with Jones matrices close to the identity.

The Schrodinger equation. If At is the time needed to pass through one slice and ()
denotes the pure state at time ¢ then ¥ (t + At) = U(t, At)i(t), where U(t, +) is a L(2,C)-
motion parameterized by the transition time At. We therefore introduce its infinitesimal
generator

H(t) := ihU (1, A1) /0AY)|

called the Hamiltonian of the filter. Thus we have
YA\
Ut)=1-— %H(t) +O(AR) (2.22)

In the lossless case, U(t) = U(t, At) is unitary, which implies that H(¢) is Hermitian.

A linear, non-mixing (not depolarizing) instrument with Jones matrix U transforms an
in-going beam in the pure state with state vector v into an out-going beam in a pure state
with state vector ¢/ = U. (2.22) implies
d ih ih
h—1(t) =~ —(P(t + At) —(t)) = —(U(t) — 1)(t).
i p(0) = (B + AD) — (1) = 1o (U(0) = ()

In a continuum limit we thus recover the time-dependent Schrodinger equation

. d
ih—9(t) = H{t)y(t).
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2.11 Spin and spin coherent states

In this section, we discuss the spinor representations of L(2,C), see also STERNBERG
[260]. By restricting to the unitary matrices we get unitary representations of the group
SU(2). As we shall see later in Section 22.3, these representations comprise all irreducible
unitary representations of SU(2).

For 0 < s € 17 (the factor % appears here for historical reasons only) we denote with Py
the complex vector space of all homogeneous polynomials of degree 2s in z = (21, 23) € C2.
The space P, has dimension 2s + 1 since the monomials 2£22*% (k = 0,1,...,2s) form a
basis of P,. The group L(2, C) of invertible complex 2 x 2 matrices acts on C? in the natural
way. On P, we get a representation of L(2,C) by means of the formula

(U(9)¥)(2) = (g7"'2) for g € L(2,C). (2.23)

Then indeed U(g)U(h)(2) = U(R)h(g™'2) = w(hlg™'2) = ¥((gh)'2) = U(gh)¥(2).
Taking infinitesimal group elements, we find that the Lie algebra [(2,C) acts on Py by
means of the representation J defined by

(J(N))(z) = =(f2) - Vip(2),  for f€l(2,C). (2.24)
Note that this is again a homogeneous polynomial of degree 2s + 1.

In nonrelativistic quantum mechanics, an elementary particle with spin s is described by
an element of the space L?(R3 P,) of square integrable mappings from R3 to P,. The
Hamiltonian for a particle with spin s in a magnetic field B € R? is given in terms of the
Pauli matrices by

B, —iBy  —By (2.25)

where the action of H is given by (2.24). The dynamics is described by the Schrédinger
equation

H:_B‘U:_< By Bl+z'Bg)’

iha) = Hip . (2.26)

The unitary case. By restricting in (2.9) to real-valued p, we represent u(2).  The
resulting representation turns out to be unitary. To give P, the appropriate Hilbert space
structure, we define on the unit disk

D={zeC*|z2<1}
of C? the measure Dz by

/sz(z*,z):/Ddz2f(z*,z). (2.27)

Explicitly we thus have Dz = dz1dz,dz2dZs, so that for example

/Dzifzié’znzg = 47T2ékl<5mn/ w22 ddy
0<az2+y2<1
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= 7725kl5mn/ Sktm ds dt
0<s+t<1

m2kIm!
———————0k0mn
(k+m+2) "

where in the last step we used

1 1p!
o1 - g)bde = — 20
/Ox( v) d (@tbt1)

2.11.1 Proposition. Dz is an SU(2) invariant measure satisfying

1
/Dz(,z*:v)zs(zTy)25 =, (zTy)*, 0<s¢ §Z, (2.28)

where

v = m2/(25 + 1)(2s + 2). (2.29)

Proof. Under a change of integration 2’ = gz we have dz{dz] = det gdz1dz; = dz1dz;. Hence
if we use for g € SU(2) the substitution z = g2/, then the integral in (2.28) transforms into
the same integral with (', ') = (Uz, Uy) in place of (z,y). Thus it is invariant under SU(2)
and depends therefore only on z7y. Indeed, we can always rotate = such that x = (z1,0)
and then clearly the right-hand side is a polynomial with terms x2*y"y2*~™, which is only
invariant under the diagonal U(1)-subgroup if m = 2s. Hence the right- hand side of (2.28)

is fixed up to the constant ~,, which is found by looking at the special case x =y = (0):

2

2(2s)! 7
_[p 2828:/ 2 = 2O e
/ @A = | A = e T s D@ Y (2:30)

g
We make P, into a Hilbert space by giving it the inner product
— (ol =7 [ D30 (2.31)
We introduce the basis vectors ﬂ,i) = 2F2257F for Py, in terms of which the inner product
reads
5)| (s 25\
(m ) = (k:) O -
For x € C?, we define the coherent state |z, s) € P, to be the functions
lz,5)(2) = (%2)% = (T12) + Toze)* . (2.32)
Then we can restate (2.28) as
(z,sly,s) = (y*x)* for z,y€ C. (2.33)
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In particular, the coherent state |z, s) is normalized to norm 1 if and only if  has norm 1.
Directly from (2.32), we see that

0,s) =0, |\x,s) = A\*|z,s), (2.34)

so that it suffices in principle to look at coherent states with x of norm 1. In particu-
lar; choosing the parametrization x = (;) gives the traditional spin coherent states of
RADCLIFFE [225]. For coherent states, (2.23) implies

U(g)lz,s) = |g~"x,s) for g€ SL(2,C), (2.35)

Thus coherent states define a representation of L(2,C), the spinor representation of
L(2,C). We verify that we correctly have U(g)U(h)|x,s) = |g7*h ™"z, s) = |(gh) "z, s) =
U(gh)|z,s). One sees easily that only the subgroup SU(2) is represented unitarily and we

have
U(g)|z,s) = |gz,s) for g€ SU(2).

Note that the Schrodinger equation (2.26) implies that ¥ (¢t) = U(t)¥(0), where U(t) =
e”"H/M " Since the Hamiltonian (2.25) is an element of su(2), we have U(t) € SU(2),
and equation (2.35) implies the temporal stability of coherent states. This means that
if the initial state vector is a coherent state, then under the time evolution determined
by H the state vector remains for all times a coherent state. Since the norm of the wave
function is invariant under the dynamics, too, one can work with normalized coherent states
throughout.

In general, let H be a Hilbert space of functions on some space 2. If we can write function
evaluation as inner product, i.e., if for every x € ) there is an element g, € H such that
f(z) = (g.|f) for some , then we say that H has the reproducing kernel property.

We show that the space P, has the reproducing kernel property. Expanding (z*z) using

the binomial series we obtain

2s
2 s
sy =3 ( S)W&Mx) )
m

m=0

from which it follows

=, / Dx @) (z)|x, s),
so that the coherent states span P,. From (2.33) we find
(x, 5]y, 8) = |y, s)(x) (2.36)
for all coherent states |y, s) and since these span P,, we have for all ¢ € P
(2, s]0) = (), forall ¥ € P,,

which is the reproducing kernel property. This implies that we can reproduce elements as
follows. For all ¢ € P, we have

(Ol) = 7 / D=3() / Dz (8], 8) (2 sl) (2.37)
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from which it follows that we can reproduce ¥

=7t / Dxyp(z)|z,s) forall ¢ € Py. (2.38)

Equation (2.38) implies the completeness relation

vt /Dz|z, s)(z,s] =1. (2.39)

These properties characterize coherent states in general. For an extension of the coherent
state concept to semisimple Lie groups see PERELOMOV [217] and ZHANG et al. [300].
Coherent states for Heisenberg groups are called Glauber coherent states, and are basic
for modern quantum optics. See Section and the book by MANDEL & WOLF [181].

2.12 Particles and detection probabilities

Entanglement

The Stern—Gerlach Experiment. The Stern—Gerlach experiment is one of the most promi-
nent and best known experiments in the history of quantum mechanics. The experiment
provided a first experimental verification of the discrete nature of quantum mechanics. At
the time of the experiment, which took place in 1922, the phenomenon of spin was not
well-understood and, from the point of view of our present knowledge, a wrong model was
used. Fortunately, the outcome of the experiment was in concordance with this model and
the discrete nature of quantum mechanics was accepted as a fact.

When later a better model was invented, the theory and the Stern—Gerlach experiment
showed discrepancies. It was perhaps partially because of these discrepancies that Goudsmit
and Uhlenbeck postulated that the electron had half-integer spin: with the half-integer spin

of the electron the experiment of Stern and Gerlach was again in agreement with the theory
2

The setup of the Stern—Gerlach experiment is quite easy. To understand the physics behind
the experiment, one only has to know that the energy of a small object with magnetic
moment g in an magnetic field B is given by the equation

U=—-u-B.

The energy is measured relative to the energy far away towards infinity where there is no
magnetic field. Note that the magnetic moment is a vector. Hence, classically it lives in a

2As more often in the history of physics, it was a coincidence that determined the acceptance of a
theory. Another such example was the measurement of the deflection of rays of the stars that can be seen
close to the sun during a solar eclipse done by Eddington in 1919, thereby verifying the general theory
of relativity of Einstein. The actual deflections are too small to be measured and hence the deflections
found by Eddington have to be ascribed to noise; luckily the noise gave a pattern in agreement with the
theoretical results.
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representation of SO(3), the representations of which are labelled by integers | =0, 1,2, ...
The dimension of the [th representation is 2/ 4+ 1. In the Stern—Gerlach experiment a beam
of particles with some fixed absolute value of 1 is sent through an inhomogeneous magnetic
field pointing in, say, the z-direction. Behind the magnetic field a screen is placed that
will light up whenever a particle hits the screen. The force F' exerted on a particle with
magnetic moment jo = (i, f4y, it-) 1S given by

0B,

Thus, classically, the beam will be smeared out; the particles with g pointing in the +z-
direction will be deflected upwards, those with u pointing in the —z-direction will be de-
flected downwards. Classically all positions of p are possible and distributed in a Gaussian
way, so that the screen will show a bounded strip, most intense in the center and fading out
towards the ends. However, the result of the Stern—Gerlach experiment showed very clearly
two blobs, centered at the positions corresponding to p pointing up and down. Both blobs
had the same intensity.

Assume that we have a bunch of particles (for example electrons), then they all have the
same value of [, but the z-component of the magnetic moment might be different. Since
the z-value can take 2] + 1 values, the beam will split in 2/ + 1 different parts.

In their experiment, Stern and Gerlach used silver atoms, of which we now know that
there is one electron in the outmost orbit and it is this electron which gives rise to the
magnetic moment. The spin of an electron is however not in an SO(3)-representation,
but in an SU(2)-representation and this correspondsn to [ = 1/2. This representation is
two-dimensional and thus the general state 1 of an electron can be described as

Y =al+)+bl-), |a?+b*=1,

where |+) is the state with p pointing in the +z-direction and |—) is the state with p pointing
in the —z-direction. When one measures the z-component of the magnetic moment, one
finds with probability |a|*> the value +1/2 and with probability |b|? the value —1/2. In a
sample of heated silver atoms, there is no preferred direction for  and thus in the end, the
possibility that the value of the magnetic moment of a single silver atom is +1/2 is more
or less 1/2. This explains why the two blobs in the Stern—Gerlach experiment are equally
bright.

2.13 Photons on demand

In this section we consider a quantum model for photons on demand, and its realization
through laser-induced emission by a single calcium ion in a cavity. The exposition is based
on KELLER et al. [149].

In their paper, KELLER et al. discuss in detail a model based on the simplified level scheme
given in Figure 2.13 which ignores the fine structure of the Ca™ states.
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2 trap electrodes

/o
output mirror
A

397 nm pump
“— 866 nm repump

Figure 2.1: Experimental set-up for the generation of single-photon pulses with an ion-
cavity system. The drawing shows a cross-section through the trap, perpendicular to the

trap axis. (Figure 16 from [149])

\ J
+1/2 +3/2

-172 +1/2

Figure 2.2: Scheme of the eight-level model on which we base our numerical calculations.
Pump and cavity field are assumed to be linearly polarized in the direction of the quanti-
zation axis. For clarity, the four possible spontaneous decay transitions to the ground state
are represented by a single arrow. (Figure 5 from [149])

A single ion is localized in the cavity for many hours

e pulsating external fields (lasers) with a total cycle time 100kHz give a predictable

rate of single photons

e pump laser at 397nm close to the excitation frequency S — P

e Repeated excitation to P and decay to S until decay into the metastable D state;

then inactive

- =

produces exactly one photon (not counting losses)

e reexcite ion into excited state with a reset laser at 866nm, until it falls back into the

ground state

e ground state g, metastable state m, excited state x of Ca™

L PhOtOﬂS Vcavityu fypumpa Vreset

e clectron e bound in detector
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Ca™ D
resonator
0.1mm
. detector
mirror semipermeable
mirror

Active processes

® U Yeavity = TYeavity (Cavity detuning)

b g+ Ypump = (excitation)

® C T =M+ Yeavity (decay to metastable state)

o d: Yeaity +e€=10 (photodetection)
(

® e M+ Vst = & (ion reset)

Only a, b, c are modelled explicitly by KELLER et al..

But d, e can be modelled similarly.

Interaction picture model by KELLER et al. (without reset and photodetection)

a = annihilator of cavity mode of photon

b= |g) (x|

o c=|m)(z|

Hamiltonian H = h(da*a + Alg)(g] + 2 Re(Q(t)b* + pac*))

0 = Weavity — Wam cavity detuning
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o A = Wyump — Wy pump detuning
e Q(t) classical pulse shape of pump laser

e 1 (KELLER’s g) ion—cavity coupling strength

k = 0.02T, cavity loss rate

I', ~ 138 MHz (KELLER’s I';) spontaneous decay rate into ground state

I',, = 11 MHz spontaneous decay rate into metastable state

To account for losses, the dynamics of the density matrix is set up in the form of a

Lindblad master equation

p =—%[H, p] +r(2apa* —a*ap — pa*a)
+L2 (2bpb* — b*bp — pb*b)
+Im(2cpc* — c*ep — pete)
Note that the master equation is an equation for transition rates; probabilities are obtained

by integration over time.

e time-dependent expectations (f); = tr fp(t)
e time dependent emission rate p(t) = 2k (a*a); (2ky, intensity transmission rate)
e probability of photon emerging from the cavity nphoton = fooo p(t)dt
e single-photon efficiency 7. = (/K — 1)Mphoton
The Hilbert space on which the master equation is based is the tensor product of a single

mode Fock space for the cavity photon and a 3-mode space for the Ca™ ion.

An orthonormal basis of the space is given by the kets |n, k), where n = 0,1,... is the
photon occupation number and k € {g,x, m} labels the ion level.

The structure of the Hamiltonian and the dissipation terms in the master equation is such
that if the system is started in the ground state |0, g), it evolves to a mixed state in which
the photon number is never larger than 1.

Thus multiphoton states do not contribute at all, and one can truncate the cavity photon
Fock space to the two modes with occupation number n = 0,1, without changing the
essence of the model.
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Of interest for the photon production is the projection of the density matrix to the photon
space, obtained by tracing over the ion degrees of freedom. This results in an effective
time-dependent photon density matrix

_ [ Poo(t)  por(t)
Pphoton (t) = <p10(t) pn(t)) ’

where p11(t) = p(t) is the probability density of finding a photon, py(t) is the probability
density of finding no photon, and py;(f) = p1o(f)* measures the amount of entanglement
between the 1-photon state and the vacuum state.

Semidefiniteness of the state requires |poi| < v/p(1 — p).

Assuming for simplicity that we have approximate equality, pphoton iS essentially rank one,

Pohoton (1) = Y(1)Y(t)*,  Y(t) = s(t)|0) + ¢(t)|1), where s(t) and ¢(t) are functions with
|s(t)]? + |c(t)|> = 1, determined only up to a time-dependent phase factor. In particular,
we may take ¢(t) to be real and nonnegative.

Thus, in the approximation considered, the quantum electromagnetic field is in a superpo-
sition of the vacuum mode and the single-photon field mode, with a 1-photon amplitude
c(t) = y/p(t) that varies with time and encodes the probability density p(t) of detecting a
photon particle.

In the actual experiments, p(¢) has a bell-shaped form, and the total photon detection
probability, referred to as the efficiency, is significant, but smaller than 1.

Discarding the vacuum contribution corresponding to the dark, unexcited cavity, and giv-
ing up the interaction picture by inserting the field description |1); = e “!)y(x) of the
photon mode, the (now time-dependent) 1-photon state takes the form A photon (X, 1) =

V(e g (x).

(At this stage one notices a minor discrepancy with the field description, since the 1-photon
state is no longer an exact solution of the Maxwell equations. To correct this deviation from
Maxwell’s equations, one has to work with quasi-monochromatic modes and the paraxial
approximation.)

We now add the reset mechanism to get a continuous pulsed photon stream. Thus we
consider a periodic sequence of excitation-reset cycles of the ion in the cavity. As before,
we find that the electromagnetic field corresponding to the sequence of pulses is a single,
periodically excited 1-photon mode of the electromagnetic field. Thus what appears at
the photodetector as a sequence of photon particles arriving is from the perspective of
quantum electrodynamics the manifestation of a single nonstationary, pulsed 1-photon
state of the electromagnetic field!
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2.14 Unitary representations of SU(2)

We call a set of linear operators Ly, Ly, Lo, L3 on a Euclidean space H a Pauli set if Lj
is Hermitian positive definite and

(L1, L] = 2iL3,  [Lg, Ls) = 2iLy,  [Ls, Ly] = 2iL,, (2.40)

(LoL,)* = LoL, forp=1:3. (2.41)

(In the infinite-dimensional case, we also require that Ly and (2.41) are self-adjoint.) We
say the Pauli set has spin j if

L2+ L2+ 12 =45 +1). (2.42)
Definiteness of Ly implies that the Hermitian inner product on C* defined by
Y = ¢* Lo for ¢,9p € C* (2.43)

is positive definite, and L B
Lo = oL,y for p=1,2,3. (2.44)

We write
a-L:= alLl + a2L2 + a3L3 for a € Cg.

2.14.1 Proposition.
(i) Any Pauli set satisfies

la-L,b-L)=2i(axb)-L fora,beC? (2.45)
and hence defines a representation X of so(3) by
X(a):=a-L/2i, (2.46)
which is unitary in the inner product (2.43).
(i) If s # 1 then L = {a- L | a € C3} is a Lie algebra isomorphic to so(3).
(iii) C' := L? + L3 + L3 is a Casimir operator of L, i.e.,
[C.a-L] =0 foralla€cR> (2.47)

(iv) For any Pauli set and an arbitrary rotation ) = (e, eq,e3) € SO(3), the L} = ey - L
form together with Ly another Pauli set.

Proof. (i) (2.45) follows from

la-Lb- L= Y auby[Ly, L] = (aub, — bua,)[L,, L) = 2i(a x b) - L,

p,v=1:3 n<v

and (iv) follows directly from (2.45).
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(i) (2.45) implies that L is closed under formation of commutators. Hence L is a Lie
algebra. The isomorphism follows from Example (i) below.

(iii-iv) O

In contrast to (iv), the spin equation (2.42) is not preserved under general rotations.

2.14.2 Examples. The following examples all have Ly = 1.
(i) On C3, a Pauli set of spin 1 is given by a - L = 2iX(a).

(ii) (Angular momentum) Let J = ¢ x p, where the components of position ¢ and
momentum p are the linear operators on H = C*(R?) defined by

0y (x)
oz,

(put)(x) = ih (gu)(2) = wup(x)  for p=1,2,3.

Then L, :=2J,/h for p=1,2,3 defines a Pauli set on H.
(iii) On any Euclidean space, a Pauli set of spin 0 is given by L; = Ly = L3 = 0.

(iv) A Pauli set of spin 1/2 on C?, exhibiting the isomorphism between the Lie algebras
u(3) and so(3), is given by the Pauli matrices

s =2, L1:<(1) (1)) LQZ(S _OZ) ng((l) _01) (2.48)

(iii) and (iv) from Example 2.14.2 are the first two cases of an infinite family of Pauli sets
with arbitrary nonnegative half-integral spin:

2.14.3 Theorem. The matrices Ly, Ly, Lo, L3 € C*** defined by
(L) = (K — 1)1 + (5 — k)41,
(Lot) = i(k — 1)1 — i(s — K)Wpq1,

(L) = (s + 1 = 2k)4y,

(Lo)r = (Z B 1) Ui

for ¢ € C® form a Pauli set of spin j = 5;21, called the canonical Pauli set over C°.

Written as matrices, the Ly and hence the a - L are tridiagonal, Lo is diagonal, and the
inner product (2.43) takes the form

Bo=30 () e
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Proof. For u = 1,2 we have

(Luw)k = O‘u(s - k)¢k+1 + 5p(k - 1)1@4—1, (2.49)

where

1 = 51 = 1, Oy = —’i, BQ =1. (250)
Therefore, for p,v € {1,2},

(L,LY)y = au(s—k)(au(s —k — 1)gio + Bukidy)
+Bu(k — 1)(aw(s — k + )ibg + Bu(k — 2)¢hp—1)

— opon(s— R)(s — k- Vs 4 Bk (k- 2y )
+(a,fuk(s — k) + a,Bu(k —1)(s — k + 1))¢y.
Similarly,
(Lo Loty = (s — K)(s — 1 — 2Kpper + Bl — D)(s 43— 2Wpr, (252)
(LsLytb)s = (5 41— 2W)an(s — Kpbeas + (51— 20080k — s, (253)

Since a? + a2 = B2 + B2 =0, a1 By + @B = 2, (2.51) implies
(L3 + L)Yk = (2k(s — k) +2(k = 1)(s — k + 1))y = (4k(s + 1 = k) — 25 — 2)¢,
hence
(L2 + L2+ L) = (Ak(s +1—k) — 25 — 24 (s + 1 — 2k)*)h = (s> — 1)y,
giving (2.42). Taking differences in (2.51)—(2.53) gives

([L1, Lo]t) = (LiLlotp)r — (LiLat))y
= (ufy —agB)(k(s — k) — (k= 1)(s =k + 1))t
([L1, L)) = =201 (s — k)Ypqr + 261 (k — 1)1 = —(2iLot))y,
([Lo, L))k = —202(s — k)Yrs1 + 2B2(k — 1)1 = (2iL19))y.

This gives the commutation relations (2.40). By writing the tridiagonal matrices out in

full, using o (s —1)! s—1
(S_k)<k:—1) T (E=1)i(s+1— k) :k< K )

(2.41) is easily verified. Since Ly is positive definite, we have a Pauli set of spin j. O
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Chapter 3

The symmetries of the universe

An understanding of the symmetries of the universe is necessary to be able to appreciate
the modern concept of elementary particles.

The special orthogonal group SO(3) of 3-dimensional rotations and the related special Eu-
clidean group 150(3) of distance and orientation preserving affine mappings of 3-dimensional
space are of exceptional importance in physics and mechanics. Indeed, the corresponding
symmetries are inherent in many systems of interest and in the building blocks of most
larger systems. The associated Lie algebra so(3) of real, antisymmetric 3 X 3 matrices
describes angular velocity and angular momentum, both in classical and in quantum me-
chanics; see Section 3.10. From a mathematical point of view, 3-dimensional rotations are
also interesting due to the sporadic isomorphism between the Lie algebras so(3) and u(2)
and the resulting isomorphism between SO(3) and a quotient of SU(2), see Section3.4.

3.1 Rotations and SO(n)

A matrix U € K™" is called orthogonal if UTU = 1, equivalently, if U is invertible
and U~! = UT. The set O(n,K) of all orthogonal n x n matrices with entries in K is
a matrix group, called a (full) orthogonal group over K. Indeed, if U,V € O(n,K)
then (UV)TUV = VIUTUV = VTV =1 and (U H)TU = (UDYTU = UU! =1, so
that UV, U~! € O(n,K). It is customary to write O(n) := O(n,R). Note that O(n) is
a subgroup of U(n). The orthogonal n x n matrices with determinant one form a matrix
group SO(n), called a special orthogonal group.

Every element U € O(n,K) satisfies (det U)? = detUT det U = det(UTU) = 1, hence either
det U =1 or det U = —1. Therefore for odd n, we have O(n,K) = {U, -U | U € SO(n,K),
and for any n, O(n,K) = {U, MU | U € SO(n,K), where M is the diagonal matrix with a
M, = —1 and other diagonal entries one.

The elements of the special orthogonal group SO(n) are called rotations. Thus, a rotation

o7
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is a real orthogonal matrix () € R™*" with determinant one,

QTQ=0QQ" =1, detQ =1. (3.1)

Since |Qx|? = (Q)T(Qz) = 27QTQz = 2Tz for Q € SO(n), rotations preserve the length
|z| = VaTx of a vector,
Qx| = || for all x € R™.

Since det(QA) = det Q det A = det A for Q € SO(n), rotations also preserve the orientation
of volumes. Conversely, these condition together imply that Q7Q = 1 and det @ = 1, hence
Q € SO(n). It can be shown that SO(n) is a connected matrix group; hence every rotation
is obtainable by a rotational motion. Since det is a continuous function of its entries and

det1 =1, SO(n) = O(n)y is the connected part of O(n).
The natural metric for rotations is the Frobenius distance,

1
d(Q1,Q2) = \/ﬁan — Q2||F. (3.2)

Here ||Al|r := VA : A, where A : B = tr AT B denotes the standard inner product between
matrices, is the Frobenius norm of a matrix A € R"*™. (The reader is invited to check

the triangle inequality d(Q1, Q3) < d(Q1, Q2) + d(Q2,Q3).)

3.1.1 Proposition. The Frobenius distance has the invariance property

d(Q1, Q2) = d(QQ1,QQ2) = d(Q1Q,Q:Q) if Q € SO(3), (3.3)

and satisfies

1
d(Q1,Q2) = SVn— Q1: Q2 €[0,1]. (3.4)
Proof. The inner product A : B is orthogonal invariant,
QA: QB =tr(QA)TQB =tr ATQ"QB =tr ATB=A: B,

AQ: BQ =tr(AQ)"BQ =trQ"ATBQ = trQQTA"B=tr ATB = A: B.
Therefore ||[QA — QB||% =Q(A—B): QA—B)=(A—B):(A—B) =||A— B|% and
I1AQ = BQ|IF = (A= B)Q: (A= B)Q = (A= B): (A- B) = [A = B||f, so that

1QA = QB[ = [[A = Blr = [AQ — BQ||r.

This implies (3.3). (3.4) follows from

(2n +2)d(Q1,Q2)* = tr(Q1 — Q)" (Q1 — Q2)

= trQ{ Q1 —trQiQ —tr QI Q1 +tr QT Q,
2tr1 —2tr QT Qy = 2n — 2Q; : Qs

2n + 2

IA

by (3.24). O
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A matrix f € K™ is called antisymmetric if AT = —A. The set o(n,K)o(n,K), or-
thogonal Lie algebra of all antisymmetric n x n matrices with entries in K is a matrix
Lie algebra, called an orthogonal Lie algebra over K. Indeed, if f,g € o(n,K) then

9" = (fg—9f)" = (" fT=fTg" = (=) (=)= (=f)(=g) = =(fg—gf) = —[f, g], hence
[f,g] € o(n,K). It is customary to write o(n) := o(n, R). Note that o(n) is a Lie subalgebra
of u(n). The antisymmetric n x n matrices with trace zero form a Lie algebra so(n), called
a special orthogonal Lie algebra. so(n) is the Lie algebra of the matrix group SO(n).
Note that so(n,K) = o(n,K) since f € o(n,K) inplies tr f = tr fT = tr(—f) = —tr f,
hence the trace is automatically zero.

We briefly look at the smallest orthogonal groups and their Lie algebra. For n = 1, we have
O(1) ={1,—1}, SO(1) =1d(1) = {1}, and o(1) = so(1) =id(1) = ||0}.

For n = 2, the Lie algebra o(2) = so(2) is 1-dimensional and consists of the antisymmetric

2 X 2 matrices
0 o) ai
—a 0 77

= (_Oa 8‘) (3.5)

is the canonical generator. SO(2) consists of the rotations

Qlo] = ( cos o sina) _ i (3.6)

—sina  cos«

where

the result of a uniform rotation U(t) := e around zero by some angle « in counter-

clockwise direction. The product of rotations is a rotation by the sum of the angles,

Q][] = Qla + 4], (3.7)

and the Frobenius distance of two rotations is a function of the difference of the angles,

d(Q[a], Q[A]) = sin(la — 5]/2), (3.8)

correctly taking account of the fact that angles differing by an integral multiple of 27
determine the same rotation. Note that i = —1, hence we may identify i with the imaginary
unit 7. This identification provides the isomorphisms U(1) = SO(2) and u(1) = so(2),
reflecting the fact that the complex number plane is isomorphic to the 2-dimensional real
plane.

The full orthogonal group O(2) consists of the rotations and the matrices

Rla] = (COSO‘ sina ) — R[0]e” (3.9)

sina —cos«

describing 2-dimensional reflections at the axis .
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3.2 3-dimensional rotations and SO(3)

The general form of an antisymmetric 3 x 3 matrix is

0 —das a9
X(a):= as 0 —ap |, a€eK?%
—as aq 0

therefore
s0(3,K) = {X(a) | a € K*}.

We note the rules

X(a)' =—-X(a), X(ab=axb=-X(b)a, X(a)a=0, (3.10)
X(a x b) =ba’ —ab’, (3.11)
—a3b3 — a2b2 CLle CL3b1
X(a)X(b) = a1b2 —&363 — a1b1 0,3b2 = baT — (a . b)l (312)
a1b3 &263 —a2b2 — a1b1

From (3.12) for a = b, we find by repeated multiplication with X (a), using (3.10),
X(a)? =aa’ —a%l, X(a)’=-a’X(a), X(a)'=-a’X(a)? (3.13)
and since (1 — X (a))((1 +a?)1 + X(a) + X(a)?) = (1 + a?)1, we have
(1-X(@)"'=1+(1+a%) " (X(a)+ X(a)?). (3.14)
We use these relations for K = R to prove the following explicit characterization of 3-
dimensional rotations.

3.2.1 Theorem.
(i) For allr € R? with |r| < 1, the matrix

Q[r] :=1+2reX(r) +2X(r)*>, wherers= V1 —r2, (3.15)
is a rotation.

(ii) If r = 0 then Q[r] is the identity; otherwise, Q[r| describes a rotation around the axis
through the vector r by the angle

a = 2arcsin |r|, (3.16)

and we have o o
Qrr =r, |r|=sin 50 To=cosg > 0. (3.17)

(iii) Conversely, every rotation @) has the form Q = Q[r] for some r € R® with r? < 1.
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Proof. (i) Writing X = X (r), Q = Q|[r], we find from (3.13) that X* = —r?X? = (1-r3)X?,
hence
QTQ = (1-2r0X +2X?)(14 2r(X +2X7?)

= 1+ (@d—-4r)X?2+4X*=1.
Thus Q7' = QT, QQT = QQ™' = 1. Since (det Q)? = det Qdet QT = det(QQT) = 1, we

have det Q[r] = £1. Since the sign is positive for r = 0, continuity of (3.15) implies that
det Q[r] =1 for all r. Thus Q[r| is a rotation. Moreover,

X(Q+1)=ry(@Q—1), (3.18)
since (rgl — X)Q = (1ol — X)(1 + 2r¢X + 2X?) = rol + (2r2 — 1) X? — 2X3 = ryl + X.
(ii) The case r = 0 is obvious; hence assume that r # 0. Specializing the relation
a’Qrlb=a-b—2(rg(axb)-r+(axr)-(bxr)), (3.19)

which follows using (3.10), to a unit vector a and b = a, we see that the angle a between
a vector a and its rotated image Qr]a is cosa = a’Q[r]a = 1 — 2|a x r|?, hence

laxr|=+/(1—cosa)/2=sin(a/2). (3.20)

In particular, a unit vector a orthogonal to r is rotated by the angle (3.16) since then
la x r| = |a]-|r| = |r|. Since (3.10) implies Q[r|r = r, the vector r is fixed by the rotation,
and Q[r] describes a rotation around the vector r by the angle a given by (3.16).

(iii) Let @ be an arbitrary rotation.

CASE 1. If @ + 1 is nonsingular, we define, motivated by (3.18),

X = @-DQ+D=Q-QQQ+QQ
= (1-QNA+QN) ! = —(1-QN @~ 1) = -X".

Hence~)~( is antisymmetric, X = X(a) for some a. Now X(Q 4 1) = Q — 1, hence we have
(1-X)Q =1+ X. Writing

ro :=1/V1+a% r:=ra,
we find from (3.14) and (3.13) that

Q = 1+r2X+mX)(1+X)=1+(r2+1—r2a?)X +2r2X?
= 1+2r2X(a) +2riX(a)? =1+ 2rX(r) + 2X(r)%

Since 1 —r? = 1—r2a? = 1—a?/(14+a%) = 1/(1+a?) = r2 > 0, we conclude that Q = Q[r].

CAsSE 2. If Q+1 is singular then —1 is an eigenvalue of (). The other two eigenvalues must
have product —1 since the determinant is the product of all eigenvalues, counted with their
algebraic multiplicity. Since two complex conjugate eigenvalues have a positive product,
this implies that the eigenvalues are all real. Any real eigenvalue \ has an associated real
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eigenvector x # 0 to with Qx = A\x, and x* = (Qx)? = A\*x? implies A\? = 1, hence A = +1.
Thus —1 is a double eigenvalue and @) + 1 has rank 1, Q + 1 = rs’ with a unit vector r.
Now orthogonality implies s = 2r, giving Q = —1 + 2rr” = Q[r], using (3.13). O

For angles |o| < Z (corresponding to r? < 1 < ), one may also use

1
2

q=2ror, qy=cosa=2rs—1=+/1-q? (3.21)
to rewrite @ = Q[r] as

1
1+qo

Q=1+X(q)+ X(q) = (1 - 35X (@) (1 + 5X(a)), (3.22)

which has nonlinearities only in the higher order term. Since 1 and X(q) are symmetric,
we see that

Q32 — Q23
q= B) Q13 — Q31 (3.23)
Q21 — Q12

is linear in the coefficients of Q). Therefore, (3.22) is referred to as the linear parameter-
ization. From (3.31), one easily checks that Q) = Q[r] satisfies

tr@Q =drg — 1> —1. (3.24)

Using also (3.23), we see that if tr Q > —1 then r, 7 (and hence the rotation axis and angle)
can be uniquely recovered from () by

q 1
-4 - - /110 3.95
'S Trug 0TVt re (3.25)

And if tr @ = —1 then 7y = 0 (corresponding to a rotation by 180°) and @ + 1 has rank 1,
hence r is one of the two unit vectors parallel to the columns of Q.

The exponential map. The Lie algebra so(3) of all real, antisymmetric matrices consists
of infinitesimal rotations, and the following result shows explicitly that every rotation can
be written as a matrix exponential of an antisymmetric matrix. In particular, this implies
that SO(3) is connected.

3.2.2 Proposition. If e is the unit vector in the direction of r (and an arbitrary unit
vector if r = 0) then, with « defined by (3.16),

Q[r] = e*X©), (3.26)

Proof. Using the relations

. . a o« e e’
SlIlOé:2SIIl§COS§, cosa=1—2sin 7 r= sm§ e,
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we find
Q[r] =1+ (sina)X(e) + (1 — cosa) X (e)* =: Q(a). (3.27)

Now @Q(0) =1 and
. Q(0) = (cosa)X(e) + (sina) X (€)* = X(e)Q(0),

using (3.13). Solving this differential equation gives (3.26). 0

If we write (3.27) in terms of a = ae, we conclude from (3.26) the Rodrigues formula

sin |a|
al

for the exponential of a real, antisymmetric matrix. It describes a rotation along an axis
parallel to a by an angle « = t|a|. The Rodrigues formula can also be obtained by writing
the exponential as a power series and simplifying using (3.13). In particular, for small a we
find eX® =1+ X(a) + O(|a?) for small a, showing explicitly that the X(a) € so(3) are
infinitesimal rotations.

1 — cos |a]

eX@ =1 4 X(a)? ifa#0 (3.28)

X+

As a useful application of the exponential form, we prove:

3.2.3 Proposition. For any rotation @),

X(Qa) = Q"X (a)Q, (3.29)
Qa x Qb = Q(a x b), (3.30)
Proof. By differentiation, using (3.26). . O

3.3 Rotations and quaternions

In view of (3.15) and (3.13), we have

2 2

—ry — T3 Tl —Tor'3 T1T3 + ToT2
Q] =142 rrg+rors —ri—1r2 rrz—mrery |, ro=+v1-r% (3.31)
TiT3 — ToTy ToT3 4+ Tory  —Ti — 73

where 1 denotes the identity matrix and r € R?® satisfies |r| < 1. Alternatively, we may
write (3.31) in the homogeneous quaternion parameterization

—r%—r% r1T9 — ToTs3 T17’3+7’0T2

ro,r] =1 —r2 2 — 3.32
Q[ro, 1] +r§+r%+r§—|—r§ 1Ty + ToT3 T{— T3  Tels — Tl ( )

TiT3 — ToTy ToT3 4+ Tory  —Ti — T3
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of rotations, with independent ry € R, r € R3, not both zero. Q[ry, r] satisfies
Qlro,r] = Q[Aro, Ar] for all A #0 (3.33)

and reduces to Q[r] if the arbitrary scale is chosen such that 73 + 7% + 73 + 73 = 1 and
ro > 0. Because of (3.33), parallel vectors (rg,r) in the quaternion parameterization give
the same rotation. This shows that the 3-dimensional rotation group has the topology of
a 3-dimensional projective space. (Note also that the linear parameterization (3.22) can
be obtained from the homogeneous form (3.32) by choosing the arbitrary scale such that
T8 412 = 2r).)

In computational geometry, the quaternion parameterization of rotations is preferable to
the frequently discussed (and more elementary) parameterization by Euler angles, since it
does not need expensive trigonometric functions, its parameters have a geometric meaning
independent of the coordinate system used, and it has significantly better interpolation
properties (SHOEMAKE [252], RAMAMOORTHI & BARR [226]). Note that the projective
identification mentioned above has to be taken into account when constructing smooth
motions joining two close rotations @[r] with nearly opposite r of length close to 1.

Quaternions.

A quaternion is a 4 x 4 matrix of the form

T
To r 3
Ulro,r) i= . 1 cR, reR3. 3.34

(ro. ) ( —r 7ol + X(r) ) o ' (3.34)

3.3.1 Theorem. The set Q of quaternions is a skew field, i.e., an associative algebra in
which every nonzero element has an inverse. We have

U(rg,r) + U(so,s) = U(rg + so,r +8), (3.35)

AU (rg,r) = U(Arg, Ar), (3.36)

U(T()a r)T = U(T()a —I'), (337)

Ul(ro,r)U(sg,8) = U(rgsg — 78, Sor + roS +r X 8), (3.38)
_ 1 .

Ulrg,r)~! = WU(TO, —r) ifrg +r?#0. (3.39)

Proof. (3.35)—(3.37) are trivial, and (3.38) follows by direct computation, using (3.10),
(3.12) and (3.11). Specializing (3.38) to so = 9, s = —r gives

U(ro,v)U(ro, —t) = U(rg +12,0) = (rg + 1)1, (3.40)

which implies (3.39). Therefore Q is a vector space closed under multiplication, and every
nonzero element in Q has an inverse. Since matrix multiplication is associative, Q is a skew

field. O
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In the standard treatment, quaternions are treated like complex numbers, as objects of the
form
q(ro,r) = rol +7r1i+ 19§ + 13k

with special unit quaternions 1,1, j, k. The correspondence is given by the identification

0 10 O 10 0 0 0
-1 1 -1
- 00 O = 0 0 O k- 0 O 0 (3.41)
0 00 -1 -1 0 00 0 1 0
0 01 O 0 -1 00 -1 0 0 O

in terms of which q(ro,r) = U(rg, ).

Identifying the imaginary unit ¢ with the real 2 x 2 matrix (3.5), we expand to get the
above real form:

ro +ir T9 4+ 1T
ro+ (r1,r2, —13)" ko = (—7(32+i71’3 ri—z’rj)
To T T2 rs
o - To —Ts )
-T2 rs To -
—r3 —T2 1 To

= T0+T1i+T2j+T3k.
3.4 Rotations and SU(2)

The isomorphism su(2) = so(3). From (3.12) and (3.11), one finds immediately that
[X(a), X(b)] = X(a x b). (3.42)
This implies that the spaces of real and complex antisymmetric matrices,
s0(3) = {X(a)|acR?*, 50(3,C)={X(a)|acC?,

are closed under forming commutators, and hence form a Lie algebra. We shall see soon
that the elements of so(3) are infinitesimal rotations. Introducing
0 0
Li=({0 0 0
0 0
which form a basis of so(3), we see that the correspondence %ak — Ly for k = 1,2, 3 defines
an isomorphism of Lie algebras.

Taking a closer look at X (a) we see that there is a basis of so(3) consisting of three elements
J; with X (a) = Zf’zl a;J;, corresponding to infinitesimal rotations around the coordinate
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axes. We assemble the three J’s in a column vector and (ab-)use the notation X (a) = a-J.
Writing out X (a)ZX(a’) = X(a x a’) we get

JkZJl = Z eklme s (343)

with the Levi-Civitd symbol €, defined in (2.20).

3

The group version. If g is an element of SU(2) and p € su(2) = R” we see that

tr(gpg™) =0, (gpg™ ") = (¢7")"pg" = gpg",

and we conclude that g induces a map R® — R3. Since

tr(gpg'gqg") = tr(pq)

the map induced by g € SU(2) defines an element of O(3). But also p x q - r is invariant
under the action of g and thus we found a map R : SU(2) — SO(3), whereby g € SU(2) gets
mapped to the element R(g) in SO(3) corresponding to p — gpg~'. The map g — R(g)

is a group homomorphism; that is, R(g192) = R(g1)R(g2).

and hence the map R : SU(2) — SO(3) is surjective. Suppose now that g(z,y) is mapped
to the identity element in SO(3). The kernel of R : SU(2) — SO(3) is easily checked to
consist of {£1}, which is the central Z, subgroup of SU(2). (Easy exercise: Prove that Zy
is the center of SU(2).) As any kernel of group homomorphisms, the kernel is a normal
subgroup. All in all we have shown

SO(3) = SU(2)/Z, .

3.5 Angular velocity

Quaternions are the most elegant way to derive a 3-dimensional analogue of the formulas
(3.6) and (3.7) for 2-dimensional rotations in terms of rotation angles. The resulting product
formula for 3-dimensional rotations, Theorem 3.5.1 in Section 3.5, allows us to derive the
properties of angular velocity.

3.5.1 Theorem. (Product formula)
Let |r|,|s| < 1. Then

Qr]Q[s] = Qr &, (3.44)
where with ro = /1 — 12, sg = /1 — 82, and the sign chosen such that +(rosp —r-s) > 0,
rés:=+(ser + 798 +r Xxs). (3.45)

Moreover,

Qr] ™ = Q" =Q[-r], r&(-r)=0. (3.46)
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Note that @ is not commutative!

Proof. Since 13 + 1% = s2 +s* = 1, (3.39) implies that U(ro,r) and U(sg,s) are orthogonal
4 x 4 matrices. Writing
qQ=r®s, g =|roso — -8, (3.47)

we may write (3.38) as
U(TOa I')U(S(), S) = U(qoa q)? (348)

hence U(qo, q) is also orthogonal, and (3.39) implies ¢ + q® = 1, giving
(ros)?<1, 1—(r®s)2=|rgsg—r-s| (3.49)
Now

U(so,8)U(0,x)U(s0,8)" = Ul(sg,s)U(0,x)Uso, —s) = U(sg,s)U(s'x, sox + X (s)x)
= U(0,s2x + 250X (s)x + ss’x + X(s)?x),

hence
U(so,s)U(0,x)U(sg,s)" = U(0, Q[s]x). (3.50)

Multiplication by U(rg,r) on the left and by U(ro,r)? on the right gives, using (3.48),
U0, )U(0,%)U(q0,@)" = U(0, Q[r]Q[s]x). (3.51)

On the other hand

U(qu q)U(Oa X)U(qu Q)T = U(qu q)U(Oa X)U(Qm q)T = U(O> Q[q]x)a

and comparing this with (3.51) implies (3.44). Finally, (3.46) is immediate. 0

Computationally, (3.47) is numerically stable in finite precision arithmetic, while the direct

formula ¢o = /1 — q? suffers from loss of accuracy if ¢y is tiny, due to cancellation of

leading digits.

Differentiation of the product formula gives a useful formula for the derivative of a rotation.

3.5.2 Theorem. (Differentiation formula)
If r is a function of t then

%Q[r] = X(w)Q[r], w=2(r x T+ 7k — Tor), (3.52)

and we have
1 i
I = §(r0w—r><w), To = 5T w. (3.53)

Proof. Writing
r=r(t), T=r(t+h)=r+hr+O(h?),
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we have

Qr]Q[-r] = Q& (-r)] = Q[-For +rof — T X 1]

Q[—(ro + hro)r + ro(r + ht) — (r + hi) x v + O(h?)]
Q[h(r X T+ ’l"()I" — ’f’or)] + O(h2)
— 1 hX(w) + O(h2).

Multiplication by Q]r| gives

Q(t+h)] = QF = (1+hX(w)+O0(h?))Q[r]
= Qlr] + hX(w)Q[r] + O(h?),

and (3.52) follows. Now

2rgrg = (r3)" = (1 —r?)" = —2r'¥, (3.54)
hence
rxw = 2(rXx(rxr)+rrXxr)
= 2(rrTt — r%r + ror X 1) = row — 2r,
giving ¥ = 1(row — r x w). Multiplication by r” gives r’F = 1ryw, and the formula for 7
follows from (3.54) if ry # 0. For rq = 0, the formula follows by continuity. O

3.5.3 Proposition. In the quaternion parameterization, we have

d(Q[r],Q[s]) = |(=r) ®s| = /1 — (roso + 1 -5)2. (3.55)

Proof. Since
tr Q[ Qls] = tr Q[-r]Qls] = tr Q[(—r) & s] = 4((—1) Bs)j — 1 =3 —4((-1) &)’
by (3.24), (3.55) follows from (3.4) and (3.47). O

3.6 Rigid motions and Euclidean groups

Translations (n) =T(Id(1),id(n)) and exp <.0 10 )

I

This motivates a more general triangular construction for Lie groups T'(Gy, . .., G,,) and Lie
algebras t(L,...,L,,) , which will later also produce the Galilean group and the Poincare
group. T'(n) =T(R,...,R)

D(Gy,...,G,,) diagonal, direct produt, D(n). and corresponding Lie algebras.
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ISO(n) as subgroup of L(n + 1,R), and their Lie algebra

The Euclidean group or inhomogeneous special orthogonal group /SO(n) consists
of all distance preserving affine mappings

reER” =2 ' =Qr+ceR",

with @ € SO(n) and ¢ € R™. In homogeneous coordinates,

"\ _ [ Q ¢ x
1) \o 1)\1)
hence we can write /SO(n) as a matrix group,

1SO(n) = { (Cg ;) ‘ Q € SO(n), CER”}.

In the special case special case n = 3, the corresponding Lie algebra of infinitesimal gener-
ators is the Lie algebra

w,v € Rg},

parameterizing one-parameter families of Euclidean motions defined by the differential equa-
tion

#(t) = X(w(t)z(t) + v(t),

or short

If we write

the commutator relations of iso(3) can be compactly written as

~

[X(a),X(b)] = X(axb) fora,beR? (3.57)
[(X(a),b-p] = (axb)-p forabeR? (3.58)
[a-p,b-p| =0 fora,bcR> (3.59)

Spinors, vectors, tensors in Lie algebras containing a distinguished so(3).
Levi-Malcev theorem (Kirillov p.91, Barut & Raczka p.19)

A maximal chain of ideals
L=Ly2>L;D...2DL,

with L,_1ZIL; C L should give the triangular structure; cf. Lie’s theorem. Is this related
to Ado’s theorem?
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3.7 Connected subgroups of SL(2,R)

SL(2,R) is a matrix group of dimension 3. Up to conjugacy , proper connected subgroups
of are:

For d = 1: I1SO(1), O(2), O(1,1), SD(2) = { (O&tt‘l O) }

for d = 2 apparently only ST'(2) = { <S&i_1 0) },

Is this list complete, irredundant?

SL(2,R) is an example of a connected matrix group in which not every element can be
written as an exponential of an element of its Lie algebra. Indeed, any f € sl(2,R) has
trace zero, hence its eigenvalues are )\ for some A € C. The eigenvalues of ¢/ are therefore
et and tre/ = e* + ™. Since the product of the eigenvalues is the real determinant,

A is either real or purely imaginary. In the first case, tre/ > 0, while in the second case,

A =iw and tre/ = e + 7™ = 2cosw > —2. Since the element <_02 _?/2) € sl(2,R)

has trace < —2, it cannot be written as e/ with f € sl(2,R).

3.8 Connected subgroups of SL(3,R)

SL(3,R) is a matrix group of dimension 6. Up to conjugacy, proper connected subgroups
of dimension 0 < d < 6 are 1SO(2), O(3), O(1,2), H(1). Is this list complete?

3.9 Classical mechanics and Heisenberg groups

H(n) and its Lie algebra; CCR script p.37f
Poisson representations script p.4-7

units p.29-30

restricted direct sum

The oscillator group Os(n)

The Schrodinger group?

3.10 Angular momentum, isospin, quarks

Angular momentum, commutation relations
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SU(n) for n flavors, and their Lie algebra

Isospin (n = 2), quarks (uds...)

Structure hints from the mass spectrum of elementary particles
Standard model gauge group: S(U(2) x U(3))

The local symmetry group of the universe: 1.SO(1,3) x S(U(2) x U(3))

3.11 Connected subgroups of SL(4,R)

SL(4,R) is a matrix group of dimension 15. Up to conjugacy, the connected subgroups of
dimension d = 10 are:

ISO(3) (homogeneous Galilei transformations)

0O(4); SO(4) = SO(3) x SO(3) (hydrogen)

O(1,3) (Lorentz group)
0(2,2) (no physical relevance)
Find the symmetry group of a Lorentz cone (also needed for completely positive maps)

Other dimensions?

3.12 The Galilean group

script p.24-26,28-30,34f

Galilean spacetime. Until the beginning of the twentieth century, one thought that time
for all observers was the same in the following sense: if two events take place at two different
places in space, then the question whether the events took place at the same time has an
observer independent answer. Space was thought of as a grid on which the motions of all
objects took place and time was thought to be completely independent from space. The
‘distance’ between two events therefore consisted of two numbers: a difference in time and
a spatial distance. For example, the distance between when I woke up and when I took
the subway to work is characterized by saying that from the moment I woke up it took me
half an hour to reach the subway station, which is 500 meter from my bed. We call the
spacetime described in this manner the Galilean spacetime.

There are three important kinds of symmetries in the Galilean spacetime and the group
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that these symmetries generate is called the Galilean symmetry group'. If we shift the
clock an hour globally, which is possible in Galilean spacetime, the laws of nature cannot
alter. Hence one symmetry generator is the time-shift: ¢t — ¢ 4+ a for some fixed number
a. Likewise, the laws of nature should not change if we shift the origin of our coordinate
system; hence a second symmetry is the shift symmetry (2!, 22, 23) — (z'+0!, 22+0?, 234+b%)
for some fixed vector (b!,b% b%). The third kind of symmetries are rotations, that is, the
group SO(3), which we have seen before. There are some additional discrete symmetries,
like space reflection, where a vector (z!,z?%, 23) is mapped to (—z!, —22, —23). We focus,
however, on the connected part of the Galilean symmetry group. The subgroup of the
Galilean symmetry group obtained by discarding the time translations is the group I50(3).
Below, when we discuss the Poincaré group, we give more details on the group 150(3) as
it is a subgroup of the Poincaré group.

3.13 The Lorentz groups O(1,3), SO(1,3), SO(1,3),

script p.30-33

When K = R, one has for symmetric bilinear forms another subdivision, since B can have
a definite signature (p, q¢) where p 4+ ¢ is the dimension of V. If B is of signature (p, ¢q), this
means that there exists a basis of V' in which B can be represented as

B(v,w) =v"Aw, where A =diag(—1,...,—1,1,...,1).
e — N —

p times q times

The group of all linear transformations that leaves B invariant is denoted by O(p,q). The
subgroup of O(p, q) of transformations with determinant one is the so-called special or-
thogonal group and is denoted by SO(p,q). The associated real Lie algebra is denoted
so(p, q) and its elements are linear transformations A : V' — V such that for all v, w € V we
have B(Av,w) + B(v, Aw) = 0. The Lie product is given by the commutator of matrices.

More general, the standard representation of so(p, ¢) is the one that defines so(p, ¢) and is
thus given by (p + ¢q) X (p + ¢)-matrices that leave a metric of signature (p, ¢) invariant; in
Lie algebra theory the standard representation is called the fundamental representation.
In the fundamental representation of so(3,1) (which is not unitary), the Minkowski inner
product is invariant.

The group SO(3) is a subgroup of SO(3,1) and consists of all those SO(3, 1)-rotations that
act trivially on the time-component of four-vectors. The Galilean symmetry group is the
subgroup of 1.SO(3, 1) consisting of the SO(3)-rotations together with the time translations.

An element of SO(3,1) is called a Lorentz boost if the element acts nontrivially on the
zeroth component of four-vectors. By multiplying with an appropriate element of the SO(3)

!The group is also called the Galilei group or the Galileo group. We follow the tradition that
proceeds in analogy with the use of Euclidean space or Hermitian matrix.
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subgroup we may assume that a Lorentz boost only mixes the zeroth and first component
of four-vectors. Then a Lorentz boost L takes the following form (recall ¢ = 1):

20 — vzt L)' = ! — vz?

V1I—w?’ V1I—w?’

and L(v)? = v? L(v)® = v3. Physically the Lorentz boost (3.60) describes how coordinates
transform when one goes from one coordinate system to another coordinate system that
moves with respect to the first system in the positive z'-direction with velocity v. Since v
has to be smaller than one, as is apparent from (3.60), one concludes that special relativity
excludes superluminal velocities. The number

L(v)? = (3.60)

1
’y_ /71_1)2)

is called the y-factor. The -factor gives an indication whether we should treat a physical
situation with special relativity or whether a nonrelativistic treatment would suffice. The
Lorentz contraction factor is the inverse of v and measures how distances shrink when
measured in another coordinate system, moving at a velocity v with respect to the original
coordinate system. For a-particles, moving with a typical speed of 15,000 kilometers per
second, we have v = 0.05 and so v ~ 1.03 and v~! ~ 0.97, which implies that if we take a
rod of 100 meter and let an a-particle fly along the rod, it measures only 97m (assuming
that a-particles can measure). The v-factor thus tells us that if we want accuracy of more
than 3%, we need to treat the a-particle relativistically.

(3.61)

The nonrelativistic limit. In order to discuss the nonrelativistic limit, we restore
the presence of the velocity of light ¢ in the formulas. For a particle at rest, the space
momentum p vanishes. The formula p? = ( c)? therefore implies that, at rest, py = mc
and the rest energy is seen to be £ = mc?. This suggests to define the kinetic energy
(which vanishes at rest) by the formula

H := pyc — mdc>.
Introducing velocity v and speed v by
v=p/m, v=|v]=VV?
we find from p? — p2 = —(mc)? that py = \/(mc)? + p? = mey/1 + (v/c)?, so that

s 1+ (v/e)*—1 mu?

T+ (/P +1 It @R+l

H=mc*(y/1+ (v/c)? = 1) =mc

Similarly, the energy becomes

mc?

1—(v/c)?

Taking the limit ¢ — oo we find that H becomes the kinetic energy %mv2 of a nonrelativistic
particle of mass m, The nonrelativistic approximation H = %mzﬂ for the kinetic energy



74 CHAPTER 3. THE SYMMETRIES OF THE UNIVERSE

is valid for small velocities v = |p/m| < ¢, where we may neglect the term (v/c)? in the
square root of the denominator.

Lorentz group as SL(2,C). We mention some further properties of spin coherent states.
Because of the identity
| —2,5) = (=1)|z,s)

fermionic representations (s ¢ Z) are called chiral. Since fermions are chiral, they are
not invariant under the Zy-subgroup of SL(2,C) and thus fermions do not constitute a
representation of the restricted Lorentz group.

We use the notation introduced in Section 2.11 and identify four-vectors p € RY3 with the
2 x 2-matrices p - 0. For any four-vector p € R'® the Minkowski norm is given by

det(p-oy) =p-p.
The group SL(2,C) acts on RY3 through
Alp-op)A", for Ae SL(2,C).

Clearly this defines for each A € SL(2,C) an element of SO(3,1), and hence we have a
map SL(2,C) — SO(3,1). The group SL(2,C) is a real connected manifold of dimension
6. Indeed, any complex 2 x 2 matrix has 4 complex entries making 8 real numbers. The
constraint det A = 1 gives two equations, for the real and imaginary part, and hence
removing two dimensions.

Let us show that SL(2,C) is connected. For A € SL(2,C) we can apply the Gram—Schmidt
proces to the column vectors of A. Looking at how the Gram—Schmidt procedure works,
we see that any element of A € SL(2,C) can be written as a product of an upper triangular
matrix N with positive entries on the diagonal and a unitary matrix U € U(2). We can
write U = €U’ with U’ € SU(2) making clear that U(2) = S? x S! so that U(2) is
connected and the matrix U can be smoothly connected to the identity. For N we may

write
a b
v=(5 1)

with ac = 1 and @ > 0 and ¢ > 0. Then ¢t — tN + (1 — t)laxo is a smooth path in
L(2,C) for t € [0,1] that connects the unit matrix to N. Dividing by the square root of
the determinant gives the required path in SL(2,C). Hence SL(2,C) is connected.

The map SL(2,C) — SO(3,1) is a smooth group homomorphism and thus any two points
in the image can be joined by a smooth path. Hence the image is a connected subgroup of
SO(3,1). Since the dimensions of SO(3,1) and SL(2,C) are the same, the image contains
an open connected neighborhood O of the identity (this is nothing more than the statement
that the induced map s{(2,C) — so(3,1) is an isomorphism). But the subgroup of SO(3,1)
generated by a small open neighborhood of the identity is the connected component con-
taining the identity. Indeed, call G’ the group generated by the open neighborhood O. We
may assume O~ := {g~!, g € O} = O, since if not we just replace O by ONO~t. If x € G’
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then O C G’ is an open neighborhood containing x so that G’ is open. If z ¢ G’ then
rONG =0, since if y € O NG, then there is z € O such that zz = y, but then = yz~!
lies in G'. Hence G’ is an open and closed subgroup of the component that contains the
identity, but then G’ is the component that contains the identity.

Hence the map SL(2,C) — SO(3,1), is surjective and we only have to check the kernel.
An element A is in the kernel if and only if Ap -0, A* = p- o, for all p € RY3. This is a
linear equation in p so we may as well take p € C3. Choosing p- o, = oy +1i0y and writing

a b
1= (e 4)
we find ab =0, ad = 1 and |¢| = 0. Hence b = ¢ = 0 and ad = 1. But since det A = 1 we

have ad = 1 so that a? = 1 giving @ = &1. The kernel is therefore the normal subgroup
ZQ == {1, —1}

3.14 The Poincare group 150(1,3)

The group of all translations in V' generates together with SO(p, ¢) the group of inhomo-
geneous special orthogonal transformations, which is denoted I5SO(p,q). One can
obtain 1.SO(p, q) from SO(p, g+ 1) by performing a contraction; that is, by rescaling some
generators with some parameter € and then choosing a singular limit ¢ — 0 or € — co. The
group 1SO(p, q) can also be seen as the group of (p+ g+ 1) X (p + g + 1)-matrices of the
form

<%3 ?) with Q € SO(p.q), be V.

The Lie algebra of ISO(p, q) is denoted iso(p, q) and can be described as the Lie algebra
of (p+q+1) x (p+ g+ 1)-matrices of the form

(61 8) with A € so(p,q), be V.

Again, the Lie product in iso(p, q) is the commutator of matrices.

Minkowski spacetime. With the advent of special relativity, the classical spacetime view
was altered in the sense that time and space made up one spacetime, called Minkowski
spacetime. As a topological vector space Minkowski spacetime is nothing more than R*,
but it is equipped with the Minkowski metric? (also see Section 5.6 and Example 11.4.5):

(x—y)?=—("—y"P + (@' =y )P+ (@ =)+ (2" =) = (x—y)* = (2" —y")
The time component of the four-vectors is the zeroth component. We write a general
four-vector as

2We choose units such that ¢ = 1, and work with the signature (—, +, +, +).
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where v is the space-like part of v and v is the time-like component of v. With the notation
introduced we see that the Minkowski metric can be written as v? = —(v°)? + v?, where
v?2 is the usual Euclidean norm for three-vectors. The Minkowski inner product is derived
from the Minkowski metric and given by

0 0
(U ) (w ) :—Uowo—i-vw.
\Y% W

Note that in a strict sense the Minkowski inner product, the Minkowski norm and the
Minkowski metric are not an inner product, norm and metric respectively as the positivity
condition is clearly not satisfied.

The Poincaré group is a subgroup of the group of all symmetries that leave the Minkowski
metric invariant. The Poincaré group is often denoted as IS0O(3,1). On a four-vector v
the Poincaré group acts as v — Av + b, where A is an element of SO(3,1) and b is some
four-vector. Hence the Poincaré group consists of rotations and translations. An explicit
representation of 150(3,1) can be given in terms of the matrices

(6 1)

where A is a 4 X 4-matrix in SO(3,1) and b is a four-vector. Recall that A is in SO(3,1) if
A satisfies

-1 00 0
o _ 10 0
Amd=n.n=19 ¢ 1 g

0 00 1

The affine linear transformations contain the translations and SO(3,1)-rotations. The
generators of the translations we call the momenta, and since they have four components,
we sometimes refer to them as four-momenta.

The (real) Lie algebra of 1S0O(3,1) is described by the matrices of the form

an= (4 o)

with A € s0(3,1) and b € R3. The Lie product is given by the commutator of matrices,
and takes the form
(A, b)L(A V) = ([A, AT], A — A'D)

where Ab' is the usual matrix action of A on . In particular, we have
(0,0)2(0,0') =0, (A, 0)£(0,V) = (0, AV),

from which we read off that the translations form a commutative subalgebra. The trans-
lations form an ideal such that the momenta form the standard representation of so(3,1),
that is, the defining representation.

General spacetime. The generalization of Minkowski spacetime is a manifold with a
pseudo-Riemannian metric g; the latter turns the tangent space at each point of the
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manifold into a Minkowski space. Thus around every point there is a chart and a coordinate
system such that g takes the form of a Minkowski metric. It is clear that a proper description
of general relativity requires differential geometry and the development of tensor calculus.

In general relativity but also already in special relativity physicists use some conventions
that are worth explaining. Spacetime indices indicating components of four-vectors are
indicated by Greek letters p, v, .... To denote a four-vector z = (x*) one writes simply x*.
If an index appears ones upstairs and once downstairs, it is to be summed over; this is called
the Einstein convention. Derivatives are objects with indices downstairs; 9, = 0/0x".
The Kronecker delta 4/ is an invariant tensor and we have d,2" = 0% and 0,2 = 4.
The Minkowski metric is usually denoted by the Greek letter n and again one usually just
writes 7, to denote the metric and not just the pr-component; as a matrix the Minkowski
metric is given by:

10 0 0
o 100
1o 01 0

0 0 0 1

The Minkowski inner product is now written as v - w = v*w"n,,. If v and w are two
elements of the tangent space at a point x their inner product in general relativity is given
by v*w” g, (), from which it is clear that general relativity is the curved generalization of
special relativity. To denote the metric g physicists often describe a line element, which is
to mean the distance of an infinitesimal displacement ds = (dz*);

ds® = g, (x)datdz” .

The metric g, and its pointwise inverse g"” are used to lower and to raise indices; indeed,
the metric gives an isomorphism between the tangent space and the cotangent space. Hence
OF is defined as ¢g"9,, and a check of consisteny gives g = g"*¢"?g,». As a further
exercise in the conventions the reader might verify g**g,, = 6%, g"g,,, = 4. The described
conventions are used a lot in physics literature and more on its nature and why it works
can be found in many text books on relativity, e.g., in the nice introductory textbook by
D’INVERNO [72]).

The symmetry group of a manifold M with a pseudo-Riemannian metric ¢ is huge; it
consists of all diffeomorphisms of the manifold, as any diffeomorphism preserves a metric.
The vector fields on M describe the infinitesimal generators of the group of diffeomorphisms.

3.15 A Lorentz invariant measure

The reason that one uses the integration measure

d*k g M
Ty “®) = \ R+ = (3.62)

is due to Lorentz covariance. The integration measure is clearly rotation invariant. Hence
to study the behavior under a general Lorentz transformation L we may assume that L
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only mixes the z-direction and the time-direction. In that case we have, using the ~v-factor
(3.61)

L(k,) = ——— =(ks —vky),

Lk) = —— =9k - gk‘x)

One easily checks that L(k)? = k2. Since w(k) is the zeroth component of the wave vector

k, we see that the factors 4/1 — Z—; cancel out. Another way to see the covariance is to note
the equality
d*k d'k m2c?
= o (k2 ) a(k) 3.63
Brmwh) ~ Empo\F T )th) (3:63)
where 6 is the Heaviside function defined by 0(x) = 1 if # > 0 and 0(z) = 0 if z < 0.
The Heaviside function selects the positive sign of the square root in (3.62). The equality
of the two integration measures in (3.63) is proven by integration of both sides. It is clear
that the expression (3.63) is invariant under Lorentz transformations.

3.16 Kepler’s laws, the hydrogen atom, and SO(4)

3.17 The periodic systemand the conformal group SO(2,4)

SO(2,4) = SU(4)? containing SO(1, 3)
conformal transformations and Poisson representation
H(3) as subgroup and the hydrogen atom

The periodic system

3.18 The interacting boson model and U(6)

3.19 Casimirs

faithful representations
sum and product of reps

universal envelope (classical and quantum),



3.20. UNITARY REPRESENTATIONS OF THE POINCARE GROUP 79

Casimirs,
splitting representations through common eigenspaces of Casimirs

s0(3), sl(2), spin

3.20 Unitary representations of the Poincaré group

This section is neither in a good form nor complete in contents.

Knowing the simple and semisimple Lie algebras is of course interesting, but in physics
there are also important non-semisimple Lie algebras that play an important role. In this
section we treat one of the most important Lie algebras in physics, the Poincaré Lie algebra.
The Poincaré Lie algebra is not semisimple since it contains an abelian (and thus solvable)
ideal.

In physics, the irreducible unitary representations of the Poincaré algebra correspond to
elementary particles, more precisely to particles considered at distances so large that
their internal structure can be safely ignored. Using the Casimir operators in the universal
enveloping algebra, one can label the different representations, since a Casimir must take a
constant value in any irreducible representation.

There are two independent Casimirs. One is the number p?, which is an invariant since
the Minkowski inner product is invariant. With our choice of signature (— + ++), one has
p? = p? — p2 = —(mc)? for a constant m called the mass of the representation (or the
associated particles); for the signature (+ — ——), we have instead p* = p§ — p? = (mc)*
In physically relevant representations, m > 0 and py > 0.

A second Casimir accounts for the spin s of the representation; for unitary representations,
it is quantized, and takes nonnegative, half integral values. The particles are called
bosons if the spin of this representation is integral, and fermions otherwise, i.e., if the
spin is half an odd integer. For example, electrons have spin s = 1/2 and are fermions,
while photons have spin s = 1 and are bosons. The name ”spin” derives from relations to
the representation theory of the rotation group; see Section 21.1, where also the dichotomic
nature of integral and nonintegral spin is explained, which justifies using different names
for bosons and fermions.

Clearly, representations which differ in mass or spin are nonequivalent. Less trivial is the
fact that, among the physical representations (i.e., those with m > 0 and py > 0),
there is an up to equivalence unique irreducible representation for each combination m > 0
and s € %ZJF. In the massless case m = 0, there are precisely two for each s € %ZJF, a
right-handed and a left-handed one.

Given an irreducible unitary representation, we can choose a basis such that the components
of p act diagonally, since they are Hermitian and commute. Thus we can assign to a vector in
the representation the four momentum components. The momentum components will also
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be denoted p,. The number E = pyc is called the energy, and depends on the basis chosen,
since the so(3, 1) rotations mix the momenta. Having fixed a basis of the translations, there
is only a SO(3) subgroup that leaves the energy invariant. Intuitively this is clear, rotating
a reference frame does not change the energies. In general, for a given basis, the subgroup
of s0(3, 1) that leaves the vector (1,0, 0,0) invariant is SO(3) and the elements of the SO(3)
subgroup are rotations. There are three independent SO(3, 1) elements that do not leave
(1,0,0,0) invariant, these transformations and their linear combinations are called Lorentz
boosts in the physics literature. The Lorentz boosts mix time and space coordinates. A
basis of Poincaré Lie algebra thus consists of the generators of three rotations, three Lorentz
boosts and four translations.

3.21 Some representations of the Poincare group

mass and spin
The Foldy construction
relation to the invariant measure form; Foldy-Wouthuisen transform?

Galilei version and classical limit

3.22 Elementary particles

Elementary particle = irreducible unitary representation of the Poincare group with quan-
tized spin, p* > 0, and py > 0.

massless particles and gauge freedom
3.22.1 Proposition. For real a € R? and any Pauli set of spin j,

[Y(a-o)| < 2jlalnp  for all ¢ € C*. (3.64)
Equality holds iff 1 satisfies the Weyl equation

(a- o) =£2j|al.

Proof. We need to show that the symmetric matrix o¢(2j|a| —a- o) is positive semidefinite.
The matrix A = oo((s — 1)|a|] — a - o) is tridiagonal with nontrivial entries

A= (32 1) (5= Dl = (51— 20,

Appoy = — <Z - D (k —1)(ar + iaz),
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s—1 . X
Apk1 = — <k B 1) (s = k)(a1 —das) = Ay

If a3 # |a| then az < |a|, and we may define the lower triangular tridiagonal matrix L and
the diagonal matrix D with nontrivial entries

ay +ia s—1
Lie =1, Lisre = —W7 Dy = (|a] - 03)k< I ) > 0.
—as

Now A = LDL*; therefore, A is Hermitian positive semidefinite.

If a3 = |a|] then a; = a; = 0 and A is diagonal with nonnegative diagonal entries Ay, =
(2:1)2(1{: — 1)|al, and again positive semidefinite. Now

0 <" Ay = (s — Dlalyy) — d(a- o),
and replacing a by —a gives the desired inequality. Equality holds iff Ay = 0, which is the
Weyl equation. O

Note that the Weyl equation is solved for az < |a| by ¢ iff L*1) is zero except in the last
component (since A = LDL* and the other diagonal entries of D are positive).

More precisely, a - 0 has the simple eigenvalues (s + 1 — 2l)|a|] (I =1: s).

3.23 The position operator
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Chapter 4

From the theoretical physics FAQ

4.1 To be done

The present chapter will be merged into the preceding chapters. Some of the sections in
later chapters, whose content is already in Part I will be eliminated.

The section on ”Heisenberg groups and Poisson representations” is at the start of Chapter 3
since to define the Lie algebra of angular momentum already requires the CCR and Poisson
brackets.

Perhaps the two chapters could be integrated better via a sequence like:

- Reflections, Rotations and classical angular momentum (which could contain a lot of math
on SO(3) including some Lie stuff).

- Galilei group, which builds on rotations.
- Symplectic/Hamiltonian stuff (classical non-relativistic dynamical groups)

- Classical relativistic stuff (Poincare) Maybe also classical electromagnetism in here some-
where, since it stands astride both the classical and quantum worlds. It’s also the natural
place to introduce the concept of (classical) gauge invariance.

- Non-relativistic QM (Heisenberg, Oscillator, Schrodinger, etc).

- Re-visit SO(3) in the quantum context and show how the requirement of being a symmetry
of a positive-definite inner product is enough to imply stunningly unexpected facts about
the spectrum of angular momentum experiments. This then becomes the archetype for
how representations, Casimirs, etc, are at the heart of modern physics. This is also a good
place to emphasize how Schrodinger wave functions, etc, are not the last word and about
how a more general algebraic framework is cleaner and powerful (having shown that this is
sufficient to make impressive predictions).

- Continue on to Isospin and gauge symmetries.

83
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- Quantum dynamical groups (conformal, H-atom, etc).

Thus, each step in the mathematical sequence of ideas is presented and developed in a
suitable physics context.

4.2 Postulates for the formal core of quantum me-
chanics

Quantum mechanics consists of a formal core that is universally agreed
upon (basically being a piece of mathematics with a few meager pointers
on how to match it with experimental reality) and an interpretational
halo that remains highly disputed even after 85 years of modern quantum
mechanics. The latter is the subject of the foundations of quantum
mechanics; it is addressed elsewhere in this FAQ.

Here I focus on the formal side. The relativistic case is outside the
scope of the present axioms, though presumably very little needs to be
changed.

As in any axiomatic setting (necessary for a formal discipline),
there are a number of different but equivalent sets of axioms

or postulates that can be used to define formal quantum mechanics.
Since they are equivalent, their choice is a matter of convenience.

My choice presented here is the formulation which gives most direct
access to statistical mechanics but is free from allusions to
measurement. The reason for the first is that statistical mechanics is
the main tool for applications of quantum mechanics to the macroscopic
systems we are familiar with. The reason for the second is that real
measurements consitute a complex process involving macroscopic
detectors, hence should be explained by quantum statistical mechanics
rather than be part of the axiomatic foundations themselves. (This is
in marked contrast to other foundations, and distinguishes the present
axiom system.)

Thus the following describes nonrelativistic quantum statistical
mechanics in the Schroedinger picture. (As explained later, the
traditional starting point is instead the special case of this setting
where all states are assumed to be pure.)

For brevity, I assume the knowledge of some basic terms from functional
analysis, which are precisely defined in many mathematics books.
[For a discussion of the difference between a Hermitian and a
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self-adjoint operator, see e.g., Definition 3 in
http://arxiv.org/pdf/quant-ph/9907069 . The importance of this
difference is that Hermitian operators have a real spectrum if and
only if they are self-adjoint. Moreover, the Hille-Yosida theorem says
that e”"{iX) exists (and is unitary) for a Hermitian operator X if and
only iff X is self-adjoint. A detailed discussion and the HY theorem
itself are discussed in Vol.3 of the math physics treatise by Thirring.]
The statements of my axioms contain in parentheses some additional
explanations that, strictly speaking, are not part of the axioms but
make them more easily intelligible; the list of examples given only
has illustrative character and is far from being exhaustive.

Quantum mechanics is governed by the following six axioms:

Al. A generic system (e.g., a ’hydrogen molecule’) is defined by
specifying a Hilbert space K and a (densely defined, self-adjoint)
Hermitian linear operator H called the _Hamiltonian_ or the _energy_.

A2. A particular system (e.g., ’the ion in the ion trap on this
particular desk’) is characterized by its _state_ rho(t)
at every time t in R (the set of real numbers).
Here rho(t) is a Hermitian, positive semidefinite, linear trace class
operator on K satisfying at all times the conditions

trace rho(t) = 1. (normalization)

A3. A system is called _closed_ in a time interval [t1,t2]
if it satisfies the evolution equation

d/dt rho(t) = i/hbar [rho(t),H] for t in [t1,t2],
and _open_ otherwise. (hbar is Planck’s constant, and is often set
to 1.)
If nothing else is apparent from the context, a system is assumed to
be closed.

A4. Besides the energy H, certain other (densely defined, self-adjoint)
Hermitian operators (or vectors of such operators) are distinguished
as _observables_.

(E.g., the observables for a system of N distinguishable particles
conventionally include for each particle several 3-dimensional vectors:
the _position_ x"a, _momentum_ p~a, _orbital_angular_momentum_ L"a

and the _spin_vector_ (or Bloch vector) sigma“a of the particle with
label a. If u is a 3-vector of unit length then u dot p~a, u dot L~a
and u dot sigma”a define the momentum, orbital angular momentum,

and spin of particle a in direction u.)

A5. For any particular system, and for every vector X of observables
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with commuting components, one associates a time-dependent monotone
linear functional <.>_t defining the _expectation_
<f(X)>_t:=trace rho(t) f(X)
of bounded continuous functions f(X) at time t.
(This is equivalent to a multivariate probability measure dmu_t (X)
on a suitable sigma algebra over the spectrum spec(X) of X) defined by
integral dmu_t(X) f(X) := trace rho(t) f(X) =<f(X)>_t.
The signma algebra is uniquely determined.)

A6. Quantum mechanical predictions consist of predicting properties
(typically expectations or conditional probabilities) of the measures
defined in Axiom A5, given reasonable assumptions about the states
(e.g., ground state, equilibrium state, etc.)

Axiom A6 specifies that the formal content of quantum mechanics is
covered exactly by what can be deduced from Axioms A1-A5 without
anything else added (except for restrictions defining the specific
nature of the states and observables), and hence says that

Axioms A1-Ab are complete.

The description of a particular closed system is therefore given by

the specification of a particular Hilbert space in Al, the
specification of the observable quantities in A4, and the

specification of conditions singling out a particular class of

states (in A6). Given this, everything else is determined by the theory,
and hence is (in principle) predicted by the theory.

The description of an open system involves, in addition, the
specification of the details of the dynamical law. (For the basics,
see the entry ’Open quantum systems’ in this FAQ.)

In addition to these formal axioms one needs a rudimentary
interpretation relating the formal part to experiments.

The following _minimal_interpretation_ seems to be universally
accepted.

MI. Upon measuring at times t_1 (1=1,...,n) a vector X of observables
with commuting components, for a large collection of independent
identical (particular) systems closed for times t<t_1l, all in the same
state

rho_0 = 1lim_{t to t_1 from below} rho(t)
(one calls such systems _identically_prepared_), the measurement
results are statistically consistent with independent realizations
of a random vector X with measure as defined in axiom Ab.
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Note that MI is no longer a formal statement since it neither defines
what ’measuring’ is, nor what ’measurement results’ are and what
’statistically consistent’ or ’independent identical system’ means.
Thus MI has no mathematical meaning - it is not an axiom, but already
part of the interpretation of formal quantum mechanics.

MI relates the axioms not to a hypothetical classical realm but to a
nonphysical entity: the social conventions of the community of
physicists. The terms ’measuring’, ’measurement results’,
’statistically consistent’, and ’independent’ already have informal
meaning in the reality as perceived by a physicist. Everything stated
in Axiom MI is understandable by every trained physicist.

Thus statement MI is not an axiom for formal logical reasoning but

a bridge to informal reasoning in the traditional cultural setting
that defines what a trained physicist understands by reality.

The lack of precision in statement MI is on purpose, since it allows

the statement to be agreeable to everyone in its vagueness; different
philosophical schools can easily fill it with their own understanding
of the terms in a way consistent with the remainder.

Interpretational axioms necessarily have this form, since they must
assume some unexplained common cultural background for perceiving
reality. (This is even true in pure mathematics, since the language
stating the axioms must be assumed to be common cultural background.)

MI is what _every_ interpretation I know of assumes (and has to assume)
at least implicitly in order to make contact with experiments.

Indeed, all interpretations I know of assume much more, but they
differ a lot in what they assume beyond MI.

Everything beyond MI seems to be controversial. In particular,
already what constitutes a measurement of X is controversial.
(E.g., reading a pointer, different readers may get marginally
different results. What is the true pointer reading?)

On the other hand there is an informal consensus on how to
perform measurements in practice. Good foundations including a
good measurement theory should be able to properly justify this
informal consensus by defining additional formal concepts that
behave within the theory just as their informal relatives with
the same name behave in reality.
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In complete foundations, there would be formal objects in the
mathematical theory corresponding to all informal objects discussed
by physicists, such that talking about the formal objects

and talking about the real objects is essentially isomorphic.

We are currently far from such complete foundatioms.

A state rho is called _pure_ at time t if rho(t) maps the Hilbert
space K to a 1-dimensional subspace, and _mixed_ otherwise.

Although much of traditional quantum mechanics is phrased in terms of
pure states, this is a very special case; in most actual experiments
the systems are open and the states are mixed states. Pure states
are relevant only if they come from the ground state of a
Hamiltonian in which the first excited state has a large energy gap.
Indeed, assume for simplicity that H has discrete spectrum. In an
orthonormal basis of eigenstates psi_k,

f(H) = sum_k f(E_k) psi_k psi_k"*
for every function f defined on the spectrum. Setting the Boltzmann
constant to 1 to simplify the formulas, the equilibrium density is
the canonical ensemble,

rho(T) = 1/Z(T) exp(-H/T) = sum_k exp(-E_k/T)/Z(T) psi_k psi_k™x*.
(0f course, equating this ensemble with equilibrium in a closed system
is an additional step beyond our axiom system, which would require
justification.) Taking the trace (which must be 1) gives

Z(T) = sum_k exp(-E_k/T),
and in the limit T -> 0, all terms exp(-E_k/T)/Z(T) become O or 1,
with 1 only for the k corresponding to the states with least energy
Thus, if the ground state psi_1 is unique,

lim_{T->0} rho(T) = psi_1 psi_1"x.
This implies that for low enough temperatures, the equilibrium state
is approximately pure. The larger the gap to the second smallest
energy level, the better is the approximation at a given nonzero
temperature. In particular (reinstalling the Boltzmann constant kbar),
the approximation is good if the energy gap exceeds a small multiple
of E"* := kbar T.

States of simple enough systems with a few levels only

can often be prepared in nearly pure states, by realizing a source
governed by a Hamiltonian in which the first excited state has a much
larger energy than the ground state. Dissipation then brings the
system into equilibrium, and as seen above, the resulting equilibrium
state is nearly pure.

To see how the more traditional setting in terms of the
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Schroedinger equation arises, we consider the case of a closed
system in a pure state rho(t) at some time t.

If psi(t) is a unit vector in the range of the pure state rho(t)
then psi(t), called the _state_vector_ of the system at time t,
is determined up to a phase, and one easily verifies that
rho(t) = psi(t)psi(t)~*.
Remarkably, under the dynamics for a closed system specified in the
above axioms, this property persists with time (only) if the system
is closed, and the state vector satisfies the Schroedinger equation
i hbar psi(t) = H psi(t)
Thus the state remains pure at all times. Conversely, for every pure
state, the phases of psi(t) at all times t can be chosen such that the
Schroedinger equation holds.

Moreover, if X is a vector of observables with commuting components
and the spectrum of X is discrete, then the measure from Axiom A5
is discrete,
integral dmu(X) f(X) = sum_k p_k f(X_k)
with nonnegative numbers p_k summing to 1, commonly called
_probabilities_. Associated with the p_k are eigenspaces K_k such that
X psi = X_k psi for psi in K_k,
and K is the direct sum of the K_k. Therefore, every state vector psi
can be uniquely decomposed into a sum
psi = sum_k psi_k with psi_k in K_k.
psi_k is called the _projection_ of psi to the eigenspace K_k.

A short calculation using Axiom A5 now reveals that for a pure state
rho(t)=psi(t)psi(t) "*, the probabilities p_k are given by the
so-called _Born_rule_

p_k = |psi_k(t) "2, (B)
where psi_k(t) is the projection of psi(t) to the eigenspace K_k.

Deriving the Born rule (B) from Axioms A1-A5 makes it completely
natural, while the traditional approach starting with (B)

makes it an irreducible rule full of mystery and only justifiable
by its miraculous agreement with experiment.

Note that Born’s 1926 paper (reprinted in English translation in
pp.52-55 of the reprint volume ’’Quantum Theory and Measurement’’ by
Wheeler and Zurek) - which introduced the probabilistic interpretation
that earned him a Nobel prize - didn’t relate his interpretation to
measurement. Born’s formulation doesn’t depend on anything being
measured (let alone to be assigned a precise numerical measurement
value): ’’gives the probability for the electron, arriving from the
z-direction, to be thrown out into the direction designated by the
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angles alpha, beta, gamma, with the phase change delta’’.

Nevertheless, it is often (see, e.g.,
http://en.wikipedia.org/wiki/Born_rule )

claimed as part of Born’s rule that the results of the measurement

should equal exactly the eigenvalues. But unless the lambda_i are

(as for polarization, spin or angular momentum in a particular

direction - the common subjects of experiments involving Alice and Bob)

system-independent, discrete, and known a priori - in which case one

can label each measurement record with these numbers -, this form of the

rule is highly unrealistic.

I didn’t mention indistinguishable particles in my examples
illustrating the axioms, for two reasons:

1. One cannot easily specify the set of relevant observables without
introducing lots of additional notation or terminology - whereas the
explanations of the axioms should be very short.

2. I think that the concept of indistinguishable particles is
completely superseded by the concept of a quantum field.

The latter gives much better intuition about the meaning of the
formalism, and the former (which is difficult to justify and even more
difficult to interpret intuitively) is then completely dispensable.

4.3 Lie groups and Lie algebras

Lie groups can be illustrated by continuous rigid motion of a ball
with painted patterns on it in 3-dimensional space. The Lie group IS0(3)
consists of all rigid transformations.

A rigid transfromation is essentially the act of picking the ball and
placing it somewhere else, ignoring the detailed motion in between and
the location one started.

Special transformations are for example a translation in northern
direction by 1 meter, or a rotation by one quarter around the vertical
axis at some particular point (think of a ball with a string attached).
’Rigid’ means that the distances between marked points on the ball
remains the same; the mathematician talks about ’preserving distances’,
and the distances are therefore labeled ’invariants’.

One can repeat the same transformation several times, or two different
transformations and get another one - This is called the product of
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these transformations. For example, the product of a translations

by 1 meter and another one by 2 meters in the same direction gives one
of 1+2=3 meters in the same direction. In this case, the distances add,
but if one combines rotations about different axes the result is no
longer intuitive. To make this more tractable for calculatioms,

one needs to take some kind of logarithms of transformations - these
behave again additively and make up the corresponding Lie algebra

iso(3) [same letters but in lower case]. The elements of the Lie algebra
can be visualized as very small, or ’infinitesimal’, motioms.

General Lie groups and Lie algebras extend these notions to to more
general manifolds. A manifold is just a higher-dimensional version
of space, and transformations are generalized motions preserving
invariants that are important in the manifold. The transformations
preserving these invariants are also called ’symmetries’, and the
Lie group consisting of all symmetries is called a ’symmetry group’.
The elements of the corresponding Lie algebra are ’infinitesimal
symmetries’.

For example, physical laws are invariant under rotations and
translations, and hence unter all rigid motions. But not only these:
If one includes time explicitly, the resulting 4-dimensional space
has more invariant motions or ’’symmetries’’.

The Lie group of all these symmetry transformations is called the
Poincar’e group, and plays a basic role in the theory of relativity.
The transformations are now about space-time frames in uniform motion.
Apart from translations and rotations there are symmetries called
’boosts’ that accelerate a frame in a certain direction, and
combinations obtained by taking products. All infinitesimal symmetries
together make up a Lie algebra, called the Poincar’e algebra.

Much more on Lie groups and Lie algebras from the perspective of
classical and quantum physics can be found in:
Arnold Neumaier and Dennis Westra,
Classical and Quantum Mechanics via Lie algebras,
Cambridge University Press, to appear (20097).
http://www.mat.univie.ac.at/ neum/papers/physpapers.html#QML
arXiv:0810.1019
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4.4 The (Galilei group as contraction of the Poincare
group

The group of symmetries of special relativity is the Poincare group.

However, before Einstein invented the theory of relativity,
physics was believed to follow Newton’s laws, and these have a
different group of symmetries - the Galilei group, and its
infinitesimal symmetries form the Galilei algebra.

Now Newton’s physics is just a special case of the theory of relativity
in which all motions are very slow compared to the speed of light.
Physicists speak of the ’nonrelativisitic limit’.

Thus one would expect that the Galilei group is a kind of
nonrelativistic limit of the Poincar’e group.

This notion has been made precise by Inonu. He looked at the
Poincar’e algebra and ’contracted’ it in an ingenious way

to the Galilei algebra. The construction could then be lifted to
the corresponding groups. Not only that, it turned out to be a
general machinery applicable to all Lie algebras and Lie groups,
and therefore has found many applications far beyond that for which
it was originally developed.

4.5 Representations of the Poincare group

Whatever deserves the name ’’particle’’ must move like a single,
indivisible object. The Poincare group must act on the description of
this single object; so the state space of the object carries a

unitary representation of the Poincare group. This splits into a direct
sum or direct integral of irreducible reps. But splitting means
divisibility; so in the indivisible case, we have an irreducible
representation.

On the other hand, not all irreducible unitary reps of the Poincare
group qualify. Associated with the rep must be a consistent and causal
free field theory. As explained in Volume 1 of Weinberg’s book on
quantum field theory, this restricts the rep further to those with
positive mass, or massless reps with quantized helicity.

Weinberg’s book on QFT argues for gauge invariance from
causality + masslessness. He discusses massless fields in
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Chapter 5, and observes (probably there, or in the beginning
of Chapter 8 on quantum electrodynamics) roughly the following:

Since massless spin 1 fields have only two degrees of freedom,

the 4-vector one can make from them does not transform correctly
but only up to a gauge transformation making up for the missing
longitudinal degree of freedom. Since sufficiently long range
elementary fields (less than exponential decay) are necessarily
massless, they must either have spin <=1/2 or have gauge behavior.

To couple such gauge fields to matter currents, the latter

must be conserved, which means (given the known conservation laws)
that the gauge fields either have spin 1 (coupling to a conserved
vector current), or spin 2 (coupling to the energy-momentum tensor).
[Actually, he does not discuss this for Fermion fields,

so spin 3/2 (gravitinos) is perhaps another special case.]

Spin 1 leads to standard gauge theories, while spin 2 leads
to general covariance (and gravitons) which, in this context,
is best viewed also as a kind of gauge invariance.

There are some assumptions in the derivation, which one can find
out by reading Weinberg’s papers
Phys.Rev. 133 (1964), B1318-B1322 any spin (massive)
Phys.Rev. 134 (1964), B882-B896 any spin II (massless)
Phys.Rev. 135 (1964), B1049-B1056 grav. mass = inertial mass
Phys.Rev. 138 (1965), B988-B1002 derivation of Einstein
Phys.Rev. 140 (1965), B516-B524 infrared gravitons
Phys.Rev. 181 (1969), 1893-1899 any spin III (general reps.)
on ’Feynman rules for any spin’ and some related questions, which
contain a lot of important information about applying the irreducible
representations of the Poincare group for higher spin to field
theories, and their relation to gauge theories and general relativity.
A perhaps more understandable version of part of the material is in
D.N. Williams,
The Dirac Algebra for Any Spin,
Unpublished Manuscript (2003)
http://www-personal .umich.edu/"williams/papers/diracalgebra.pdf

Note that there are plenty of interactions that can be constructed
using the representation theory of the Lorentz group (and Weinberg’s
constructions), and there are plenty of (compound) particles with
spin >2. See the tables of the particle data group, e.g., Delta(2950)
(randomly chosen from http://pdg.lbl.gov/2003/bxxxpdf.html ).

R.L. Ingraham,

Prog. Theor. Phys. 51 91974), 249-261,



94 CHAPTER 4. FROM THE THEORETICAL PHYSICS FAQ

http://ptp.ipap.jp/link?PTP/51/249/
constructs covariant propagators and complete vertices for spin J
bosons with conserved currents for all J. See also
H Shi-Zhong et al.,
Eur. Phys. J. C 42 (2005), 375-389
http://www.springerlink.com/content/ww61351722118853/

4.6 Forms of relativistic dynamics

Relativistic multiparticle mechanics is an intricate subject,

and there are no-go theorems that imply that the most plausible
possibilities cannot be realized. However, these no-go theorems
depend on assumptions that, when questioned, allow meaningful
solutions. The no-go theorems thus show that one needs to be careful
not to introduce plausible but inappropriate intuition into the
formal framework.

To pose the problem, one needs to distinguish between kinematical

and dynamical quantities in the theory. Kinematics answers the
question "What are the general form and properties of objects that

are subject to the dynamics?" Thus it tells one about conceivable
solutions, mapping out the properties of the considered representation
of the phase space (or what remains of it in the quantum case).

Thus kinematics is geometric in nature. But kinematics does not know
of equations of motions, and hence can only tell general (kinematical)
features of solutions.

In contrast, dynamics is based on an equation of motion (or an
associated variational principle) and answers the question ’What
characterizes the actual solution?’, given appropriate initial or
boundary conditions. Although the actual solution may not be available
in closed form, one can discuss their detailed properties and devise
numerical approximation schemes.

The difference between kinematical and dynamical is one of convention,
and has nothing to do with the physics. By choosing the representation,
i.e., the geometric setting, one chooses what is kinematical;
everything else is dynamical.

Since something which is up to the choice of the person describing

an experiment can never be distinguished experimentally, the physics
is unaffected. However, the formulas look very different in different
descriptions, and - just as in choosing coordinate systems - choosing
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a form adapted to a problem may make a huge difference for actual
computations.

Dirac distinguishes in his seminal paper

Rev. Mod. Phys. 21 (1949), 392-399
three natural forms of relativistic dynamics, the instant form,
the point form, and the fromt form. They are distinguished by
what they consider to be kinematical quantities and what are the
dynamical quantities.

The familiar form of dynamics is the instant form,

which treats space (hence spatial translations and rotations)

as kinematical and time (and hence time translation and Lorentz boosts)
as dynamical. This is the dynamics from the point of view of a
hypothetical observer (let us call it an ’instant observer’)

who has knowledge about all information at some time t (the present),
and asks how this information changes as time proceeds.

Because of causality (the finite bound of c on the speed of material
motion and communication), the resulting differential equations
should be symmetric hyperbolic differential equations for which the
initial-value problem is well-posed.

Because of Lorentz invariance, the time axis can be

any axis along a timelike 4-vector, and (in special relativity)
space is the 3-space orthogonal to it. For a real observer,

the natural timelike vector is the momentum 4-vector of the material
system defining its reference frame (e.g., the solar system).

While very close to the Newtonian view of reality, it involves

an element of fiction in that no real observer can get all the
information needed as intial data. Indeed, causality implies that

it is impossible for a physical observer to know the present anywhere
except at its own position.

A second, natural form of relativistic dynamics is, according to Dirac,
the point form. This is the form of dynamics in which a particular
space-time point x=0 (the here and now) in Minkowski space is
distinguished, and the kinematical object replacing space 1is,

for fixed L, a hyperboloid x"2=L"2 (and x_0<0) in the past

of the here and now.

The Lorentz transformations, as symmetries of the hyperboloid,

are now kinematical and take the role that space translations and
rotations had in the instant form. On the other hand, _all_ space and
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time translations are now dynamical, since they affect the position
of the here-and-now.

This is the form of dynamics which is manifestly

Lorentz invariant, and in which space and time appear on equal footing.
An observer in the here and now (let us call it a ’point observer’)
can - in principle, classically - have arbitrarily accurate
information about the particles and/or fields on the past

hyperboloid; thus causality is naturally accounted for.

Information given on the past hyperboloid of a point can be propagated
to information on any other past hyperboloid using the dynamical
equations that are defined via the momentum 4-vector P, which is a
4-dimensional analogue of the nonrelativistic Hamiltonian.

The Hamiltonian corresponding to motion in a fixed timelike

direction u is given by H=u dot P. The commutativity of the components
of P is the condition for the uniqueness of the resulting state

at a different point x independent of the path x is reached from O.

In principle, there are many other forms of relativistic dynamics:

As Dirac mentions on p. 396 of his paper, any 3-dimensional surface

in Minkowski space works as kinematical space if it meets

every world line with time like tangents exactly once.

In general, those transformations are kinematical which

are also symmetries of the surface one treats as kinematical reference
surface. By choosing a surface without symmetries _all
transformations become dynamical. For reasons of economy, one wants
however, a large kinematical symmetry group. The full Poincare group
is possible only for free dynamics.

This leaves as interesting large subgroups two with 6 linearly
independent generators, the Euclidean group IS0(3), leading to the
instant form, and the Lorentz group S0(1,3), leading to the point form,
and one with 7 linearly independent generators, the stabilizer of

a front (or infinite momentum plane), a 3-space with lightlike normal,
leading to the front form. This third natural form of relativistic
dynamics according to Dirac, has many uses in quantum field theory,

but here I won’t discuss it further.

All forms are equivalent, related classically by canonical
transformations preserving algebraic operations and the Poisson bracket,
and quantum mechanically by unitary transformations preserving
algebraic operations and hence the commutator. This means that any
statement about a system in one of the forms can be translated into

an equivalent statement of an equivalent system in any of the other
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forms.

Preferences are therefore given to one form over the other depending
solely on the relative simplicity of the computations one wants to do.
This is completely analogous to the choice of coordinate systems
(cartesian, polar, cylindric, etc.) in classical mechanics.

For a multiparticle theory, however, the different forms and the
need to pick a particular one seem to give different pictures of
reality. This invites paradoxes if one is not careful.

This can be seen by considering trajectories of classical relativistic
many-particle systems. There is a famous theorem by

Currie, Jordan and Sudarshan

Rev. Mod. Phys. 35 (1963), 350-375
which asserts that interacting two-particle systems cannot have
Lorentz invariant trajectories in Minkowski space. Traditionally,
this was taken by mainstream physics as an indication that the
multiparticle view of relativistic mechanics is inadequate,
and a field theoretical formulation is essential.
However, as time proceeded, several approaches to valid relativistic
multi-particle (quantum) dynamics were found (see the FAQ entry on
’Is there a multiparticle relativistic quantum mechanics?’),
and the theorem had the same fate as von Neumann’s proof that
hidden-variable theories are impossible. Both results are now simply
taken as an indication that the assumptions under which they were
made are too strong.

In particular, once the assumption by Currie, Jordan and Sudarshan

that all observers see the same trajectories of a system of interacting
particles is rejected, their no-go theorem no longer applies.

The question then is how to find a consistent and covariant description
without this at first sight very intuitive property. But once it is
admitted that different observers see the same world but represented

in different personal spaces, the formerly intuitive property becomes
meaningless. For objectivity, it is enough that one can consistently
translate the views of any observer into that of any other observer.
Precisely this is the role of the dynamical Poincare transformations.

Thus nothing forbids an instant observer to observe

particle trajectories in its present space, or a

point observer to observe particle trajectories in its past hyperboloid.
However, the present space (or the past hyperboloid) of two different
observers is related not by kinematical transforms but dynamically,
with the result that trajectories seen by different observers on
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their different kinematical 3-surface look different.
Classically, this looks strange on first sight, although

the Poincare group provides well-defined recipes for translating
the trajectories seen by one observer into those seen by another
observer.

Quantum mechanically, trajectories are fuzzy anyway, due to the
uncertainty principle, and as various successful multiparticle
theories show, there is no mathematical obstacle for such a description.

The mathematical reason of this superficially paradoxical situation
lies in the fact that there is no observer-independent definition

of the center of mass of relativistic particles, and the related fact
that there is no observer-independent definition of space-time
coordinates for a multiparticle system.

The best one can do is to define either a covariant position operator
whose components do not commute (thus definig a noncommutative
space-time), or a spatial position operator, the so-called
Newton-Wigner position operator, which has three commuting coordinates
but is observer-dependent.

(See the FAQ entry on ’Localization and position operators’.)

4.7 1Is there a multiparticle relativistic quantum me-
chanics?

In his QFT book, Weinberg says no, arguing that there is no way to
implement the cluster separation property. But in fact there is:

There is a big survey by Keister and Polyzou on the subject
B.D. Keister and W.N. Polyzou,
Relativistic Hamiltonian Dynamics in Nuclear and Particle Physics,
in: Advances in Nuclear Physics, Volume 20,
(J. W. Negele and E.W. Vogt, eds.)
Plenum Press 1991.
www.physics.uiowa.edu/ wpolyzou/papers/rev.pdf
that covered everything known at that time. This survey was quoted
at least 116 times, see
http://www.slac.stanford.edu/spires/find/hep?c=ANUPB, 20,225
looking these up will bring you close to the state of the art
on this.

They survey the construction of effective few-particle models.
There are no singular interactions, hence there is no need for
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renormalization.

The models are _not_ field theories, only Poincare-invariant few-body
dynamics with cluster decomposition and phenomenological terms

which can be matched to approximate form factors from experiment or
some field theory. (Actually many-body dynamics also works, but the
many particle case is extremely messy.)

They are useful phenomenological models, but somewhat limited;

for example, it is not clear how to incorporate external fields.

The papers by Klink at
http://www.physics.uiowa.edu/ "wklink/
and work by Polyzou at
http://www.physics.uiowa.edu/ "wpolyzou/
contain lots of multiparticle relativistic quantum mechanics,
applied to real particles. See also the Ph.D. thesis by Krassnigg at
http://physik.uni-graz.at/ ank/dissertation-f.html

Other work in this direction includes Dirac’s many-time quantum
theory, with a separate time coordinate for each particle; see, e.g.,
Marian Guenther, Phys Rev 94, 1347-1357 (1954)
and references there. Related multi-time work was done under the
name of ’proper time quantum mechanics’ or ’manifestly covariant
quantum mechanics’, see, e.g.,
L.P. Horwitz and C. Piron, Helv. Phys. Acta 48 (1973) 316,
but it apparently never reached a stage useful to phenomenology.

4.8 What is a photon?

According to quantum electrodynamics, the most accurately verified

theory in physics, a photon is a single-particle excitation of the

free quantum electromagnetic field. More formally, it is a state of
the free electromagnetic field which is an eigenstate of the photon
number operator with eigenvalue 1.

The pure states of the free quantum electromagnetic field

are elements of a Fock space constructed from 1-photon states.

A general n-photon state vector is an arbitrary linear combinations
of tensor products of n l-photon state vectors; and a general pure
state of the free quantum electromagnetic field is a sum of n-photon
state vectors, one for each n. If only the O-photon term contributes,
we have the dark state, usually called the vacuum; if only the
1-photon term contributes, we have a single photon.
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A single photon has the same degrees of freedom as a classical vacuum
radiation field. Its shape is characterized by an arbitrary nonzero
real 4-potential A(x) satisfying the free Maxwell equations, which in
the Lorentz gauge take the form

nabla dot nabla A(x) = O,

nabla dot A(x) = 0,
expressing the zero mass and the transversality of photons. Thus for
every such A there is a corresponding pure photon state |A>.
Here A(x) is _not_ a field operator but a photon amplitude;
photons whose amplitude differ by an x-independent phase factor are
the same. For a photon in the normalized state |A>, the observable
electromagnetic field expectations are given by the usual formulas
relating the 4-potential and the fields,

\E(x)> = <A|\E(x) |A>

= - partial \A(x)/partial x_0 - ¢ nabla_\x A_0(x),

and

<\B(x)> = <A|\B(x) |A> = nabla_\x x \A(x)
[hmmm. check if this really is the case...]
Here \x (fat x) and x_0 are the space part and the time part of a
relativistic 4-vector, \E(x), \B(x) are the electromagnetic
field operators (related to the operator 4-potential by analogous
formulas), and c is the speed of light. Amplitudes A(x) producing
the same \E(x) and \B(x) are equivalent and related by a gauge
transformation, and describe the same photon.

In momentum space (frequently but not always the appropriate choice),
single photon states have the form

|A> = integral d\p~3/p_0 A(\p)I\p>,
where |\p> is a single particle state with definite 3-momentum
\p (fat p), p_0=|\pl| is the corresponding photon energy divided by c,
and the photon amplitide A(\p) is a polarization 4-vector.
Thus a general photon is a superposition of monochromatic waves with
arbitrary polarizations, frequencies and directions.
(The Fourier transform of A(\p) is the so-called analytic signal
A~ (+)(x), and by adding its complex conjugate one gets the real
4-potential A(x) in the Lorentz gauge.)

The photon amplitude A(\p) can be regarded as the photon’s

wave function in momentum space. Since photons are not localizable
(though they are localizable approximately), there is no

meaningful photon wave function in coordinate space; see the

next entry in this FAQ. One could regard the 4-potential A(x) as
coordinate space wave function, but because of its gauge dependence,
this is not really useful.
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I
This is second quantized notation, as appropriate for quantum fields.
This is how things always look in second quantization, even for a
harmonic oscillator. The wave function psi(x) or psi(p) in standard
(first quantized) quantum mechanics becomes the state vector

psi = integral dx psi(x) |x> or integral dp psi(p) Ip>
in Fock space; the wave function at x or p turns into the coefficient
of |x> or |p>. In quantum field theory, x, A (the photon amplitude), and
E(x) (the electric field operator) correspond to k (a component of the
momentum), x, and p_k. Thus the coordinate index k is inflated to the
spacetime position x, the argument of the wave function is inflated to
a solution of the free Maxwell equations, the momentum operator is
inflated to a field operator, and the integral over x becomes a
functional integral over photon amplitudes,

psi = integral dA psi(A) [A>.
Here psi(A) is the most general state vector in Fock space; for a
single photon, psi depends linearly on A,

psi(A) = integral d\p~3/p_0 A(\p)[\p> = [A>.
Observable electromagnetic fields are obtained as expectation values
of the field operators \E(x) and \B(x) constructed by differentiation of
the textbook field operator A(x). As the observed components of
the mean momentum, say, in ordinary quantum mechanics are

<p_k> = integral dx psi(x)~* p_k psi(x),
so the observed values of the electromagnetic field are

\E(x)> = <psi|\E(x)|psi> = integral dA psi(A)~* \E(x) psi(A).

<\B(x)> = <psi|\B(x)|psi> = integral dA psi(A)~* \B(x) psi(A).
]
In a frequently used interpretation (valid only approximately),
the term A(\p) |\p> represents the one-photon part of a monochromatic
beam with frequency nu=cp_0/h, direction \n(\p)=\p/p_0, and
polarization determined by A(\p). Here h = 2 pi hbar, where hbar is
Planck’s number; omega=cp_0/hbar is the angular frequency.

The polarization 4-vector A(\p) is orthogonal to the 4-momentum p
composed of p_0 and \p, obtained by a Fourier transform of the
4-potential A(x) in the Lorentz gauge. (The wave equation translates
into the condition p_072=\p~2, causality requires p_0>0, hence
p_0=|\pl, and orthogonality p dot A(\p) = O expresses the Lorentz
gauge condition. For massless particles, there remains the additional
gauge freedom to shift A(\p) by a multiple of the 4-momentum p, which
can be used to fix A_0=0.)

A(\p) is usually written (in the gauge with vanishing time component) as
a linear combination of two specific polarization vectors eps”+(p) and
eps”-(p) for circularly polarized light (corresponding to helicities +1
and -1), forming together with the direction vector \n(\p) an
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orthonormal basis of complex 3-space. In particular,
eps”+(p) eps”+(p)~"* + eps”-(pleps™-(p)~* + \n(\p)\n(\p)"* =1
is the 3x3 identity matrix. (This is used in sums over helicities for
Feynman rules.) Specifically, eps”+(p) and eps”-(p) can be obtained by
finding normalized eigenvectors for the eigenvalue problem
[check. The original eigenvalue problem is p dot J eps = lambda eps.]
P X eps = lambda eps
with lambda = +-i|p|. For example, if p is in z-direction then
eps”+(p) = (1, -i, 0)/sqrt(2),
eps”-(p) = (i, -1, 0)/sqrt(2),
and the general case can be obtained by a suitable rotation.
An explicit calculation gives almost everywhere
eps”+(p) = u(p)/p_0
where p_O=|pl| and

u_i(p) = p.3-1ip2p’/p°,
u2(p) = -ip.3-1ip.1p’/p”’
u_3(p) = p’

with
p’ = p_1+ip_2,
p’’= p_3+p_0.

[what is eps”-(p)7?]
These formulas become singular along the negative p_3-axis,
so several charts are needed to cover

For experiments one usually uses nearly monochromatic light bundled
into narrow beams. If one also ignores the directions (which are
usually fixed by the experimental setting, hence carry no extra
information), then only the helicity degrees of freedom remain,

and the 1-photon part of the beam behaves like a 2-level quantum
system (’a single spin’).

A general monochromatic beam with fixed direction in a pure state is
given by a second-quantized state vector, which is a superposition of
arbitrary multiphoton states in the Bosonic Fock space generated by
the two helicity degrees of freedom. This is the basis for most
quantum optics experiments probing the foundations of quantum
mechanics.

The simplest state of light (generated for example by
lasers) is a coherent state, with state vector proportional to
e(A) = |vac> + [A> + 1/sqrt(2!) |A> tensor |[A>
+ 1/sqrt(3!) [A> tensor |A> tensor [A> + ...
where |A> is a one-photon state. Thus coherent states also have the
same degrees of freedom as classical electromagnetic radiation.
Indeed, light in coherent states behaves classically in most respects.
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At low intensity, the higher order terms in the expansion are
negligible, and since the vacuum part is not directly observable,
a low intensity coherent states resembles a single photon state.

On the other hand, true single photon states are very hard to produce
to good accuracy, and were created experimentally only recently:
B.T.H. Varcoe, S. Brattke, M. Weidinger and H. Walther,
Preparing pure photon number states of the radiation field,
Nature 403, 743--746 (2000).
see also
http://www.qis.ucalgary.ca/quantech/fock.html
Ordinary light is essentially never, and high-tech light almost never,
describable by single photons.

A good informal discussion of what a photon is from a more practical
perspective was given by Paul Kinsler in

http://www.lns.cornell.edu/spr/2000-02/msg0022377 .html
But this does not tell the whole story. An interesting collection of
articles explaining different current views is in

The Nature of Light: What Is a Photon?

Optics and Photonics News, October 2003

http://www.osa-opn.org/Content/ViewFile.aspx?Id=3185

The standard reference for quantum optics is

L. Mandel and E. Wolf,

Optical Coherence and Quantum Optics,

Cambridge University Press, 1995.
Mandel and Wolf write (in the context of localizing photons),
about the temptation to associate with the clicks of a photodetector
a concept of photon particles. [If there is interest, I can try to
recover the details.] The wording suggests that one should resist the
temptation, although this advice is usually not heeded. However,
the advice is sound since a photodetector clicks even when it
detects only classical light! This follows from the standard analysis
of a photodetector, which treats the light classically and only
quantizes the detector. Thus the clicks are an artifact of
photodetection caused by the quantum nature of matter, rather than
a proof of photons arriving!!!

A coherent light source (laser) produces a coherent state of light,
which is a superposition of the vacuum state, a l-photon state,
a 2-photon state, etc, with squared amplitudes given by a Poisson
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distribution. At low intensity, this is misinterpreted in practice
as random single photons arriving at the end of the beam in a
random Poisson process, because the photodetector produces clicks
according to this distribution.

Incoherent light sources usually consist of thermal mixtures and
produce other distributions, but otherwise the description (and
misinterpretation) is the same.

Nevertheless, one must understand this misinterpretation in order
to follow much of the literature on quantum optics.

Thus the talk about photons is usually done inconsistently;
almost everything said in the literature about photons should be taken
with a grain of salt.
There are even people like the Nobel prize winner Willis E. Lamb
(the discoverer of the Lamb shift) who maintain that photons don’t
exist. See towards the end of
http://web.archive.org/web/20040203032630/www.aro.army.mil/phys/proceed.htm
The reference mentioned there at the end appeared as
W.E Lamb, Jr.,
Anti-Photon,
Applied Physics B 60 (1995), 77--84
This, together with the other reference mentioned by Lamb, is reprinted
in
W.E Lamb, Jr.,
The interpretation of quantum mechanics,
Rinton Press, Princeton 2001.

I think the most apt interpretation of an ’observed’ photon as used
in practice (in contrast to the photon formally defined as above) is
as a low intensity coherent state, cut arbitrarily into time slices
carrying an energy of h*nu = hbar*omega, the energy of a photon at
frequency nu and angular frequency omega.

Such a state consists mostly of the vacuum (which is not directly
observable hence can usually be neglected), and the contributions of
the multiphoton states are negligible compared to the single photon
contribution.

With such a notion of photon, most of the actual experiments done make
sense, though it does not explain the quantum randomness of the
detection process (which comes from the quantized electrons in the
detector) .

A nonclassical description of the electromagnetic field where states of
light other than coherent states are required is necessary mainly for
special experiments involving recombining split beams, squeezed
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state amplification, parametric down-conversion, and similar
arrangements where entangled photons make their appearance.
There is a nice booklet on this kind of optics:

U. Leonhardt,

Measuring the Quantum State of Light,

Cambridge, 1997.

Nonclassical electromagnetic fields are also relevant in the
scattering of light, where there are quantum corrections

due to multiphoton scattering. These give rise to important effects
such as the Lamb shift, which very accurately confirm the quantum
nature of the electromagnetic field. They involve no observable

photon states, but only virtual photon states, hence they are unrelated
to experiments involving photons. Indeed, there is no way to observe
virtual particles, and their name was chosen to reflect this.
(Observed particles are always onshell, hence massless for photons,
whereas it is an easy exercise that the virtual photon mediating
electromagnetic interaction of two electrons in the tree approximation
is never onshell.)

4.9 Particle positions and the position operator

The standard probability interpretation for quantum particles
is based on the Schr'"odinger wave function psi(x), a square integrable
single- or multicomponent function of position x in R73.
Indeed, with “* denoting the conjugate transpose,

rho(x) := psi(x) “*psi(x)
is generally interpreted as the probability density to find (upon
measurement) the particle at position x. Consequently,

Pr(Z) := integral_Z dx |psi(x)|~2
is interpreted as the probability of the particle being in the open
subset Z of position space. Particles in highly localized states
are then given by wave packets which have no appreciable size
|psi(x) | outside some tiny region Z.

If the position representation in the Schr'"odinger picture exists,
there is also a vector-valued position operator x, whose components
act on psi(x) by multiplication with x_j (j=1,2,3). In particular,
the components of x commute, satisfy canonical commutation relations
with the conjugate momentum

p = -1 hbar partial_x,
and transform under rotations like a 3-vector, so that the commutation
relations with the angular momentum J take the form

[(J_j,x_k] = i eps_{jk1} x_1.
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Moreover, in terms of the (unnormalizable) eigenstates |x,m> of the
position operator correponding to the spectral value x (and a label m
to distinguish multiple eigenstates) we can recover the position
representation from an arbitrary representation by defining psi(x)
to be the vector with components

psi_m(x) := <x,m|psi>.
Therefore, if we have a quantum system defined in an arbitrary
Hilbert space in which a momentum operator is defined, the necessary
and sufficient condition for the existence of a spatial probability
interpretation of the system is the existence of a position operator
with commuting components which satisfy standard commutation
relations with the components of the momentum operator and the
angular momentum operator.

Thus we have reduced the existence of a probability interpretation
for particles in a bounded region of space to the question of the
existence of a position operator with the right properties.

We now investigate this existence problem for elementary particles,
i.e., objects represented by an irreducible representation of the
full Poincare group. We consider first the case of particles of
mass m>0, since the massless case needs additional consideratioms.

A. Massive case, m>0:

Let M := R"3 be the manifold of 3-momenta p. On the Hilbert space
H_m"d obtained by completion of the space of all C infty functions
with compact support from M to the space C°d of d-component vectors
with complex entries, with inner product defined by

<phi|psi> := integral d\p/sqrt(p~2+m~2) phi(p) “*psi(p),
we define the position operator

q := 1 hbar partial_p,
which satisfies the standard commutation relations, the momentum in
time direction,

p_0 := sqrt(m"2+|p|~2),
where m>0 is a fixed mass, and the operators

J:i=qxp +38,

K := (p_.0 q +qp.0)/2+ px S/(mtp_0),
where S is the spin vector in a unitary representation of so(3) on
the vector space C°d of complex vectors of length d, with the same
commutation relations as J.

This is a unitary representation of the Poincare algebra;
verification of the standard commutation relations (given,

e.g., in Weinberg’s Volume 1, p.61) is straightforward.

It is not difficult to show that this representation is irreducible



4.9. PARTICLE POSITIONS AND THE POSITION OPERATOR

and extends to a representation of the full Poincare group.
Obviously, this representation carries a position operator.

Since the physical irreducible representations of the Poincare group
are uniquely determined by mass and spin, we see that in the massive
case, a position operator must always exist. An explicit formula in
terms of the Poincare generators is obtained through division by m
in the formula

mg = K - ((K dot p) p/p_0 + J x p)/(m+p_0),

which is straightforward, though a bit tedious to verify from the above.

That there is no other possibility follows from
T.F. Jordan
Simple derivation of the Newton-Wigner position operator
J. Math. Phys. 21 (1980), 2028-2032.

Note that the position operator is always observer-dependent, in the
sense that one must choose a timelike unit vector to distinguish
space and time coordinates in the momentum operator. This is due to
the fact that the above construction is not invariant under Lorentz
boosts (which give rise to equivalent but different representations).

Note also that in case of the Dirac equation, the position operator is
_not_ the operator multiplying a solution psi(x) of the Dirac equation
by the spacelike part of x (which would mix electron and positron
states), but a related operator obtained by first applying a so-called
Foldy-Wouthuysen transformation.

L.L. Foldy and S.A. Wouthuysen,

On the Dirac Theory of Spin 1/2 Particles and Its Non-Relativistic

Limit,

Phys. Rev. 78 (1950), 29-36.

B. Massless case, m=0:

Let M_O := R"3\{0} be the manifold of nonzero 3-momenta p, and let
p_0 := Ipl, n := p/p_0.
The Hilbert space H_0"d (defined as before but now with m=0 and with
M_O0 in place of M)
obtained by completion of the space of all C"infty functions
with compact support from M to the space C°d of d-component vectors
with complex entries, with inner product defined by
<phi|psi> := integral d\p/sqrt(p~2+m~2) phi(p) “*psi(p),
carries a natural massless representation of the Poincare algebra,
defined by
J:=qxp + 85,
K:= (p_.0Og+qp0)/2+nxS8,
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where q = i hbar partial_p is the position operator, and S is the
spin vector in a unitary representation of so(3) on C°d, with the
same commutation relations as J.

Again, verification of the standard commutation relations is
straightforward. (Indeed, this representation is the limit of the
above massive representation for m --> 0.)

It is easily seen that the helicity

lambda := n dot S
is central in the (suitably completed) universal envelope of the
Lie algebra, and that the possible eigenvalues
of the helicity are s,s-1,...,-s, where s=(d-1)/2. Therefore, the
eigenspaces of the helicity operator carry by restriction unitary
representations of the Poincare algebra, which are easily seen to be
irreducible. They extend to a representation of the connected
Poincare group. Moreover, the invariant subspace H_s formed by the
direct sum of the eigenspaces for helicity s and -s form a massless
irreducible spin s representation of the full Poincare group.

(It is easy to see that changing K to K-t(p_O)p for an arbitrary
differentiable function t of p_O preserves all commutation relations,
hence gives another representation of the Poincare algebra.

Since the massless irreducible representations of the Poincare group
are uniquely determined by their spin, the resulting representations
are equivalent. This corresponds to the freedom below in choosing a
position operator.)

Now suppose that a Poincare invariant subspace H of L"2(M_0)"d has a
position operator x satisfying the canonical commutation relations
with p and the above commutator relations with J. Then F=q-x commutes
with p, hence its components must be a (possibly matrix-valued)
function F(p) of p. Commutation with p implies that partial_p x F = 0,
and, since M_0 is simply connected, that F is the gradient of a scalar
function f. Rotation invariance then implies that this function
depends only on p_O=|p|. Thus
F = partial_p f(p_0) = £’ (p_0) n.
Thus the position operator takes the form
x =q - £’(p_0) n.
In particular,
XXPp=qXPp.
Now the algebra of linear operators on the dense subspace of C infty
functions in H contains the components of p, J, K and x, hence those of
J-xxp=J-qgxp=S.
Thus the (p-independent) operators from the spin so(3) act on H.
But this implies that either H=0 (no helicity) or H = L"2(M_0)"d
(all helicities between s and -s).
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Since the physical irreducible representations of the Poincare group
are uniquely determined by mass and spin, and for s>1/2, the spin s
Hilbert space H_s is a proper, nontrivial subspace of L~2(M_0)"d,

we proved the following theorem:

Theorem.

An irreducible representations of the full Poincare group with
mass m>=0 and finite spin has a position operator transforming
like a 3-vector and satisfying the canonical commutation relations
if and only if either m>0 or m=0 and s<=1/2 (but s=0 if only

the connected poincare group is considered) .

This theorem was announced without giving details in
T.D. Newton and E.P. Wigner,
Localized states for elementary systems,
Rev. Mod. Phys. 21 (1949), 400-406.
A mathematically rigorous proof was given in
A. S. Wightman,
On the Localizability of Quantum Mechanical Systems,
Rev. Mod. Phys. 34 (1962), 845-872.
See also
T.F. Jordan
Simple proof of no position operator for quanta with zero mass
and nonzero helicity
J. Math. Phys. 19 (1980), 1382-1385.
who also considers the massless representations of continuous spin,
and
D Rosewarne and S Sarkar,
Rigorous theory of photon localizability,
Quantum Opt. 4 (1992), 405-413.

For spin 1, the case relevant for photons, we have d=3, and the
subspace of interest is the space H obtained by completion of the
space of all vector-valued C~infty functions A(p) of a nonzero
3-momentum p with compact support satisfying the transversality
condition p dot A(p)=0,
with inner product defined by

<A|A’> := integral dp/lIpl| A(p)~*x A’(p).
It is not difficult to see that one can identify the wave functions
A(p) with the Fourier transform of the vector potential in the
radiation gauge where its O-component vanishes. This relates the
present discussion to that given in the FAQ entry ’’What is a photon?’’.
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As a consequence of our discussion, photons (m=0, s=1) and gravitons
(m=0, s=2) cannot be given natural probabilities for being in any given
bounded region of space. Chiral spin 1/2 particles also do not have

a position operator and hence have no such probabilities, by the same
argument, applied to the connected Poincare group.

(Note that measured are only frequencies, intensities and

S-matrix elements; these don’t need a well-defined position concept
but only a well-defined momentum concept, from which frequencies
can be found via omega=p_O/hbar - since c=1 in the present setting,
and directions via n = p/p_0.)

However, assuming there are scalar massless Higgs particles (s=0),
one could combine such a higgs, a photon, and a graviton into

a single reducible representation on L"2(M_0)"5, using the above
construction. By our derivation, one can find position eigenstates
which are superpositions of Higgs, photon, and graviton. Thus to
be able to regard photons and gravitons as particles with a proper
probability interpretation, one must consider Higgs, photons, and
gravitons as aspects of the same localizable particle, which we
might call a graphoton. (Without gravity, a phiggs particle would
also do.)

Related papers:
M.H.L. Pryce,
Commuting Co-ordinates in the new field theory,
Proc. Roy. Soc. London Ser. A 150 (1935), 166-172.
(first construction of position operators in the massive case)

B. Bakamjian and L.H. Thomas,

Relativistic Particle Dynamics. II,

Phys. Rev. 92 (1953), 1300-1310.

(first construction of massive representations along the above
lines)

L.L. Foldy,

Synthesis of Covariant Particle Equations,

Physical Review 102 (1956), 568-581.

(nice and readable version of the Bakamjian-Thomas construction
for massive representations of the Poincare group)

R. Acharya and E. C. G. Sudarshan,
’’Front’’ Description in Relativistic (uantum Mechanics,
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J. Math. Phys. 1 (1960), 532-536.
(a ’’most local’’ description of the photon by wave fronts)

I. Bialynicki-Birula,

Photon wave function,

http://arxiv.org/abs/quant-ph/0508202

(A B3 page recent review article, covering various possibilities
to define photon wave functions without a position operator
acting on them. The best is (3.5), with a nonstandard inner
product (5.8). What is left of the probability interpretation is
(56.28) and its subsequent discussion.)

See also the entry ’’Localization and position operators’’ in this FAQ.

There are a few papers by M. Hawton, e.g.
http://arxiv.org/abs/quant-ph/0101011
http://arxiv.org/abs/0711.0112v1

on a nonstandard position operator which does not transform like a

3-vector. This is unphysical since it does not give orientation

independent probabilities for observing a photon in a given region of
space. Claims to the contrary in
http://lanl.arxiv.org/pdf/0804.3773v2,

supposedly constructing a Lorentz invariant photon number density,

are erroneous; see
http://groups.google.at/group/sci.physics.research/browse_thread/thread/815435df4b:

Other nonstandard position operators violating the conditions
necessary for a probability interpretation were discussed earlier,
starting with
M.H.L. Pryce,
The Mass-Centre in the Restricted Theory of Relativity and Its
Connexion with the Quantum Theory of Elementary Particles,
Proc. Roy. Soc. London, Ser. A, 195 (1948), 62-81.

4.10 Localization and position operators

Position operators are part of the toolkit of relativistic quantum
mechanics.

In a relativistic setting, one always has a representation of the
Poincare algebra. From the generators of the Poincare algebra
(namely the 4-momentum p, the angular momentum \J, and the

boost generators \K) one can make up (in massive representations)
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a nonlinear expression for a 3-dimensional \x (the position operator)
that together with the space part \p of the 4-momentum has canonical
commutation rules and hence gives a Heisenberg algebra.

(The backslash is a convenient ascii notation to indicate bold face
letters, corresponding to 3-vectors.)

The position operator so constructed is unique, once the time coordinate
is fixed, and is usually called the Newton-Wigner position operator,
although it appears already in earlier work of Pryce. Relevant
applications are related to the names Foldy and Wuythousen

(for their transform of the Dirac equation, widely used in relativistic
quantum chemistry) and Bakamjian and Thomas (for their relativistic
multi-particle theories); both groups rediscovered the Newton-Wigner
results independently, not being aware of their work.

That the time coordinate has to be fixed means that the position
operator is observer-dependent. Each observer splits space-time

into its personal time (in direction of its total 4-momentum) and
personal 3-space (orthogonal to it), and the position operator

relates to this 3-space. By a Lorentz transformation, one can
transform the 4-momentum to the vector (E_obs 0 0 0), which makes time
the O-component. Most papers on the subject work in the latter setting.

For massless representations of spin >1/2, the construction breaks down.
This is related to the fact that massless particles with spin >1/2
don’t have modes of all helicities allowed by the spin
(e.g., photons have spin 1 but no longitudinal modes),
which makes them being always spread out, and hence not completely
localizable. For details, see the FAQ entry

’?’Particle positions and the position operator’’

Here are a few references:

J.P. Costella and B.H.J. McKellar,

The Foldy-Wouthuysen transformation,

arXiv:hep-ph/9503416

* This paper discusses the physical relevance of the Newton-Wigner
representation, and its relation to the Foldy-Wouthuysen transformation

T. D. Newton, E. P. Wigner,

Localized States for Elementary Systems,
Rev. Mod. Phys. 21 (1949) 400-406

* The original paper on localization

L. L. Foldy and S. A. Wouthuysen,
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On the Dirac Theory of Spin 1/2 Particles and Its Non-Relativistic
Limit,

Phys. Rev. 78 (1950), 29-36.

* On the transform of the Dirac equation now carrying the author’s name

B. Bakamjian and L. H. Thomas

Relativistic Particle Dynamics. II

Phys. Rev. 92 (1953), 1300-1310.

and related papers in

Phys. Rev. 85 (1952), 868-872.

Phys. Rev. 121 (1961), 1849-1851.

* First constructive papers on relativistic multiparticle dynamics,
based on a 3D position operator

L. L. Foldy,

Synthesis of Covariant Particle Equations,

Phys. Rev. 102 (1956), 568-581

* A lucid exposition of Poincare representations which start with

a 3D position operator, and a discussion of electron localization
Before eq. (189), he notes that an observer-independent localization
of a Dirac electron (which generally is considered to be a pointlike
particle since it can be exactly localized in a given frame)
necessarily leaves a fuzziness of the order of the Compton wavelength
of the particle. (This is also related to the so-called Zitterbewegung,
see, e.g., the discussion in Chapter 7 of Paul Strange’s
"Relativistic Quantum Mechanics".)

A. S. Wightman,

On the Localizability of Quantum Mechanical Systems,

Rev. Mod. Phys. 34 (1962) 845-872

* A group theoretic view in terms of systems of imprimitiviy

T. 0. Philips,

Lorentz invariant localized states,

Phys. Rev. 136 (1964), B893-B896.

* A covariant coherent state alternative which does not require
to single out a time coordinate

V. S. Varadarajan,

Geometry of Quantum Theory

(second edition), Springer, 1985

* A book discussing some of this stuff

L. Mandel and E. Wolf,
Optical Coherence and Quantum Optics,
Cambridge University Press, 1995.
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* The bible on quantum optics, a thick but very useful book.
Relevant here since it contains a good discussion of the
localizability of photons (which can be done only approximately,
in view of the above) from a reasonably practical point of view.

G.N. Fleming,

Reeh-Schlieder meets Newton-Wigner
http://philsci-archive.pitt.edu/archive/00000649/

* This paper gives some relations to quantum field theory

4.11 SO(3) = SU(2)/Zs

In this appendix we wish to show that SO(3)SU(2)/Zy. First we collect some basics on
SO(3) and SU(2).

A real 3 x 3 matrix R is called special orthogonal if
R'R=1, detR=1.

Note that 1 here denotes the 3 x 3 identity matrix in the first equation. It is easy to check
that the special orthogonal matrices form a group; we denote this group by SO(3) and call
it the special orthogonal group, or the rotation group. An element of SO(3) is also called
a rotation.

If X\ is an eigenvalue of R € SO(3) we see that A = £1. We want to show that there is
always an eigenvector with eigenvalue 1. The characteristic polynomial of R has three roots
A1, Ay and A3. The modulus of the roots has to be 1 and if there is a imaginary eigenvalue
1, then so is its conjugate i an eigenvalue. If all the three eigenvalues are real, then the
only possibilities are that all three are 1 or that two are —1 and the third is 1. Let now A\,
be imaginary and take Ay = A;. Then A3 = ﬁ is real and positive and since it has to be
of unit modulus A3 = 1. We see that there is always an eigenvalue 1. If R is a rotation and
not the identity there is just one eigenvector with eigenvalue one; we denote this eigenvector
by er. We thus have Rer = er and if R # 1 then eg is unique. The vector eg determines
a one-dimensional subspace of R that is left invariant under the action of R. We call this
one-dimensional invariant subspace the axis of rotation.

Consider an arbitrary SO(3) element R with axis of rotation determined by ep over an
angle 1 and denote the rotation by R(eg,1). Call the angle between the plane in which eg
and the z-axis lie and the plane in xz-plane 6. Call the angle between er and the z-axis
@. See figure 4.1. The rotation can now be broken down into three rotations. First we use
two rotations two go to a coordinate system with coordinates x’, ¢y’ and 2’ in which the eg
points in the z’-direction, and then we rotate around the z’-axis over an angle ¥. The two
rotation to go to the new coordinate system are: (a) a rotation around the z-axis around
an angle 6 to align the z-axis with the projection of eg onto the zy-plane, (b) a rotation
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Figure 4.1: Rotation around eg. Any axis is characterized by two angles ¢ and 6.

over an angle ( around the image of the y-axis under the first rotation. Hence we can write
R(eg,1) as a product

cosf —sinf 0 cose 0 sing costy —siny 0
R(er,v) = | sinf cosf 0 0 1 0 siny cosy 0
0 0 1 —singp 0 cosep 0 0 1

In this way we obtain a system of coordinates on the manifold SO(3). The three angles are
then called the Euler angles.

We note in particular the following: The group SO(3) is generated by all elementary rota-
tions R, (o), Ry(B3) and R.(7y) given by

1 0 0 cosf 0 sing
R, (a) = |0 cosa —sina |, Ry (B)= 0 1 0 ,
0 sina cosa —sinf8 0 cospf
cosy —siny 0
R.(y) = siny cosy 0
0 0 1

A 2 x 2 complex matrix U is called special unitary if it satisfies
UU=1, detU=1.

It is easily checked that the special unitary matrices form a group, which is called the
special unitary group and is denoted SU(2).

We now wish to show that SU(2) is a real manifold that is isomorphic to the three sphere
S3. We do this by finding an explicit parametrization of SU(3) in terms of two complex
numbers z and y satisfying |z|> + |y|? = 1. If one splits up x and y in a real and imaginary

parts, one sees that x and y define a point on S°.
We write an element U € SU(2) as
a b
- ( d) .

Writing out the equation UTU = 1 and det U = 1 one finds the following equations:

al* + e[ =1, [pP+]d =1,
ab+cd =0, ad —bc=1.
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We first assume b = 0 and find then that ad = 1 and ¢d = 0, implying that ¢ = 0 and U is
diagonal with a = d. Next we suppose b # 0 and use a = —%! to deduce that [b| = |c| and
la| = |d|; we thus have b # 0 < ¢ # 0. We also see that we can use the ansatz

a = e“cosh, b=ePsind,
—e"sinf, d=ecosh.
Using again a = —%‘Z we see a+0 =+ and writing out ad — bc = 1 we find a = —4 and
S = —~. We thus see a = d and b = —¢. Hence the most general element of SU(2) can be
written as

U= (2, V)0 with laf o =1

The map S® — SU(2) given by (z,y) — U(z,y) is clearly injective, and from the above

analysis bijective. Furthermore the map is smooth. Hence we conclude that SU(2) = §3
as a real manifold.

We introduce the Pauli matrices!

1_01 Q_O_Z 3_1 0
“‘(1 0)’ “‘(i 0)’ 7= \o 1)

Note that the Pauli-matrices are precisely all the traceless Hermitian 2 x 2 complex matrices
and make up a three-dimensional vector space. Therefore they provide a realization of the
Lie algebra su(2). It is easy to check that the Pauli-matrices satisfy the relations

olo? = 6V + kot

where we also used the Levi-Civitd symbol €7*; if (ijk) is not a permutation of (123) €“*
is zero and if (ijk) is a permutation of (123) then €* is the sign of the permutation. In
particular we note the commutator relations

[0, 07] = 0'0? — 070" = 2ieT*o"
which resembles the vector product in R?. We also note the identities

tr(0?) = 0, tr(oio?) =207, tr(jo’, 0%]o*) = dielik

For every vector Z € R we identify an element x of su(2) as follows

T 3
T = To —~ T = E LUZ'O'Z .
XT3 i=1

From now on we simply identify the elements with each other and thus write equality signs
instead of arrows. We see that Z x ¢ corresponds to the element %[I, yl;
1

fxg: 2_Z[x’y]

! Actually they are rescaled versions of the Pauli-matrices
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And similarly we find

— = 1 g T 1
x~y:§tf($y)a xxy~z:Etr([:c,y]z).

If U is an element of SU(2) and z € su(2) = R? we see that
tr(UzU 1) =0, (UzU N = (U Y 2U =UzU,

and we conclude that U induces a map R* — R3. In fact, U defines a special orthogonal
transformation since
Z-y tr(UasU UyU ™ =2 -4

is invariant, so that U preserves the inner product on R? and similarly # x ¢/ - 7 is invariant
so that the action of U preserves the orientation. We thus found a map R : SU(2) —
SO(3), whereby U € SU(2) gets mapped to the element R(U) in SO(3) corresponding to
x +— UzU™'. Since Uy(UszU; YUY = (U Uy)x(UUy) ™! the map SU(2) — SO(3) is a
group homomorphism; R(U,U,) = R(Uy)R(Us).

Explicitly we find

Ulz,y)o'U(z,y)™" = Re(z® —y*)o" — Im(2? — y*)o? + 2Re(zy)0”,
y)o’

U(z,y)o*U(z,y) "' = Im(z* + y*)o' + Re(2? + y*)o” + 2Im(zy)o?
U(x,y)o*U(z,y)™' = —2Re(zy)o’ + 2Im(zy)o® + (|z|* — |y|*)o>.
Therefore
Re(z? — %) Im(2? +y?) —2Re(zy)
R(U(x,y)) = | —Im(z® —4*) Re(2?+y?) 2Im(xy)
2Re(y) 2Am(zy) |z = |y
We find
1 0 0
R(U(cosa/2,—isina/2)) = [0 cosa —sina | = R.(a),

0 sina cosa
cosf 0 sinpg

R(U(cos f/2,—sinf/2)) = 0 1 0 =R,(B),
—sinf 0 cosf
' cosy —siny 0

R(U(™™72.0)) = | siny cosy 0] =R.(v),
0 0 1

and hence the map R : SU(2) — SO(3) is surjective. Suppose now that U(z,y) is mapped
to the identity element in SO(3). We see then that xy = 0, so that either z = 0 or y = 0.
Since also |z|*> — |y|* = 1, we cannot have x = 0 and hence y = 0. Furthermore from
Rex? = |z]> = 1 we see z = +1: indeed we see that R(U(x,y)) = R(U(—x,—y)). The
kernel of R : SU(2) — SO(3) is thus given by £1 times the identity matrix, which is the
Zy-subgroup of SU(2)?. As any kernel of group homomorphisms, the kernel is a normal
subgroup. All in all we have shown

SU(2) 2 SO(3)/Z .

2Easy exercize: Prove that there is only one Zs-subgroup in SU(2).
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Chapter 5

Classical oscillating systems

In this chapter, we discuss in detail an important family of classical physical systems:
harmonic or anharmonic oscillators, and their multivariate generalization, which describe
systems of coupled oscillators such as macromolecules or planetary systems.

Understanding classical oscillators is of great importance in understanding many other
physical systems. The reason is that an arbitrary classical system behaves close to equi-
librium like a system of coupled linear oscillators. The equations we deduce are therefore
approximately valid in many other systems. For example, a nearly rigid mechanical struc-
ture such as a high-rise building always remains close enough to equilibrium so that it can
be approximately treated as a linear oscillating system for the elements into which it is
decomposed for computational purposes via the finite element method.

We shall see that the equations of motion of coupled oscillators can be cast in a form that
suggest a Lie algebra structure behind the formalism. This will provide the connection to
Part III of the book, where Lie algebras are in the center of our attention.

Besides the (an-)harmonic oscillators we discuss some basic linear partial differential equa-
tions of physics: the Maxwell equations describing (among others) light and gamma rays,
the Schrodinger equation and the Klein—Gordon equation (describing alpha rays), and the
Dirac equation (describing beta rays). The solutions of these equations can be represented
in terms of infinitely many harmonic oscillators, whose quantization (not treated in this
book) leads to quantum field theory.

5.1 Systems of damped oscillators

For any quantity x depending on time ¢, differentiation with respect to time is denoted by
T

. d
T=—x.

dt
119
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Analogously, n dots over a quantity represents differentiating this quantity n times with
respect to time.

The configuration space is the space of possible positions that a physical system may
attain, including external constraints. For the moment, we think of it as a subset in R". A
point in configuration space is generally denoted ¢. For example, for a system of N point
masses, ¢ is an N-tuple of vectors q; € R? arranged below each other; each q; denotes the
spatial coordinates of the kth moving point (planet, atom, node in a triangulation of the
body of a car or building, etc.), so that n = 3N.

A system of damped oscillators is defined by the differential equation
Mi+Cq+VVi(g) =0. (5.1)

The reader wishing to see simple examples should turn to Section 5.2; here we explain the
contents of equation (5.1) in general terms. As before, ¢ is the configuration space point
q € R". The M and C are real n x n-matrices, called the mass matrix and the friction
matrix, respectively. The mass matrix is always symmetric and positive definite (and often
diagonal, the diagonal entries being the masses of the components). The friction matrix
need not be symmetric but is always positive semidefinite. The potential V' is a smooth
function from R™ to R, i.e., V € C*(R™, R), and VV is the gradient of V,

oV ov\7T
VV= (2, . .. == .

Here the gradient operator V is considered as a vector whose components are the dif-
ferential operators 0/dq,. In finite-element applications in structural mechanics, the mass
matrix is created by the discretization procedure for a corresponding partial differential
equation. In general, the mass may here be distributed by the discretization over all adja-
cent degrees of freedom. However, in many applications the mass matrix is diagonal;

Mij = m;di;

where m; is the mass corresponding to the coordinate ¢;, and 9;; is the Kronecker symbol
(or Kronecker delta), which is 1 if ¢ = j and zero otherwise. In the example where gy is
a three-vector denoting the position of an object, then i is a multi-index i = (k, j) where
k denotes an object index and j = 1,2, 3 is the index of the coordinate of the kth object
which sits in position ¢ of the vector ¢. Then m; is the mass of the kth object.

The quantity F' defined by
F(q) == -VV(q),

is the force on the system at the point ¢ due to the potential V'(¢). We define the velocity
v of the oscillating system by
vVi=g(.

The Hamiltonian energy H is then defined by

1
H := §UTMU +V(q). (5.2)
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The first term on the right-hand side is called the kinetic energy since it depends solely on
the velocity of the system. The second term on the right-hand side is called the potential
energy and it depends on the position of the system. For more complex systems the
potential energy can also depend on the velocities. Calculating the time-derivative of the
Hamiltonian energy H we get

H=2v"Mi+VV(g)-4=¢" (Mi+VV(q)=—¢"Cq <0, (5.3)

where the last equality follows from the differential equation (5.1) and the final inequality
follows since C' is assumed to be positive semidefinite. If C' = 0 (the idealized case of no
friction) then the Hamiltonian energy is constant, H = 0, and in this case we speak of
conservative dynamics (the Hamiltonian H is conserved). If C is positive definite we
have H < 0 unless ¢ = 0 and there is energy loss. This is called dissipative dynamics.
In the dissipative case, the sum of the kinetic and potential energy has to decrease.

If the potential V' is unbounded from below, it might happen that the system starts falling
in a direction in which the potential is unbounded from below and the system becomes
unphysical; the velocity could increase without limits. Thus, in a realistic and manage-
able physical system, the potential is always bounded from below, and we shall make this
assumption throughout. It follows that the Hamiltonian is bounded from below.

Since in the dissipative case the Hamiltonian energy is decreasing and is bounded below,
it will approach a limit as t — co. Therefore, H — 0, and by (5.3), ¢"C¢ — 0. Since
C' is positive definite for a dissipative system, this forces ¢ — 0. Thus, the velocities will
get smaller and smaller, and asymptotically the system will approach the configuration of
being in a state with ¢ = 0, at the level of the accuracy of the model. Typically this implies
that ¢ tends to some constant value gy. Note that it does not follow rigorously that ¢ tends
to a constant value; it is possible that ¢ — oo. Nevertheless we assume that ¢ does not
walk away to infinity and then it follows from ¢ = 0 that ¢ = 0, so that (5.1) implies
VV(g) = 0, and we conclude that ¢ tends to a stationary point gy of the potential. If
this is a saddle point, small perturbations can (and will) cause the system to move towards
another stationary point. Because of such stability reasons, the system ultimately moves
towards a local minimum.

In practice, the perturbations come from imperfections in the model. Remember that the
deterministic equation (5.1) is a mathematical idealization of the real world situation. A
more appropriate model (but still an approximation) is the equation

Mi+Cq+VV(q) =¢,

where ¢ is a stochastic force, describing the imperfections of the model. Typically, these
are already sufficient to guarantee with probability 1 that the system will not end up
in a saddle point. Usually, imperfections are small, irregular jumps due to friction, see,
e.g., BOWDEN & LEBEN [49], or Brownian motion due to kicks by molecules of a solvent.
See, e.g., BROWN [52], EINSTEIN & BROWN [79], GARCIA & PALAc1OS [98], HANGGI &
MARCHESONI [121], for an overview on Brownian motion with lots of historical references
and citations DUPLANTIER [75], and for a discussion in the context of protein folding
NEUMAIER [202, Section 4].
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In many cases, the potential V(¢) has several local minima. Our argument so far says
that the state of the system will usually move towards one of these local minima. Around
the local minimum it can oscillate for a while, and in the absence of stochastic forces it
will ultimately get into one of the local minima. If we assume that there are stochastic
imperfections, we can say even more!

Suppose that the local minimum towards which the system tends is not a global minimum.
Then occasional stochastic perturbations may suffice to push (or kick) the system over a
barrier separating the local minimum from a valley leading to a different minimum. Such
a barrier is characterized by a saddle point, a stationary point where the Hessian of
the potential has exactly one negative eigenvalue. The energy needed to pass the barrier,
called the activation energy, is simply the difference between the potential energy of the
separating saddle point and the potential energy of the minimum. In a simple, frequently
used approximation, the negative logarithm of the probability of exceeding the activation
energy in a given time span is proportional to the activation energy. This implies that
small barriers are easy to cross, while high barriers are difficult to cross. In particular, if a
system can cross a barrier between a high-lying minimum to a much lower lying minimum,
it is much more likely to cross it in the direction of the lower minimum than in the other
direction. This means that (averaged over a population of many similar systems) most
systems will spend most of their time near low minima, and if the energy barriers between
the different minima are not too high, most systems will be most of the time close to the
global minimum. Thus a global minimum characterizes an absolutely stable equilibrium,
while other local minima are only metastable equilibrium positions, which can become
unstable under sufficiently large stochastic perturbations.

There are famous relations called fluctuation-dissipation theorems that assert (in a
quantitative way) that friction is related to stochastic (i.e., not directly modeled high fre-
quency) interactions with the environment. In particular, if a system is sufficiently well
isolated, both friction and stochastic forces become negligible, and the system can be de-
scribed as a conservative system. Of course, from a fundamental point of view, the only
truly isolated system is the universe as a whole, since at least electromagnetic radiation
escapes from all systems not enclosed in an opaque container, and systems confined to a
container interact quite strongly with the walls of the container (or else the wall would not
be able to confine the system).

Thus on a fundamental level, a conservative system describes the whole universe from the
tiniest microscopic details to the largest cosmological facts. Such a system would have to
be described by a quantum field theory that combines the successful standard model of
particle physics with general relativity. At present, no such theory is available.

On the other hand, conservative systems form a good first approximation to many small and
practically relevant systems, which justifies that most of the book looks at the conservative
case only. However, in Part IV, the dissipative case is in the center of the discussion.

The phase space formulation. So far, our discussion was framed in terms of position
and velocity. As we shall see, the Hamiltonian description is most powerful in phase space
coordinates. Here everything is expressed in terms of the phase space observables ¢ and p,
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where

p:= Mv,

is called the momentum p of the oscillating system. The phase space for a system of
oscillators is the space of points (¢, p) € R™ x R™. A state (in the classical sense) is a point
(p,q) in phase space. The Hamiltonian function (or simply the Hamiltonian) is the
function defining the Hamiltonian energy in terms of the phase space observables p and q.
In our case, since a positive definite matrix is always invertible, we can express v in terms
of pasv = M~'p, and find that

1 _
H(p.q) = 5p"M"'p+V(q). (5.4)
Note that H does not depend explictly on time. (In this book, we only treat such cases;
but in problems with time-dependent external fields, an explicit time dependence would be
unavoidable.)

5.2 The classical anharmonic oscillator

To keep things simple, we concentrate on the case of a single degree of freedom. Everything
said has a corresponding generalization to systems of coupled oscillators, but the essentials
are easier to see in the simplest case.

The simple anharmonic oscillator is obtained by taking n = 1. The differential equation
(5.1) reduces to a scalar equation

mg+cqg+V'(qg) =0, (5.5)

where the prime denotes differentiation with respect to ¢. This describes for example the
behavior of an object attached to a spring; then ¢ is the length of the spring, m = M is
the mass of the object, ¢ = C' is the friction constant (collective of the air, some friction
in the spring itself, or of a surface if the object is lying on a surface) and V' (q) describes
the potential energy (see below) the spring has when extended or contracted to length g.
Note that a constant shift in the potential does not alter the equations of motion of an
anharmonic oscillator; hence the potential is determined only up to a constant shift.

The harmonic oscillator is the special case of the anharmonic oscillator defined by a

potential of the form

k

Vig) = Sa—a?, k>0,

where ¢q is the equilibrium position of the spring. (Strictly speaking, only oscillators that
are not harmonic should be called anharmonic, but we follow the mathematical practice
where limiting cases are taken to be special cases of the generic concept: A linear function
is also nonlinear, and a real number is also complex.) In this case, the force becomes

F(q) = -VV(q) = —k(q — q) (5.6)
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The equation (5.6) is sometimes called Hooke’s law, which asserts that the force needed
to pull a spring from equilibrium is linear in the deviation ¢ — ¢y from equilibrium, a valid
approximation when ¢ — qq is small. Since the force is minus the gradient of the potential,
the potential has to be quadratic to reproduce Hookes’ law. It is customary to shift the
potential such that it vanishes in global equilibrium; then one gets the above form, and
stability of the equilibrium position dictates the sign of k. Note that the shift does not
change the force, hence has no physical effect.

The mathematical pendulum is described by the equation
V(g) = —k(1 —cosq), k>0, (5.7)

where ¢ is now the angle of deviation from the equilibrium, measured in radians. Looking
at small ¢ we can approximate as follows:

k
Vig) = 54+ 0(d"),
and after dropping the error term, we end up with a harmonic oscillator. The same argument
allows one to approximate an arbitrary anharmonic oscillator by a harmonic oscillator as
long as the oscillations around a stable equilibrium position are small enough.

For ¢ not small the mathematical pendulum is far from being harmonic. Physically this
is clear; stretching a (good) spring further and further is harder and harder, but pushing
the one-dimensional pendulum ‘far’ from its equilibrium position is really different. After
rotating it over m radians the pendulum is upside down and pushing it further no longer
costs energy.

Dynamics in phase space. We now restrict to conservative systems and analyze the
conservative anharmonic oscillator (H = 0) a bit more. Since ¢ = 0, the differential
equation (5.5) simplifies to

mg+V'(g)=0. (5.8)
The Hamiltonian energy is given by
1
H= §m02 +V(q).

Note the form of the kinetic energy familiar from school. Expressed in terms of the phase
space observables p and ¢ (which are now scalar variables, not vectors), we have

2
H= 2= +V(q),

2m
G=v=—, p=mi=mj (q) (5.9)

An observable is something you can calculate from the state; simple examples are the
velocity and the kinetic, potential, or Hamiltonian energy. Thus arbitrary observables
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can be written as smooth functions f(p,q) of the phase space observables. In precise
terms, an observable is (for an anharmonic oscillator) a function f € C*°(R x R). The
required amount of smoothness can be reduced in practical applications; on the fundamental
theoretical level, it pays to require infinite differentiability to get rid of troubling exceptions.

Introducing the shorthand notation

_9f _9f

fp'_a_pa fq'_a_qa

for partial derivatives, we can write the equations (5.9) in the form
i=H, p=-H,. (5.10)

The equations (5.10) are called the Hamilton equations in state form. Although derived
here only for the anharmonic oscillator, the Hamilton equations are of great generality;
the equations of motions of many (unconstrained) conservative physical systems can be
cast in this form, with more complicated objects in place of p and ¢, and more complex
Hamiltonians H(p,q). A dynamical system governed by the Hamilton equations is called
an isolated Hamiltonian system. If there are external forces, the system is not truly
isolated, but the Hamilton equations are still valid in many cases, provided one allows the
Hamiltonian to depend explicitly on time, H = H(p, ¢,t); in this case, there would appear
additional partial derivatives with respect to time in various of our formulas.

Calculating the time-dependence of an arbitrary observable f we get

fz%ij%q:fpijqu,
hence '
f=Hpfg—Hyfp- (5.11)

In particular for f = g or f = p we recover (5.10). Thus this formulation is equivalent to
the Hamilton equations. We call (5.11) the Hamilton equations in general form. Let us
apply (5.11) to f = H and calculate the change of the Hamiltonian:

H=H,H,— HH,=0,

which is consistent since we knew from the start that energy is conserved, H = 0. But now
this relation has been derived for arbitrary isolated Hamiltonian systems!

When external forces are present, we have to consider time-dependent observables f(p, q,t).
In this case, we have in place of (5.11)

f=fp+ foq+ fit = Hyfy — Hyfp + fr, (5.12)
and in particular for the Hamiltonian,
H = H, = 0H/ot.

However, we restrict the subsequent discussion to the isolated case.
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The Hamiltonian equations can be cast in a form that turns out to be even more general
and very useful. It brings us directly to the heart of the subject of the present book. We
define a binary operation Z on C*°(R x R) as follows:

fég = fpgq - gpfq-

Physicists write {g, f} for fZg and call it the Poisson bracket. Our alternative notation
will turn out to be very useful, and generalizes in many unexpected ways. The equation
(5.11) can then be written in form of a classical Heisenberg equation

f=H/f. (5.13)

It turns out that this equation, appropriately interpreted, is extremely general. It covers
virtually all conservative systems of classical and quantum mechanics.

A basic and most remarkable fact, which we shall make precise in the following chapter, is
that the vector space C*°(R x R) equipped with the binary operation /Z is a Lie algebra.
We shall take this up systematically in Section 12.1.

5.3 Harmonic oscillators and linear field equations

Historically, radiating substances which produce rays of a-, - or y-particles were fundamen-
tal for gaining an understanding of the structure of matter. Even today, many experiments
in physics are performed by rays (or beams, which is essentially the same) generated by
some source and then manipulated in the experiments.

The oldest, most familiar rays are light rays, a-rays, f-rays, and y-rays. (Nowadays, we
also have neutron rays, etc., and cosmic rays contain all sorts of particles.)

All kinds of rays are described by certain quantum fields, obtained by quantizing corre-
sponding classical field equations, linear partial differential equations whose time-periodic
solutions provide the possible single-particle modes of the quantum fields. In the fol-
lowing sections we look at these field equations in some detail; here we just make some
introductory comments.

a-rays are modes (realizations) of the field of doubly ionized helium, Het", which is mod-
eled on the classical level by a Schrodinger wave equation or a Klein-Gordon wave equation.
[-rays are modes of a charged field of electrons or positrons, modeled on the classical level
by a Dirac wave equation. For radiation of only positrons one uses the notation 5%, and
for rays with only electrons one uses S~. Both light rays and ~-rays are modes of the
electromagnetic field which are modeled on the classical level by the Maxwell wave equa-
tions. Their quantization (which we do not treat in this book) produces the corresponding
quantum fields.

In the present context, the Schrodinger, Klein—Gordon, Dirac, and Maxwell equations are
all regarded as classical field equations for waves in 3+ 1 dimensions, though they can also
be regarded as the equations for a single quantum particle (a nonrelativistic or relativistic
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scalar particle, an electron, or a photon, respectively). This dual use is responsible for calling
second quantization the quantum field theory, the quantum version of the classical theory
of these equations. It also accounts for the particle-wave duality, the puzzling property
that rays sometimes (e.g., in photodetection or a Geiger counter) behave like a beam of
particles, sometimes (in diffraction experiments, of which the double slit experiments are
the most famous ones) like a wave — in the case of light a century-old conflict dating back
to the times of Newton and Huygens.

In the quantum field setting, quantum particles arise as eigenstates of an operator N called
the number operator. This operator has a discrete spectrum with nonnegative integer
eigenvalues, counting the number of particles in an eigenstate. The ground state, with
zero eigenvalue, is essentially unique, and defines the vacuum; a quantum particle has
an eigenstate corresponding to the eigenvalue 1 of N, and eigenstates with eigenvalue n
correspond to systems of n particles. If a quantum system contains particles of different
types, each particle type has its own number operator.

The states that are easy to prepare correspond to beams. The fact that beams have a
fairly well-defined direction translates into the formal fact that beams are approximate
eigenstates of the momentum operator. Indeed, often beams are well approximated by
exact eigenstates of the momentum operator, which describe so-called monochromatic
beams. (Real beams are at best quasi-monochromatic, a term we shall not explain.) Since
the states of beams are not eigenstates of the number operator N, they contain an indefinite
number of particles.

All equations mentioned are linear partial differential equations, and behave just like a set
of infinitely many coupled harmonic oscillators, one at each space position. They describe
non-interacting fields in a homogeneous medium. The definition of interacting fields leaves
the linear regime and leads into the heart of nonlinear field theory, both in a classical and
a quantum version. This is outside the scope of the present book. However, when position
space (or momentum space) is discretized so that only a finite number of degrees of freedon
remain to describe a field, one is back to nonlinear oscillators, which can be understood
completely on the basis of the treatment given here, and indeed, number operator will play
a prominent role in Part V of this book.

Fortunately, for understanding beam experiments, it usually suffices to quantize a few modes
of the classical field, and these are harmonic oscillators. Indeed, by separation of variables,
the linear field equations can be decoupled in time, leading to a system of uncoupled
harmonic oscillators forming the Fourier modes. Beams correspond to solutions which have
a significant intensity only in a small neighborhood of a line in 3-space. Frequently, beams
correspond to solutions that have an (almost) constant frequency. Interactions with such
(quasi-)monochromatic beams can be modelled in many situations simply as interactions
with a harmonic oscillator.

On the other hand, when a beam containing all frequencies interacts with a system which
oscillates only with certain frequencies, the beam will resonate with these frequencies. This
allows the detection of a system’s eigenfrequencies by observing its interaction with light
or other radiation. This is the basis of spectroscopy, and will be discussed in more detail
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in Chapter 6 and Chapter 23.

Note that, just as the free Maxwell equations describe both classical electromagnetic waves
(in particular light and ~-rays) or single photons (particles of the corresponding quantum
field), so the Schrédinger equation, the Klein—-Gordon equation, and the Dirac equation de-
scribe both classical fields for a- and S-rays, or single a-particles or electrons and positrons
(particles of the corresponding quantum field), respectively.

In the following, we consider four kinds of classical fields and their associated quantum

particles, differing in spin and hence in the way rotations and Lorentz transformations
affect the fields.

e Slow bosons of spin zero, such as slow a-particles. The equation describing them is
the Schrodinger equation.

e Fast bosons of spin zero, such as fast a-particles. The equation describing them is
the Klein-Gordon equation.

e Fermionic particles of spin 1/2, like electrons, positrons and neutrinos. The dynamical
equation in this case is the Dirac equation.

e Light and ~-rays; electromagnetic radiation. The corresponding particles are photons,
which have spin 1. The field describing these particles is the electromagnetic field.
The equations governing their dynamics are the Maxwell equations.

Because of the differing spin, there is a significant difference between [-rays and the oth-
ers: a-particles and photons have integral spin and are therefore so-called bosons, while
electrons and positrons have non-integral spin and are therefore so-called fermions. Only
fermions are subject to the so-called Pauli exclusion principle which is responsible for
the extensivity of matter. This difference is reflected by the fundamental requirement that
the fields of bosons, in particular of a-particles and photons, are quantized by imposing
canonical commutation relations (discussed in Section 20.2), while fermions, and hence
positrons and electrons, are quantized by imposing canonical anticommutation rela-
tions (discussed in Section 21.1).

5.4 Alpha rays

We first consider rays consisting of a-particles, helium atoms stripped of their two elec-
trons, and consist of two protons and two neutrons. a-particles are released by other
heavier nuclei during certain processes in the nucleus. For example, some elements are
a-radioactive, which means that a nucleus of type A will want to go to a lower energy
level, which can then be done by emitting two of its protons and two of its neutrons. The
result is thus two nuclei, a Helium nucleus and a nucleus of type A’ # A; schematically
A — A"+ . But also during nuclear splitting a-particles are released. Yet even more, the
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sun is emitting a-particles all the time; the sun produces heat by means of a chain of nuclear
fusion reactions, during which some a-particles are produced. If the atmosphere would not
be there, life on earth would be impossible due to the bombardment of a-particles. That
a-particles are not healthy has been in the news lately (in 2007), since the former Russian
spy Litvinenko is said to have been killed by a small amount of polonium, which is an
a-emitter.

An a-particle emitted from a radioactive nucleus typically has a speed of 15,000 kilometers
per second. Although this might look very fast, it is only 5% of the speed of light, which
means that for a lot of calculations a-particles can be considered nonrelativistically, that
is, without using special relativity. For some more accurate calculations though, special
relativity is required.

For the nonrelativistic a-particle we have to use the Schrodinger equation. For a particle
of mass m moving in a potential V' (z) the Schrédinger equation is given by

1 1) = — () + V(e
iha t(2,1) = —5— x, x)(z,

where 1) is the wave function of the particle, and V? = V - V is the Laplace operator.
The wave function contains the information about the particle. The quantity |¢(z,t)|? is
the probability density for finding the particle at time ¢ in a given position (x). For beam
considerations, we take V' (x) = 0. Since we shoot the a-particles just in one direction, we
assume ¥(x,t) = ¢(t)x(x). We obtain

io(t) 1 x'(x)

o(t)  2m x(z)

, (5.14)

where the dot denotes the derivative with respect to time ¢ and the prime ’ the derivative
with respect to the coordinate x. The left-hand side of (5.14) only depends on time ¢
and the right-hand side only on z, which implies that both sides are a constant (with the
dimensions of time™!) independent of ¢ and z. We denote this constant by w and obtain
two linear ordinary differential equations for ¢ and y with the solutions

¢(t) — e—iwt’ X(l,) — aeikx + b*6_ikx, L — 2777:;(4) ’

where a and b are some constants; we have normalized the constant in front of ¢ to 1
since we are only interested in the product of ¢ and y. Note that we wrote the solution
suggestively as if w > 0 and in fact, on physical grounds it is; the solutions with w < 0 are
not integrable and hence cannot determine a probability distribution.

We can express E in terms of k, which plays the role of the inverse wavelength, getting
2 . . . . . .
w(k) = % Reintroducing an arbitrary direction unit vector n and the wave vector k = kn,

we obtain the dispersion relation of the Schrodinger equation,

S

Wk = .
2m
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Therefore the general solution can be expanded as

b, t) = /dk (a(k)e—iwkt—ikk I b(k)*e—iwkt+ikx> ‘

If we have an experiment with a great number of non-interacting particles, all of which have
the same wave function ¢, the quantity | (z,t)|? is proportional to the particle density.
However, a-particles interact and thus the Hamiltonian is different. If we assume the
particle density is not too high we can still assume that the a-particles move as if there
were no other a-particles. Under this assumption we may again take |¢(x, t)|* as the particle
density. The energy density is then proportional to |¢)(z,t)|?. Putting as before the whole
experiment in a box of finite volume V' one can again arrive at a Hamiltonian corresponding
to a collection of independent harmonic oscillators.

Now we look at relativistic a-particles, and remind the reader of the notation introduced
in Section 3.13. The dynamics of relativistic a-particles of mass m is described by a real-
valued function v (z#) whose evolution is governed by the Klein—Gordon equation, which

is given by ) s
(IZI - ”%—f) b =0 (5.15)

with the second order differential operator
0? 0? 0? 0?
~Tew T ox? * 0x3 * ox3’
called the d’Alembertian. Here c is the speed of light. We look for wave like solutions
Y ~ e** for some vector k. Note that 0,6 = ik,e®™® and hence Oe™* = Fk?er,

where k% = k - k. Hence we obtain the condition on k

m2c?

h2
Writing k° = w and denoting the spatial parts of k with bold k we thus get the dispersion
relation

+k2 +

=0. (5.16)

2.4
w= 4]k + mh; . (5.17)

We see that hilw| = E = mc?, combining Einstein’s famous formula E = mc? and Planck’s
law E = hw. The solution for a given choice of sign of w is expanded in Fourier terms and
most often written as

Pk o -
w(x,t) = / m (a(k)elw(k)t—zk.x + a(k)*e—zw(k)t-l,-zk.x) :

where we used the Lorentz-invariant measure (3.62) involving w(k) = 4/c?k? + %

5.5 Beta rays

We now discuss beams composed of spin % particles, the f-rays. [-radiation is emitted by
radioactive material. Unstable nuclei can lose some of their energy and go to a more stable
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nucleus under the emission of S-rays. There are two kinds of S-rays — those with positive
charge and those with negative charge. The negatively charged version consists of nothing
more than electrons. The positively charged counterpart consists of the antiparticles of
the electrons, the so-called positrons.

Other examples of fermions are neutrinos. The sun emits a stream of neutrinos; in each
second, there are approximately 10! neutrinos flying through your body (it depends on
which latitude you are, how big you are and whether you are standing or lying down,
making a difference of a factor of 100 perhaps). Neutrinos fly very fast; the solar neutrinos
travel at the speed of light (or very close). The reason they travel that fast is that neutrinos
have a zero or very tiny mass, and massless particles (such as photons) always travel at
the speed of light. For a long time, neutrinos were believed to be massless; only recently
it became an established fact that at least one of the three generations of neutrinos must
have a tiny positive mass. We do not feel anything of the many neutrinos coming from the
sun and steadily passing through our body, because — unlike protons and electrons — they
hardly interact with matter; for example, to absorb half of the solar neutrinos, one would
need a solid lead wall of around 10'® meters thick! The reason is that they do not have
charge: they are electrically neutral.

To discuss the case that the particles shot by the beam are fermions, we have to use the
Dirac equation. It is convenient to use the same conventions for dealing with relativistic
particles. In addition to the previously introduced symbols, we now introduce the so-called
~-matrices. In four dimensions there are four of them, called 7°,...,~3, and they satisfy

VA A =2 (5.18)

The associative algebra generated by the ~-matrices subject to the above relation is a
Clifford algebra. There are several possibilities to find a representation for the y-matrices
in terms of 4 x 4-matrices; a frequently made choice is

702i01®1, ’)/120'2@)1

2 3 1 3 3 2
VY=d®d, P=c®d,

where the o are the Pauli matrices (2.7). however, we only need the defining relation
(5.18). We assemble the y-matrices in a vector (7°,4',72,7%) and inner products with

vectors p* are given by v - p = 4"p, = VP’ 1.

A fermion is described by a vector-like object 1, which takes values in the spinor representa-
tion of the Lie algebra so(3,1). Hence we can think of ¢ as a vector with four-components.
In this case, the y-matrices are 4 x 4-matrices; that such a representation exists is shown
by the explicit construction above. We need a property of the v-matrices, namely that
they are traceless (in any representation). To prove this, take any +* and choose another
~v-matrix 77, i # v. Then we have

try# = tr(v“vy(vy)_l> = —tr<7u7u(7u)_l> = —tryt.

Hence try#* = 0.



132 CHAPTER 5. CLASSICAL OSCILLATING SYSTEMS

With these preliminaries the Dirac equation is given by

(7~8+%)¢:o.

mc

Acting on the Dirac equation with (-9 — %¢) and using - py - p = p* for any four-vector
p*, we see that each component of the spinor obeys the Klein-Gordon equation (5.15).

We look for solutions of the form 1 = ue’*®. Putting this ansatz in the Dirac equation we
obtain

(w-k—%)u:o, (5.19)

and the additional constraint k2 + % = 0 follows from the Klein—-Gordon equation. Equa-
tion (5.19) can be written as

(1—iify~k)u:0,
mc

1 I
Pt )
2 mc

satisfies P? = P. Hence P is a projection operator and C* splits as V & V' with V = PC*
and V' = (1 — P)C* The Dirac equation thus tells us that u has to be in V’. Denote
pt = Z°k*, then p? = —1. We now choose a frame moving along with the particle, so that
in that frame the particle is not moving, hence we may choose p* = (1,0, 0,0) in the chosen
frame. It follows that 2P = 1+44". The eigenvalues of i7° are 41 since (i7")?> = 1. But the
~v-matrices are traceless, and hence the eigenvalues add up to 0. Therefore the eigenvalues

of i7? are —1, —1,+1,+1. Thus P can be cast in the form

and it is easy to see that

10 0 0
01 0 O
P_OOOO
0 0 0 O

We conclude that there are two independent degrees of freedom for a fermion; similar to
the case of light one speaks of two polarizations. For a particular choice of the sign of wy
we can thus specialise the expansion of the fermion to

&k ' |
’QD :/ (271‘)3 (U-i-(kf)elwkt—k.x —I—’U_(k‘)6_wkt+k'x) ’

where wy, = \/ k - k + m2c2/h? and where the v (k) are linear combinations of the two basis
polarization vectors u; and us:

’Ui(l{?) = Oé:t(l{?)ul —+ 51(]{7)112 .
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5.6 Light rays and gamma rays

Lasers produce light of a high intensity and with almost only one frequency. That is, the
light of a laser is almost monochromatic. We assume that the laser is perfect and thus
emits only radiation of one particular wavelength. Also we consider ‘general lasers’, which
can radiate electrons, a-particles, S¥-radiation and so on. We shortly comment on the
nature of the different kinds of radiation and see how the modes come into play. To make
life easy for us, we imagine the laser is placed such that the medium through which the
beam is shot, is the vacuum.

First we consider the common situation where light is radiated. Light waves are particular
solutions to the Maxwell equations in vacuum, or any other homogeneous medium. The
Maxwell equations in vacuum are given by

V-E=0, VxE:—a—B,
ot

1 OE

B = B=—-—

\Y% 0, Vx 2

where E is the electric field strength, B is the magnetic field strength and ¢ is the time, and
¢ is again the speed of light. As usual in physics, boldface symbols denote 3-dimensional
vectors, while their components are not written in bold;

0A; 0A, O0A
1, 042 04

A =divA =
v v 82151 8&}2 81’3
e 04y 0
A=culA = | 2L =25
V x cur o5, om
04, oAy
0:)31 81’2

denote the divergence and curl of a vector field A, respectively. Using the generally valid
relation

Vx(VxX)=V(V-X)-VX

and the fact that the divergence of B and E vanishes we obtain from the Maxwell equations
the wave equations

1 02 1 9?
‘E=—-—E ‘B=——B.
v c2ot2 v 2 Ot?

To solve we use the ansatz
E([L’, t) — Eeiwt—ik-x ’ B([L’, t) — Beiwt—ik-x ’

where E and B are now fixed vectors. The ansatz represents waves propagating in the
k-direction and at any fixed point in space the measured frequency is w. From the wave
equations we immediately find the dispersion relations for the Maxwell equations that
relate w and k = (ky, ky, k)7

w = c[k],
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Elgctric
figld

Figure 5.1: An image of a solution of the electromagnetic wave equations. The Poynting

vector gives the direction of the wave and is perpendicular to the electric and the magnetic
field.

where

kl:=k- -k =k + K2+ k>
T Yy z

We compute
V- E(z,t)=0 = k-E=0,

and similarly k - B = 0. Thus k is perpendicular to both E and B. We find for the outer
products

V x E(z,t) = —ik x E(z,t), V xB(z,t) = —ik x B(z,1),

and thus it follows
kxE=wB, kxB=—=FE.
c

We see that E and B are perpendicular to each other, and k is perpendicular to E and B,
hence k is parallel to the so-called Poynting vector P = E x B. Figure 5.1 displays an
image of a solution.

Without loss of generality we may change the coordinates so that k points into the z-
direction; then k, = k, = 0 and only k, is nonzero. Then, since wB = k x E and E is
orthogonal to k, light is completely determined by giving the x- and y-components of E.
Thus light has two degrees of freedom; put in other words, light has two polarizations.
Linearly polarized light is light where E oscillates in a constant direction orthogonal to the
light ray. Circularly polarized light is light where E rotates along the path of light; this
can be achieved by superimposing two linearly polarized light beams. Since the Maxwell
equations are linear, any sum of solutions is again a solution. Note that to actually get the
solution for E(x,t), one has to take the real part.

So we have seen that a light beam is determined by giving two polarizations. These polar-
izations can be interpreted as modes of an oscillator. One can write the general solution in
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terms of coefficient functions a(k) as!

E(z,t) = / dk (a(k)uk(x)e—iwkt + a*(k)uk(x)*eiwkt), (5.20)

where the frequency is given by the dispersion relation wy = c|k|, and

uy (x) 51(k)eik'x + Eg(k)eik'x ,

where ¢;(k) and e2(k) are polarization vectors chosen to satisfy
61(k) . 62(k) = El(k) -k = 62(1{) -k = O, 81(1{)2 = 82(1{)2 =1.

Note the similarity with the Maxwell equation. The main difference is in the dispersion
relation. In addition, since now the fields functions are real, the coefficients of the positive
frequency part and the negative frequency part are related. The positive frequency part

E .= / dka* (K)uy(x)*ext

of the solution (5.20) is called the analytic signal of E; clearly E = E+E=2ReE.

In the quantum theory one promotes the modes a(k) and a*(k) to operators. We treat the
transition from the classical theory to the quantum theory in detail only for the harmonic
oscillator, corresponding to a single monochromatic mode; see Chapter 20.

To motivate the connection, we rewrite the Hamiltonian into a specific form that we will
later recognize as the Hamiltonian of a harmonic oscillator, thereby showing that the
Maxwell equations give rise to (an infinite set of) harmonic oscillators.

First we consider the system in a finite volume V' to avoid some questions of finiteness.
In that case (since one has to impose appropriate boundary conditions), the integral over
wave vectors k for the electric field becomes a sum over a discrete (but infinite) set of wave
vectors. To get a sum over finitely many terms, one also has to remove wave vectors with
very large momentum; this corresponds to discretizing space?.

The functions uy(x) can then be normalized as

/ dx uk(x)*uk/ (X) = 5kk’ .
\%4

The energy density of the electromagnetic field is proportional to E?+B2. Hence classically
the Hamiltonian is given by

H:lfdx (E*+B?) .
2 Jv

'We are not taking all details into account here, since we only want to convey the general picture of
what is happening and don’t use the material outside this section.

2Getting a proper limit is the subject of renormalization theory, which is beyond the scope of our
presentation. The mathematical details for interactive fields are still obscure; indeed, whether quantum
electrodynamics (QED) exists as a mathematically well-defined theory is one of the big open questions
in mathematical physics.
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Inserting the expansions (5.20) of E and B into the expression for the Hamiltonian and
taking into account the normalization of the uy one obtains after shifting the ground state
energy to zero and performing the so-called thermodynamic limit V' — oo a Hamiltonian
of the form

H=3 Z hiwy (apax + axay,) .
k

In Chapter 20 we will show that the quantum mechanical Hamiltonian of the harmonic
oscillator is given by H = hwa*a for some constant w and operators a and a*. For light we
thus obtain for each possible k-vector a quantum oscillator. In practice, a laser admits only
a selection of possible k-vectors. In the ideal case that there is only one possible k-vector,
that is, the Poynting vector can only point in one direction and only one wavelength is
allowed, the Hamiltonian reduces to the Hamiltonian of one harmonic oscillator.



Chapter 6

Spectral analysis

In this chapter we show that the spectrum of a quantum Hamiltonian (defining the admis-
sible energy levels) contains very useful information about a conservative quantum system.
It not only allows one to solve the Heisenberg equations of motion but also has a direct link
to experiment, in that the differences of the energy levels are directly observable, since they
can be probed by coupling the system to a harmonic oscillator with adjustable frequency.

6.1 The quantum spectrum

In quantum mechanics the classical Hamiltonian becomes an operator on some Hilbert
space. Formally, instead of a function of ¢ and p defined by a formal expression H(q.p)
defining a classical N-particle Hamiltonian as a function of position ¢ and momentum p,
one has a similar expression where now ¢ and p are vectors whose components are linear
operators on the Hilbert space R3Y. The main difference is the lack of commutativity; so
the order of operators in the expressions matters.

Which operators are used to encode the components of ¢ and p depends on the representa-
tion used. In the position representation, the components of ¢ act as multiplication by
position coordinates, while the components of p are multiples of the differentiation opera-
tors with respect to the position coordinates; in the momentum representation, this also
holds but with position and momentum interchanged. Both representations are equivalent.

The collection of eigenvalues of the Hamiltonian H of a quantum system is referred to as
the spectrum of H (or of the system). Formally, the spectrum of a linear operator H is
the set of all E € C such that H — F is not invertible. In finite dimensions, this implies
the nontrivial solvability of the equation (H — E)1y = 0, and hence of the existence of an
eigenvector 1 # 0 satisfying the time-independent Schrodinger equation

Hy = Ev. (6.1)
In infinite dimensions, things are a bit more complicated and require the spectral theorem

137
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from functional analysis. If the spectrum of H is, however, discrete then (6.1) remains
valid.

As we shall show in Section 20.3, the Hamiltonian of a quantum harmonic oscillator in
normal mode form is given by H = Ej + hwn, where n is the so-called number operator
whose spectrum consists of the nonnegative integers. Hence the eigenvectors of H (also
called eigenfunctions if, as here, the Hilbert space consists of functions) are eigenvectors
of n, and the eigenvalues Fj of H are related to the eigenvalues k € Ny of n by the formula

Ek = E() + khw.

This shows that the eigenvalues of the quantum harmonic oscillator are quantized, and the
eigenvalue differences are integral multiples of the energy quantum Aw. That the spectrum
of the Hamiltonian is discrete is sometimes rephrased as ‘H is quantized’.

In this and the next section we investigate the experimental meaning of the spectrum of
the Hamiltonian of an arbitrary quantum system. Since the Hamiltonian describes the
evolution of the system via the quantum Heisenberg equation (1.17), i.e.,

f=HZf=11H, ),

one expects that the spectrum will be related to the time dependence of f(t). To solve
the Heisenberg equation, we need to find a representation where the Hamiltonian acts
diagonally.

In the case where the Hilbert space H is finite-dimensional, we can always diagonalize H,
since H is Hermitian. There is an orthonormal basis of eigenvectors of H, and fixing such
a basis we may represent all ¢» € H by their components v, in this basis, thus identifying
H with C" with the standard inner product. In this representation, H acts as a diagonal
matrix whose diagonal entries are the eigenvalues corresponding to the basis of eigenvectors;

(HY)r = Epty, .

In the case where the Hilbert space is infinite-dimensional and H is self-adjoint, an analogous
representation is possible, using the Gel’fand—Maurin theorem, also known under the
name nuclear spectral theorem. The theorem asserts that if H is self-adjoint, then
H can be extended into the dual space of the domain of definition of H; there it has a
complete family of eigenfunctions, which can be used to coordinatize the Hilbert space.
The situation is slightly complicated by the fact that the spectrum may be partially or
fully continuous, in which case the concept of a basis of eigenvectors no longer makes sense
since the eigenvectors corresponding to points in the continuous spectrum are no longer
square integrable and hence lie outside the Hilbert space.

In the physics literature, the rigorous mathematical exposition is usually abandoned at this
stage, and one simply proceeds by analogy, choosing a set ) of labels of the eigenstates
and treating them ”formally” as if they form a discrete set. Often, the discreteness of
the spectrum is enforced verbally by artificially ”putting the particles in a finite box” and
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going to an infinite volume limit at the very end of the computations. The justification
for the approach is that most experiments are indeed very well localized; in letting two
protons collide in CERN we do not take interaction with particles on Jupiter into account.
Mathematically we thus put our system in a box. Since we do not want our system to
interact too much with the walls of the box we take the box large enough. Having met the
final requirement one observes that the physical quantities do not depend on the precise
form and size of the box. To simplify the equations one then takes the size of the box
to infinity. Making this mathematically precise is quite difficult, though well-understood
for nonrelativiastic systems. In particular, for the part of the spectrum that becomes
continuous in this limit, the limits of the eigenvectors become generalized eigenvectors
lying no longer in the Hilbert space itself but in a distributional extension of the Hilbert
space which must be discussed in the setting of a so-called Gelfand triple or rigged
Hilbert space; cf. Section 20.4.

In many cases of physical interest, these generalized eigenvectors come in two flavors, de-
pending on the boundary conditions imposed, resulting in two families of in-eigenstates
|k)_ and out-eigenstates |k), labelled by a set € which in the case of the harmonic os-
cillator is 2 = Ny. (The bra-ket notation used here informally is made precise in Section
20.4.) The in- and out-states are called so because they have a natural geometric interpre-
tation in scattering experiments (see Section 6.4). In addition to these eigenstates, there
is a measure du(k) on , and a spectral density p(k) with real positive values such that
every vector in the Hilbert space has a unique representation in the form

w:mewmmm+=Lwaxwm~

For any fixed choice of the sign in ¥(k) := ¢4 (k), the inner product is given by

w¢=£mww%ﬂwwm. (6.2)

The spectral measure dyu(k) may also have a discrete part corresponding to square integrable
eigenstates, in which case |k), = |k)_. If all eigenvectors are square integrable, the spectrum
is completely discrete. In particular, this is the case for the harmonic oscillator, for which
we construct the diagonal representation explicitly in Section 20.

Since the |k)+ are eigenvectors with corresponding eigenvalue E(k) = Ej, that is, the
Hamiltonian satisfies

(Hy)(k) = E(k)p (k) , (6.3)

we say that H acts diagonally in the representation defined by the (k). Thus one
can identify the Hilbert space with the space L?(f2) of coefficient functions ¢, with finite
Jo du(k)p(k) |4 (K)|?; the Hamiltonian is then determined by (6.3). The in- and out-states
are related by the so-called S-matrix, a unitary matrix S € Lin L?*(2) such that

Uy (k) = (Sy-)(k) .

As a consequence of the time-symmetric nature of conservative quantum dynamics and the
time-asymmetry of scattering eigenstates, the in-representation and the out-representation
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are both equivalent to the original representation on which the Hamiltonian is defined.
In many cases of interest, one can then rigorously prove existence and uniqueness of the
S-matrix.

The transformation from an arbitrary Hilbert space representation to the equivalent repre-
sentation in terms of which H is diagonal, is an analogue of a Fourier transformation; the
latter corresponds to the special case where H = L?(R) and H is a differential operator
with constant coefficients.

In general, the Gel’fand—Maurin theorem guarantees the existence of a topological space
) and a Borel measurable spectral density function p : 2 — R, such that the original
Hilbert space is L*(, p) with inner product (6.2) and such that (6.3) holds. Indeed,
can be constructed as the set of characters, that is, *-homomorphisms into the complex
numbers, of a maximal commutative C*-algebra of bounded linear operators containing the
bounded operators e (¢ € R). (Since we don’t use this construction further, the concepts
involved will not be explained in detail.)

The above reasoning is completely parallel to the finite-dimensional case, where H = C".
There one would write ¢ =, ¢x|k) and have (Hv), = Ejy,. An arbitrary quantity
f € LinH = C™" would then be represented by a matrix, acting as (f¢)r = >, futh-
In the infinite-dimensional setting, k takes values in the label space €2. The quantities of
primary interest are represented by integral operators defined by a kernel function

(f)(k) = / dpu(1) £ (k, (1)

the f(k,1) are the analogues of the matrix entries fy;.

Finding a diagonal representation for a given quantum system (i.e., given a Hilbert space
and a Hamiltonian) is in general quite difficult; succeeding is virtually equivalent with
“solving” the theory of the system. Indeed, in terms of the diagonal representation, we can
obtain a full solution of the Heisenberg dynamics. We have

Jan@ftetoum = 5 (0w - (fHow)
(20 [ auty(ro)) - / A (k1O EQU(0))
14

;
% /Q du(l) f(k,l,t)(E(k)—E(l)>¢(l)a

from which it follows that

Fk.1,8) = =(E(k) = BO) £k, 1.1). (6.4)
In (6.4) we recognize a linear differential equation with constant coefficients, whose general
solution is

Fk, 1) = exEE=EOY £ 0).
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Thus the kernel function of the operator f has oscillatory behavior with frequencies

E(k) — EQ)

- (6.5)

W =
This relation, the modern form of the Rydberg—Ritz combination principle found in
1908 by Walter Ritz [236], may be expressed in the form

AE = hw, (6.6)

The formula (6.6) appears first in Planck’s famous paper [219] from 1900 where he explained
the radiation spectrum of a black body. Planck wrote it in the form AE = hv, where
h = 2wh and v = w/2m is the linear frequency. The symbol for the quotient h = h/2m,
which translates this into our formula was invented much later, in 1930, by Dirac in his
famous book! on quantum mechanics [74].

6.2 Probing the spectrum of a system

All physical systems exhibit small (and sometimes large) oscillations of various frequencies,
collectively referred to as the spectrum of the system. By observing the size of these
oscillations and their dependence on the frequency, valuable information can be obtained
about intrinsic properties of the system. Indeed, the resulting science of spectroscopy
is today one of the indispensable means for obtaining experimental information on the
structure of chemical materials and the presence of traces of chemical compounds.

To probe the spectrum of a quantum system, we bring it into contact with a macroscopically
observable (hence classical) weakly damped harmonic oscillator. That we treat just a single
harmonic oscillator is for convenience only. In practice, one often observes many oscillators
simultaneously, e.g., by observing the oscillations of the electromagnetic field in the form
of electromagnetic radiation — light, X-rays, or microwaves. However, the oscillators do
not interact that strongly in most cases and in the case of electromagnetic radiation not at
all. In that case the result of probing a system with multiple oscillators results in a linear
superposition of the results of probing with a single oscillator. This is a special case of the
general fact that solutions of linear differential equations depend linearly on the right hand
side.

From the point of view of the macroscopically observable classical oscillator, the probed
quantum system appears simply as a time-dependent external force F'(t) that modifies the
dynamics of the free harmonic oscillator. Instead of the equation mqg + c¢¢ + kg = 0 we get
the differential equation describing the forced harmonic oscillator, given by

mg+cqg+ kq= F(t).

!The book contains the Dirac equation but also Dirac’s famous mistake (cf. Section 6.3) — he had
wrongly interpreted the antiparticle of the electron predicted by his equation (later named the positron) to
be the proton.



142 CHAPTER 6. SPECTRAL ANALYSIS

The external force F' is usually the value

F(t) = {f(1)

of a quantity f from the algebra of quantities of the probed system, as discussed in more
detail in Part II. This follows from the general principles of Section 19.2 for modeling
interactions of a quantum system with a classical, macroscopic system (only the latter are
directly measurable). How classical measurements are to be interpreted in a pure quantum
context will be discussed in Section 10.4.

If the measurement is done far from the probed system, such as a measurement of light
(electromagnetic radiation) emitted by a far away source (e.g., a star, but also a Bunsen
flame observed by the eye), the back reaction of the classical oscillator on the probed system
can be neglected. Then the probed system can be considered as a Hamiltonian system and
evolves according to the Heisenberg equation (1.13). In particular, the analysis of Section
6.1 applies, and since expectations are linear, the external force F evolves as a superposition
of exponentials e™?, where the w are differences of eigenvalues of H. In the quantum case
the spectrum may have a discrete part, leading to a sum of different exponentials e** that,
as we shall see, leads to conspicuous spikes in the Fourier transform of the response and a
continuous part that leads to an integral over such terms which typically provide a smooth
background response. In the following, we shall assume for simplicity a purely discrete
spectrum, and hence an expansion of F' of the form

F(t) =) Fe™',
l

with distinct, real and nonzero frequencies. However, the analysis holds with obvious
changes also for a (partly or fully) continuous spectrum if the sums are replaced by appro-
priate integrals.

The solution to the differential equation consists of a particular solution and a solution to
the homogeneous equation. Due to damping, the latter is transient and decays to zero. To
get a particular solution, we note that common experience shows that forced oscillations
typically have the same frequency as the force. We therefore make the ansatz

) = qe™.
l
Inserting both sums into the differential equation, we obtain the relation
Z (—mw? + icw; + k) qet = Z Fe“t
1 !
from which we conclude that we have a solution precisely when

F
k — mw? + icw

q , for all [.

Since the frequencies are real and distinct, the denominator cannot vanish. The energy in
the [th mode is therefore proportional to

|F?
k—mw?)? + (cwy)?

a? = ( (6.7)
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Now first imagine that the system under study has only one frequency, that is, F; # 0
for only one [. For example, the system under study is also an oscillator that is swinging
with a certain frequency. In this case the oscillator with which we probe the system will
also swing with that same frequency as the probed system, but with an amplitude given

by (6.7). We see that for w = \/g close to w; the oscillator responds most to the force it

feels from the probed system. The frequency w = 4/ % is called the resonance frequency

of the oscillator. The above we know from phenomena of daily (or not so daily) life, as
pushing a swing (or riding a car with a defect shock absorber); if you push with the ‘right’
frequency the result will be that the swing goes higher and higher, pushing with another
frequency results in a seemingly chaotic incoherent swinging.

Returning to the case that there are more F; nonzero, we see that the oscillator will swing
with the same frequencies as the probed system. But the intensity with which the oscillator
swings depends on the positions of the w; relative to the resonance frequencies. Suppose
that c is relatively small, so that we can ignore the term cw in the denominator of (6.7).
Then the ¢; for which w; is close to w show a higher intensity.

Looking for resonances with an oscillator that has an adjustable frequency w therefore gives
a way to experimentally find the frequencies in the force incident to the oscillator. If the
frequency w passes over one of the frequencies of the probed system, the oscillator will
swing more intensively.

The resonances occur around a natural frequency but also the width of the interval in
which the system shows a resonance has information. If the interval is small, one speaks
of a sharp resonance and this corresponds to a discrete or nearly discrete spectrum of
the frequencies. If the resonance is not sharp, the response corresponds to a continuous
spectrum. The graph that shows the absorbed energy (which is proportional to |g|?) as a
function of the frequency (~ w;) for a system with one resonance frequency typically has a
Lorentz shape, according to the formula (6.7): There is a peak around wy = \/k/m with
a certain width, and on both sides of the peak the function tends to zero at plus and minus
infinity. In Figure 6.1 we displayed a graph of a Lorentz shape for a harmonic oscillator
with varying frequency w in contact with a probed system that has one F; nonzero for the
frequency wy.

For general systems with more resonance frequencies, the graph is a superposition of such
curves and the peaks around the resonance frequencies can have different widths and differ-
ent heights. This graph is recorded by typical spectrometers, and the shapes and positions
of characteristic pieces of the graph contain important information about the system. We
shall assume that the peaks have already been translated into resonance frequencies (a non-
trivial task in case of overlapping resonances), and concentrate on relating these frequencies
to the Hamiltonian of the system. This is done in Section 6.4.
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wo w —

Figure 6.1: Lorentz-shape. The absorbed energy of the oscillator with varying frequency w.

6.3 The early history of quantum mechanics

In this section we remark on some important aspects of the history of quantum mechanics.
We focus on the physics of the atom, which was one of the main reasons to develop quantum
mechanics. In Section 6.5 we discuss the physics of the black body and the history of the
formula of Planck, which describes black body radiation. For an interesting historical
account we refer to for example VAN DER WAERDEN|[276] or ZEIDLER [299].

The importance of the spectrum in quantum physics is not only due to the preceding
analysis, which allows a complete solution of the dynamics, but also to the fact that the
spectrum can easily be probed experimentally. Indeed, spectral data (from black body
radiation and the spectral absorption and emission lines of hydrogen) were historically the
trigger for the development of modern quantum theory. Even the name spectrum for the
set of eigenvalues was derived from this connection to experiment.

Probing the spectrum through contact with a damped harmonic oscillator has been dis-
cussed in Section 6.2. Note that the observed frequencies give the spectrum of the force,
not the spectrum of the Hamiltonian. As derived above, the spectrum of the force con-
sists of the spectral differences of the Hamiltonian spectrum. This is in accordance with
the fact that (in nonrelativistic mechanics) absolute energy is meaningless and only energy
differences are observable.

In case of the harmonic oscillator, the spectrum of the Hamiltonian H is discrete (see
Chapter 20 for the details and derivation), consisting of the nonnegative integral multiples
kw of the base frequency w. Thus the set of labels for the eigenvectors |k) is discrete,
) = Np. The number of allowed frequencies is thus countable and the external force may
be expanded into a sum of the form

F(t) = Z eiwkltFkl .

Explicitly, the frequencies are given by wy = w(k — [) € Zw. Thus quantum mechanics
produces overtones. This is not an authentic quantum mechanical feature; in classical
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mechanics one finds overtones in a similar setting — for example, in the pitching of a guitar
string.

A historically more interesting system is the hydrogen atom, where the energies are given
by an equation of the form

C
ﬁ )
for some constant C. Then the frequencies are given by the Rydberg formula

B, = Ey—

Wgl = RH (% — %2) s (68)
where Ry ~ 1.1-10“m~! is the Rydberg constant. The Rydberg formula correctly gives
the observed spectral lines of the hydrogen atom. The formula was discovered by Rydberg
in 1889 (MARTINSON AND CURTIS [187]) after preliminary work of Balmer, who found the
formula for the Balmer series of spectral lines (given by k = 2). Schrédinger derived this
formula using the theoretical framework of quantum mechanics.

Let us review the situation of the time where quantum mechanics was conceived. Around
1900 physicists were experimentally exploring the atom, which until then was (since antig-
uity) only a philosophically disputable part of Nature. The experiments clearly indicated
that atoms existed and that matter was built up from atoms. The physicist Boltzmann had
argued that atoms existed, but his point of view had not been accepted; only after his death
in 1906, the existence of atoms was unarguably proved by experiments by Perrin around
1909. This lead to the problem of finding the constituents of the atom and its structure. In
1897 Thompson had discovered the electron as a subatomic particle. Since the atom is elec-
trically neutral, the atom has to contain positively charged particles. Thompson thought of
a model in which the atom was a positively charged sphere with the electrons being in this
“plum pudding” of positive charge. But then in 1911 Rutherford put Thompson’s model
to the test; Marsden and Geiger, who were working under the supervision of Rutherford,
shot a-particles at a thin foil of gold and looked at the scattering pattern [115]. The ex-
periment is therefore called the Geiger—Marsden experiment. At that time, a-particles
were considered a special radiation emitted by some 'radio-active’ elements; now we know
that these are the nuclei of Helium with the electrons being stripped off.

Since the a-particles are positive, they have a particular kind of interaction with the pos-
itively charged sphere of Thompson’s model. But since the electrons swim around in the
positive charge, the net charge is zero and most interaction is screened off. Therefore it
was expected that the a-particles would be only slightly deflected. However, the pattern
was not at all like that! It rather looked as if almost all a-particles went straight through
and a small percentage was deflected by a concentrated positive charge. Most a-particles
that were deflected were scattered backwards, implying that they had an almost head-on
collision with a positive charge.

The very small percentage of scattered a-particles indicated that the chance that an a-
particle meets a positively charged nucleus on its way is very small, which implies that the
nucleus is very small compared to the atom. Therefore Rutherford (who wrote a paper to
explain the results of the Geiger—-Marsden experiment) concluded that the nucleus of an
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atom is positively charged and the electrons circle around the nucleus, and furthermore, the
size of the nucleus is very small compared to the radii at which the electrons circle around
the atom [245]. If one imagines the atomic nucleus to have the size of a pea and one would
place it at the top of the Eiffel tower, the closest electrons would circle around in an orbit
that touches the ground; the atom is mostly empty.

In 1918 it was again Rutherford who performed an important experiment from which he
concluded that the electric charge of the atomic nucleus was carried by little particles, called
protons. The hydrogen atom was found to be the simplest atom; it consists of a proton
and one electron circling around the proton. Because of this experiment the discovery of
the proton is attributed to Rutherford.

Classically, if an electron circles around in an electric field it radiates and thus loses energy.
The question thus arises why the hydrogen atom is stable. Again classically, an electron can
circle around a positive charge with arbitrary energy. If the electron changes its orbit, this
happens gradually, hence the energy changes continuously and the absorption or emissions
patterns of the hydrogen atom should be continuous. But experiments done by Rydberg in
1888 and Balmer in 1885 showed that hydrogen absorbed or emitted light at well-defined
frequencies, visible as lines in the spectrum obtained by refraction. For the atomic model
this implies that the electron can only have well-defined energies separated by gaps (forbid-
den energies). In 1913 Bohr wrote a series of papers [40, 41, 42, 43] in which he postulated
a model to account for this. Bohr postulated that angular momentum is quantized (if p is
the momentum of the electron and r the radius, then the angular momentum is L = r X p,
where the cross denotes the vector product) and that the electron does not lose energy
continuously. With these assumptions he could explain the spectrum observed by Rydberg.

The model of Bohr did not explain the behavior of atoms, it only gave rules the atom
had to obey. In 1925 Werner Heisenberg wrote a paper [123] where he tried to give a
fundamental basis for the rules of quantum mechanics. Heisenberg described the dynamics
of the transitions of an electron in an atom by using the ‘states’ of the electron as labels.
For example, he wrote the frequency emitted by an electron jumping from a state n to a
state n — a as v(n,n — «). Just two months later Max Born and Pascal Jordan wrote a
paper [47] about the paper of Heisenberg, in which they made clear that what Heisenberg
actually did was promoting observables to matrices. The three of them, Born, Jordan and
Heisenberg, wrote in the same year a paper [179] where they elaborated on the formalism
they developed. Also in the same year 1925 Paul Dirac wrote a paper in response to the
paper of Heisenberg, in which the remarkable relation ¢,.ps — psq. = 0,sith appeared. Dirac
tried to find the relation between a classical theory and the corresponding quantum theory.
In fact, Dirac postulated this equation: “we make the fundamental assumption that the
difference between the Heisenberg product of two quantum quantities is equal to ih/2m
times their Poisson bracket expression”.

So, in the beginning years of quantum mechanics, the dynamics of the observables was
described by a kind of matrix mechanics. (A modern version of this is the view presented
in the present book.) Based on work of de Broglie, Schrodinger came up with a differential
equation for the nonrelativistic electron [249]. A probability interpretation for Schrodinger’s
wave function was found by Born. In 1927, Pauli reformulated his exclusion principle in
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terms of spin and antisymmetry. In 1928, Dirac discovered the Dirac equation for the
relativistic electron. In 1932, the early years concluded with the discovery of the positron
by Anderson and the neutron by Chadwick, which were enough to explain the behavior
of ordinary matter and radioactivity. But the forces that hold the nucleus together were
still unknown, and already in 1934, Yukawa predicted the existence of new particles, the
mesons. Since then the particle zoo has increased further and further.

A number of Nobel prizes (most of them in physics, but one in chemistry — early research
on atoms was interdisciplinary) for the pioneers accompanied the early development of
quantum mechanics?:

e 1908 Ernest Rutherford, (Nobel prize in chemistry) for his investigations into the
disintegration of the elements, and the chemistry of radioactive substances

e 1918 Max Planck, in recognition of the services he rendered to the advancement of
physics by his discovery of energy quanta

e 1921 Albert Einstein, for his services to theoretical physics, and especially for his
discovery of the law of the photoelectric effect

e 1922 Niels Bohr, for his services in the investigation of the structure of atoms and of
the radiation emanating from them

e 1929 Louis de Broglie, for his discovery of the wave nature of electrons

e 1932 Werner Heisenberg for the creation of quantum mechanics, the application of
which has led among others to the discovery of the allotropic forms of hydrogen

e 1933 Erwin Schrédinger and Paul A.M. Dirac, for the discovery of new productive
forms of atomic theory

e 1935 James Chadwick, for the discovery of the neutron

e 1936 Carl D. Anderson, for his discovery of the positron

and belatedly, but still for work done before 1935,

e 1945 Wolfgang Pauli, for the discovery of the exclusion principle, also called the Pauli
principle

e 1949 Hideki Yukawa, for his prediction of the existence of mesons on the basis of
theoretical work on nuclear forces

e 1954 Max Born, for his fundamental research in quantum mechanics, especially for
his statistical interpretation of the wave function

2The remarks to each Nobel laureate are the official wordings in the announcements of the Nobel
prizes. For press announcements, Nobel lectures of the laureates, and their biographies, see the web site
htt p:// nobel prize. org/ physi cs/ | aur eat es.
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The story of the discovery of antimatter is interesting. Though Dirac called it a prediction
in his Nobel lecture, “There is one other feature of these equations which I should now like to
discuss, a feature which led to the prediction of the positron”, it was only a postdiction. Yes,
he had a theory in which there were antiparticles. But before the positron was discovered,
Dirac thought the antiparticles had to be protons (though there was a problem with the
mass) since new particles were inconceivable at that time. Official history seems to have
followed Dirac’s lead in his Nobel lecture, and tells the story as it should have happened
from the point of the theorist, namely that he (i.e., theory) actually predicted the positron.
The truth is a little different.

Anderson discovered and named the positron in 1932. He wrote the announcement of his
discovery in Science [11], “with due reserve in interpretation”. The proper publication [13],
where he also predicted “negative protons” (now called antiprotons), was still without any
awareness of Dirac’s theory. It is in the subsequent paper [12] that Anderson relates the
positron to Dirac’s theory.

Heisenberg, Dirac, and Anderson were all 31 years old when they got the Nobel prize. The
fact that Anderson’s paper [13] is very rarely cited® should cast some doubt on the relevance
of citation counts for actual impact in science.

6.4 The spectrum of many-particle systems

To give a better intuition for what kind of spectra quantum systems can be expected to
have, we discuss here the spectrum of many-particle systems from an informal point of
view.

There are bound states, where all particles of the system stay together, and there are
scattering states, where the system is broken up into several fragments moving indepen-
dently but possibly influencing each other. The nomenclature comes from the scattering
experiments in physics; shooting particles at each other can result in the formation of a
system where the particles are bound together or where the particles scatter off from each
other. In the case of a scattering process, different arrangements, (i.e., partitions of the
set of individual particles into fragments which form a subsystem moving together) describe
the combination of particles before a collision and their recombination in the debris after a
collision.

The discrete spectrum of a Hamiltonian H corresponds to the bound states; each discrete
eigenvalue to a different mode of the bound system. The study of the discrete spectrum
of compound systems is the domain of spectroscopy. We shall return to this topic in
Chapter 23, when the machinery to understand a spectrum is fully developed.

The continuous part of the spectrum corresponds to the scattering states. In general, the
spectrum is discrete till a certain energy level, called the dissociation threshold, and

3ht t p/ / www. pr ol a. aps. or g/ lists only 37 citations, and only 5 before 1954. The paper [12] is cited
35 times.
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after the dissociation threshold the spectrum is continuous. For the hydrogen atom, the
dissociation threshold is 13.6eV. For the harmonic oscillator, the dissociation threshold is
infinite. In such a case, where the dissociation threshold is infinite, there is no continuous
spectrum and the system is always bound; we call this confinement. For example, three
quarks always form a bound state, that is, they are confined. A single quark can not get
loose from its partners. It may also be the case that there is no bound state; for example,
the atoms in inert gases don’t form bound states, hence a system consisting of more than
one of such atoms has only a continuous spectrum.

In scattering experiments the ingoing particles and the outgoing particles can be different.
Hence one needs to keep track of what precisely went where. After the scattering the
particles separate from each other in different clusters. The constituents in cluster ¢ form
a bound state, which can be in an excited state, which we denote FE;. If the cluster i is
moving with a momentum, the total kinetic energy of cluster ¢ is p? /2m;, where m; is the
mass of cluster 7. If there are N clusters after a collision (scattering), the resulting total

energy is
N 2

In scattering experiments a possible outcome of clusters and their constituents is called a
channel. It is very common in particle physics that a single reaction — like shooting two
protons at each other — has more than one channel. We see that in each channel, there
is a continuous spectrum above a certain energy level A, which is the sum of the ground
state energies of the different clusters. To theoretically disentangle the spectrum, one uses
an analytic continuation of the scattering amplitudes. We thus view the spectrum as a
subset of the complex plane. When multiplying the momenta with a complex phase that
has a nonzero imaginary part, the continuous part of the spectrum becomes imaginary and
is tilted away from the real axis. The bound states still appear on the real line as isolated
points, that is, discrete. But now at each bound state with energy above A there is a line
connected representing the continuously varying momentum of the corresponding cluster.
The technique of disentangling the spectrum using analytic continuation is called complex
scaling. For more background and rigorous mathematical arguments, see, e.g., SIMON
[253], MOISEYEV [191], or BonM [39).

Dissipation. If we admit dissipation, the Hamiltonian is no longer Hermitian, since there
is typically an antihermitian contribution to the potential, generally called an optical
potential since it was first used in optics. Also, the dynamics need no longer be governed
by the Heisenberg equation, but can be both in the classical and in the quantum case of
the more general form

f=HLf+> LiZGu(LiLf) (6.9)

jik

with Lindblad operators L; encoding interactions with the unmodelled environment into
which the lost energy dissipates, and complex coefficients G, forming a symmetric, positive
definite matrix. Remembering that £ acts as a derivation, the additional terms can be
viewed as generalized diffusion terms; indeed, the dynamics (6.9) describes classically for
example reaction-diffusion equations, and its quantum version is the quantum equivalent
of stochastic differential equations, which model systems like Brownian motion and give
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microscopic models of diffusion processes. For details, see, e.g., GARDINER [99], BREUER
& PETRUCCIONE [50].

Assuming that the terms in the sum of (6.9) are negligible, the dynamics satisfies the
Heisenberg equation, and the above analysis applies with small changes. However, since
H is no longer Hermitian, the energy levels typically acquire a possibly nonzero (and then
positive) imaginary part. Isolated eigenvalues with positive imaginary parts are called
resonances. The oscillation frequencies are still of of the form Aw = AFE, but since the
energies have a positive imaginary part, the oscillations will be damped, as can be seen
by looking at the form of ¢*!. That this does not lead to a decay of the response of the
oscillator is due to stochastic contributions modelled by the Lindblad terms and neglected
in our simplified analysis.

Resonances with tiny imaginary parts behave almost like bound states, and represent un-
stable particles, which decay in a stochastic manner; the value I' = 2Imw gives their
lifetime, defined as the time where (in a large sample of unstable particles) the number of
undecayed particles left is reduced by a factor of e, the basis of the exponential function.

Thus the spectrum of a Hamiltonian contains valuable experimentally observable informa-
tion about a quantum system.

6.5 Black body radiation

In the remainder of this chapter, we discuss the spectrum of a black body and some of its
consequences.

In the history the ‘black body’ plays an important role. Applying some basic concepts of
quantum mechanics and statistical mechanics one arrives at the distribution formula first
derived by Max Planck in December 1900 [220]. According to Van der Waerden in his
(partially autobiographical) book [276] the presentation of Planck in December 1900 was
the birth of quantum mechanics.

What is a black body? A body that looks black does not reflect any light, it absorbs
all incoming light. Hence if some radiation comes from a perfectly black body, it needs
to be due to the interaction of the internal degrees of freedom with light. It is hard to
experimentally construct a black body. The theoretical idea is to have a hollow box with
a single little hole, through which the box can emit radiation outwards. Since the hole
is assumed to be very small, no light will fall inwards and then be reflected through the
hole again. Thus no light will be reflected (or at least almost no light). In practice many
objects behave like black bodies above a certain temperature. The sun does not reflect
a substantial amount of light (where should it come from?) compared to the amount it
radiates. Therefore one of the best black bodies is the sun.

Given a black body, there is a positive integrable function f(w) of the frequency w, such
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that the amount of energy radiated in the frequency interval [wq,ws] is

w2

E([wl,wz]):/ dw f(w).

w1

The function f(w) is the radiation-energy density. The main object of this section is the
function f(w). The importance of the black body lies in the fact that the radiation emitted
is only due to its internal energy and its interaction with light. In practice a system has
always interaction with the environment and light falling onto it (since we want to ‘see’
where the black body is, the latter is often inevitable). What would we expect from the
radiation-energy density? First, since w = 0 means that the energy of the photons emitted
is hw = 0 and w < 0 is not a possibility, we have f(0) = 0. Second, the function f has to
be integrable, hence limy, o f(w) = 0. The total integral [ dwf(w) represents the total
energy of the body. Therefore we certainly want f to be integrable, i.e., f € L*(RT).

We know from experience that black bodies (like dark metals) do not radiate any thermal
energy when they are at room temperature, but heating them up makes them glow red.
When we rise the temperature, the color shifts more and more in the blue direction. This
phenomenon can also be seen in flames; the outer, cooler side is red while more inwards,
the flame gets lighter, reaches white and goes over to blue, and then becomes invisible.
Empirically one concludes that the function f(w) has a maximum at a frequency wpaz,
where w,,q, is temperature dependent; the larger the temperature T, the larger w,,.,. Before
1900 it was already found that the fraction wy,.. /T was almost independent of the body
that was heated up. In 1893 the physicist Wilhelm Wien* used the statistical mechanics
developed by Maxwell and Boltzmann to the laws of thermodynamics to derive Wien’s

displacement law [290]
Winaz _ 2TC
T b
where ¢ is the speed of light and b is a constant whose numerical value is approximately
2.9-1073m - K. In 1896 Wien derived a formula, called Wien’s approximation for the

radiation density

f(w) = awde™7 (6.10)

for some parameters a,b > 0. It is clear that the proposed f is integrable and satisfies
f(0) = 0. For large w the radiation-energy density matches the observed densities, however,
for small w the radiation density of Wien does not match the experiments.

On the other hand, there were other radiation laws. First, there was Stefan’s law (or
Stefan-Boltzmann law) derived on basis of empirical results in 1879 [259]. The statement
of Stefan’s law is that the total energy radiated per second of a hot radiating body is
proportional to the fourth power of the temperature:

— = gAT*
a7

where A is the area of the body and o is a constant. In 1884 Boltzmann gave a theoretical
derivation of Stefan’s law using the theoretical tools of statistical mechanics [44]. The

4His real name is rather long: Wilhelm Carl Werner Otto Fritz Franz Wien.
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second radiation law known in 1900 was Rayleigh’s law. Lord Rayleigh used classical
mechanics to derive a better description of the radiation density for low values of w [229].
He proposed
flw) = w?,

which is clearly wrong for large w and is not even integrable. Later in 1905, Lord Rayleigh
improved the derivation of his proposal in a collaboration with Sir James Jeans, again based
on purely classical arguments. Although their discovery was interesting, it did not match
the experiments for high w. In December 1900, Max Planck had given a seminar and gave a
derivation of f(w) that resulted in a radiation-energy density that matched the experiments
both for low and for high w. Even more was true, the formula of Planck reproduced Wien’s
displacement law, Wien’s approximation, Rayleigh’s proposal and Stefan’s law. The formula
Planck derived was giving the energy density of a black body in thermal equilibrium, from
which one obtains the radiation-energy density

AV WP
f(w) = Y P

where V' is the volume of the black body (the cavity actually) and § = 1/kT, k is Boltz-
mann’s constant. Indeed for low w we get an expression that is quadratic in w, for high
w we get Wien’s law and integrating the expression over w one sees that the integral is
proportional to T%. The accordance with Wien’s displacement law will be shown later — we
will also remark on the agreement of Planck’s law later.

So what precisely did Planck do that the others did wrong? The key ingredient in Planck’s
derivation is to consider the constituents of the black body as follows: the black body is
just a cavity where the inner walls can have an interaction with light. The walls of the
cavity are made of molecules that behave like compounds of harmonic oscillators. Planck
assumed that the energies of the molecules take values in some discrete set: the states of
the molecules do not vary continuously but are discrete. Hence we can put the states in
bijection with the natural numbers. Furthermore he assumed that the light inside the cavity
induces transitions in the molecules by absorbing or emitting radiation. A transition from
a state labelled with n and with energy F,, and a state labelled with m and with energy E,,
is only possible if the energy differences and the frequencies are related by |E, — E,,| = hw.
Thus by discretizing the states of the interior of the black body the interaction with light
varies over a discrete set of frequencies. Planck at the moment saw the discretization as a
purely theoretical and mathematical tool that would bear no relation with reality. It just
reproduced the correct results, which was most important: it gave a formula that fitted all
experiments. Very puzzling at the time was the necessary assumption that the energy was
quantized — an assumption that marked the start of the quantum era. It took some time
until the derivation of Planck’s law was given a clear meaning.

6.6 Derivation of Planck’s law

In 1905 Einstein gave a comprehensible derivation, which we shall present below. In modern
textbooks one can find a one-page-derivation and we will present such a proof below as well.
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For both derivations we need a basic fact from statistical mechanics, called the Boltzmann
distribution.

Suppose that we have a physical system consisting of many identical molecules (or atoms, or
any other smaller subsystems). Each molecule can attain different states that are labelled
with integers n = 0,1,2,.... In a modern treatment, these states are identified with the
eigenstates of the quantum Hamiltonian, and we shall use this terminology, though it was
not available when Einstein wrote his paper. We thus assume that the spectrum of the
molecules is discrete and there is a bijection between the eigenstates of the molecule and
the natural numbers. Fach eigenstate n of the molecule corresponds to an eigenvalue F,
of the Hamiltonian, giving the energy the molecule has in eigenstate n. The Boltzmann
distribution gives the relative frequency of eigenstates of the molecules. Writing N(n) for
the number of molecules in state n, the Boltzmann distribution dictates that

N(n) _ (BEn—Em)
= e kT .
N(m)

(6.11)

when the system is in thermal equilibrium with itself and with the surrounding system.
Thus, the temperature 7" has to be constant. Such a ‘mixed’ state, where the volume, the
temperature, and the number of particles are kept constant and in thermal equilibrium
with its environment is called a canonical ensemble. A derivation of the Boltzmann
distribution can be found in many elementary textbooks on statistical physics, e.g., REICHL
[230], MANDL [182], HUANG [129], or KITTEL [153].

The probability p,, of measuring an arbitrary molecule to be in state n is

_En
e k

Z Y

=]

Pn =

where Z is the partition function
Z = Z e

One can thus rewrite
_ (En—F)

pnze kT s

where we defined the Helmholtz free energy F' as
F=—-kETlnZ.

One often regroups the states into states that have equal energy. Then to each natural
number corresponds an energy F,,, and a natural number g, counting the number of states
with energy F,. The number g, is called the degeneracy of the energy FE,,. Thus we have

Z = Zgne_% )

and the probability p, of measuring a molecule with energy FE, is

_(BEn—F)
Pn = gn€ kT
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The constant § = 1/kT is called the inverse temperature and plays a fundamental role;
in statistical physics, it is customary to express all quantities in terms of 3. The average
of the energy, denoted FE, is found by

- 0
E = E.p,=——InZ(p).
T

Einstein’s derivation. We now focus on two energies in the molecule, n and m with
E,, > FE, and degeneracies g, and g¢,,, and assume the molecules have interaction with
light. There are three types of processes that might happen: (i) A molecule in state m
might decay to state n while omitting light with the frequency

hw = By — Ey; (6.12)

this process is called spontaneous decay. (ii) A molecule might jump from n to m by
absorbing light with the right frequency (6.12). (iii) A molecule decays from m to n by
being kicked by light having the right frequency (6.12); this process is called induced
emission. Thus, there is one transition which happens even in the absence of light: in a
spontaneous emission the molecule may jump from m to n, thereby emitting light. The
other two transitions take place under the influence of light; they are therefore dependent
of how much light is present and thus depends on the radiation-energy density f(w).

The probabilities of transitions are given as transition rates dW/dt; dW is the infinitesimal
difference in molecules in a certain state and dt is an infinitesimal time interval. Now
spontaneous emission is independent of the presence of light and only depends on the
characteristics of the molecule and the number of molecules in state m. Therefore,

dWl = N(m)Amndt s

where dW; is the number of molecules undergoing spontaneous emission from m to n during
a time interval dt, and where A,,, is some number depending on the states n and m (not
on temperature in particular). We denote dW, the amount of molecules absorbing light
and jumping from n to m during a time interval dt and dW3 the number of molecules
jumping from m to n under influence of light (getting the right kick). The probabilities are
determined by some constants B,,,, and C,,,, which are characteristic for the states m and
n and the amount of light that has the right frequency. Thus dW5 and dW3 are proportional
to f(w);
dWy = N(n)Bpn fdt,  dWs = N(m)Cy, fdt .

Now we consider we have an enclosed system of molecules that are in equilibrium with the
light in the system. Being in equilibrium means

AWy + dWs = dWs.
Using the Boltzmann distribution we get

Im€™ F (A + [Cin) = gn€™ # f By (6.13)
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Now comes a basic assumption that Einstein does; if T" becomes larger the system gets very
hot and transitions will be more and more frequent. Therefore one assumes that as 7' — oo
that also f — oco. In this case the exponentials in (6.13) become 1 and the term with A

can be neglected and we obtain
gmomn = gann . (614)

From another point of view the assumption Einstein makes is natural. The relation
JmCmn = GnBmn is representing that the processes m — n under induced emission, or
n — m under absorption are symmetric; the numbers C,,,, and B,,, only differ by the ratio
of number of states with energy F,, to the number of states with energy F,,. Indeed, taking
Jm = gn = 1, the process of induced emission is the time-reversed process of absorption.
Since the equations in nature show a time-reversal symmetry (in this case) we find in
this case C,,, = Bpnn. If now g, and g,, are not equal one has to correct for this and
multiply the probabilities with the corresponding multiplicities to get (6.14). With the

assumption (6.14) we find

f= @ mopr —1-

Inserting now E,, — F,, = hw and requiring that Wien’s law (6.10) holds in the limit where

w is large we obtain

aw?®

f(w)zm~

In particular we find that A,,,/Cp, = aw?®, which relates the constants A,,, and C,,, to
the energy difference F,, — E,. The constant a does not depend on the frequency and the
temperature.

Modern derivation. We now discuss a relatively fast derivation that in addition gives a
value for the constant a in Wien’s law (6.10). We consider a box with the shape of a cube
with sides L. Later we then require that the precise shape of the box is not relevant in the
limit where the typical sizes are much larger then the wavelength. Then the only relevant
parameter is the volume V = L3. We assume the walls of the box can absorb and emit
light; we furthermore assume that the walls are made of a conducting material. Away from
the walls light satisfies Maxwell equations, but at the walls the perpendicular components
of the electric field have to vanish; if the electric field would not vanish, the electrons in
the material of the wall would be accelerated, but then the system is not in equilibrium. A
plane wave solution to the Maxwell equations is of the form

6zwt—zk1m—2kyy—2kzz’ w2 — 02(k§ 4 ]{72 + k?) )

We can always chose a coordinate system that is aligned with the box. Then the boundary

conditions imply e’*+% = 0 and thus k, = T2« for some integer n,. The wave functions with

negative n, are identical to the corresponding wave functions with positive n,; they just
differ by a phase. Therefore we may assume n, > 0. For the other coordinate directions

the discussion is similar.

Thus we find that for each triple of integer numbers n = (n,,n,, n,) we have a harmonic
oscillator with frequency
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We now use the fact (proved below in Section 20.3) that for each harmonic oscillator the
energies are E,(r) = hw,(r + 1). Since energy is defined only up to a constant shift, we
subtract the zero-point energy Ey = $hw, and take E,(r) = w,r. The partition function is

then
1
Z erhwnﬁ
ehwnﬁ — 1

Therefore the average energy in the mode corresponding to n is

n _ 0 hwnﬁ
E, = 95 In(1 — )

hw,
ehwnf —1°

We now have to sum up all the energies for all modes. Since we are interested in the
behavior of f(w) in the regime where the number L is much larger than the wavelength we
replace the sum over 77 by an integral. We have to integrate over the positive octant where
ng > 0, n, > 0 and n, > 0. Since all expressions are rotationally symmetric in n, we can
also integrate over all of R? and divide by 8. We have not yet taken into account that light
has two polarizations. Therefore, for each n there are two harmonic oscillators. The total
energy enclosed in the box is thus

hw,
ehwnf — 1°

2 _ o0
E = —/ dngdnydn, E, = 7r/ nZdn
8 RS 0

Here we transformed to polar coordinates and wrote w, = F/n2 + n2 + nZ.

We now exchange the integral over n to an integral over w. We have
3
cTn L
w=— = nidn= <—) wdw

from which we find

B L3 [~ w3 p
w23 J, eB —1 n
With L3 = V being the volume we thus find
Vi  w?
flw) = (6.15)

w2 elwh — 17
Of course, this f only represents the radiation-energy density inside the black body. How-

ever, up to some overall constants the above f is the radiation-energy density of a black
body since the emitted radiation is proportional to the energy density.

In the following section we shall derive Stefan’s law.

6.7 Stefan’s law and Wien’s displacement law

From the calculated density (6.15) we can draw some conclusions, which we now shortly
treat.
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To calculate the total radiation that is emitted, we first calculate the total energy by
integrating (6.15) over all w. We get for the total energy of the light inside the black body

VEAT* /°° x3dx

T2c3h3 et —1°

/ * 2dx 7
o, er—1 15’
and thus the energy density u(7T") is given by

B n2AT?
Ty TR
wT) = = 5

We see that the energy density is expressible by fundamental constants and the fourth
power of the temperature. Since the energy density determines the total radiation emitted
per time interval we see that the total energy a black body radiates per time interval is
proportional to T%. This already explains Stefan’s law, but in order to derive Stefan’s law
we have to be a bit more careful.

But we have

In order to see how much a black body will radiate, we pinch a small hole in the black
body. Let us say that the area of the hole is dA. Now the question is how many photons
will hit the hole from inside out? We fix a time ¢ and a small time interval dt. Only the
photons that are within a distance between ct and ct + cdt away from the hole are eligible
to pass through the hole in a time interval dt after time ¢t. We thus consider a thin shell of
a half sphere inside the black body a distance ct away from the hole and of thickness cdt.
Light however spreads in all directions and so not all the photons inside the shell are going
in the direction of the hole. Our task is to find the ratio of the total that does go through
the hole. This is a purely geometric question.

We introduce spherical coordinates around the hole; an angle ¢ ranging from 0 to 27
that goes around the hole, and a polar angle 6 ranging from 0 to 7/2 (values below zero
correspond to points outside the black body). We cut the half sphere of radius ct in little
stripes by cutting for fixed 6 along the angle ¢; each stripe is a thin band of thickness ctdv
and of length 27 sinf. Consider a little ‘cube’ of size dV = (ct)? sin fdfdpcdt in the shell.
The fraction of radiation going in the right direction is given by the solid angle df) that
dA describes seen from the little cube. But df2 is given by the projection of the surface dA
onto the surface of the sphere of radius ¢t around the little cube:

dAcosf
2 = Ame?t?

The cube of volume emits all the radiation present in the cube (since the light waves just
pass through), and that amounts to an energy dE = u(7T)dV. From the little cube under
consideration the amount of radiation going in the right direction is thus

cdA cosfsinf
47

Note that the amount of radiation is independent of the radius of the half sphere. Since
the question is of a purely geometric nature, that is to be expected. We now get the total

udQdV = u(T) dfdedt .
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amount of radiation from summing up all the df) contributions: Denoting by dU the energy
that leaves the hole during the time interval dt, we have

dU /2 m cdA cosfsind

>~ Ty TR

it jﬁ dejﬁ deull)—
c

= iu(T)dA.
For a black body that radiates over all its surface, and not only through one little hole, we
sum up the contributions over all little surfaces dA. In order that the above analysis still
holds the shape of the black body needs to be such that radiation that exits the black body
does not enter again. If the black body is convex this requirement is met, e.g., we could
take a sphere. We then find Stefan’s law in the form given by

dU 2kATA A
W_mHTA_ g
dt 6077 c2
with Stefan’s constant
2k,4
0= ~5T7-108 s m 2K
60h°c2

We now turn to Wien’s displacement law. We write the radiation-energy density as

(.U3

f(w):Am-

Differentiation with respect to w and putting the result to zero to obtain the position of
the maximum gives the equations

3—x =37, x=hwnewl.

We discard the trivial solution x = 0 since this corresponds to the behavior at w = 0. One
finds the other solution by solving the equation 3 —x = 3e™* with numerical methods and

finds x ~ 2.82. Hence we have
2.82T

Wmaz ™~ Wk
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Statistical mechanics
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Chapter 7

Phenomenological thermodynamics

Part II discusses statistical mechanics from an algebraic perspective, concentrating on ther-
mal equilibrium but discussing basic things in a more general framework. A treatment
of equilibrium statistical mechanics and the kinematic part of nonequilibrium statistical
mechanics is given which derives from a single basic assumption (Definition 9.1.1) the full
structure of phenomenological thermodynamics and of statistical mechanics, except for the
third law which requires an additional quantization assumption.

This chapter gives a concise description of standard phenomenological equilibrium thermo-
dynamics for single-phase systems in the absence of chemical reactions and electromagnetic
fields. From the formulas provided, it is an easy step to go to various examples and ap-
plications discussed in standard textbooks such as CALLEN [55] or REICHL [230]. A full
discussion of global equilibrium would also involve the equilibrium treatment of multiple
phases and chemical reactions. Since their discussion offers no new aspects compared with
traditional textbook treatments, they are not treated here.

Our phenomenological approach is similar to that of CALLEN [55], who introduces the basic
concepts by means of a few postulates from which everything else follows. The present
setting is a modified version designed to match the more fundamental approach based on
statistical mechanics. By specifying the kinematical properties of states outside equilibrium,
his informal thermodynamic stability arguments (which depend on a dynamical assumption
close to equilibrium) can be replaced by rigorous mathematical arguments.

7.1 Standard thermodynamical systems

We discuss here the special but very important case of thermodynamic systems describing
the single-phase global equilibrium of matter composed of one or several kinds of substances
in the absence of chemical reactions and electromagnetic fields. We call such systems
standard thermodynamic systems; they are ubiquitous in applications. In particular,

161
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a standard system is considered to be uncharged, homogeneous, and isotropic, so that each
finite region looks like any other and is very large in microscopic units.

The substances of fixed chemical composition are labeled by an index 7 € J. A stan-
dard thermodynamic system is completely characterized by' the mole number N; of each
substance j, the corresponding chemical potential ;; of substance j, the volume V,
the pressure P, the temperature 7', the entropy S, and the Hamilton energy H.
These variables, the extensive variables N;,V, S, H and the intensive variables p;, P, T,
are jointly called the basic thermodynamic variables. We group the N; and the p;
into vectors N and p indexed by J and write p- N = Zje ;13 N;. In the special case of
a pure substance, there is just a single kind of substance; then we drop the indices and
have - N = puN. In this section, all numbers are real.

The mathematics of thermodynamics makes essential use of the concept of convexity. A
set X C R" is called convex if tx + (1 —t)y € X for all z,y € X and all t € [0,1]. A
real-valued function ¢ is called convex on the convex set X C R" if ¢ is defined on X and,
forall z,y € X,

Otz + (1 - t)y) < to(x) + (1 - )é(y) for 0<t< 1.

Clearly, ¢ is convex iff for all z,y € X, the function  : [0,1] — R defined by

u(t) = oz +t(y — z))

is convex. It is well-known that, for twice continuously differentiable ¢, this is the case
iff the second derivative p”(t) is nonnegative for 0 < ¢t < 1. Note that by a theorem of
Aleksandrov (see ALEKSANDROV [6], ALBERTI & AMBROSIO [4], ROCKAFELLAR [238]),
convex functions are almost everywhere twice continuously differentiable: For almost every
x € X, there exist a unique vector d¢(x) € R", the gradient of ¢ at x, and a unique
symmetric, positive semidefinite matrix 0*¢(z) € R"*", the Hessian of ¢ at z, such that

1
oz +h) = ¢(x) + h'p(x) + Sh" O*d(x)h + o([|h]]*)
for sufficiently small h € R". A function ¢ is called concave if —¢ is convex. Thus, for a
twice continuously differentiable function ¢ of a single variable 7, ¢ is concave iff (1) <0
for0 <7 <1.
7.1.1 Proposition. If ¢ is convex on the convex set X then the function 1 defined by
(s, x) == s¢(x/s)

is convex in the set {(s,z) € Rx X | s > 0} and concave in the set {(s,x) € Rx X | s < 0}.

n the terminology, we mainly follow the IUPAC convention (ALBERTY [5, Section 7]), except that
we use the letter H to denote the Hamilton energy, as customary in quantum mechanics. In equilibrium,
H equals the internal energy U. The Hamilton energy should not be confused with the enthalpy which
is usually denoted by H but here is given in equilibrium by H + PV. For a history of thermodynamics
notation, see BATTINO et al. [29].
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Proof. 1t suffices to show that p(t) := ¥ (s + tk,z + th) is convex (concave) for all s, z, h, k
such that s +tk > 0 (resp. < 0). Let z(t) := (z +th)/(s + tk) and ¢ := sh — kz. Then

Z(t) = CERTE u(t) = (s + th)o(=(t)),
hence .
) = kO((0)) + 0/ (=(0) ——
v c e’ " ¢ , —ck  TP'(2())c
(1) = ke'(=(0)) (s + tk)? * (s + tl{?)2¢ (Z(t))s + tk +¢ (Z(t))(s +tk)2 (s +tk)3 "’
which has the required sign. ad

Equilibrium thermodynamics is about characterizing so-called equilibrium states in terms
of intensive and extensive variables and their relations, and comparing them with similar
nonequilibrium states. In a nonequilibrium state, only extensive variables have a well-
defined meaning; but these are not sufficient to characterize system behavior completely.

All valid statements in the equilibrium thermodynamics of standard systems can be deduced
from the following definition.

7.1.2 Definition. (Phenomenological thermodynamics)

(i) Temperature T, pressure P, and volume V' are positive, mole numbers N; are nonneg-
ative. The extensive variables H, S, V, N; are additive under the composition of disjoint
subsystems. We combine the N; into a column vector with these components.

(ii) There is a convex system function A of the intensive variables T, P, i which is
monotone increasing in 7' and monotone decreasing in P. The intensive variables are
related by the equation of state

A(T, P, ) = 0. (7.1)

The set of (T, P, u) satisfying T' > 0, P > 0 and the equation of state is called the state
space.

(iii) The Hamilton energy H satisfies the Euler inequality
H>TS—PV+u-N (7.2)
for all (T, P, ) in the state space.

(iv) Equilibrium states have well-defined intensive and extensive variables satisfying
equality in (7.2). A system is in equilibrium if it is completely characterized by an
equilibrium state.

This is the complete list of assumptions defining phenomenological equilibrium thermody-
namics for standard systems; the system function A can be determined either by fitting to
experimental data, or by calculation from a more fundamental description, cf. Theorem
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9.2.1. All other properties follow from the system function. Thus, all equilibrium properties
of a material are characterized by the system function A.

Surfaces where the system function is not differentiable correspond to so-called phase
transitions. The equation of state shows that, apart from possible phase transitions, the
state space has the structure of an (s—1)-dimensional manifold in R®  where s is the number
of intensive variables; in case of a standard system, the manifold dimension is therefore one
higher than the number of kinds of substances.

Standard systems describe only a single phase of a substance (typically the solid, liquid, or
gas phase), and changes between these as some thermodynamic variable(s) change. Ther-
modynamic systems with multiple phases (e.g., boiling water, or water containing ice cubes)
are only piecewise homogeneous. Each phase may be described separately as a standard
thermodynamic system. But discussing the equilibrium at the interfaces between differ-
ent phases needs some additional effort. (This is described in all common textbooks on
thermodynamics.) Therefore, we consider only regions of the state space where the system
function A is twice continuously differentiable.

Each equilibrium instance of the material is characterized by a particular state (T, P, u),
from which all equilibrium properties can be computed:

7.1.3 Theorem.
(i) In any equilibrium state, the extensive variables are given by

OA OA OA
=Q—(T,P =-Q —(T,P N=Q_—(T,P .
S 8T( ) 7:“)7 V ap( ? 7:“)7 alu( Y 7/”6)7 (7 3)

and the Euler equation
H=TS—-PV +pu-N. (7.4)

Here () is a positive number called the system size.

(ii) In equilibrium, we have the Maxwell reciprocity relations

oV 0S ON; 0S ON; 9V ON; 0N,

= = = — 7.5
or oP’ 9T  0ou;’ OP Ou;” Ow,  Ouy’ (7.5)
and the stability conditions
oS oV ON;
— >0, —<0, —I>0. 7.6
or — 7 oP — 7 0u; — (7.6)

Proof. At fixed S,V, N, inequality (7.2) holds in equilibrium with equality, by definition.
Therefore the triple (7, P, 1) is a maximizer of TS — PV + u - N under the constraints
A(T,P,pu) =0, T >0, P> 0. A necessary condition for a maximizer is the stationarity of
the Lagrangian

L(T,P,pu) =TS — PV +pu-N—QA(T, P, )
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for some Lagrange multiplier ). Setting the partial derivatives to zero gives (7.3), and since
the maximum is attained in equilibrium, the Euler equation (7.4) follows. The system size
Q is positive since V' > 0 and A is decreasing in P. Since the Hessian matrix of A,

PA  PA PA o5 89S oS
aT? OPIT oudT or  oP  ou
PA PN A . v vV oV

Z — — Q R —_— - ,
9TOP 0P OudP or  oP  Ou
PN PN A ON N 0N
OTon 0Poy O or 0P  ou

is symmetric, the Maxwell reciprocity relations follow. Since A is convex, > is positive
semidefinite; hence the diagonal elements of ¥ are nonnegative, giving the stability condi-
tions. O

Note that there are further stability conditions since the determinants of all principal sub-
matrices of ¥ must be nonnegative. In addition, since N; > 0, (7.3) implies that A is
monotone increasing in each ;.

7.1.4 Example. The equilibrium behavior of electrically neutral gases at sufficiently low
pressure can be modelled as ideal gases. An ideal gas is defined by a system function of
the form
AT, Pp) =Y my(T)e /" — P, (7.7)
jed

where the 7;(T") are positive functions of the temperature,
R ~ 8.31447 JK *mol * (7.8)

is the universal gas constant?, and we use the bracketing convention p,;/RT = p;/(RT).
Differentiation with respect to P shows that 0 = V is the system size, and from (7.1),
(7.3), and (7.4), we find that, in equilibrium,

. 0 wimi (T _
P = Zﬂj(T)e”J/RT, S = VZ (a—Tﬁj(T) — 7JRJT(2 ))6uy/RT’
J j

_ VWJ(T) w;/RT _ 9 wji/RT
Nj = —pe /M, H = sz: (Ta—TWj(T) - WJ(T))Q :

Expressed in terms of T, V, N, we have

RTN,
Vi (T)’

PV =RTY Nj;, p;=RTlog

J

2For the internationally recommended values of this and other constants, their accuracy, determination,
and history, see CODATA [67].
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H=Y"h(T)N;, hy(T) = RT(T(% log ;(T) — 1),

from which S can be computed by means of the Euler equation (7.4). In particular, for one
mole of a single substance, defined by N = 1, we get the ideal gas law

PV = RT (7.9)

discovered by CLAPEYRON [64]; cf. JENSEN [141].

In general, the difference h;(T) — h;(T") can be found experimentally by measuring the
energy needed for raising or lowering the temperature of pure substance j from 7" to T
while keeping the N; constant. In terms of infinitesimal increments, the heat capacities

C5(T) = dh, (T) /dT.

we have

hi(T) = hy(T') + /T T C;(T).

/

From the definition of h;(7T"), we find that

m;(T) = m;(T") exp /ip d%(l + %)

Thus there are two undetermined integration constants for each kind of substance. These
cannot be determined experimentally as long as we are in the range of validity of the
ideal gas approximation. Indeed, if we pick arbitrary constants «; and 7; and replace
(1), nj, H, and S by

mi(T) == @i~/ Rl (T, ;= pj +v; — RTay,
H=H+Y o;N;, §=S+RY N,
J J

all relations remain unchanged. Thus, the Hamilton energy and the entropy of an ideal
gas are only determined up to an arbitrary linear combination of the mole numbers. This
is an instance of the deeper problem to determine under which conditions thermodynamic
variables are controllable; cf. the discussion in the context of Example 10.1.1 below.

This gauge freedom (present only in the ideal gas) can be fixed by choosing a particular
standard temperature 7, and setting arbitrarily h;(7y) = 0, p;(7p) = 0. Alternatively,
at sufficiently large temperature T', heat capacities are usually nearly constant, and making
use of the gauge freedom, we may simply assume that

hi(T) = h;oT, m;(T)=m;T forlarge T.
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7.2 The laws of thermodynamics

In global equilibrium, all thermal variables are constant throughout the system, except at
phase boundaries, where the extensive variables may exhibit jumps and only the intensive
variables remain constant. This is sometimes referred to as the zeroth law of thermo-
dynamics (FOWLER & GUGGENHEIM[89]) and characterizes global equilibrium; it allows
one to measure intensive variables (like temperature) by bringing a calibrated instrument
that is sensitive to this variable (for temperature a thermometer) into equilibrium with the
system to be measured.

For example, the ideal gas law (7.9) can be used as a basis for the construction of a gas
thermometer: The amount of expansion of volume in a long, thin tube can easily be
read off from a scale along the tube. We have V' = alL, where a is the cross section area
and L is the length of the filled part of the tube, hence T' = (aP/R)L. Thus, at constant
pressure, the temperature of the gas is proportional to L. For the history of temperature,
see ROLLER [240] and TRUESDELL [270].

We say that two thermodynamic systems are brought in good thermal contact if the joint
system tends after a short time to an equilibrium state. To measure the temperature of a
system, one brings it in thermal contact with a thermometer and waits until equilibrium is
established. The system and the thermometer will then have the same temperature, which
can be read off from the thermometer. If the system is much larger than the thermometer,
this temperature will be essentially the same as the temperature of the system before the
measurement. For a survey of the problems involved in defining and measuring temperature
outside equilibrium, see CASAS-VASQUEzZ & Jou [58].

To be able to formulate the first law of thermodynamics we need the concept of a reversible
change of states, i.e., changes preserving the equilibrium condition. For use in later sections,
we define the concept in a slightly more general form, writing o for P and p jointly. We
need to assume that the system under study is embedded into its environment in such a way
that, at the boundary, certain thermodynamic variables are kept constant (and independent
of position). This determines the boundary conditions of the thermodynamic system:;
see the discussion in Section 7.3.

7.2.1 Definition. A state variable is an almost everywhere continuously differentiable
function ¢(T, o) defined on the state space (or on a subset of it). Temporal changes in a state
variable that occur when the boundary conditions are kept fixed are called spontaneous
changes. A reversible transformation is a continuously differentiable mapping

A= (TN, a(N))
from a real interval into the state space; thus A(T'(\), (X)) = 0. The differential

_ 99 0¢
d = omdT + =~

obtained by multiplying the chain rule by d\, describes the change of a state variable ¢
under arbitrary (infinitesimal) reversible transformations. In formal mathematical terms,
differentials are exact linear forms on the state space manifold; cf. Chapter 17.

do, (7.10)
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Reversible changes per se have nothing to do with changes in time. However, by sufficiently
slow, quasistatic changes of the boundary conditions, reversible changes can often be real-
ized approximately as temporal changes. The degree to which this is possible determines
the efficiency of thermodynamic machines. The analysis of the efficiency by means of the
so-called Carnot cycle was the historical origin of thermodynamics.

The state space is often parameterized by different sets of state variables, as required by the
application. If T'=T'(k, \), & = a(k, A) is such a parameterization then the state variable
g(T, ) can be written as a function of (k, A),

gk, A) = g(T(k, N, a(k, N)). (7.11)

This notation, while mathematically ambiguous, is common in the literature; the names of
the argument decide which function is intended. When writing partial derivatives without

0
arguments, this leads to serious ambiguities. These can be resolved by writing (_g) for

O\
the partial derivative of (7.11) with respect to A; it can be evaluated using (7.10), giving

the chain rule 9 9 16T 5 9
_g) — _g(_) 99 . <_O‘> 712
(5). = o7 ().t aa - (@), (7.12)
Here the partial derivatives in the original parameterization by the intensive variables are
written without parentheses.

Differentiating the equation of state (7.1), using the chain rule (7.10), and simplifying using
(7.3) gives the Gibbs-Duhem equation

0=8dI'—VdP+ N -du (7.13)
for reversible changes. If we differentiate the Euler equation (7.4), we obtain
dH =TdS + SdT'— PdV —VdP + - dN + N - dp,
and using (7.13), this simplifies to the first law of thermodynamics
dH =TdS — PdV + - dN. (7.14)

Historically, the first law of thermodynamics took on this form only gradually, through
work by MAYER [188], JOULE [143], HELMHOLTZ [125], and CLAUSIUS [65].

Considering global equilibrium from a fundamental point of view, the extensive variables
are the variables that are conserved or at least change so slowly that they may be regarded
as time independent on the time scale of interest. In the absence of chemical reactions, the
mole numbers, the entropy, and the Hamilton energy are conserved; the volume is a system
size variable which, in the fundamental view, must be taken as infinite (thermodynamic
limit) to exclude the unavoidable interaction with the environment. However, real systems
are always in contact with their environment, and the conservation laws are approximate
only. In thermodynamics, the description of the system boundary is generally reduced to
the degrees of freedom observable at a given resolution.

The result of this reduced description (for derivations, see, e.g., BALIAN [20], GRABERT
[109], RAU & MULLER [228]) is a dynamical effect called dissipation (THOMSON [268]). It
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is described by the second law of thermodynamics, which was discovered by (CLAUSIUS
[66]. The Euler inequality (7.2) together with the Euler equation (7.4) only express the
nondynamical part of the second law since, in equilibrium thermodynamics, dynamical
questions are ignored: Parts (iii)-(iv) of Definition 7.1.2 say that if S, V, N are conserved
(thermal, mechanical and chemical isolation) then the internal energy,

U:=TS—PV+pu-N (7.15)

is minimal in equilibrium; if 7', V, N are conserved (mechanical and chemical isolation of a
system at constant temperature 7') then the Helmholtz (free) energy,

F=U-TS=-PV+pu-N

is minimal in equilibrium; and if 7', P, N are conserved (chemical isolation of a system at
constant temperature 7" and pressure P) then the Gibbs (free) energy,

G=F+PV=p-N
is minimal in equilibrium.

The third law of thermodynamics, due to NERNST [201], says that entropy is nonneg-
ative. In view of (7.3), this is equivalent to the monotonicity of A(T, P, u).

7.3 Consequences of the first law

The first law of thermodynamics describes the observable energy balance in a reversible
process. The total energy flux dH into the system is composed of the thermal energy
flux or heat flux 7'dS, the mechanical energy flux —PdV, and the chemical energy
flux p - dN.

The Gibbs-Duhem equation (7.13) describes the energy balance necessary to compensate
the changes d(T'S) = TdS + SdT of thermal energy, d(PV) = PdV + VdP of mechanical
energy, and d(u - N) = p-dN + N - du of chemical energy in the energy contributions
to the Euler equation to ensure that the Euler equation remains valid during a reversible
transformation. Indeed, both equations together imply that d(7'S — PV + u- N — H)
vanishes, which expresses the preservation of the Euler equation.

Related to the various energy fluxes are the thermal work

Q- / T(\)dS(N).

the mechanical work

Wmech = —/P()\)dV()\),

and the chemical work

Wchem = /,U()\) ' dN()\)
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performed in a reversible transformation. The various kinds of work generally depend on
the path through the state space; however, the mechanical work depends only on the end
points if the associated process is conservative.

As is apparent from the formulas given, thermal work is done by changing the entropy of
the system, mechanical work by changing the volume, and chemical work by changing the
mole numbers. In particular, in case of thermal, mechanical, or chemical isolation, the
corresponding fluxes vanish identically. Thus, constant S characterizes thermally isolated,
adiabatic systems, constant V' characterizes mechanically isolated, systems, and constant
N characterizes chemically isolated, closed® or impermeable systems. Note that this con-
stancy only holds when all assumptions for a standard system are valid: global equilibrium,
a single phase, and the absence of chemical reactions. Of course, these boundary condi-
tions are somewhat idealized situations, which, however, can be approximately realized in
practice and are of immense scientific and technological importance.

The first law shows that, in appropriate units, the temperature 7' is the amount of energy
needed to increase in a mechanically and chemically isolated system the entropy S by one
unit. The pressure P is, in appropriate units, the amount of energy needed to decrease
in a thermally and chemically isolated system the volume V' by one unit. In particular,
increasing pressure decreases the volume; this explains the minus sign in the definition of P.
The chemical potential 11, is, in appropriate units, the amount of energy needed to increase
in a thermally and mechanically isolated system the mole number N; by one. With the
traditional units, temperature, pressure, and chemical potentials are no longer energies.

We see that the entropy and the volume behave just like the mole number. This analogy
can be deepened by observing that mole numbers are the natural measure of the amounts
of “matter” of each kind in a system, and chemical energy flux is accompanied by adding
or removing matter. Similarly, volume is the natural measure of the amount of “space”
a system occupies, and mechanical energy flux in a standard system is accompanied by
adding or removing space. Thus we may regard entropy as the natural measure of the
amount of “heat” contained in a system?, since thermal energy flux is accompanied by
adding or removing heat. Looking at other extensive quantities, we also recognize energy
as the natural measure of the amount of “power” (colloquial), momentum as the natural
measure of the amount of “force” (colloquial), and mass as the natural measure of the
amount of “inertia” (colloquial) of a system. In each case, the notions in quotation marks
are the colloquial terms which are associated in ordinary life with the more precise, formally

3Note that the terms ’closed system’ has also a much more general interpretation — which we do not use
in this chapter —, namely as a conservative dynamical system.

4Thus, entropy is the modern replacement for the historical concepts of phlogiston and caloric, which
failed to give a correct account of heat phenomena. Phlogiston turned out to be “missing oxygen”, an
early analogue of the picture of positrons as holes, “missing electrons”, in the Dirac sea. Caloric was a
massless substance of heat which had almost the right properties, explained many effects correctly, and fell
out of favor only after it became known that caloric could be generated in arbitrarily large amounts from
mechanical energy, thus discrediting the idea of heat being a substance. (For the precise relation of entropy
and caloric, see KUHN [163, 164], WALTER [283], and the references quoted there.) In the modern picture,
the extensivity of entropy models the substance-like properties of the colloquial term “heat”. But as there
are no particles of space whose mole number is proportional to the volume, so there are no particles of heat
whose mole number is proportional to the entropy. Nevertheless, the introduction of heat particles on a
formal level has some uses; see, e.g., STREATER [263].
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defined physical quantities. For historical reasons, the words heat, power, and force are used
in physics with a meaning different from the colloquial terms “heat”, “power”, and “force”.

7.4 Consequences of the second law

The second law is centered around the impossibility of perpetual motion machines due to
the inevitable loss of energy by dissipation such as friction (see, e.g., BOWDEN & LEBEN
[49]), uncontrolled radiation, etc.. This means that — unless continually provided from the
outside — energy is lost with time until a metastable state is attained, which usually is an
equilibrium state. Therefore, the energy at equilibrium is minimal under the circumstances
dictated by the boundary conditions. In a purely kinematic setting as in our treatment,
the approach to equilibrium cannot be studied, and only the minimal energy principles —
one for each set of boundary conditions — remain.

Traditionally, the second law is often expressed in the form of an extremal principle for
some thermodynamic potential. We derive here the extremal principles for the Hamilton
energy, the Helmholtz energy, and the Gibbs energy®, which give rise to the Hamilton
potential

U(S,V,N):=max{TS— PV +u-N|A(T,P,u)=0;T > 0; P> 0},

T,Pu

the Helmholtz potential

F(T,V,N) := Ir]gax{—PVjL,u-N\A(T,P,u)zO;T>O;P>O},
i

and the Gibbs potential

G(T,P,N) :=max{u-N | A(T,P,u) =0;T > 0; P> 0}.
I

The Gibbs potential is of particular importance for everyday processes since the latter
frequently happen at approximately constant temperature, pressure, and mole number.
(For other thermodynamic potentials used in practice, see ALBERTY [5]; for the maximum
entropy principle, see Section 10.7.)

7.4.1 Theorem. (Extremal principles)
(i) In an arbitrary state,
H=U(S,V,N), (7.16)

with equality iff the state is an equilibrium state. The remaining thermodynamic variables
are then given by

0 0 0

5The different potentials are related by so-called Legendre transforms; cf. ROCKAFELLAR [239] for the
mathematical properties of Legendre transforms, ARNOL’D [16] for their application in mechanics, and
ALBERTY [5] for their application in chemistry.
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In particular, an equilibrium state is uniquely determined by the values of S, V', and N.

(ii) In an arbitrary state,
H—TS > F(T,V,N), (7.17)

with equality iff the state is an equilibrium state. The remaining thermodynamic variables
are then given by

OF OF OF
§=—o5(TV.N), P==-5(TV.N), p=ou(T,V.N),

H=FT,V,N)+TS.
In particular, an equilibrium state is uniquely determined by the values of T', V', and N.

(iii) In an arbitrary state,
H—TS+ PV >G(T,P,N), (7.18)

with equality iff the state is an equilibrium state. The remaining thermodynamic variables
are then given by

oG oG oG

S:_a—T(TaPaN)a V:a—P(TapaN)> M:a—N(T’P’N)’

H=G(T,P,N)+TS — PV.

In particular, an equilibrium state is uniquely determined by the values of T', P, and N.

Proof. We prove (ii); the other two cases are entirely similar. (7.17) and the statement
about equality is a direct consequence of Axiom 7.1.2(iii)—(iv). Thus, the difference H —
TS—F(T,V,N) takes its minimum value zero at the equilibrium value of T'. Therefore, the
derivative with respect to T' vanishes, which gives the formula for S. To get the formulas
for P and pu, we note that for constant 7', the first law (7.14) implies

dF = d(H = TS) = dH — TdS = —PdV + - dN.

For the reversible transformation which only changes P or p;, we conclude that dF' = —PdV
and dF = 1 - dN, respectively. Solving for P and p;, respectively, implies the formulas for
P and p,;. O

The above results imply that one can regard each thermodynamic potential as a complete
alternative way to describe the manifold of thermal states and hence all equilibrium prop-
erties. This is very important in practice, where one usually describes thermodynamic
material properties in terms of the Helmholtz or Gibbs potential, using models like NRTL
(RENON & PRAUSNITZ [231], PRAUSNITZ et al. [223]) or SAFT (CHAPMAN et al. [59, 60]).

The additivity of extensive quantities is reflected in the corresponding properties of the
thermodynamic potentials:
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7.4.2 Theorem. The potentials U(S,V,N), F(T,V,N), and G(T, P, N) satisfy, for real
A AL A2 >0,

U(AS,A\V,AN) = \U(S,V, N), (7.19)

F(T,\V,AN) = A\F(T,V,N), (7.20)

G(T,P,\N) = \G(T, P,N), (7.21)

US4+ 2282 AVE L X2V2 AINY + 2N < XU(SY VE ND) + N2U(S?, V2 N?), (7.22)
F(T, X'V 4+ XN2V2 NN + N2N?) < M E(T, VY NY + N F(T, V2, N?), (7.23)

G(T, P,\'N* + X\2N?) < M'G(T, P,N") + \*G(T, P, N?). (7.24)

In particular, these potentials are convex in S, V', and N.

Proof. The first three equations express homogeneity and are a direct consequence of the
definitions. Inequality (7.23) holds since, for suitable P and p,

F(T, AW+ XV2 NN+ X2N?%) = =P 4+ X2V2) + - (AN + A2N?)

= M(=PV'+pu-NY+ N(=PV?+ pu- N?)

< MFE(T, VI NY) 4+ XNF(T,V? N?);
and the others follow in the same way. Specialized to A! + A\? = 1, the inequalities express
the claimed convexity. O

For a system at constant temperature 7', pressure P, and mole number N, consisting of a
number of parts labeled by a superscript k& which are separately in equilibrium, the Gibbs
energy is extensive, since

G = H-TS+PV=) H'-T) S"+P> V*

Equilibrium requires that >~ G* is minimal among all choices with > N* = N, and by
introducing a Lagrange multiplier vector p* for the constraints, we see that in equilibrium,
the derivative of Y (G(T, P, N*) — u* - N*) with respect to each N* must vanish. This

implies that
oG
k

W= oNF
Thus, in equilibrium, all ¥ must be the same. At constant 7', V, and N, one can apply the
same argument to the Helmholtz potential, and at constant S, V', and N to the Hamilton
potential. In each case, the equilibrium is characterized by the constancy of the intensive
parameters.

(T, P, N*) = u*.

The degree to which macroscopic space and time correlations are absent characterizes the
amount of macroscopic disorder of a system. Global equilibrium states are therefore
macroscopically highly uniform; they are the most ordered macroscopic states in the uni-
verse rather than the most disordered ones. A system not in global equilibrium is charac-
terized by macroscopic local inhomogeneities, indicating that the space-independent global
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equilibrium variables alone are not sufficient to describe the system. Its intrinsic com-
plexity is apparent only in a microscopic treatment; cf. Section 10.6 below. The only
macroscopic shadow of this complexity is the critical opalescence of fluids near a critical
point (ANDREWS [14], FORSTER [88]). The contents of the second law of thermodynamics
for global equilibrium states may therefore be phrased informally as follows: In global equi-
librium, macroscopic order (homogeneity) is perfect and microscopic complexity is mazimal.
In particular, the traditional interpretation of entropy as a measure of disorder is often mis-
leading. Much more carefully argued support for this statement, with numerous examples
from teaching practice, is in LAMBERT [167].

7.4.3 Theorem. (Entropy form of the second law)
In an arbitrary state of a standard thermodynamic system

S < S(H.V.N) := min {T"(H + PV — ji- N) | A(T, P,js) = 0},

with equality iff the state is an equilibrium state. The remaining thermal variables are then
given by

oS 0S 08
T7'=_—(H,V,N), T'P=—_—(H,V,N), T 'u=—-——(H,V,N 2
aH‘( Y Y )7 av( 7v7 )7 /’L aN( 7v7 )7 (7 5)
U=H=TS(T,V,N)— PV + pu-N. (7.26)
Proof. This is proved in the same way as Theorem 7.4.1. O

This result implies that when a system in which H, V and N are kept constant reaches
equilibrium, the entropy must have increased. Unfortunately, the assumption of constant
H,V and N is unrealistic; such constraints are not easily realized in nature. Under different
constraints®, the entropy is no longer maximal.

In systems with several phases, a naive interpretation of the second law as moving systems
towards increasing disorder is even more inappropriate: A mixture of water and oil sponta-
neously separates, thus "ordering” the water molecules and the oil molecules into separate
phases!

Thus, while the second law in the form of a maximum principle for the entropy has some
theoretical and historical relevance, it is not the extremal principle ruling nature. The
irreversible nature of physical processes is instead manifest as energy dissipation which,
in a microscopic interpretation, indicates the loss of energy to the unmodelled microscopic

6For example, if one pours milk into a cup of coffee, stirring mixes coffee and milk, thus increasing
complexity. Macroscopic order is restored after some time when this increased complexity has become
macroscopically inaccessible. Since T, P and N are constant, the cup of coffee ends up in a state of
minimal Gibbs energy, and not in a state of maximal entropy! More formally, the first law shows that, for
standard systems at fixed value of the mole number, the value of the entropy decreases when H or V (or
both) decrease reversibly; this shows that the value of the entropy may well decrease if accompanied by a
corresponding decrease of H or V. The same holds out of equilibrium (though our equilibrium argument
no longer applies); for example, the reaction 2 Hy + Oy — 2 HoO (if catalyzed) may happen spontaneously
at constant T' = 25°C and P = 1 atm, though it decreases the entropy.
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degrees of freedom. Macroscopically, the global equilibrium states are therefore states of
least free energy, the correct choice of which depends on the boundary condition, with
the least possible freedom for change. This macroscopic immutability is another intuitive
explanation for the maximal macroscopic order in global equilibrium states.

7.5 The approach to equilibrium

Using only the present axioms, one can say a little bit about the behavior of a system close
to equilibrium in the following, idealized situation. Suppose that a system at constant .S,
V', and N which is close to equilibrium at some time ¢ reaches equilibrium at some later
time t*. Then the second law implies

dH
0<H{t)—H{t")=(t—t")—,
dt
so that dH/dt < 0. We assume that the system is composed of two parts, which are both
in equilibrium at times ¢ and t*. Then the time shift induces on both parts a reversible
transformation, and the first law can be applied to them. Thus

dH = Y dH* = > " (T*dS* — P*dV* + ¥ - dN*).

k=1,2 k=12

Since S, V, and N remain constant, we have dS'+dS? = 0, dV'+dV? = 0, dAN' +dN? = 0,
and since for the time shift dH < 0, we find the inequality

0> (T" — T%)dS* — (P' — PHav*' + (u* — p?) - dN™.

This inequality gives information about the direction of the flow in case that all but one of
the extensive variables are known to be fixed.

In particular, at constant V! and N', we have dS* < 0 if 7' > T?; i.e., "heat” (entropy)
flows from the hotter part towards the colder part. At constant S* and N, we have dV! <0
if P1 < P?% i.e., "space” (volume) flows from lower pressure to higher pressure: the volume
of the lower pressure part decreases and is compensated by a corresponding increase of the
volume in the higher pressure part. And for a pure substance at constant S' and V!, we
have dN1 < 0if u! > p?; i.e., "matter” (mole number) flows from higher chemical potential
towards lower chemical potential. These qualitative results give temperature, pressure, and
chemical potential the familiar intuitive interpretation.

This glimpse on nonequilibrium properties is a shadow of the far reaching fact that, in
nonequilibrium thermodynamics, the intensive variables behave like potentials whose gra-
dients induce forces that tend to diminish these gradients, thus enforcing (after the time
needed to reach equilibrium) agreement of the intensive variables of different parts of a
system. In particular, temperature acts as a thermal potential, whose differences create
thermal forces which induce thermal currents, a flow of "heat” (entropy), in a similar way
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as differences in electrical potentials create electrical currents, a flow of ”electricity” (elec-
trons)”. While these dynamical issues are outside the scope of the present work, they
motivate the fact that one can control some intensive parameters of the system by con-
trolling the corresponding intensive parameters of the environment and making the walls
permeable to the corresponding extensive quantities. This corresponds to standard proce-
dures familiar to everyone from ordinary life, such as: heating to change the temperature;
applying pressure to change the volume; immersion into a substance to change the chemical
composition; or, in the more general thermal models discussed in Section 10.1, applying

forces to displace an object.

The stronger nonequilibrium version of the second law says that (for suitable boundary
conditions) equilibrium is actually attained after some time (strictly speaking, only in the
limit of infinite time). This implies that the energy difference

SE:=H —U(S,V,N)=H—TS — F(S,V,N) = H— TS + PV = G(S,V, N)

is the amount of energy that is dissipated in order to reach equilibrium. In an equilibrium
setting, we can only compare what happens to a system prepared in a nonequilibrium state
assuming that, subsequently, the full energy difference JF is dissipated so that the system
ends up in an equilibrium state. Since few variables describe everything of interest, this
constitutes the power of equilibrium thermodynamics. But this power is limited, since equi-
librium thermodynamics is silent about when — or whether at all — equilibrium is reached.
Indeed, in many cases, only metastable states are reached, which change too slowly to ever
reach equilibrium on a human time scale. Typical examples of this are crystal defects,
which constitute nonglobal minima of the free energy — the globasl minimum would be a
perfect crystal.

7.6 Description levels

As we have seen, extensive and intensive variables play completely different roles in equi-
librium thermodynamics. Extensive variables such as mass, charge, or volume depend
additively on the size of the system. The conjugate intensive variables act as parameters
defining the state.

A system composed of many small subsystems, each in equilibrium, needs for its complete
characterization the values of the extensive and intensive variables in each subsystem. Such
a system is in global equilibrium only if its intensive variables are independent of the
subsystem. On the other hand, the values of the extensive variables may jump at phase
space boundaries, if (as is the case for multi-phase systems) the equations of state allow
multiple values for the extensive variables to correspond to the same values of the intensive
variables. If the intensive variables are not independent of the subsystem then, by the
second law, the differences in the intensive variables of adjacent subsystems give rise to
thermodynamic forces trying to move the system towards equilibrium.

"See Table 10.1 for more parallels in other thermodynamic systems, and FucHs [94] for a thermody-
namics course (and for a German course JOB [142]) thoroughly exploiting these parallels.
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A real nonequilibrium system does not actually consist of subsystems in equilibrium; how-
ever, typically, smaller and smaller pieces behave more and more like equilibrium systems.
Thus we may view a real system as the continuum limit of a larger and larger number of
smaller and smaller subsystems, each in approximate equilibrium. As a result, the extensive
and intensive variables become fields depending on the continuum variables used to label
the subsystems. For extensive variables, the integral of their fields over the label space gives
the bulk value of the extensive quantity; thus the fields themselves have a natural inter-
pretation as a density. For intensive variables, an interpretation as a density is physically
meaningless; instead, they have a natural interpretation as field strengths. The gradients
of their fields have physical significance as the sources for thermodynamic forces.

From this field theory perspective, the extensive variables in the single-phase global equilib-
rium case have constant densities, and their bulk values are the densities multiplied by the
system size (which might be mass, or volume, or another additive parameter), hence scale
linearly with the size of the system, while intensive variables are invariant under a change
of system size. We do not use the alternative convention to call extensive any variable that
scales linearly with the system size, and intensive any variable that is invariant under a
change of system size.

We distinguish four nested levels of thermal descriptions, depending on whether the system
is considered to be in global, local, microlocal, or quantum equilibrium. The highest and
computationally simplest level, global equilibrium, is concerned with macroscopic situa-
tions characterized by finitely many space- and time-independent variables. The next level,
local equilibrium, treats macroscopic situations in a continuum mechanical description,
where the equilibrium subsystems are labeled by the space coordinates. Therefore the rel-
evant variables are finitely many space- and time-dependent fields. The next deeper level,
microlocal® equilibrium, treats mesoscopic situations in a kinetic description, where the
equilibrium subsystems are labeled by phase space coordinates. The relevant variables are
now finitely many fields depending on time, position, and momentum; cf. BALIAN [18]. The
bottom level is the microscopic regime, where we must consider quantum equilibrium.
This no longer fits a thermodynamic framework but must be described in terms of quantum
dynamical semigroups; see Section 10.2.

The relations between the different description levels are discussed in Section 10.2. Apart
from descriptions on these clear-cut levels, there are also various hybrid descriptions, where
some part of a system is described on a more detailed level than the remaining parts, or
where, as for stirred chemical reactions, the fields are considered to be spatially homoge-
neous and only the time-dependence matters.

What was said at the beginning of Section 7.2 about measuring intensive variables like tem-
perature applies in principle also in local or microlocal equilibrium, but with fields in place
of variables. The extensive variables are now densities represented by distributions that
can be meaningfully integrated over bounded regions (the domains of contact with a mea-
suring instrument), whereas intensive variables are nonsingular fields (e.g., pressure) whose
integrals denote — after divistion by the size of the domain of contact with an instrument —

8The term microlocal for a phase space dependent analysis is taken from the literature on partial
differential equations; see, e.g., MARTINEZ [1].
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a local mean value of the fields.



Chapter 8

Quantities, states, and statistics

When considered in sufficient detail, no physical system is truly in global equilibrium; one
can always find smaller or larger deviations. To describe these deviations, extra variables
are needed, resulting in a more complete but also more complex model. At even higher
resolution, this model is again imperfect and an approximation to an even more complex,
better model. This refinement process may be repeated in several stages. At the most
detailed stages, we transcend the frontier of current knowledge in physics, but even as this
frontier recedes, deeper and deeper stages with unknown details are imaginable.

Therefore, it is desirable to have a meta-description of thermodynamics that, starting with
a detailed model, allows to deduce the properties of each coarser model, in a way that all
description levels are consistent with the current state of the art in physics. Moreover, the
results should be as independent as possible of unknown details at the lower levels. This
meta-description is the subject of statistical mechanics.

This chapter introduces the technical machinery of statistical mechanics, Gibbs states and
the partition function, in a uniform way common to classical mechanics and quantum
mechanics. As in the phenomenological case, the intensive variables determine the state
(which now is a more abstract object), whereas the extensive variables now appear as
values of other abstract objects called quantities. This change of setting allows the natural
incorporation of quantum mechanics, where quantities need not commute, while values are
numbers observable in principle, hence must satisfy the commutative law.

The operational meaning of the abstract concepts of quantities, states and values introduced
in the following becomes apparent once we have recovered the phenomenological results of
Chapter 7 from the abstract theory developped in this and the next chapter. Chapter 10
discusses in more detail how the theory relates to experiment.

179
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8.1 Quantities

Any fundamental description of physical systems must give account of the numerical values
of quantities observable in experiments when the system under consideration is in a specified
state. Moreover, the form and meaning of states, and of what is observable in principle,
must be clearly defined. We consider an axiomatic conceptual foundation on the basis of
quantities' and their values, consistent with the conventions adopted by the International
System of Units (SI) [265], who declare: " A quantity in the general sense is a property
ascribed to phenomena, bodies, or substances that can be quantified for, or assigned to, a
particular phenomenon, body, or substance. [...] The value of a physical quantity is the
quantitative expression of a particular physical quantity as the product of a number and a
unit, the number being its numerical value.”

In different states, the quantities of a given system may have different values; the state
(equivalently, the values determined by it) characterizes an individual system at a particular
time. Theory must therefore define what to consider as quantities, what as states, and how
a state assigns values to a quantity. Since quantities can be added, multiplied, compared,
and integrated, the set of all quantities has an elaborate structure whose properties we
formulate after the discussion of the following motivating example.

8.1.1 Example. As a simple example satisfying the axioms to be introduced, the reader
may think of an N-level quantum system. The quantities are the elements of the
algebra E = CV*V of square complex N x N matrices, the constants are the multiples
of the identity matrix, the conjugate f* of f is given by conjugate transposition, and the
integral [¢g = trg is the trace, the sum of the diagonal entries or, equivalently, the sum
of the eigenvalues. The standard basis consisting of the N unit vectors e* with a one in
component k and zeros in all other component corresponds to the N levels of the quantum
systems. The Hamiltonian H is represented by a diagonal matrix H = Diag(Ey, ..., Ey)
whose diagonal entries Fj are the energy levels of the system. In the nondegenerate
case, all E, are distinct, and the diagonal matrices comprise all functions of H. Quantities
given by arbitrary nondiagonal matrices are less easy to interpret. However, an important
class of quantities are the matrices of the form P = 1* where 1 is a vector of norm 1;
they satisfy P? = P = P* and are the quantities observed in binary measurements such as
detector clicks; see Section 10.5. The states of the N-level system are mappings defined
by a density matrix p € E, a positive semidefinite Hermitian matrix with trace one,
assigning to each quantity f € E the value (f) = trpf of f in this state. The diagonal
entries pi := prr represent the probability for obtaining a response in a binary test for the
kth quantum level; the off-diagonal entries p;j represent deviations from a classical mixture
of quantum levels.

8.1.2 Definition.

!Quantities are formal, numerical properties associated to a given system in a given state. We deliber-
ately avoid the notion of observables, since it is not clear on a fundamental level what it means to ‘observe’
something, and since many things (such as the fine structure constant, neutrino masses, decay rates, scat-
tering cross sections) which can be observed in nature are only indirectly related to what is traditionally
called an ‘observable’ in quantum mechanics. The related problem of how to interpret measurements is
discussed in Section 10.4.
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(i) A x-algebra is a set E whose elements are called quantities, together with operations
on E defining for any two quantities f,g € E the sum f + g € E, the product fg € E,
and the conjugate f* € E, such that the following axioms (Q1)—(Q4) hold for all a € C
and all f,g,h € E:

(Ql) C C E, i.e., complex numbers are special elements called constants, for which
addition, multiplication and conjugation have their traditional meaning.

Q2) (fg)h= f(gh), of=fa, 0f=0, 1f=f.
Q3) (f+g)+h=f+(g+h), flg+h)=fg+fh, f+0=Ff.
Q4) f*=Ff, (fo)r=gf, (f+9'=f+g"

ii) A x-algebra E is called commutative if fg = gf for all f, g € E, and noncommutative
otherwise. The x-algebra E is called nondegenerate if

(Q5) ff=0 = [f=0.
(iii) We introduce the notation
—f=0f f-g=f+(=9), [f9]:=7F9—-9f,
fo:zla fl::fl_lf (l:1,2,),
1 . 1 .
Refi=J(f+ ), Imfi=m(f=f),

for f,g € E. [f,g] is called the commutator of f and g, and Re f, Im f are referred to
as the real part (or Hermitian part) and imaginary part of f, respectively. f € E is
called Hermitian if f* = f.

(
(
(
(

(iv) A x-homomorphism is a mapping ¢ from a x-algebra E with unity to another (or the
same) *-algebra B’ with unity such that

o(f+9) = o) +0(g), o(fg) =)o), olaf) = ag(f),

o(f") =o(f)", o(1)=1
for all f,gin E and o € C.

Note that we assume commutativity only for the product of complex numbers and elements
of E. In general, the product of two elements of E is indeed noncommutative. However,
general commutativity of the addition is a consequence of our other assumptions. We prove
this together with some other useful relations.

8.1.3 Proposition.
(i) For all f, g, h € E,

(f+9h=fh+gh f—-f=0, f+g=g+Ff (8.1)

[f. /"] = —2i[Re f,Im f]. (8.2)
(ii) For all f € E, Re f and Im f are Hermitian. f is Hermitian iff f = Re f iff Im f = 0.
If f, g are commuting Hermitian quantities then fg is Hermitian, too.
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Proof. (i) The right distributive law follows from

(f+gh = ((f+gh)™ = (h(f+9)) = (h(f"+ )

It implies f — f=1f—1f=(1—-1)f =0f = 0. From this, we may deduce that addition
is commutative, as follows. The quantity h := —f + g satisfies

—h=(=1)((-1)f +g) = (-1)(-1)f + (g = f —g,

and we have

frg=f+(h-h)+g=(f+h)+(-h+tg)=(f—-f+g)+(f-g+g) =g+

This proves (8.1). If u = Re f, v = Im f then u* = u,v* =v and f = u+iv, f* = u —iv.
Hence

If, ] = (u+v)(u —iv) — (u—iv)(u +iv) = 2i(vu — uwv) = —2i[Re f, Im f],
giving (8.2).

(ii) The first two assertions are trivial, and the third holds since (fg)* = ¢*f* = gf = fg
if f,g are Hermitian and commute. ad

8.1.4 Definition.
(i) The *-algebra E is called partially ordered if there is a partial order > satisfying the
following axioms (Q6)—(Q9) for all f, g, h € E:

Q6) > is reflexive (f > f), antisymmetric (f > g > f = f = g), and transitive
f>2g9g>h=f2>h).

(

(

Q7)) fzge f+h>g+h

(Q8) f>0 = f=/f"andg"fg>0.
(Q9) 1>0.

We introduce the notation
<992/,

If|l :=inf{a eR| f*f <o’ a >0},

where the infimum of the empty set is taken to be co. The number || f|| is referred to as the
(spectral) norm of f. An element f € E is called bounded if ||f|| < co. The uniform
topology is the topology induced on E by declaring as open sets arbitrary unions of finite
intersections of the open balls {f € E | || f — fo|| < ¢} for some € > 0 and some f; € E.
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8.1.5 Proposition.
(i) For all quantities f, g, h € E and \ € C,

[ r=0, ffr=0, (8.3)

ffr<o = fll=0 = f=0, (8.4)

f<g = R [fh<hgh, [Nf<|Ag, (8.5)

frag+g f<2fl lall, (8.6)

IAFIL=IALAL W gl < 1A+ gl (8.7)

Ifgll < WA Ngll (8.8)

(ii) Among the complex numbers, precisely the nonnegative real numbers A satisfy A\ > 0.

Proof. (i) (8.3) follows from the case f =1 of (Q8) by substituting then f or f* for g. (8.4)
follows from (8.3), the definition of the norm, and (Q5). To prove (8.5), we deduce from
f < gand (Q7) that g — f > 0, then use (Q8) to find h*gh — h*fh = h*(g— f)h > 0, hence
h*fh < h*gh. Specializing to g = sqrt|A| then gives |A|f < |A|g.

To prove (8.5), let a« = || f||, 8= ||g|l- Then f*f < a? and g*g < 5% Since
0< (Bf —ag) (Bf —ag) = Bf*f—aB(f'g+g°f)+a’sg
< Ba—af(fg+ g f)+a?p

ffg+ g f <2apif af # 0, and for af = 0, the same follows from (8.4). Therefore (8.6)
holds. The first half of (8.7) is trivial, and the second half follows for the plus sign from

(f+a)(f+9)=Fff+Ff9+gf+gg<a’+2aB+5"=(a+p)"
and then for the minus sign from the first half. Finally, by (8.5),
(f9)"(fg)=g"f fg < g"a’g = a’g"g < a*B”.
This implies (8.8).

(ii) If X is a nonnegative real number then A = f*f > 0 with f = /. If X is a negative
real number then A = — f*f < 0 with f = v/—A, and by antisymmetry, A > 0 is impossible.
If X\ is a nonreal number then A # A* and A > 0 is impossible by (Q8). O

8.1.6 Definition. A Euclidean x-algebra is a nondegenerate, partially ordered x-algebra
E, whose elements are called quantities, together with a complex-valued integral [ de-
fined on a subspace S of E, whose elements are called strongly integrable, satisfying the
following axioms (EA1)—(EA6) for all bounded ¢ € E, all strongly integrable h,h', h; € E,
and all o, 8 € C:

(EA1) h*, ah, gh, and hg are strongly integrable,

(EA2) [(ah+BK) =afh+ B[, [gh=[hg, ([h)" = [h,
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(EA3) [h*h >0 if h #0,

(EA4) [h*gh =0 for all strongly integrable h = ¢ =0 (nondegeneracy),
(EA5) [hfhy—0 = [ghy =0, [h;gh;— 0,

(EA6) h 0 = inf [A;=0 (Dini property).

Here, integrals extend over the longest following product or quotient (in contrast to differ-
ential operators, which act on the shortest syntactically meaningful term), the monotonic
limit is defined by g¢; | 0 iff, for every strongly integrable h, the sequence (or net) [h*g,h
consists of real numbers converging monotonically decreasing to zero.

Note that the integral can often be naturally extended from strongly integrable quantities
to a significantly larger space of integrable quantities.

8.1.7 Proposition.
g€eE, [gf=0 foralfecE = g¢g=0. (8.9)
For strongly integrable f, g,
[(gh)*(gh) < [g*g [h*h. (Cauchy-Schwarz inequality) (8.10)

In particular, every strongly integrable quantity is bounded.

Proof.

If [¢9f = 0forall f € E then this holds in particular for f = hh*. Thus 0 = [ghh* = [h*gh
by (EA2), and (EA4) gives the desired conclusion (8.9). (8.10) holds since by (EA3), [¢*h
defines a positive definite inner product on S, and directly implies the final statement. O

We now describe the basic Euclidean x-algebras relevant in nonrelativistic physics. However,
the remainder is completely independent of details how the axioms are realized; a specific
realization is needed only when doing specific quantitative calculations.

8.1.8 Examples.

(i) (N-level quantum systems) The simplest family of Euclidean *-algebras is the algebra
E = CN*N of square complex N x N matrices; cf. Example 8.1.1. Here the quantites are
square matrices, the constants are the multiples of the identity matrix, the conjugate is
conjugate transposition, and the integral is the trace, the sum of the diagonal entries or,
equivalently, the sum of the eigenvalues. In particular, all quantities are strongly integrable.

(ii) (Nonrelativistic classical mechanics) An atomic N-particle system is described in
classical mechanics by the phase space R with six coordinates — position % € R? and
momentum p® € R3 — for each particle. The algebra

Ey := C(R%*)
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of smooth complex-valued, arbitrarily often differentiable functions g(z', p!V) of 3-dimensional
positions and momenta is a commutative Euclidean *x-algebra with complex conjugation as
conjugate and the Liouville integral

fg _ C_l /dplszxl:NgN(l,lzN’plzN)’

where C' is a positive constant. Strongly integrable quantities are the Schwartz functions
in E.2 The axioms are easily verified.

(iii) (Classical fluids) A fluid is classically described by an atomic system with an in-
definite number of particles. The appropriate Euclidean *-algebra for a single species of
monatomic particles is the direct sum E = @ y>¢Ey whose quantities are infinite sequences
g = (90,01, ...) of gy € EY™, with EY™ consisting of all permutation-invariant functions
functions form Ey as in (ii), and weighted Liouville integral

fg _ Z C;;l /dthdl’l:NgN(l'l:N,pl:N).

N>0

Here Cly is a symmetry factor for the symmetry group of the N-particle systen, which equals
h3N N! for indistinguishable particles; A = 27h is Planck’s constant. This accounts for the
Maxwell statistics and gives the correct entropy of mixing. Classical fluids with monatomic
particles of several different kinds require a tensor product of several such algebras, and
classical fluids composed of molecules require additional degrees of freedom to account for
the rotation and vibration of the molecules.

(iv) (Nonrelativistic quantum mechanics) Let H be a Euclidean space, a dense sub-
space of a Hilbert space. Then the algebra E := Lin H of continuous linear operators on H
is a Euclidean x-algebra with the adjoint as conjugate and the quantum integral

fg=trg,

given by the trace of the quantity in the integrand. Strongly integrable quantities are the
operators g € £ which are trace class; this includes all linear operators of finite rank. Again,
the axioms are easily verified. In the quantum context, Hermitian quantities f are often
referred to as observables; but we do not use this term here.

We end this section by stating some results needed later. The exposition in this and the
next chapter is fully rigorous if the statements of Proposition 8.1.9 and Proposition 8.1.10
are assumed in addition to (EA1)-(EA6). We prove these propositions only in case that E
is finite-dimensional®>. But they can also be proved if the quantities involved are smooth
functions, or if they have a spectral resolution; cf., e.g., THIRRING [267] (who works in the
framework of C*-algebras and von Neumann algebras).

2A Schwartz function of n variables 2 € R" is a function f € C°°(R") such that the expressions

kl kn 611+.,.+1nf(z)

AR oo

3We’d appreciate to be informed about possible proofs in general that only use the properties of Euclidean
x-algebras (and perhaps further, elementary assumptions).

are bounded in z for any choice of nonnegative integers k1, ..., kn,l1, ..., 5.
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8.1.9 Proposition. For arbitrary quantities f, g,
e f B — platB)f (o, B € R),
(ef) =el,
efg=ge! if f and g commute,
ff=f = loged =,
20 = Viz0, (V=1
For any quantity f = f(s) depending continuously on s € [a, b],

[assrr=1( [ ass),

and for any quantity f = f(\) depending continuously differentiably on a parameter vector
A,

d
I = Jdr/an

Proof. In finite dimensions, the first five assertions are standard matrix calculus, and
the remaining two statements hold since [f must be a finite linear combination of the
components of f. O

8.1.10 Proposition. Let f,g be quantities depending continuously differentiably on a
parameter or parameter vector \, and suppose that

[f(A), g(N)] = 0 for all A. (8.11)

Thus, for any continuously differentiable function I’ of two variables,

LI 0) = J0F 0D+ o E(r0) Y

Here 0, F and 0> f denote differentiation by the first and second argument of F', respectively.

(8.12)

Proof. We prove the special case F(z,y) = ™y", where (8.12) reduces to

d m_n __ mlndf mnldg
I = et gt (5.13)

The general case then follows for polynomials F'(z, y) by taking suitable linear combinations,
and for arbitrary F' by a limiting procedure. To prove (8.13), we note that, more generally,

d
afflfm—l—n = f%(fl fm—l—n)

m+n
= fol fj 1 f]-i—l fm+n
m—l—n
- fol f] 1d)\f]+1 fm+n
m+n f

df;
= ;ffj-l-l"'fm—l-nfl"'fj—lﬁ’
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using the cyclic commutativity (EA2) of the integral. If we specialize to f; = f if j < m,
fi =g if j > m, and use (8.11), we arrive at (8.13). O

Of course, the proposition generalizes to families of more than two commuting quantities;
but more important is the special case g = f:

8.1.11 Corollary. For any quantity f depending continuously differentiably on a param-
eter vector A\, and any continuously differentiable function F' of a single variable,

d df
o ES) = TE(f) o5 (8.14)

8.2 Gibbs states

Our next task is to specify the formal properties of the value of a quantity.

8.2.1 Definition. A state is a mapping ~ that assigns to all quantities f from a subspace
of E containing all bounded quantities its value (f) € C such that for all f,g € E, a € C,

(E1) (1) =1, (f)=(NH" (f+g)=(f)+(9),
(E2) (af) = a(f),

(E3) If f > 0 then (f) >0,

(E4) If fi € E, fi ] 0 then (f;) |

Note that this formal definition of a state — always used in the remainder of the book
— differs from the phenomenological thermodynamic states defined in Section 7.1. The
connection between the two notions will be made in Section 9.2.

Statistical mechanics essentially originated with Josiah Willard Gibbs, whose 1902 book
GIBBS [102] on (at that time of course only classical) statistical mechanics is still readable.
See UFFINK [273] for a history of the subject.

All states arising in thermodynamics have the following particular form.

8.2.2 Definition. A Gibbs state is defined by assigning to any g € E the value
(9) == Je 5%y, (8.15)

where S, called the entropy of the state, is a Hermitian quantity with strongly integrable

e 5/% satisfying the normalization condition
fe5F =1, (8.16)
and £ is the Boltzmann constant
k ~ 1.38065- 10" *J/K. (8.17)

Theorem 8.2.3 below implies that a Gibbs state is indeed a state.
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The Boltzmann constant defines the units in which the entropy is measured. In analogy*
with Planck’s constant h, we write & in place of the customary k or kg, in order to be free
to use the letter k for other purposes. By a change of units one can enforce any value of k.
Chemists use instead of particle number N the corresponding mole number, which differs
by a fixed numerical factor, the Avogadro constant

Ny = R/Ek ~ 6.02214 - 10%*mol !,

where R is the universal gas constant (7.8). As a result, all results from statistical mechanics
may be translated to phenomenological thermodynamics by setting & = R, corresponding
to setting 1 mol = 6.02214 - 10?3, the number of particles in one mole of a pure substance.

What is here called entropy has a variety of alternative names in the literature on sta-
tistical mechanics. For example, GIBBS [102], who first noticed the rich thermodynamic
implications of states defined by (8.15), called —S the index of probability; ALHASSID &
LEVINE [7] and BALIAN [18] use the name surprisal for S. Our terminology is close to that
of MRUGALA et al. [196], who call S the microscopic entropy, and HASSAN et al. [122],
who call S the information(al) entropy operator. What is traditionally (and in Section 7.1)
called entropy and denoted by S is in the present setting the value S = (S) = [e*/kS.

8.2.3 Theorem.
(i) A Gibbs state determines its entropy uniquely.

(i) For any Hermitian quantity f with strongly integrable e~/ the mapping (-); defined by
(9)f = Z;lfe_fg, where Z; := [e™/, (8.18)
is a state. It is a Gibbs state with entropy
Sy =Ek(f +log Zy). (8.19)
(iii) The KMS condition (cf. KuBO [161], MARTIN & SCHWINGER [186])
(gh) s = (hQysg) for bounded g, h (8.20)

holds. Here Q)¢ is the linear mapping defined by

Qrg = e 'gel.

Proof. (i) If the entropies S and S’ define the same Gibbs state then

J(e5F —e=5F g = (g) — (g) =0

for all g, hence (8.9) gives e /% — ¢=%/F = (. This implies that e=%* = ¢=5/% hence
S =S by Proposition 8.1.9.

4As we shall see in (20.20) and (9.43), h and & play indeed analogous roles in quantum mechanical and
thermodynamic uncertainty relations.
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(ii) The quantity d := e~//? is nonzero and satisfies d* = d, e~/ = d*d > 0. Hence Z; > 0
by (EA3), and p := Z;le_f is Hermitian and nonnegative. For h > 0, the quantity g = v
is Hermitian (by Proposition 8.1.9) and satisfies gpg* = Zf_l(gd) (9d)* > 0, hence by (EA2),

(h)y=1(9"9)s = [rg"g = [9pg" > 0.
Moreover, (1); = Zf_lfe_f = 1. Similarly, if g > 0 then g = h*h with h = /g = h* and
with k := e 7/2h, we get

Zilg)s = [eThh* = [heTh = [k > 0.

This implies (E3). the other axioms (E1)-(E4) follow easily from the corresponding prop-
erties of the integral. Thus (-) is a state. Finally, with the definition (8.19), we have

Z;1€—f — o~ f-logZs _ e—sf/zre7

whence ()7 is a Gibbs state.

(iii) By (BA2), (hQrg)s = [e 'hQrg = [Qpge™Th = [e~Igh = (gh);. O

Note that the state (8.18) is unaltered when f is shifted by a constant. @ is called the
modular automorphism of the state (-); since Qr(gh) = Q(9)Q(h); for a classical
system, @) is the identity. In the following, we shall not make use of the KMS condition;
however, it plays an important role in the mathematics of the thermodynamic limit (cf.
THIRRING [267]).

Zy is called the partition function of f; it is a function of whatever parameters appear
in a particular form given to f in the applications. A large part of traditional statistical
mechanics is concerned with the calculation, for given f, of the partition function Z; and
of the values (g); for selected quantities g. As we shall see, the basic results of statistical
mechanics are completely independent of the details involved, and it is this basic part that
we concentrate upon in this book.

8.2.4 Example. A canonical ensemble®, is defined as a Gibbs state whose entropy is
an affine function of a Hermitian quantity H, called the Hamiltonian:

S = BH + const,
with a constant depending on /3, computable from (8.19) and the partition function

7 = [ePH

5 Except in the traditional notions of a microcanonical, canonical, or grand canonical ensemble, we
avoid the term ensemble which in statistical mechanics is de facto used as a synonym for state but
often has the connotation of a large real or imagined collection of identical copies of a systems. The
latter interpretation has well-known difficulties to explain why each single macroscopic system is described
correctly by thermodynamics; see, e.g., SKLAR [254].
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of f = BH. In particular, in the quantum case, where [ is the trace, the finiteness of Z
implies that S and hence H must have a discrete spectrum that is bounded below. Hence
the partition function takes the familiar form

7 =tre P = Z e PEn (8.21)
neN

where the E,, (n € N) are the energy levels, the eigenvalues of H. If the spectrum of H
is known, this leads to explicit formulas for Z. For example, a two level system is defined
by the energy levels 0, E' (or Ey and Ey + E, which gives the same results), and has

Z=1+ePF (8.22)

It describes a single Fermion mode, but also many other systems at low temperature; cf.
(9.57). In particular, it is the basis of laser-induced chemical reactions in photochemistry
(see, e.g., KARLOV [144], MUROV et al. [198]), where only two electronic energy levels (the
ground state and the first excited state) are relevant; cf. the discussion of (9.57) below.

For a harmonic oscillator, defined by the energy levels nE, n = 0,1,2,... and describing
a single Boson mode, we have

Z = Ze‘"ﬁE = (1—e By~
n=0

Independent modes are modelled by taking tensor products of single mode algebras and
adding their Hamiltonians, leading to spectra which are obtained by summing the eigen-
values of the modes in all possible ways. The resulting partition function is the product
of the single-mode partition functions. | From here, a thermodynamic limit leads to the
properties of ideal gases. Then nonideal gases due to interactions can be handled using the
cumulant expansion, as indicated at the end of Section 8.3. The details are outside the
scope of this book.

Since the Hamiltonian can be any Hermitian quantity, the quantum partition function
formula (8.21) can in principle be used to compute the partition function of arbitrary
quantized Hermitian quantities.

8.3 Kubo product and generating functional

The negative logarithm of the partition function, the so-called generating functional, plays
a fundamental role in statistical mechanics.

We first discuss a number of general properties, discovered by GiBBs [102], PEIERLS [213],
Bocovriusov [37], KuBo [162], MORI [194], and GRIFFITHS [112]. The somewhat technical
setting involving the Kubo inner product is necessary to handle noncommuting quantities
correctly; everything would be much easier in the classical case. On a first reading, the
proofs in this section may be skipped.



8.3. KUBO PRODUCT AND GENERATING FUNCTIONAL 191

8.3.1 Proposition. Let f be Hermitian such that e®/ is strongly integrable for all s €
[—1,1]. Then
(g:h)g = (gEsh)y, (8.23)

where E is the linear mapping defined for Hermitian f by
1
Eth = / dse * he*/,
0

defines a bilinear, positive definite inner product (-;-); on the algebra of quantities, called
the Kubo (or Mori or Bogoliubov) inner product. For all f, g, the following relations
hold:

(g:h); = ("5 97)s, (8.24)
{9%9)p >0 ifg#0, (8.25)
{g: )y =gl{h)y ifgeC, (8.26)
(g;h)f = (gh)s if g or h commutes with f, (8.27)
E¢g =g if g commutes with f. (8.28)
If f = f(\) depends continuously differentiably on the real parameter vector A then
%e‘f ~(&s 3‘?) . (8.29)

Proof. (i) We have

1 1
(i) = (aBby ) = (Brhya'yy = ( [ dse ety = [astelnre g,
0
The integrand equals
fe—fesfh*e—sfg*:fesfe—fh* g —fe fh* sf * sf_(h*e—sfg*esf>f

by (EA2), hence

1
(g;h); /ds(h “gretly, = <h/ dse_sfg*esf> = (W"Eyq"); = (h*:9");.
0 0 f
Thus (8.24) holds.

(i) Suppose that g # 0. For s € [0, 1], we define u = s/2,v = (1—s)/2 and g(s) := e~/ ge?/.
Since f is Hermitian, g(s)* = e/ g*e=%/, hence by (EA2) and (EA3),

Jelgre ™ get) = [etTge I g*e? = [g(s)*g(s) > 0,
so that .
(959); = (9"Erg) s = / ds [efg*e * ges > 0.
0

This proves (8.25), and shows that the Kubo inner product is positive definite.
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(iii) If f and g commute then ge*/ = e/ g, hence

1 1
Efg:/ dse */e* g—/ dsg =g,
0 0

giving (8.28). The definition of the Kubo inner product then implies (8.27), and taking
g € C gives (8.26).

(iv) The function ¢ on [0, 1] defined by

t
— s U sy ot otf
q(t) : /o dse e +(d)\ )e

satisfies ¢(0) = 0 and

d df d d
Lot) = e~tr Y s (_ —tf> Lt et — .
dtq() e o%e + G fel + d)\( e fle 0
Hence ¢ vanishes identically. In particular, ¢(1) = 0, giving (8.29). O

As customary in thermodynamics, we use differentials to express relations involving the
differentiation by arbitrary parameters. To write (8.29) in differential form, we formally
multiply by d\, and obtain the quantum chain rule for exponentials,

de™! = (—Eydf)e. (8.30)

If the f(\) commute for all values of A then the quantum chain rule reduces to the classical

chain rule. Indeed, then f commutes also with %: hence Ersx 4 — 4 and Eidf = df.

d>\7 Tdn

The following theorem is central to the mathematics of statistical mechanics. As will be
apparent from the discussion in the next chapter, part (i) is the abstract mathematical
form of the second law of thermodynamics, part (i) allows the actual computation of
thermal properties from microscopic assumptions, and part (iii) is the abstract form of the
first law.

8.3.2 Theorem. Let f be Hermitian such that %/ is strongly integrable for all s € [—1,1].
(i) The generating functional
W(f):=—log [e™f (8.31)
is a concave function of the Hermitian quantity f. In particular,
W(g) <W(f)+ (g— f)s. (Gibbs-Bogoliubov inequality) (8.32)
Equality holds in (8.32) iff f and g differ by an additive constant.

(ii) For Hermitian g, we have

W(f+7g)=W(f)— log<e_f_Tgef>f. (8.33)
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Moreover, the cumulant expansion

2

W(f +79) = W)+ 7o) + 5 (9} — {gs9)r) + O(F) (8.34)

holds if the coefficients are finite.

(iii) If f = f(\) and g = g(\) depend continuously differentiably on X\ then the following
differentiation formulas hold:

d{g) s = (dg)s — (g; df ) + (9)(df )5, (8.35)

AW (f) = (df) - (8.36)
(iv) The entropy of the state (-) ¢ is

S =k(f=W(f)). (8.37)

Proof. We prove the assertions in reverse order.
(iv) Equation (8.31) says that W (f) = —log Zy, which together with (8.19) gives (8.37).
(iii) We have
dfge™? = [dge™! + [gde™F = [dge™] — [gE;dfe™’
= [(dg — gEsdf)e™ = Zy{dg — gEydf) .
On the other hand, d[ge™/ = d(Z;(g);) = dZ;(g); + Z;d{g), so that
dZs(g) + Z;dlg) s = Zs(dg — gEsdf); = Z{dg)s — Z{g: df ). (8.38)

In particular, for ¢ = 1 we find by (8.26) that dZy = —Z;(1;df)y = —Z¢(df)s. Now (8.36)
follows from dW (f) = —dlog Z; = —dZs/Z; = (df)s, and solving (8.38) for d(g) gives
(8.35).

(ii) Equation (8.33) follows from
e — feh = Jetele™l = [ele el = (fe ) (e el); = e_W(f)<e_hef)f

by taking logarithms and setting h = f+7g. To prove the cumulant expansion, we introduce
the function ¢ defined by

¢(1) == W(f +79),
From (8.36), we find ¢'(7) = (g) s+ for f,g independent of 7, and by differentiating this

again,
d Ed(f+79)
" _ v _ f 2
§'(1) = o) srre = (0= ) A @y

In particular,

¢'(0) ={(g)s, ¢"(0) = (97— (9Erg)s = (9)7 — (9:9)s- (8.39)
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A Taylor expansion now implies (8.34).

(i) Since the Cauchy-Schwarz equation for the Kubo inner product implies

(9)F ={(g: )} < (g:9) (1 1) = {g; 9),

(8.39) implies that
2

i
for all f,g. This implies that W (f) is concave. Moreover, replacing f by f + sg, we find
that ¢”(s) <0 for all s. The remainder form of Taylor’s theorem therefore gives

W(f+rg)| <0

7=0

o(r) = B(0) + 7(0) + / " ds(r — $)8"(s) < 6(0) + 76/ (0),

and for 7 = 1 we get
W(f+9) <W(f)+{9)s (8.40)
(8.32) follows for 7 = 1 upon replacing g by g — f.

By the derivation, equality holds in (8.40) only if ¢”(s) = 0 for all 0 < s < 1. By (8.39),
applied with f + sg in place of f, this implies <g)?c +sg = (95 9) f+sg- Thus we have equality
in the Cauchy-Schwarz argument, forcing g to be a multiple of 1. Therefore equality in the
Gibbs-Bogoliubov inequality (8.32) is possible only if g — f is constant. O

As a consequence of the Gibbs-Bogoliubov inequality, we derive an important inequality
for the entropy in terms of that of a given reference state.

8.3.3 Theorem. Let S, be the entropy of a reference state. Then, for an arbitrary Gibbs

state (-) with entropy S,
(S) < (Se), (8.41)

with equality only if S. = S.

Proof. Let f = S/k and g = S./k. Since S and S, are entropies, W(f) = W(g) = 0,
and the Gibbs-Bogoliubov inequality (8.32) gives 0 < (g — f); = (S. — S)/k. This implies
(8.41). If equality holds then equality holds in (8.32), so that S. and S differ only by a
constant. But this constant vanishes since the values agree. ad

The difference
(S.—Sy=(S,)—(S)>0 (8.42)

is known as relative entropy. In an information theoretical context (cf. Section 10.6),
the relative entropy may be interpreted as the amount of information in a state (-) which
cannot be explained by the reference state. This interpretation makes sense since the
relative entropy vanishes precisely for the reference state. A large relative entropy therefore
indicates that the state contains some important information not present in the reference
state.
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Approximations. The cumulant expansion is the basis of a well-known approximation
method in statistical mechanics. Starting from special reference states (-); with explicitly
known W (f) and Ef (corresponding to so-called explicitly solvable models), one obtains
inductively expressions for values in these states by applying the differentiation rules. (In
the most important cases, the resulting formulas for the values are commonly referred to
as a Wick theorem, cf. WICK [289], although in the classical case, the formulas are much
older and were derived in 1918 by ISSERLIS [133]. For details, see textbooks on statistical
mechanics, e.g., HUANG [130], REICHL [230].)

From these, one can calculate the coefficients in the cumulant expansion; note that higher
order terms can be found by proceeding as in the proof, using further differentiation. This
gives approximate generating functions (and by differentiation associated values) for Gibbs
states with an entropy close to the explicitly solvable reference state. From the resulting
generating function and the differentiation formulas (8.35)—(8.36), one gets as before the
values for the given state.

The best tractable reference state (-) ¢ to be used for a given Gibbs state (-), can be obtained
by minimizing the upper bound in the Gibbs-Bogoliubov inequality (8.32) over all f for
which an explicit generating function is known. Frequently, one simply approximates W (g)
by the minimum of this upper bound,

W(g) = Wiulg) :=nf (W() + (9~ f))- (8.43)

Using W,,,(g) in place of W (g) defines a so-called mean field theory; c¢f. CALLEN [55]. For
computations from first principles (quantum field theory), see, e.g., the survey by BERGES
et al. [134].

8.4 Limit resolution and uncertainty

Definition 8.2.1 generalizes the expectation axioms of WHITTLE [288, Section 2.2| for clas-
sical probability theory. Indeed, the values of our quantities are traditionally called ex-
pectation values, and refer to the mean over an ensemble of (real or imagined) identically
prepared systems.

In our treatment, we keep the notation with pointed brackets familiar from statistical
mechanics, but use the more neutral term value for (f) to avoid any reference to probability
or statistics. This keeps the formal machinery completely independent of controversial
issues about the interpretation of probabilities. Statistics and measurements, where the
probabilistic aspect enters directly, are discussed separately in Chapter 10.2.

Our analysis of the uncertainty inherent in the description of a system by a state is based
on the following result.

8.4.1 Proposition. For Hermitian g,

(9)* < (g% (8.44)
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Equality holds if g = (g).

Proof. Put g = (g). Then 0 < ((9—9)°) = (9° =209 +7°) = (¢°) —29(9) +7* = (9") = {9)*.
This gives (8.44). If g = g then equality holds in this argument. O

8.4.2 Definition. The number

cov(f,g) :==Re{(f - f)"(9 — 7))

is called the covariance of f,g € E. Two quantities f,g are called uncorrelated if
cov(f,g) =0, and correlated otherwise. The number

o(f) = /eov(f, f)

is called the uncertainty of f € E in the state (-). The number

res(g) := v/ (9?)/(9)* — 1, (8.45)

is called the limit resolution of a Hermitian quantity g with nonzero value (g).

Note that (E3) and (8.44) ensure that o(f) and res(g) are nonnegative real numbers that
vanish if f, g are constant, i.e., complex numbers, and g # 0. This definition is analogous to
the definitions of elementary classical statistics, where E is a commutative algebra of random
variables, to the present, more general situation; in a statistical context, the uncertainty
o(f) is referred to as standard deviation.

There is no need to associate an intrinsic statistical meaning to the above concepts. We
treat the uncertainty o(f) and the limit resolution res(g) simply as an absolute and relative
uncertainty measure, respectively, specifying how accurately one can treat g as a sharp
number, given by this value.

In experimental practice, the limit resolution is a lower bound on the relative accuracy
with which one can expect (g) to be determinable reliably® from measurements of a single
system at a single time. In particular, a quantity ¢ is considered to be significant if
res(g) < 1, while it is noise if res(g) > 1. If g is a quantity and g is a good approximation
of its value then Ag := g — ¢ is noise. Sufficiently significant quantities can be treated as
deterministic; the analysis of noise is the subject of statistics.

8.4.3 Proposition. For any state,
(i) f<g = (f)<(g).

6The situation is analogous to the limit resolution with which one can determine the longitude and
latitude of a city such as Vienna. Clearly these are well-defined only up to some limit resolution related to
the diameter of the city. No amount of measurements can reduce the uncertainty below about 10km. For
an extended object, the uncertainty in its position is conceptual, not just a lack of knowledge or precision.
Indeed, a point may be defined in these terms: It is an object in a state where the position has zero limit
resolution.
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(ii) For f,g € E,

cov(f, g) = Re((f*g) = (f)"(9)),
)= () +a(f)
(A< VT

(iii) If f is Hermitian then f = (f) is real and
a(f) =\ {(f = )2 = V() = (H*

(iv) Two commuting Hermitian quantities f, g are uncorrelated iff

(fg) = (f)(9).

Proof. (i) follows from (E1) and (E3).
(ii) The first formula holds since
(f =1 (g—a) =9 — o) —(N)a+Fg=_{fg) (9

The second formula follows for g = f, using (E1), and the third formula is an immediate
consequence.

(iii) follows from (E1) and (ii).

(iv) If f, g are Hermitian and commute then fg is Hermitian by Proposition 8.1.3(ii), hence
(fg) is real. By (ii), cov(f,g) = (fg) — (f)(g), and the assertion follows. O

Formally, the essential difference between classical mechanics and quantum mechanics in
the latter’s lack of commutativity. While in classical mechanics there is in principle no lower
limit to the uncertainties with which we can prepare the quantities in a system of interest,
the quantum mechanical uncertainty relation for noncommuting quantities puts strict limits
on the uncertainties in the preparation of microscopic states. Here, preparation is defined
informally as bringing the system into a state such that measuring certain quantities f gives
numbers that agree with the values (f) to an accuracy specified by given uncertainties.

We now discuss the limits of the accuracy to which this can be done.

8.4.4 Proposition.
(i) The Cauchy—Schwarz inequality

(F o> < (f*f){g"9)
holds for all f, g € E.

(ii) The uncertainty relation

a(f)?a(g)? > |cov(f,9)) + |3(f*g — g )|
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holds for all f,g € E.

(iii) For f,g € E,

cov(f,g) = cov(g, f) = 3(o(f + 9)* = a(f)* = a(9)*), (8.46)
|cov(f,9)| < a(f)alg), (8.47)
o(f+g) <o(f)+o(g) (8.48)
In particular,
[(fg) — (f){g9)| <o(f)o(g) for commuting Hermitian f,g. (8.49)

Proof. (i) For arbitrary «, § € C we have

0 < {(af = Bg)*(af — Bg))
= a*a(f*f) —a*B(f*g) — B alg* f) + BB*(g"9)
= |al*(f*f) — 2Re(a*B(f*g)) + |6*(9"9)

We now choose 5 = (f*g), and obtain for arbitrary real « the inequality
0< (" f) = 2a[{f*g)l> + [{f ) [*(g"9). (8.50)
The further choice o = (g*g) gives
0<{g"g)*(f"f) — {g"a)|(f )l

If (g*g) > 0, we find after division by (g*g) that (i) holds. And if (g*¢g) < 0 then (¢g*g) =0
and we have (f*g) = 0 since otherwise a tiny « produces a negative right hand side in
(8.50). Thus (i) also holds in this case.

(i) Since (f—f)*(9—g)—(9—9)* (f—f) = f*g—g*f, it is sufficient to prove the uncertainty
relation for the case of quantities f, g whose value vanishes. In this case, (i) implies

(Re(f*g))* + (Im(f*g))* = [(f*)|> < (f*){g"g) = o(f)*c(9)*.

The assertion follows since Re(f*g) = cov(f, g) and
ilm(f*g) = 5((f*9) = {f*9)") = 5(f'9—9g"f).
(iii) Again, it is sufficient to consider the case of quantities f, g whose value vanishes. Then

o(f+9? = ((f+9)(f+9) =+ {frg+gf)+ {59

= o(f)?+2cov(f,g)+ o(g)? (8:51)

and (8.46) follows. (8.47) is an immediate consequence of (ii), and (8.48) follows easily from
(8.51) and (8.47). Finally, (8.49) is a consequence of (8.47) and Proposition 8.4.3(iii). O
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If we apply Proposition 8.4.4(ii) to scalar position ¢ and momentum p variables satisfying
the canonical commutation relation

g, p] = ih, (8.52)

we obtain
a(q)a(p) > 3h, (8.53)

the uncertainty relation of HEISENBERG [123, 237]. It implies that no state exists where
both position ¢ and momentum p have arbitrarily small uncertainty:.
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Chapter 9

The laws of thermodynamics

This chapter rederives the laws of thermodynamics from statistical mechanics, thus putting
the phenomenological discussion of Chapter 7 on more basic foundations.

We confine our attention to a restricted but very important class of Gibbs states, those
describing thermal states. We introduce thermal states by selecting the quantities whose
values shall act as extensive variables in a thermal model. On this level, we shall be able to
reproduce the phenomenological setting of the present section from first principles; see the
discussion after Theorem 9.2.3. If the underlying detailed model is assumed to be known
then the system function, and with it all thermal properties, are computable in principle,
although we only hint at the ways to do this numerically. We also look at a hierarchy
of thermal models based on the same bottom level description and discuss how to decide
which description levels are appropriate.

Although dynamics is important for systems not in global equilibrium, we completely ignore
dynamical issues in this chapter. We take a strictly kinematic point of view, and look as
before only at a single phase without chemical reactions. In principle, it is possible to
extend the present setting to cover the dynamics of the nonequilibrium case and deduce
quantitatively the dynamical laws of nonequilibrium thermodynamics (BERIS & EDWARDS
[33], OETTINGER [209]) from microscopic properties, including phase formation, chemical
reactions, and the approach to equilibrium; see, e.g., BALIAN [18], GRABERT [109], RAU
& MULLER [228], SPOHN [257].

9.1 The zeroth law: Thermal states

Thermal states are special Gibbs states, used in statistical mechanics to model macroscopic
physical systems that are homogeneous on the (global, local, microlocal, or quantum) level
used for modeling. They have all the properties traditionally postulated in thermodynamics.
While we discuss the lower levels on an informal basis, we consider in the formulas for
notational simplicity mainly the case of global equilibrium, where there are only finitely
many extensive variables. Everything extends, however, with (formally trivial but from a

201



202 CHAPTER 9. THE LAWS OF THERMODYNAMICS

rigorous mathematical view nontrivial) changes to local and microlocal equilibrium, where
extensive variables are fields, provided the sums are replaced by appropriate integrals; cf.
OETTINGER [209].

In the setting of statistical mechanics, the intensive variables are, as in Section 7.1, numbers
parameterizing the entropy and characterizing a particular system at a particular time. To
each admissible combination of intensive variables there is a unique thermal state providing
values for all quantities. The extensive variables then appear as the values of corresponding
extensive quantities.

A basic extensive quantity present in each thermal system is the Hamilton energy H;
it is identical to the Hamiltonian function (or operator) in the underlying dynamical de-
scription of the classical (or quantum) system. In addition, there are further basic extensive
quantities which we call X; (j € J) and collect in a vector X, indexed by .J. All other ex-
tensive quantities are expressible as linear combinations of these basic extensive quantities.
The number and meaning of the extensive variables depends on the type of the system,;
typical examples are given in Table 10.1 in Section 10.2.

In the context of statistical mechanics (cf. Examples 8.1.8), the Euclidean x-algebra E
is typically an algebra of functions (for classical physics) or linear operators (for quantum
physics), and H is a particular function or linear operator characterizing the class of systems
considered. The form of the operators X; depends on the level of thermal modeling; for
further discussion, see Section 10.2.

For qualitative theory and for deriving semi-empirical recipes, there is no need to know
details about H or Xj; it suffices to treat them as primitive objects. The advantage we
gain from such a less detailed setting is that to reconstruct all of phenomenological ther-
modynamics, a much simpler machinery suffices than what would be needed for a detailed
model

It is intuitively clear from the informal definition of extensive variables in Section 7.5 that
the only functions of independent extensive variables that are again extensive can be linear
combinations, and it is a little surprising that the whole machinery of equilibrium thermo-
dynamics follows from a formal version of the simple assumption that in thermal states the
entropy is extensive. We take this to be the mathematical expression of the zeroth law and
formalize this assumption in a precise mathematical definition.

9.1.1 Definition. A thermal system is defined by a family of Hermitian extensive
variables H and X; (j € J) from a Euclidean *-algebra. A thermal state of a thermal
system is a Gibbs state whose entropy S is a linear combination of the basic extensive
quantities of the form

S=1" (H - Z anj> =T 'H—a-X) (zeroth law of thermodynamics) (9.1)
jeJ

with suitable real numbers 7" # 0 and «; (j € J). Here a and X are the vectors with
components «; (j € J) and X; (j € J), respectively.
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Thus the value of an arbitrary quantity g is

g:=(g) = Je Uy, (9.2)

where

1
8= T (9.3)
The numbers «; are called the intensive variables conjugate to X, the number 7' is
called the temperature, and 3 the coldness. S, H, X, T, and « are called the thermal
variables of the system. Note that the extensive variables of traditional thermodynamics
are in the present setting not represented by the extensive quantities S, H, X; themselves

but by their values S, H, X.
Since we can write the zeroth law (9.1) in the form
H=TS+a-X, (9.4)

called the Euler equation, the temperature 7" is considered to be the intensive variable
conjugate to the entropy S.

9.1.2 Remarks. (i) As already discussed in Section 7.2 for the case of temperature, mea-
suring intensive variables is based upon the empirical fact that two systems in contact where
the free exchange of some extensive quantity is allowed tend to relax to a joint equilibrium
state, in which the corresponding intensive variable is the same in both systems. If a small
measuring device is brought into close contact with a large system, the joint equilibrium
state will be only minimally different from the original state of the large system; hence the
intensive variables of the measuring device will move to the values of the intensive variables
of the large system in the location of the measuring device. This allows to read off their
value from a calibrated scale.

(ii) Many treatises of equilibrium thermodynamics take the possibility of measuring temper-
ature to be the contents of the zeroth law of thermodynamics. The present, different choice
for the zeroth law has far reaching consequences. Indeed, as we shall see, the definition
implies the first and second law, and (together with a quantization condition) the third law
of thermodynamics. Thus these become theorems rather than separately postulated laws.

(iii) We emphasize that the extensive quantities H and X are independent of the intensive
quantities 7" and «, while S, defined by (9.1), is an extensive quantity defined only when
values for the intensive quantities are prescribed. From (9.1) it is clear that values also
depend on the particular state a system is in. It is crucial to distinguish between the
quantities H or X, which are part of the definition of the system but independent of the
state (since they are independent of T and «), and their values H = (H) or X; = (X;),
which change with the state.

(iv) In thermodynamics, the interest is restricted to the values of the thermal variables. In
statistical mechanics, the values of the thermal variables determine a state of the microscopic
system. In particular, the knowledge of the intensive variables allows one to compute the
values (9.2) of arbitrary microscopic quantities, not only the extensive ones. Of course, these
values don’t give information about the position and momentum of individual particles but
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only about their means. For example, the mean velocity of an ideal monatomic gas at
temperature T turns out to be (v) = 0, and the mean velocity-squared is (v?) = 3kT. (We
don’t derive these relations here; usually they are obtained from a starting point involving
the Boltzmann equation.)

(v) A general Gibbs state has an incredibly high complexity. Indeed, in the classical case,
the specification of an arbitrary Gibbs state for 1 mole of a pure, monatomic substance such
as Argon requires specifying the entropy S, a function of 6 N4 ~ 36-10%3 degrees of freedom.
In comparison, a global equilibrium state of Argon is specified by three numbers T, p and p,
a local equilibrium state by three fields depending on four parameters (time and position)
only, and a microlocal equilibrium state by three fields depending on seven parameters
(time, position, and momentum). Thus global, local, and microlocal equilibrium states
form a small minority in the class of all Gibbs states. It is remarkable that this small class
of states suffices for the engineering accuracy description of all macroscopic phenomena.

(vi) Of course, the number of thermal variables or fields needed to describe a system depends
on the true physical situation. For example, a system that is in local equilibrium only
cannot be adequately described by the few variables characterizing global equilibrium. The
problem of selecting the right set of extensive quantities for an adequate description is
discussed in Section 10.2.

(vii) The formulation (9.1) is almost universally used in practice. However, an arbitrary
linear combination
S=~vH+ hoXo+ ...+ hX, (9.5)

can be written in the form (9.1) with 7" = 1/ and «; = —h;/v, provided that v # 0;
indeed, (9.5) is mathematically the more natural form, which also allows states of infinite
temperature that are excluded in (9.1). This shows that the coldness 5 is a more natural
variable than the temperature T'; it figures prominently in statistical mechanics. Indeed,
the formulas of statistical mechanics are continuous in [ even for systems such as those
considered in Example 9.2.5, where 8 may become zero or negative. The temperature T’
reaches in this case infinity, then jumps to minus infinity, and then continues to increase.
According to LANDAU & LIFSCHITZ [168, Section 73], states of negative temperature, i.e.,
negative coldness, must therefore be considered to be hotter, i.e., less cold, than states
of any positive temperature. On the other hand, in the limit 7" — 0, a system becomes
infinitely cold, giving intuition for the unattainability of zero absolute temperature.

(viii) In mathematical statistics, there is a large body of work on exponential families,
which is essentially the mathematical equivalent of the concept of a thermal state over a
commutative algebra; see, e.g., BARNDORFF-NIELSEN [25]. In this context, the values of
the extensive quantities define a sufficient statistic, from which the whole distribution can be
reconstructed (cf. Theorem 9.2.4 below and the remarks on objective probability in Section
8.4). This is one of the reasons why exponential families provide a powerful machinery for
statistical inference; see, e.g., BERNARDO & SMITH [34]. For recent extensions to quantum
statistical inference, see, e.g., BARNDORFF-NIELSEN et al. [26] and the references there.

(ix) For other axiomatic settings for deriving thermodynamics, which provide different
perspectives, see CARATHEODORY [57], HAKEN [119], JAYNES [139], KATz [147], EMCH &



9.2. THE EQUATION OF STATE 205

Liu [81], and LIEB & YNGVASON [175].

9.2 The equation of state
Not every combination (7, «) of intensive variables defines a thermal state; the requirement
that (1) = 1 enforces a restriction of (7, ) to a manifold of admissible thermal states.
9.2.1 Theorem. Suppose that T > 0.
(i) For any r > 0, the system function A defined by

A(T, @) := KT log [e =) (9.6)

is a convex function of T and «. It vanishes only if T and « are the intensive variables of
a thermal state.

(ii) In a thermal state, the intensive variables are related by the equation of state
A(T,a) = 0. (9.7)
The state space is the set of (T, «) satisfying (9.7).

(iii) The values of the extensive variables are given by

_ A TN
S =0 (Ta), X =Q5—(

5T T,«) for some ) > 0, (9.8)
and the phenomenological Euler equation

H=TS+a-X. (9.9)

(iv) Regarding S and X as functions of T and «, the matrix

oS 0S
T da
Y= (9.10)
0X 00X
T  da

is symmetric and positive semidefinite; in particular, we have the Maxwell reciprocity

relations _ _ _ _
8Xi_8Xj 8Xi_ oS

= = 9.11
80éj 80éi ’ 8T 8042'7 ( )
and the stability conditions
oS 0X ;
— >0 >0 (jelJ). 9.12
20 gl 20 i) (912



206 CHAPTER 9. THE LAWS OF THERMODYNAMICS

Proof. By Theorem 8.3.2(i), the function ¢ defined by
o(ap, @) = log fe_(O‘OH_O"X) =-W(aH —a-X)

is a convex function of oy and a.. Put @ = k/k. Then, by Proposition 7.1.1,

A(T, ) = —kTW(B(H — a - X)) = Kqu(kiT, }%) (9.13)

is also convex. The condition A(T, ) = 0 is equivalent to

fe—S/k _ fe—B(H—a-X) — A/RT _

the condition for a thermal state. This proves (i) and (ii).

(iii) The formulas for S and X follow by differentiation of (9.13) with respect to T’ and a,
using (8.36). Equation (9.9) follows by taking values in (9.4), noting that 7" and « are real
numbers.

(iv) By (iii), the matrix

O2A  O2A

T2 9T«
M=

92N O’A

00T a2

is the Hessian matrix of the convex function A. Hence X is symmetric and positive semidef-
inite. (9.11) expresses the symmetry of ¥, and (9.12) holds since the diagonal entries of a
positive semidefinite matrix are nonnegative. O

9.2.2 Remarks. (i) For T" < 0, the same results hold, with the change that A is concave
instead of convex, ¥ is negative semidefinite, and the inequality signs in (9.12) are reversed.
This is a rare situation; it can occur only in (nearly) massless systems embedded out of
equilibrium within (much heavier) matter, such as spin systems (cf. PURCELL & POUND
[224]), radiation fields in a cavity (cf. HSU & BARAKAT [128]), or vortices in 2-dimensional
fluids (cf. MONTGOMERY & JOYCE [192], EYINCK & SPOHN [83]). A massive thermal
system couples significantly to kinetic energy. In this case, the total momentum p is an
extensive quantity, related to the velocity v, the corresponding intensive variable, by p =
Muv, where M is the extensive total mass of the system. From (9.8), we find that p =
Q0A/Ov, which implies that A = Al,—o+ %v? Since the mass is positive, this expression is
convex in v, not concave; hence T' > 0. Thus, in a massive thermal system, the temperature
must be positive.

(i) In applications, the free scaling constant k is usually chosen as
Kk =Fk/Q, (9.14)

where {2 is a measure of system size, e.g., the total volume or total mass of the system.
In actual calculations from statistical mechanics, the integral is usually a function of the



9.2. THE EQUATION OF STATE 207

shape and size of the system. To make the result independent of it, one performs the so-
called thermodynamic limit 2 — oo; thus 2 must be chosen in such a way that this limit
is nontrivial. Extensivity in single phase global equilibrium then justifies treating €2 as an
arbitrary positive factor.

In phenomenological thermodynamics (cf. Section 7.1), one makes suitable, more or less
heuristic assumptions on the form of the system function, while in statistical mechanics,
one derives its form from (9.7) and specific choices for the quantities H and X within one
of the settings described in Example 8.1.8. Given these choices, the main task is then
the evaluation of the system function (9.6), from which the values of all quantities can be
computed. (9.6) can often be approximately evaluated from the cumulant expansion (8.34)
and/or a mean field approximation (8.43).

An arbitrary Gibbs state is generally not a thermal state. However, we can try to approxi-
mate it by an equilibrium state in which the extensive variables have the same values. The
next result shows that the slack (the difference between the left hand side and the right
hand side) in (9.15), which will turn out to be the microscopic form of the Euler inequality
(7.2), is always nonnegative and vanishes precisely in equilibrium. Thus it can be used as
a measure of how close the Gibbs state is to an equilibrium state.

9.2.3 Theorem. Let (-) be a Gibbs state with entropy S. Then, for arbitrary (T, «)
satisfying T > 0 and the equation of state (9.7), the values H = (H), S = (S), and
X = (X) satisfy

H>TS—a-X. (9.15)

Equality only holds if S is the entropy of a thermal state with intensive variables (T, ).

Proof. The equation of state implies that S, := T~1(H — a - X) is the entropy of a thermal
state. Now the assertion follows from Theorem 8.3.3, since (S) < (S.) = T7'((H) —a- (X)),
with equality only if S = S.. ad

As the theorem shows, everything of macroscopic interest is deducible from an explicit
formula for the system function. Hence one can use thermodynamics in many situations
very successfully as a phenomenological theory without having to bother about microscopic
details. It suffices that a phenomenological expression for A(T', ) is available. In particular,
the phenomenological axioms from Section 7.1 now follow by specializing the above to a
standard system, characterized by the extensive quantities

H Xo=V, X;=N; (7#0), (9.16)

where, as before, V' denotes the (positive) volume of the system, and each N, denotes
the (nonnegative) number of molecules of a fixed chemical composition (we shall call these
particles of kind j). However, H and the N, are now quantities from E, rather than
thermal variables. We call

P:=—q (9.17)

the pressure and
w=a; (G#0) (9.18)
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the chemical potential of kind j; hence
a-X=—PV+pu-N.

Specializing the theorem, we find the phenomenological Euler equation
H=TS—-PV+u-N. (9.19)

Note that V = V since we took V as system size. For reversible changes, we have the first
law of thermodynamics B B B
dH =7TdS — PdV + p-dN (9.20)

and the Gibbs-Duhem equation
0=SdT —VdP + N - dp. (9.21)

A comparison with Section 7.1 shows that dropping the bars from the values reproduces
for T'> 0, P> 0 and S > 0 the axioms of phenomenological thermodynamics, except for
the extensivity outside equilibrium (which has local equilibrium as its justification). The
assumption 7' > 0 was justified in Remark 9.2.2(i), and S > 0 will be justified in Section 9.5.
But there seem to be no theoretical arguments which shows that the pressure of a standard
system in the above sense must always be positive. (At T' < 0, negative pressure is possible;
see Example 9.2.5.) We'd appreciate getting information about this from readers of this
book.

Apart from boundary effects, whose role diminishes as the system gets larger, the exten-
sive quantities scale linearly with the volume. In the thermodynamic limit, corresponding
to an idealized system infinitely extended in all directions, the boundary effects disappear
and the linear scaling becomes exact, although this can be proved rigorously only in simple
situations, e.g., for hard sphere model systems (YANG & LEE [297]) or spin systems (GRIF-
FITHS [112]). A thorough treatment of the thermodynamic limit (e.g., RUELLE [243, 244],
THIRRING [267], or, in the framework of large deviation theory, ELLIS [80]) in general
needs considerably more algebraic and analytic machinery, e.g., the need to work in place
of thermal states with more abstract KMS-states (which are limits of sequences of thermal
states still satisfying a KMS condition (8.20)). Moreover, proving the existence of the limit
requires detailed properties of the concrete microscopic description of the system.

For very small systems, typically atomic clusters or molecules, N is fixed and a canonical
ensemble without the p - N term is more appropriate. For the thermodynamics of small
systems (see, e.g., (BUSTAMENTE et al. [54], GrROSS [114], KRATKY [158]) such as a
single cluster of atoms, V is still taken as a fixed reference volume, but now changes in
the physical volume (adsorption or dissociation at the surface) are not represented in the
system, hence need not respect the thermodynamic laws. For large surfaces (e.g., adsorption
studies in chromatography; see KARGER et al. [146], MASEL [189]), a thermal description
is achievable by including additional variables (surface area and surface tension) to account
for the boundary effects; but clearly, surface terms scale differently with system size than
bulk terms.

Thus, whenever the thermal description is valid, computations can be done in a fixed
reference volume which we take as system size €. (Formulas for an arbitrary volume V'
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are then derived by extensivity, scaling every extensive quantity with V//Q.) The reference
volume may be represented in the Euclidean x-algebra as a real number, so that in particular
V = V. Then (9.6) together with e.Deltascale implies that

AT, P, ) = VT lOg(e_BPV)fe—B(H—u-N)’

hence

where
Z(T,V,p) = [e PN (9.23)

is the so-called grand canonical partition function of the system and
P(T,p) :==V'kTlog Z(T,V, 1), (9.24)

while P without argument is the parameter in the left hand side of (9.22). With our conven-
tion of considering a fixed reference volume and treating the true volume by scaling extensive
variables, this expression is independent of V', since it relates intensive variables unaffected
by scaling. (A more detailed argument would have to show that the thermodynamic
limit P(T,u) = limy_,o V 'kTlog Z(T,V, 1) exists, and argue that thermodynamics is
applied in practice only to systems where V' is so large that the difference to the limit is
negligible.

The equation of state (9.7) therefore takes the form
P=P(T, p). (9.25)

Quantitative expressions for the equation of state can often be computed from (9.23)—(9.24)
using the cumulant expansion (8.34) and/or a mean field approximation (8.43). Note that

these relations imply that
e PETWV _ fe—B(H—/rN).

Traditionally (see, e.g., GIBBS [102], HUANG [130], REICHL [230]), the thermal state corre-
sponding to (9.22)—(9.24) is called a grand canonical ensemble, and the following results
are taken as the basis for microscopic calculations from statistical mechanics.

9.2.4 Theorem. For a standard system in global equilibrium, values of an arbitrary quan-
tity g can be calculated from (9.23) and

(9) = Z(T, p)~" fe= PNy, (9.26)
The values of the extensive quantities are given in terms of the equation of state (9.24) by

— oP — oP
= V(1 N =V_—(1 2
S or (T 1), J op; (T ) (9-27)

and the phenomenological Euler equation (9.19).
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Proof. Equation (9.24) implies that Z(T,V, u) = €’FV, hence

<g> — fe—S/kg — fe_B(H+PV_”'N)g
— e_ﬁpvfe_B(H_u'N)g —_ Z(T’ V’ M)_lfe_B(H_M'N)g’

giving (9.26). The formulas in (9.27) follow from (9.8) and (9.22). 0
No thermodynamic limit was needed to derive the above results. Thus, everything holds

— though with large limit resolutions in measurements — even for single small systems
(BUSTAMENTE et al. [54], GROsS [114], KRATKY [158]).

9.2.5 Example. We consider the two level system from Example 8.2.4, using 2 = 1 as
system size. From (9.23) and (9.24), we find Z(T, ) = 1 + e~ /*T hence

P(T, ) = kT log(1 + e B/*T) = kT log(eZ/*T +1) — E.
From (9.26), we find

- —E/kT
i I
1+ e B/RT — eB/FT 41 log(E/H — 1)

(_This implies that a two-level system has negative temperature and negative pressure if
H > E/2.) The heat capacity C := dH /dT takes the form

2 oB/RT

= ET? (eB/FT 1+ 1)2°

It exhibits a pronounced maximum, the so-called Schottky bump (cf. CALLEN [55]),
from which E can be determined. In view of (9.57) below, this allows the experimental
estimation of the spectral gap of a quantum system. The phenomenon persists to some
extent for multilevel systems; see CIVITARESE et al. [63].

9.3 The first law: Energy balance

We now discuss relations between changes of the values of extensive or intensive variables,
as expressed by the first law of thermodynamics. To derive the first law in full generality,
we use the concept of reversible transformations introduced in Section 7.1. Corresponding
to such a transformation, there is a family of thermal states (-), defined by

1

— [ B —a(N)-X) -
= [e A) = .
Important: In case of local or microlocal equilibrium, where the thermal system carries
a dynamics, it is important to note that reversible transformations are ficticious transfor-
mations which have nothing to do with how the system changes with time, or whether a
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process is reversible in the dynamical sense that both the process and the reverse process
can be realized dynamically. The time shift is generally not a reversible transformation.

We use differentials corresponding to reversible transformations; writing f = S/k, we can
delete the index f from the formulas in Section 8.2. In particular, we write the Kubo inner
product (8.23) as

(9:h) == (g; h) s/ (9.28)

9.3.1 Proposition. The value g(T, ) := (g(T, v)) of every (possibly T- and a-dependent)
quantity g(T, ) is a state variable satisfying the differentiation formula

d(g) = (dg) — (g — g;dS) /. (9.29)

Proof. That g is a state variable is an immediate consequence of the zeroth law (9.1) since
the entropy depends on 7" and « only. The differentiation formula follows from (8.35) and
(9.28). 0

9.3.2 Theorem. For reversible changes, we have the first law of thermodynamics
dH =TdS + o - dX (9.30)
and the Gibbs-Duhem equation

0=28dT + X - da. (9.31)

Proof. Differentiating the equation of state (9.7), using the chain rule (7.10), and simplifying
using (9.8) gives the Gibbs-Duhem equation (9.31). If we differentiate the phenomenological
Euler equation (9.9), we obtain

dH =TdS + SdT + o - dX + X - dao,

and using (9.31), this simplifies to the first law of thermodynamics. O

Because of the form of the energy terms in the first law (9.30), one often uses the analogy
to mechanics and calls the intensive variables generalized forces, and differentials of
extensive variables generalized displacements.

For the Gibbs-Duhem equation, we give a second proof which provides additional insight.
Since H and X are fixed quantities for a given system, they do not change under reversible
transformations; therefore

dH =0, dX =0.

Differentiating the Euler equation (9.4), therefore gives the relation

0=TdS + SdT + X - dov. (9.32)
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On the other hand, S depends explicitly on T" and «, and by Corollary 8.1.11,

(dS) = / e 5/*dS = kd ( / e_S/k) = kdl =0, (9.33)

taking values in (9.32) implies again the Gibbs-Duhem equation. By combining equation
(9.32) with the Kubo product we get information about limit resolutions:

9.3.3 Theorem.
(i) Let g be a quantity depending continuously differentiable on the intensive variables T

and «. Then o 5
- o _ Ty _ 99 _ /99
(9—9;5—095) = kT(aT <8T>>, (9.34)
_ ~\ Jg 9y
b9 =9 X5 = X5) = kT(@a] <8a] >> (9.35)
(ii) If the extensive variables H and X; (j € J) are pairwise commuting then
— S
— 2 — -
(5 5)) = kT 02, (9.36)
0X; .
(X (S —95) =F aTj (J€J), (9.37)
0X .
QO
_ [ET0S | kT OX,
res(S) =T res(X;) = 75 da,” (9.39)
KT ¢, OH OH

Proof. Multiplying the differentiation formula (9.29) by 7" and using (9.32), we find, for
arbitrary reversible transformations,

ET(d(g) — (dg)) = (9 — G; S)dT + (9 — §; X) - dov.

Dividing by dA and choosing A = T" and A\ = «;, respectively, gives

w58 =47 (55— (55))s o= =1 (50 (5).
(i) follows upon noting that (g —g; h — h) = (g — g; h) since by (8.26),
(g—g:h) = (g —q)h = ({9) —9) = 0.

If the extensive variables H and X; (j € J) are pairwise commuting then we can use (8.27)
to eliminate the Kubo inner product, and by choosing g as S and X, respectively, we find
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(9.36)—(9.38). The limit resolutions (9.39) now follow from (8.45) and the observation that

((9=9)°) = ((9-99) — (9 — 97 = ((9 = 9)g9) = (9°) —7°. The limit resolution (9.40)
follows similarly from

Hres(H? = (H-HTH-M =TH-H:S— +a- - (H-HT,X - X)

= kT(Tg—;I+a-8a—Z>.

Note that higher order central moments can be obtained in the same way, substituting
more complicated expressions for f and using the formulas for the lower order moments to
evaluate the right hand side of (9.34) and (9.35).

The extensive variables scale linearly with the system size ) of the system. Hence, the
limit resolution of the extensive quantities is O(1/k/€2) in regions of the state space where
the extensive variables depend smoothly on the intensive variables. Since & is very small,
they are negligible unless the system considered is very tiny. Thus, macroscopic thermal
variables can generally be obtained with fairly high precision. The only exceptions are
states close to critical points where the extensive variables need not be differentiable, and
their derivatives may therefore become huge. In particular, in the thermodynamic limit
) — 00, uncertainties are absent except close to a critical point, where they lead to critical
opacity.

9.3.4 Corollary. For a standard thermal system,

[kT OS
res(S) = F T res(N;) = (9.41)
kKT /. O0H oH oH
Proof. Apply (9.36), (9.38) and (9.42) to a standard system. O

Note that res(V) = 0 since we regarded V' as the system size, so that it is just a number.

The above results imply an approximate thermodynamic uncertainty relation
ASAT > ET (9.43)

for entropy S and the logarithm log 7" of temperature, analogous to the Heisenberg uncer-
tainty relation (8.52) for position and momentum, in which the Boltzmann constant & plays
a role analogous to Planck’s constant /. Indeed (GILMORE [103]), (9.43) can be derived by

observing that (9.41) may be interpreted approximately as (AS)? > kTg—?; together with

the first order Taylor approximation AS = g—iAT, we find that ASAT = (AS)? (g—i) >
ET. A similar argument gives the approximate uncertainty relation
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9.4 The second law: Extremal principles

The extremal principles of the second law of thermodynamics assert that in a nonthermal
state, some energy expression depending on one of a number of standard boundary condi-
tions is strictly larger than that of related thermal states. The associated thermodynamic
potentials can be used in place of the system function to calculate all thermal variables
given half of them. Thus, like the system function, thermodynamic potentials give a com-
plete summary of the equilibrium properties of homogeneous materials. We only discuss
the Hamilton potential

U(S, X) := I?ax{T§+oz~7|A(T,oz) =0,7 > 0}

and the Helmholtz potential
AT, X) :=max{a- X | A(T,a) = 0};

other potentials can be handled in a similar way.

9.4.1 Theorem. (Second law of thermodynamics)
(i) In an arbitrary state, B o
H > U(S5, X),
with equality iff the state is a thermal state of positive temperature. The remaining thermal
variables are then given by

U — — U — —
T=—EX), a=-—=(5%) (9.45)
U=H=U(,X). (9.46)

In particular, a thermal state of positive temperature is uniquely determined by the values
of S and X.

(ii) Let T' > 0. Then, in an arbitrary state,
- TS > AT, X),

with equality iff the state is a thermal state of temperature I'. The remaining thermal
variables are then given by

_ 04 9A
S=—77(1.X), a=S(T.X), (9.47)
H=TS+a X =AT,X)+TS. (9.48)

In particular, a thermal state of positive temperature is uniquely determined by the values
of T"and X.

Proof. This is proved in the same way as Theorem 7.4.1; thus we give no details. ad

The additivity of extensive quantities is again reflected in corresponding properties of the
thermodynamic potentials:
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9.4.2 Theorem.
(i) The function U(S, X) is a convex function of its arguments which is positive homoge-
neous of degree 1, i.e., for real A\, \*, \2 > 0,

UAS,A\X) = \U(S, X), (9.49)
UNS + 2257 AKX+ A2X7) < AMU(SY, X1 + M\2U(S2, X2). (9.50)

(i) The function A(T, X) is a convex function of X which is positive homogeneous of degree
1, i.e., for real A\, \', \2 > 0,

A(T,\X) = MNA(T, X), (9.51)
AT, AT+ N2X7) < ALA(T, XY + A2A(T, X2). (9.52)
Proof. This is proved in the same way as Theorem 7.4.2; thus we give no details. O

The extremal principles imply energy dissipation properties for time-dependent states.
Since the present kinematical setting does not have a proper dynamical framework, it is
only possible to outline the implications without going much into details.

9.4.3 Theorem.

(i) For any time-dependent system for which S and X remain constant and which converges
to a thermal state with positive temperature, the Hamilton energy (H) attains its global
minimum in the limit t — oo.

(ii) For any time-dependent system maintained at fixed temperature T' > 0, for which X
remains constant and which converges to a thermal state, the Helmholtz energy (H — T'S)
attains its global minimum in the limit t — oo.

Proof. This follows directly from Theorem 9.4.1. ad

This result is the shadow of a more general, dynamical observation (that, of course, cannot
be proved from kinematic assumptions alone but would require a dynamical theory). Indeed,
it is a universally valid empirical fact that in all natural time-dependent processes, energy is
lost or dissipated, i.e., becomes macroscopically unavailable, unless compensated by energy
provided by the environment. Details go beyond the present framework, which adopts a
strictly kinematic setting.

9.5 The third law: Quantization

The third law of thermodynamics asserts that the value of the entropy is always nonnegative.
But it cannot be deduced from our axioms without making a further assumption, as a simple
example demonstrates.
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9.5.1 Example. The algebra E = C™ with pointwise operations is a Euclidean x-algebra
for any integral of the form

1 N

the axioms are trivial to verify. For this integral the state defined by

1 N
n=1

is a state with entropy S given by S,, = klogw,. The value of the entropy

1 & k. T
S = N;Sn = Nloggwn,
is negative if we choose the w, such that [[w, < 1.

Thus, we need an additional condition which guarantees the validity of the third law. Since
the third law is also violated in classical statistical mechanics, which is a particular case
of the present setting, we need a condition which forbids the classical interpretation of our
axioms.

We take our inspiration from a simple information theoretic model of states discussed
in Section 10.6 below, which has this property. (Indeed, the third law is a necessary
requirement for the interpretation of the value of the entropy as a measure of internal
complexity, as discussed there.) There, the integral is a sum over the components, and,
since functions were defined componentwise,

JE(F) =Y F(fa): (9.53)

neN

We say that a quantity f is quantized iff (9.53) holds with a suitable spectrum {f, | n €
N} for all functions F' for which F(f) is strongly integrable; in this case, the f,, are called
the levels of f. For example, in the quantum setting all trace class linear operators are
quantized quantities, since these always has a discrete spectrum.

Quantization is the additional ingredient needed to derive the third law:

9.5.2 Theorem. (Third law of thermodynamics)

If the entropy S is quantized then S > 0. Equality holds iff the entropy has a single level
only (IN]=1).

Proof. We have
L= fe k=" 5/F (9.54)

neN
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hence B
S=[Se k=" 3,e /" (9.55)
neN
If N = {n} then (9.54) implies e=**/¥ = 0, hence S,, = 0, and (9.55) gives S = 0. And if
IN| > 1 then (9.54) gives e=5»/¥ < 1 hence S,, > 0 for all n. € N, and (9.55) implies S > 0.
g

In quantum chemistry, energy H, volume V', and particle numbers Ny, ..., N; form a quan-
tized family of pairwise commuting Hermitian variables. Indeed, the Hamiltonian H has
discrete energy levels if the system is confined to a finite volume, V' is a number, hence has
a single level only, and NN; counts particles hence has as levels the nonnegative integers. As
a consequence, the entropy S = T—Y(H + PV — p - N) is quantized, too, so that the third
law of thermodynamics is valid. The number of levels is infinite, so that the value of the
entropy is positive.

A zero value of the entropy (absolute zero) is therefore an idealization which cannot be
realized in practice. But Theorem 9.5.2 implies in this idealized situation that entropy and
hence the joint spectrum of (H, V, Ni,..., Ng) can have a single level only.

This is the situation discussed in ordinary quantum mechanics (pure energy states at fixed
particle numbers). It is usually associated with the limit 7" — 0, though at absolute
temperature 7" = 0, i.e., infinite coldness 3, the thermal formalism fails (but for low T
asymptotic expansions are possible).

To see the behavior close to this limit, we consider for simplicity a canonical ensemble with
Hamiltonian H (Example 8.2.4); thus the particle number is fixed. Since S is quantized, the
spectrum of H is discrete, so that there is a finite or infinite sequence Fy < Fy < Fy < ...
of distinct energy levels. Denoting by P, the (rank d,) orthogonal projector to the d,-
dimensional eigenspace with energy E,, we have the spectral decomposition

o(H) = 3" 6(En)P,

n>0

for arbitrary functions ¢ defined on the spectrum. In particular,
e PH — Z e PEnp
The partition function is
Z =tre P = Ze_BE” tr P,. = Z e PEnd,.

AS a consequence,
_ﬁEn _B(En_EO)
SE_ gt Bl _ Z e P, _ Ze P,
Z 6_BE7Ldn Z e_B(En_EO)dn ’

i ~B(Bn—Eo) p.
(fy=JeIFf= f(%:i—ﬁ(En—Eo)dn)

hence values take the form

(9.56)
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From this representation, we see that only the energy levels F, with
E, < Ey+ O(ET)

contribute to a canonical ensemble of temperature T'. If the temperature 7" is small enough,
so that kT < F, — Ey, the exponentials e #(F»=F0) with n > 2 can be neglected, and we

find B(E1—Eo)
P —PlEL—ERo) P P do P, — di F,
e5/k ny L0 C L R e B (9.57)
dy + e~ PE1—Eo)(, dy do(eﬁ(El—Eo)dO +dy)

Thus, the system behaves essentially as the two level system discussed in Examples 8.2.4 and
9.2.5; the spectral gap E; — Ej takes the role of E. In particular, if already £T < F; — Ej,
we find that

e = 45 Py + O(e Py ~ 451 Py

is essentially the projector to the subspace of minimal energy, scaled to ensure trace one.

In the nondegenerate case, where the lowest energy eigenvalue is simple, there is a cor-
responding normalized eigenvector 1, unique up to a phase, satisfying the Schrodinger
equation
Hy = Egp, || =1 (Fy minimal). (9.58)
In this case, the projector is Py = ¥1* and has rank dy = 1. Thus
e~ Sk — vt + O(e—ﬁ(El—Eo))_
has almost rank one, and the value takes the form

(9) = tre”Fg ~ trynp*g = P gy, (9.59)
In the terminology of quantum mechanics, Ej is the ground state energy, the solution
¥ of (9.58) is called the ground state, and

(9) =V gy (9.60)

is the expectation of the observable ¢ in the ground state.

For a general state vector ¢ normalized to satify 1*1) = 1, the formula (9.60) defines the
values in the pure state . It is easily checked that (9.60) indeed defines a state in the
sense of Definition 8.2.1. These are not Gibbs states, but their idealized limiting cases.

Our derivation therefore shows that — unless the ground state is degenerate — a canonical
ensemble at sufficiently low temperature is in an almost pure state described by the quantum
mechanical ground state.

Thus, the third law directly leads to the conventional form of quantum mechanics, which can
therefore be understood as the low temperature limit of thermodynamics. It also indicates
when a quantum mechanical description by a pure state is appropriate, namely always
when the gap between the ground state energy and the next energy level is significantly
larger than the temperature (measured in units where the Boltzmann constant is set to
1). This is the typical situation in most of quantum chemistry and justifies the use of
the Born-Oppenheimer approximation in the absence of level crossing; cf. SMITH [256],
YARKONY [298]. Moreover, it gives the correct (mixed) form of the state in case of ground
state degeneracy, and the form of the correction terms when the energy gap is not large
enough for the ground state approximation to be valid.



Chapter 10

Models, statistics, and measurements

In this chapter, we discuss the relation between models and reality. This topic is difficult
and to some extent controversial since it touches on unresolved foundational issues about
the meaning of probability and the interpretation of quantum mechanics. By necessity, the
ratio between the number of words and the number of formulas is higher than in other
chapters.

We discuss in more detail the relation between different thermal models constructed on the
basis of the same Euclidean x-algebra by selecting different lists of extensive quantities.

Moreover, a discussion of the meaning of uncertainty and probability gives the abstract
setting introduced in the previous chapters both a deterministic and a statistical interpre-
tation.

The interpretation of probability, statistical mechanics, and — today intrinsically interwoven
— of quantum mechanics has a long history, resulting in a huge number of publications.
Informative sources for the foundations of probability in general include FINE [87] and
HACKING [116]. For statistical mechanics, see EHRENFEST [78], TER HAAR [266], PENROSE
[214], SKLAR [254], GRANDY [295], and WALLACE [282]. For the foundations of quantum
mechanics, see STAPP [258], BALLENTINE [21], HOME & WHITAKER [126], PERES &
TERNO [218], SCHLOSSHAUER [247] and the reprint collection by WHEELER & ZUREK
[287].

10.1 Description levels

There is no fully objective way of defining how quantities and states are related to reality,
since the observer modeling a particular situation may describe the same object from dif-
ferent perspectives and at different levels of faithfulness. Different observers may choose to
study different materials or different experiments, or they may study the same material or
the same experiment in different levels of detail, or draw the system boundary differently.
For example, one observer may regard a measuring instrument as part of the system of

219
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interest, while for another observer it only serves as a recording device.

All this affects the choice of the system of interest and its mathematical model in a subjective
manner. In particular, silently changing the definition of what constitutes the system of
interest is a major reason for apparent paradoxes discussed in the literature, and it requires
care to disentangle the problems involved and to arrive at a clear view.

On the other hand, once the basic choices are made that unambiguously specify the system
of interest, everything else can be described objectively.

In practice, relevant quantities and corresponding states are assigned to real life situations
by well-informed judgment concerning the behavior of the equipment used. The validity of
the assignment is experimentally tested by comparing experimental results with the chosen
mathematical model. The model defines the meaning of the concepts: the theory defines
what an object is.

For example, a substance is regarded as an ideal gas if it behaves to a satisfactory degree like
the mathematical model of an ideal gas with certain values of temperature, pressure and
volume. Similarly, a solid is regarded as a crystal if it behaves to a satisfactory degree like
the mathematical model of a crystal for suitable numerical values of the model parameters.

In general, as put by the author of one of the most influential textbooks of thermodynamics:
“Operationally, a system is in an equilibrium state if its properties are consistently described
by thermodynamic theory.” (CALLEN [55, p.15]) At first sight, this sounds like a circular
definition. But this is not the case since the formal meaning of ”consistently described
by thermodynamic theory” is already known. The operational definition simply moves it
from the domain of theory to the domain of reality by defining when a system deserves
the designation ”is in an equilibrium state”. In particular, this definition allows one to
determine experimentally whether or not a system is in equilibrium.

In general, we know or assume on the basis of past experience, claims of manufacturers, etc.,
that certain materials or machines reliably produce states that, to a satisfactory degree for
the purpose of the experiment or application, depend only on variables that are accounted
for in our theory and that are, to a satisfactory degree, either fixed or controllable. The
nominal state of a system can be checked and, if necessary, corrected by calibration, using
appropriate measurements that reveal the parameters characterizing the state.

We first emphasize the flexibility of the thermal setting. While the zeroth law may look
very restrictive at first sight, by choosing a large enough family of extensive quantities
the entropy of an arbitrary Gibbs state can be approximated arbitrarily well by a linear
combination of these quantities. This does not solve the selection problem but gives a useful
perspective:

The zeroth law appears simply as an embodiment of Ockham’s razor “frustra fit per
plura quod potest fieri per pauciora” (OCKHAM [210]), freely paraphrased in modern form:
that we should opt for the most economic model explaining a phenomenon — by restricting
attention to the relevant extensive quantities only. At each time ¢, there is — except in
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degenerate cases — a single Gibbs state, with entropy S(t), say, which best describes the
system under consideration at the chosen level of modeling. Taking the description by the
Gibbs state as fundamental, its value is the objective, true value of the entropy, relative
only to the algebra of quantities chosen to model the system. A description of the state in
terms of a thermal system is therefore adequate if (and, under an observability qualification
to be discussed below, only if), for all relevant times ¢, the entropy S(¢) can be adequately
approximated by a linear combination of the extensive quantities available at the chosen
level of description.

In the preceding chapter, we assumed a fixed selection of extensive quantities defining the
thermal model.

As indicated at the end of Section 7.1, observable differences from the conclusions derived
from a thermal model known to be valid on some level imply that one or more conjugate
pairs of thermal variables are missing in the model. So, how should the extensive quantities
be selected?

The set of extensive variables depends on the application and on the desired accuracy of
the model; it must be chosen in such a way that knowing the measured values of the
extensive variables determines (to the accuracy specified) the complete behavior of the
thermal system. The choice of extensive variables is (to the accuracy specified) completely
determined by the level of accuracy with which the thermal description should fit the
system’s behavior. This forces everything else: The theory must describe the freedom
available to characterize a particular thermal system with this set of extensive variables,
and it must describe how the numerical values of interest can be computed for each state
of each thermal system.

Clearly, physics cannot be done without approximation, and the choice of a resolution is
unavoidable. (To remove even this trace of subjectivity, inherent in any approximation
of anything, the entropy would have to be represented without any approximation, which
would require to use the algebra of quantities of the still unknown theory of everything, and
to demand that the extensive quantities exhaust this algebra.) Once the (subjective) choice
of the resolution of modeling is fixed, this fixes the amount of approximation tolerable in
the ansatz, and hence the necessary list of extensive quantities. This is the only subjective
aspect of our setting. In contrast to the information theoretic approach where the choice
of extensive quantities is considered to be the subjective matter of which observables an
observer happens to have knowledge of.

In general, which quantities need to be considered depends on the resolution with which
the system is to be modeled — the higher the resolution, the larger the family of extensive
quantities. Thus — whether we describe bulk matter, surface effects, impurities, fatigue,
decay, chemical reactions, or transition states, — the thermal setting remains the same since
it is a universal approximation scheme, while the number of degrees of freedom increases
with increasingly detailed models.

In phenomenological thermodynamics, the relevant extensive quantities are precisely those
variables that are observed to make a difference in modeling the phenomenon of interest.
Table 10.1 gives typical extensive variables (S and X), their intensive conjugate variables
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Table 10.1: Typical conjugate pairs of thermal variables and their contribution to the Euler
equation. The signs are fixed by tradition. (In the gravitational term, m is the vector with

components m;, the mass of a particle of kind j, g the acceleration of gravity, and h the
height.)

‘ extensive X; intensive contribution «a;X;
entropy S temperature T' thermal, T'S
particle number N; chemical potential p; chemical, j1; N;
conformation tensor C' | relaxation force R conformational RjkC’jk
strain 7% stress o elastic, > Ujk€j k
volume V pressure —P mechanical, — PV
surface Ag surface tension y mechanical, vAg
length L tension J mechanical, JL
displacement ¢ force —F mechanical, —F - ¢q
momentum p velocity v kinetic, v - p
angular momentum J | angular velocity (2 rotational, - J
charge @) electric potential ® electrical, ®Q
polarization P electric field strength F electrical, £ - P
magnetization M magnetic field strength B magnetical, B - M
electromagnetic field F' | electromagnetic field strength —F® | electromagnetic, — > F, o F1
mass M =m - N gravitational potential gh gravitational, ghM
energy-momentum U metric g gravitational, g, U

(T and «;), and their contribution (7'S and «;X;) to the Euler equation (9.4)'. Some of
the extensive variables and their intensive conjugates are vectors or (in elasticity theory,
the theory of complex fluids, and in the relativistic case) tensors; cf. BALIAN [20] for the
electromagnetic field and BERIS & EDWARDS [33], OTTINGER [209] for complex fluids.

To analyze the relation between two different thermal description levels, we compare a
coarse system and a more detailed system quantitatively, taking for simplicity the temper-
ature constant, so that the T-dependence can be suppressed in the formulas. When the
Hamiltonian H and the X; are fixed, the states are completely determined by «.

I The Euler equation looks like an energy balance. But since S is undefined, this formal balance has
no contents apart from defining the entropy S in terms of the energy and other contributions. The energy
balance is rather given by the first law discussed later, and is about changes in energy. Conservative work
contributions are exact differentials. For example, the mechanical force F' = —dV (q)/dq translates into the
term —F - dg = dV (q) of the first law, corresponding to the term —F - ¢ in the Euler equation. The change
of the kinetic energy F;, = mv?/2 contribution of linear motion with velocity v and momentum p = mu is
dEyin = d(mv?/2) = mv-dv = v -dp, which is exactly what one gets from the v-p contribution in the Euler
equation. Since v-p = mwv? is larger than the kinetic energy, this shows that motion implies a contribution
to the entropy of (Eyi, —v-p)/T = —mv?/2T. A similar argument applies to the angular motion of a rigid
body in its rest frame, providing the term involving angular velocity and angular momentum.
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The variables and quantities of the fine system are written as before, but the variables
and quantities associated with the coarser system get an additional index c¢. That the
fine system is a refinement of the coarse system means that the extensive quantities of the
coarse system are X, = C'X, with a fixed matrix C' with linearly independent rows, whose
components tell how the components of X, are built from those of X. The entropy of the
coarse system is then given by

S.=T Y H—-a,-X)=TYH —a,-CX)=T"YH —a-X),

where
a=CTa,. (10.1)

We see that the thermal states of the coarse model are just the states of the detailed model
for which the intensive parameter vector « is of the form o = C”a, for some a.. Thus the
coarse state space can simply be viewed as a lower-dimensional subspace of the detailed
state space. Therefore, one expects the coarse description to be adequate precisely when
the detailed state is close to the coarse state space, with an accuracy determined by the
desired fidelity of the coarse model. Since the relative entropy (8.42),

(S, =Sy =(T"YH - a.-CX)—TH—-a X))=(T"a—-C"a.) - X), (10.2)

measures the amount of information in the detailed state which cannot be explained by the
coarse state, we associate to an arbitrary detailed state o the coarse state a,. determined
as a function of a by minimizing (10.2). If a* = CTa, ~ a then

Se=TYH-—a" - X)~T YH—a-X)=5,

and the coarse description is adequate. If a* % «, there is no a priori reason to trust the
coarse model, and we have to investigate to which extent its predictions will significantly
differ from those of the detailed model. One expects the differences to be significant; how-
ever, in practice, there are difficulties if there are limits on our ability to prepare particular
detailed states. The reason is that the entropy and chemical potentials can be prepared
and measured only by comparison with sufficiently known states. For ideal gases, they are
inherently ambiguous because of the gauge freedom discussed in Example 7.1.4, which im-
plies that different models of the same situation may have nontrivial differences in Hamilton
energy, entropy, and chemical potential. A similar ambiguity persists in more perplexing
situations:

10.1.1 Example. (The Gibbs paradox)

Suppose that we have an ideal gas of two kinds j = 1, 2 of particles which are experimentally
indistinguishable. Suppose that in the samples available for experiments, the two kinds are
mixed in significantly varying proportions Ny : Ny = ¢ : g2 which, by assumption, have
no effect on the observable properties; in particular, their values are unknown but varying.
The detailed model treats them as distinct, the coarse model as identical. Reverting to the
barless notation of Section 7.1, we have
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1 0 0 .
0 ¢ 02) for suitable ¢1, ¢y > 0,

Y Vi V o — -P
AN ) \aN +aN,y )’ N\ e )

From the known proportions, we find

and, assuming C' = (

qj
N. — I‘NC, rT, == ——.
! ! T aq + e

The mixture behaves like an ideal gas of a single kind, hence

ETN,
PV =KTN.. H=h(T)Ne, pe=FTlog ="

Now N, = (KT)"'PV = Y N; = > x;N, implies that z; + 2o = 1. Because of indistin-
guishability, this must hold for any choice of ¢;,q2 > 0; for the two choices ¢; = 0 and
¢2 = 0, we get ¢; = co = 1, hence N, = Y N;, and the z; are mole fractions. Similarly, if
we use for all kinds j of substances the same normalization for fixing the gauge freedom dis-
cussed in Example 7.1.4, the relation h.(I')N, = H = Y h;(T')N; = > hj(T)x;N. implies
for varying mole fractions that h;(T") = h.(T') for j = 1, 2. From this, we get 7,;(T") = 7.(T')
for y = 1,2. Thus
H—H, =Y hj(T)N; = he(T)N, = 0,

ETN; ET N,

—kT1
Vi % Vo,

fj — pe = KT'log = KT log x5,

the Gibbs energy satisfies

G — GC = ZMij — ,U/ch = Z(,uj — Nc)Nj = EZTNCZIL’J lOgLE‘j,

and the entropy satisfies

S—S. = T"Y(H—PV+G)—T Y (H.— PV +G,)
TG - G.) =kN.> zjlogz;.

The latter term is called the entropy of mixing. Its occurence is referred to as the Gibbs
paradox (cf. JAYNES [140], TSENG & CATICHA [271], ALLAHVERDYAN & NIEUWEN-
HUIZEN [10], UFFINK [273, Section 5.2]). It seems to say that there are two different
entropies, depending on how we choose to model the situation. For fixed mole fractions,
there is no real paradox since the fine and the coarse description differ only by a choice of
the unobservable gauge parameters, and only gauge invariant quantities (such as entropy
differences) have a physical meaning.

If the mole fractions may vary, the fine and the coarse description differ significantly. But
the difference in the descriptions is observable only if we know processes which affect the
different kinds differently.

Fixed chemical potentials can be prepared only through chemical contact with substances
with known chemical potentials, and the latter must be computed from observed mole
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fractions. Therefore, the chemical potentials can be calibrated only if we can prepare
equilibrium states at fixed mole fraction. This requires that we are able to separate to some
extent particles of different kinds.

Examples are a difference in mass, which allows a mechanical separation, a difference in
molecular size or shape, which allows their separation by a semipermeable membrane, a
difference in spin, which allows a magnetic separation, or a difference in scattering properties
of the particles, which allows a chemical or radiation-based differentiation. In each of these
cases, the particles become distinguishable; the coarse description is therefore inadequate
and gives a wrong description for the entropy and the chemical potentials.

Generalizing from the example, we conclude that even when both a coarse model and a more
detailed model are faithful to all experimental information possible at a given description
level, there is no guarantee that they agree in the values of all thermal variables of the coarse
model. In the language of control theory (see, e.g., LJIUNG [178]), agreement is guaranteed
only when all parameters of the more detailed models are observable.

On the other hand, all observable state functions of the detailed system that depend only
on the coarse state have the same value within the experimental accuracy, if both models
are adequate descriptions of the situation. Thus, while the values of some variables need
not be experimentally determinable, the validity of a model is an objective property.

Therefore, preferences for one or the other of two valid models can only be based on other
criteria. The criterion usually employed in this case is Ockham’s razor, although there may
be differences of opinion on what counts as the most economic model. In particular, a fun-
damental description of macroscopic matter by means of quantum mechanics is hopelessly
overspecified in terms of the number of degrees of freedom needed for comparison with
experiment, most of which are in principle unobservable by equipment made of ordinary
matter. But it is often the most economical model in terms of description length (though
extracting the relevant information from it may be difficult). Thus, different people may
well make different rational choices, or employ several models simultaneously.

As soon as a discrepancy of model predictions with experiment is reliably found, the model
is inadequate and must be replaced by a more detailed or altogether different model. This
is indeed what happened with the textbook example of the Gibbs paradox situation, ortho
and para hydrogen, cf. BONHOEFFER & HARTECK [45], FARKAS [85]. Hydrogen seemed
at first to be a single substance, but then thermodynamic data forced a refined description.
Similarly, in spin echo experiments (see, e.g., HAHN [117, 118], ROTHSTEIN [241], RIDDER-
BOS & REDHEAD [234]), the specially prepared system appears to be in equilibrium but,
according to Callen’s empirical definition quoted on 220 it is not — the surprising future
behavior (for someone not knowing the special preparation) shows that some correlation
variables were neglected that are needed for a correct description.

GRAD [110] speaks of "the adoption of a new entropy is forced by the discovery of new
information”. More precisely, the adoption of a new model (in which the entropy has
different values) is forced, since the old model is simply wrong under the new conditions
and remains valid only under some restrictions.
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Observability issues aside, the coarser description usually has a more limited range of appli-
cability; with the qualification discussed in the example, it is generally restricted to those
systems whose detailed intensive variable vector « is close to the subspace of vectors of the
form CT« reproducible in the coarse model.

Finding the right family of thermal variables is therefore a matter of discovery, not of
subjective choice. This is further discussed in Section 10.2.

10.2 Local, microlocal, and quantum equilibrium

As we have seen in Section 10.1, when descriptions on several levels are justified empirically,
they differ significantly only in quantities that are negligible in the more detailed models
and vanish in the coarser models, or by terms that are not observable in principle. We
now apply the above considerations to various levels of equilibrium descriptions.

A global equilibrium description is adequate at some resolution if and only if only the
nonequilibrium forces present in the finer description are small, and a more detailed local
equilibrium description will (apart from variations of the Gibbs paradox, which should
be cured on the more detailed level) agree with the global equilibrium description to the
accuracy within which the differences in the corresponding approximations to the entropy,
as measured by the relative entropy (8.42), are negligible. Of course, if the relative entropy
of a thermal state relative to the true Gibbs state is large then the thermal state cannot be
regarded as a faithful description of the true state of the system, and the thermal model is
inadequate.

In statistical mechanics, where the microscopic dynamics is given, the relevant extensive
quantities are those whose values vary slowly enough to be macroscopically observable at
a given spatial or temporal resolution (cf. BALIAN [18]). Which ones must be included
is a difficult mathematical problem that has been solved only in simple situations (such
as monatomic gases) where a weak coupling limit applies. In more general situations,
the selection is currently based on phenomenological consideration, without any formal
mathematical support.

In equilibrium statistical mechanics, which describes time-independent, global equilibrium
situations, the relevant extensive quantities are the additive conserved quantities of a mi-
croscopic system and additional parameters describing order parameters that emerge from
broken symmetries or various defects not present in the ideal model. Phase equilibrium
needs, in addition, copies of the extensive variables (e.g., partial volumes) for each phase,
since the phases are spatially distributed, while the intensive variables are shared by all
phases. Chemical equilibrium also accounts for exchange of atoms through a list of
permitted chemical reactions whose length is again determined by the desired resolution.

In states not corresponding to global equilibrium — usually called non-equilibrium states,
a thermal description is still possible assuming so-called local equilibrium. There, the
natural extensive quantities are those whose values are locally additive and slowly varying
in space and time and hence, reliably observable at the scales of interest. In the statistical
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mechanics of local equilibrium, the thermal variables therefore become space- and time-
dependent fields (ROBERTSON [237]). On even shorter time scales, phase space behavior
becomes relevant, and the appropriate description is in terms of microlocal equilibrium
and position- and momentum-dependent phase space densities. Finally, on the microscopic
level, a linear operator description in terms of quantum equilibrium is needed.

The present formalism is still applicable to local, microlocal, and quantum equilibrium
(though most products now become inner products in suitable function spaces), but the
relevant quantities are now time-dependent and additional dynamical issues (relating states
at different times) arise; these are outside the scope of the present book.

In local equilibrium, one needs a hydrodynamic description by Navier-Stokes equations and
their generalizations; see, e.g., BERIS & ESWARDS [33], OETTINGER [209], EDWARDS et al.
[77]. In the local view, one gets the interpretation of extensive variables as locally conserved
(or at least slowly varying) quantities (whence additivity) and of intensive variables as
parameter fields, which cause non-equilibrium currents when they are not constant, driving
the system towards global equilibrium. In microlocal equilibrium, one needs a kinetic
description by the Boltzmann equation and its generalizations; see, e.g., BORNATH et al.
[48], CALZETTA & Hu [56], MULLER & RUGGERI [197].

Quantum equilibrium. Fully realistic microscopic dynamics must be based on quantum
mechanics. In quantum equilibrium, the dynamics is given by quantum dynamical semi-
groups. We outline the ideas involved, in order to emphasize some issues that are usually
swept under the carpet.

Even when described at the microscopic level, thermal systems of sizes handled in a lab-
oratory are in contact with their environment, via containing walls, emitted or absorbed
radiation, etc.. We therefore embed the system of interest into a bigger, completely isolated
system and assume that the quantum state of the big system is described at a fixed time by
a value map that assigns to a linear operator g in the big system the value (g) and satisfies
the rules (R1)—(R4) for a state. The small system is defined by a Euclidean x-algebra E
of linear operators densely defined on ]ﬁl, composed of all meaningful expressions in field
operators at arguments in the region of interest; the integral is given by the trace in the
big system. Since the value map restricted to g € E also satisfies the rules (R1)—(R4) for
a state, the big system induces on the system of interest a state. By standard theorems
(see, e.g., THIRRING [267]), there is a unique density operator p € E such that (g) = [pg
for all g € E with finite value. Moreover, p is Hermitian and positive semidefinite. If 0
is not an eigenvalue of p then (-) is a Gibbs state with entropy S = —Fklogp. Note that
the entropy defined in this way depends on the choice of E, hence on the set of quantities
found to be relevant. (In contrast, if the big system that includes the environment is in an
approximately pure state, as is often assumed, the value of the entropy of the big system
is approximately zero.)

To put quantum equilibrium into the thermal setting, we simply choose a set of extensive
variables spanning the algebra E; then S can be written in the form (9.1). (A thermal
description is not possible if 0 is an eigenvalue of p, an exceptional situation that can be
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realized experimentally only for systems with extremely few quantum levels. This happens,
e.g., when the state is pure, p = p*.)

Of course, ¥ and hence the state (-) depend on time. The time evolution is now quite
different from the conservative dynamics usually assumed for the big system that includs
the environment. The system of interest does not inherit a Hamiltonian dynamics from the
isolated big system; instead, the dynamics of p is given by an integro-differential equation
with a complicated memory term, defined by the so-called projector operator formalism
described in detail in GRABERT [109]; for summaries, see RAU & MULLER [228] and
BALIAN [18]. In particular, one can say nothing specific about the dynamics of S. (In
contrast, were the reduced system governed by a Hamiltonian dynamics, p would evolve
by means of a unitary evolution; in particular, S = (S) = —ktrplogp would be time-
independent.) A suitable starting point for a fundamental derivation, based on quantum
field theory, are provided by the so-called exact renormalization group equations (see, e.g.,
POLONYI & SAILER [222], BERGES [32]).

In typical treatments of reduced descriptions, one assumes that the memory decays suffi-
ciently fast; this so-called Markov assumption can be justified in a weak coupling limit
(DAvVIES [71], SPOHN [257]), corresponding to a system of interest that is only weakly in-
teracting with the environment. But a typical thermal system, such as a glass of water on
a desk is held in place by the container. Considered as a nearly independent system, the
water would behave very differently, probably diffusing into space. Thus, it is questionable
whether the Markov assumption is satisfied; a detailed investigation of the situation would
be highly desirable. Apparently there are only few discussions of the problem how con-
tainers modify the dynamics of a large quantum system; see, e.g., LEBOWITZ & FRISCH
[173], BLATT [36] and RIDDERBOS [233]. One should expect a decoherence effect (BRUNE
et al. [53]) of the environment on the system that, for large quantum systems, is extremely
strong (ZUREK [301]).

However, simply assuming the Markov assumption as the condition for regarding the sys-
tem of interest to be effectively isolated allows one to deduce for the resulting Markov
approximation a deterministic differential equation for the density operator. The dynam-
ics then describes a linear quantum dynamical semigroup. For all known linear quantum
dynamical semigroups (cf. DAVIES [71]) on a Hilbert space, the dynamics takes the form
of a Lindblad equation

i

h

(LINDBLAD [176], GORINI et al. [107]), where the effective Hamiltonian H is a not
necessarily Hermitian operator and P* is the dual of a completely positive map P of the
form

p=+(pH —H"p)+ Pp (10.3)

P(f)=Q"J(f)Q forall feE,

with some linear operator () from E to a second *-algebra E’' and some *-algebra homo-
morphism J from E to E'. (STINESPRING [261], DAVIES [71, Theorem 2.1]). The resulting
dynamics is inherently dissipative; for time ¢ — oo, P*p can be shown to tend to zero,
which implies under a natural nondegeneracy assumption that the limiting state is a global
equilibrium state.
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No matter how large we make the system, it is necessary to take account of an unobserved
environment, since all our observations are done in a limited region of space, which, however,
interacts with the remainder of the universe. As a consequence, the time evolution of any
system of signifcant size is irreversible. In particular, the prevalence here on earth of
matter in approximate equilibrium could possibly be explained by the fact that the earth
is extremely old.

We now consider relations within the hierarchy of the four levels. The quantum equilibrium
entropy Squ, the microlocal equilibrium entropy Sy, the local equilibrium entropy S, and
the global equilibrium entropy Sy denote the values of the entropy in a thermal description
of the corresponding equilibrium levels. The four levels have an increasingly restricted set
of extensive quantities, and the relative entropy argument of Theorem 8.3.3 can be applied
at each level. Therefore

Squ < St < Sie < St (10.4)
In general, the four entropies might have completely different values. We discussfour essen-
tially different possibilities,
(1) Squ = S = Sic & Sgl,
(ii) Squ = Smi = Sic K Sy,
(iil) Squ & Sm1 < Sie < S,
(iv) Squ < Smi < Sic < Sy,

with different physical interpretations. As we have seen in Section 10.1, a thermal descrip-
tion is valid only if the entropy in this description approximates the true entropy sufficiently
well. All other entropies, when significantly different, do not correspond to a correct de-
scription of the system; their disagreement simply means failure of the coarser description
to match reality. Thus which of the cases (i)—(iv) occurs decides upon which descriptions
are valid. (i) says that the state is in global equilibrium, and all four descriptions are valid.
(ii) that the state is in local, but not in global equilibrium, and only the three remaining
descriptions are valid. (iii) says that the state is in microlocal, but not in local equilibrium,
and in particular not in global equilibrium. Only the quantum and the microlocal descrip-
tions are valid. Finally, (iv) says that the state is not even in microlocal equilibrium, and
only the quantum description is valid.

Assuming that the fundamental limitations in observability are correctly treated on the
quantum level, the entropy is an objective quantity, independent of the level of accuracy
with which we are able to describe the system. The precise value it gets in a model depends,
however, on the model used and its accuracy. The observation (by GRAD [110], BALIAN
[18], and others) that entropy may depend significantly on the description level is explained
by two facts that hold for variables in models of any kind, not just for the entropy, namely
(i) that if two models disagree in their observable predictions, at most one of them can be
correct, and

(i) that if a coarse model and a refined model agree in their observable predictions, the
more detailed model has unobservable details.
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Since unobservable details cannot be put to an experimental test, the more detailed model
in case (ii) is questionable unless dictated by fundamental considerations, such as symmetry
or formal simplicity.

10.3 Statistics and probability

Recall from Section 8.4 that a quantity g is considered to be significant if its resolution
res(g) is much smaller than one, while it is considered as noise if it is much larger than
one. If g is a quantity and g is a good approximation of its value then Ag := g — ¢ is noise.
Sufficiently significant quantities can be treated as deterministic; the analysis of noise is
the subject of statistics.

Statistics is based on the idea of obtaining information about noisy quantities of a system by
repeated sampling from a population? of independent systems with identical preparation,
but differing in noisy details not controllable by the preparation. In the present context,
such systems are described by the same Euclidean x-algebra [, the same set of quantities
to be sampled, and the same state (-)o.

More precisely, the systems may be regarded as subsystems of a bigger system (e.g., the
laboratory) whose set of quantities is given by a big Euclidean *-algebra E. To model iden-
tically prepared subsystems we consider injective homomorphisms from [, into IE mapping
each reference quantity f € E to the quantity f; € E of the [th subsystem considered to
be ‘identical” with f. Of course, in terms of the big system, the f; are not really identical;
they refer to quantities distinguished by position and/or time. That the subsystems are
identically prepared is instead modelled by the assumption

(fi)y = (fo) forall f€R,, (10.5)
and that they are independent by the assumption
(frg) = (fid{g) forall f,g € Eyand k # 1. (10.6)

The following result is fundamental for statistical considerations:

10.3.1 Theorem. (Weak law of large numbers)
For a family of quantities f; (I = 1,..., N) satisfying (10.5) and (10.6), the mean quantity

. 1 X
f= N Z Ji
=1
(which again is a quantity) satisfies
(f)= (/o)

o(f) = o(fo)/VN, (10.7)

2Physicists usually speak of an ensemble in place of a population; but since in connection with the
microcanonical, canonical, or grand canonical ensemble we use the term ensemble synonymous with state,
we prefer the statistical term population to keep the discussion unambiguous.
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Proof. Writing p := (f)o and o := o(fy), we have

(F) = 3R+t (D) = et ) =
and

) :%«Zfﬂ)(ka» ZN‘2Z<fjfk>- (10.8)
Now

(Fr 1) = () (i) +o(f;)? = |ul? + o2,
and by (10.6) for j # k,
(i fu + Fi ) = 2Re(f; fi) = 2Re(f;)"(fr) = 2Re " = 2|,

In the sum in (10.8), this leads to a contribution of |u|?> + o2 for each of the N diagonal
elements, and of 2|u|? for each of the (gf ) pairs of off-diagonal elements. Therefore

e N
(FF) = N (WP 0%+ (7 )22) = N1+
so that R L A
o(f)=(f"F)—(f){f)=N""o"
and the assertions follow. O

As_a significant body of work in probability theory shows, the conditions under which
o(f) — 0as N — oo can be significantly relaxed; thus in practice, it is sufficient if (10.5)
and (10.6) are approximately valid.

The significance of the weak law of large numbers lies in the fact that (10.7) becomes
arbitrarily small as N becomes sufficiently large. Thus the uncertainty of quantities when
averaged over a large population of identically prepared systems becomes arbitrarily small
while the mean value reproduces the value of each quantity. Thus quantities averaged over
a large population of identically prepared systems become highly significant when their
value is nonzero, even when no single quantity is significant.

This explains the success of statistical mechanics to provide an effectively deterministic
description of ideal gases, where all particles may be assumed to be independent and iden-
tically prepared. In real, nonideal gases, the independence assumption is only approximately
valid because of possible interactions, and in liquids, the independence is completely lost.
The power of the abstract theory discussed in the preceding chapters lies in the fact that it
allows to replace simple statistical reasoning based on independence by more sophisticated
algebraic techniques that give answers even in extremely complex interacting cases.

The weak law of large numbers also implies that, in a context where many repeated exper-
iments are feasible, states can be given a frequentist interpretation, in which (g) is the
expectation of g, empirically defined as an average over many realizations. In this case
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(and only in this case), res(g) becomes the standard deviation of g, divided by the abso-
lute value of the expectation; therefore, it measures the relative accuracy of the individual
realizations.

On the other hand, in equilibrium thermodynamics, where a tiny number of macroscopic
observations on a single system completely determine its state to engineering accuracy,
such a frequentist interpretation is inappropriate. Indeed, as discussed by SKLAR [254],
a frequentist interpretation of statistical mechanics has significant foundational problems,
already in the framework of classical physics.

Thus, the present framework captures correctly the experimental practice, and determines
the conditions under which deterministic and statistical reasoning are justified:

Deterministic reasoning is sufficient for all quantities whose limit resolution is below the
relative accuracy desired for a given description level.

Statistical reasoning is necessary precisely when the limit resolution of certain quantities is
larger than the desired relative accuracy, and these quantities are sufficiently identical and
independent to ensure that the limit resolution of their mean is below this accuracy.

In this way, we delegate statistics to its role as the art of interpreting measurements, as
in classical physics. Indeed, to have a consistent interpretation, real experiments must
be designed such that they allow one to determine approximately the properties of the
state under study, hence the values of all quantities of interest. The uncertainties in the
experiments imply approximations, which, if treated probabilistically, need an additional
probabilistic layer accounting for measurement errors. Expectations from this secondary
layer, which involve probabilistic statements about situations that are uncertain due to
neglected but in principle observable details (cf. PERES [217]), happen to have the same
formal properties as the values on the primary layer, though their physical origin and
meaning is completely different.

Classical probability. Apart from the traditional axiomatic foundation of probability
theory by KOLMOGOROV [156] in terms of measure theory there is a less well-known ax-
iomatic treatment by WHITTLE [288] in terms of expectations, which is essentially the
commutative case of the present setting. The exposition in WHITTLE [288] (or, in more
abstract terms, already in GELFAND & NAIMARK [100]) shows that, if the X, are pairwise
commuting, it is possible to define for any Gibbs state in the present sense, random vari-
ables X in Kolmogorov’s sense such that the expectation of all sufficiently regular functions
f(X) defined on the joint spectrum of (X) agrees with the value of f. It follows that in
the pairwise commuting case, it is always possible to construct a probability interpretation
for the quantities, completely independent of any assumed microscopic reality.

The details (which the reader unfamiliar with measure theory may simply skip) are as
follows. We may associate with every vector X of quantities with commuting components
a time-dependent, monotone linear functional (-); defining the expectation

(X)) = [p)f(X)
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at time t of arbitrary bounded continuous functions f of X. These functions define a com-
mutative s-algebra E(X). The spectrum Spec X of X is the set of all *-homomorphisms
(often called characters) from E(X) to C, and has the structure of a Hausdorff space, with
the weak-x topology obtained by calling a subset S of Spec X closed if, for any pointwise
convergent sequence (or net) contained in S, its limit is also in S. Now a monotone linear
functional turns out to be equivalent to a multivariate probability measure du,(X) (on the
sigma algebra of Borel subsets of the spectrum Q of X') defined by

/ de(X) F(X) = [p(t)(X) = (F(X))

Conversely, classical probability theory may be discussed in terms of the Euclidean x-algebra
of random variables, i.e., Borel measurable complex-valued functions on a Hausdorff
space 2 where bounded continuous functions are strongly integrable and the integral is
given by [f := [du(X)f(X) for some distinguished measure p.

If — as in quantum systems — the extensive quantities do not commute, a probabilistic
interpretation in the Kolmogorov sense is no longer possible. In Section 10.5, we discuss
what may take its place.

10.4 Classical measurements

A measuring instrument measures properties of a system of interest. However, the measured
value is read off from the instrument, and hence is primarily a property of the measuring
instrument and not one of the measured system. On the other hand, properties of the
system are encoded in the state of the system and its dynamics. This state and what can
be deduced from it are the only objective properties of the system.

In order that a measurement on a system deserves its name there must be a quantitative
relation between the state of the system and the measured values. This relation may be
deterministic or stochastic, depending on what is measured.

Measurements are therefore possible only if the microscopic laws imply relations between
properties of the measured system and the values read off from the measuring instru-
ment. These relations may be either deduced from a theoretical analysis, or they may be
guessed from experimental evidence. In general, the theoretical analysis leads to difficult
many-particle problems that can be solved only in a stochastic approximation by idealized
situations; from such idealizations one then transfers insight to make educated guesses in
cases where an analysis is too difficult.

The behavior required in the following discussion for a classical or a statistical instrument
guarantees reproducibility of measurements, a basic requirement of natural sciences, in
the sense that systems prepared in the same state will behave alike when measured. Here
‘alike’ is interpreteted for classical instruments in the deterministic sense of ‘approximately
equal within the specified accuracy’, and for statistical instruments in the sense of ‘repro-
ducing in the long run approximately the same probabilities and mean values’.
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When measuring classical or quantum systems that are macroscopic, i.e., large enough to
be described sufficiently well by the methods of statistical mechanics, one measures more
or less accurately extensive or intensive variables of the system and one obtains essentially
deterministic results. A classical instrument is a measuring instrument that measures
such deterministic values within some known margin of accuracy. Note that this gives
an operational meaning to the term classical, although every classical instrument is, of
course, a quantum mechanical many-particle system when modelled in full detail. Whether
a particular instrument behaves classically can in principle be found out by an analysis of
the measurement process considered as a many-particle system, although the calculations
can be done in practice only under simplifying assumptions. For some concrete models,
see, e.g., ALLAHVERDYAN et al. [9]. Thus there is no split between the classical and the
quantum world but a gradual change from quantum to classical as the system gets larger
and the limit resolution improves.

It is interesting to discover the nature of thermodynamic observables®. We encountered
intensive variables, which are parameters characterizing the state of the system, extensive
variables, values that are functions of the intensive variables and of the parameters (if
there are any) in the Hamiltonian, and limit resolutions, which, as functions of values, are
also functions of the intensive variables. Thus all thermodynamic observables of practical
interest are functions of the parameters defining the thermal state or the Hamiltonian of
the system. Which parameters these are depends of course on the assumed model.

For an arbitrary model of an arbitrary system we perform a natural step of extrapolation,
substantiated later (in Section 19.1) by the Dirac-Frenkel variational principle, and take
the parameters characterizing a family of Hamiltonians and a family of states that describe
the possible states of a system. as the basic variables. We call these parameters the model
parameters; the values of the model parameters completely characterize a particular sys-
tem described by the model. An observable of the model is then a function of these basic
variables.

Thus we may say that a classical instrument is characterized by the fact that upon measure-
ment the measurement result approximates with a certain accuracy the value of a function
F' of the model parameters. As customary, one writes the result of a measurement as an
uncertain number Fj + AF consisting of a main value F and a deviation AF', with the
meaning that the error |Fy — F| is at most a small multiple of AF. Because of possible
systematic errors, it is generally not possible to interpret Fy as mean value and AF' as
standard deviation. Such an interpretation is valid only if the instrument is calibrated to
satisfy the implied statistical relation.

In particular, since (f) is a function of the model parameters, a measurement may yield
the value (f) of a quantity f, and is then said to be a classical instrument for measuring
f. As an important special case, all readings from a photographic image or from the scale
of a measuring instrument, done by an observer, are of this nature when considered as
measurements of the instrument by the observer. Indeed, what is measured by the eye
is the particle density of blackened silver on a photographic plate or of iron of the tip of

3We use the term observable with its common-sense meaning. In quantum mechanics, the term has also
a technical meaning that we do not use, denoting there a self-adjoint linear operator on a Hilbert space.
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the pointer on the scale, and these are extensive variables in a continuum mechanical local
equilibrium description of the instrument.

The measurement of a tiny, microscopic system, often consisting of only a single particle,
is of a completely different nature. Now the limit resolutions do not benefit from the law
of large numbers, and the relevant quantities often are no longer significant. Then the
necessary quantitative relations between properties of the measured system and the values
read off from the measuring instrument are only visible as stochastic correlations. In a
single measurement of a microscopic system, one can only glean very little information
about the state of a system; conversely, from the state of the system one can predict only
probabilities for the results of a single measurement. The results of single measurements
are no longer reproducably observable numbers; reproducably observable — and hence the
carrier of scientific information — are only probabilities and statistical mean values.

To obtain comprehensive information about the state of a single microscopic system is
therefore impossible. To collect enough information about the prepared state and hence
the state of each system measured, one needs either time-resolved measurements on a
single system (available, e.g., for atoms in ion traps or for electrons in quantum dots), or a
population of identically prepared systems.

Extrapolating from the macroscopic case, it is natural to consider again the parameters
characterizing a family of states that describe the possible states of a system as the basic
numbers whose functions define observables in the present, nontechnical sense. This is now
a less well-founded assumption based only on the lack of a definite boundary between the
macroscopic and the microscopic regime, and an application of Ockham’s razor to minimize
the needed assumptions.

Measurements in the form of clicks, flashes or events (particle tracks) in scattering experi-
ments may be described in terms of a statistical instrument characterized by a discrete

family of possible measurement results ai,as, ... that may be real or complex numbers,
vectors, or fields, and nonnegative Hermitan quantities Py, Ps, ... satisfying
P+P+...=1 (10.9)

such that the instrument gives the result a, with probability
pr = (Px) (10.10)

if the measured system is in the state (-). The nonnegativity of the P, implies that all
probabilities are nonnegative, and (10.9) guarantees that the probabilities always add up
to 1.

An instructive example is the photoelectric effect, the measurement of a classical free
electromagnetic field by means of a photomultiplier. A detailed discussion is given in
Chapter 9 of MANDEL & WOLF [181]; here we only give an informal summary of their
account.
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Classical input to a quantum system is conventionally represented in the Hamiltonian of
the quantum system by an interaction term containing the classical source as an external
field or potential. In the semiclassical analysis of the photoelectric effect, the detector
is modelled as a many-electron quantum system, while the incident light triggering the
detector is modelled as an external electromagnetic field. The result of the analysis is that
if the classical field consists of electromagnetic waves (light) with a frequency exceeding
some threshold then the detector emits a random stream of photoelectrons with a rate
that, for not too strong light, is proportional to the intensity of the incident light. The
predictions are quantitatively correct for normal light.

The response of the detector to the light is statistical, and only the rate (a short time mean)
with which the electrons are emitted bears a quantitative relation with the intensity. Thus
the emitted photoelectrons form a statistical measurement of the intensity of the incident
light.

The results on this analysis are somewhat surprising: The discrete nature of the electron
emissions imply that a photodetector responds to classical light as if it were composed of
randomly arriving photons (the explanation of the photoeffect for which Einstein received
the Nobel prize), although the semiclassical model used to derive the quantitatively correct
predictions does not involve photons at all!

This shows the importance of differentiating between prepared states of the system (here
of classical light) and measured events in the instrument (here the amplified emitted elec-
trons). The measurement results are primarily a property of the instrument, and their
interpretation as a property of the system needs theoretical analysis to be conclusive.

10.5 Quantum probability

Although quantum mechanics generally counts as an intrinsically statistical theory, it is
important to realize that it not only makes assertions about probabilities but also makes
many deterministic predictions verifiable by experiment.

These deterministic predictions fall into two classes:

(i) Predictions of numerical values believed to have a precise value in nature:

e The most impressive proof of the correctness of quantum field theory in microphysics
is the magnetic moment of the electron, predicted by quantum electrodynamics
(QED) to the phenomenal accuracy of 12 significant digit agreement with the exper-
imental value. It is a universal constant, determined solely by the two parameters in
QED, the electron mass and the fine structure constant.

e QED also predicts correctly emission and absorption spectra of atoms and molecules,
both the spectral positions and the corresponding line widths.

e Quantum hadrodynamics allows the prediction of the masses of all isotopes of the
chemical elements in terms of models with only a limited number of parameters.
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(ii) Predictions of qualitative properties, or of numerical values believed to be not exactly
determined but which are accurate with a high, computable limit resolution.

e QED predicts correctly the color of gold, the liquidity of mercury at room tempera-
ture, and the hardness of diamond.

e Quantum mechanics enables the computation of thermodynamic state equations for
a huge number of materials. Equations of states are used in engineering in a deter-
ministic manner.

e From quantum mechanics one may also compute transport coefficients for determin-
istic kinetic equations used in a variety of applications.

Thus quantum mechanics makes both deterministic and stochastic assertions, depending
on which system it is applied to and on the state or the variables to be determined. Statis-
tical mechanics, as discussed in Chapters 8 and 9, is mainly concerned with deterministic
prediction of class (ii) in the above classification.

Interestingly, our definition of classical instruments also covers joint position-momentum
measurements of coherent states, the quantum states discussed in Section 20.7. They
are parameterized by position and momentum, and describe single quantum particles with
essentially classical trajectories, such as they can be seen as particle tracks on photographic
plates or in bubble chambers. The deterministic nature of the recorded tracks is due to
the interaction of such a particle with the many-particle system formed by the recording
device.

Predictions of class (i) are partly related to spectral properties of the Hamiltonian of a
quantum system, which we shall discuss in Chapter 23, and partly to properties deduced
from form factors, which are deterministic byproducts of scattering calculations. In both
cases, classical measurements account adequately for the experimental record.

Particle scattering itself, however, is a typical stochastic phenomenon. The same holds for
radioactive decay, when modelled on the level of individual particles; it needs a stochastic
description as a branching process, similar to classical birth and death processes in biological
population dynamics. In the remainder of this section, we consider the fundamental aspects
of this stochastic part of quantum mechanics.

A statistical instrument in the quantum case is mathematically equivalent to what is
called in the literature a positive operator-valued measure, short POVM, defined
as a family P;, P, ... of Hermitian, positive semidefinite operators satsifying (10.9) (or a
continuous generalization of this). They originated around 1975 in work by Helstrom
[125] on quantum detection and estimation theory and are discussed in some detail in
PERES [217]. They describe the most general quantum measurement of interest in quantum
information theory. Which operators P, correctly describe a statistical instrument can in
principle be found out by suitable calibration measurements. Indeed, if we feed the
instrument with enough systems prepared in known states (-);, we can measure approximate
probabilities p;, ~ (FP);. By choosing the states diverse enough, one may approximately
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reconstruct P, from this information by a process called quantum tomography. In
quantum information theory, the Hilbert spaces are finite-dimensional, hence the quantities
form some algebra E = CV*¥; then N? values (P;); for linearly independent states suffice
for this reconstruction. The optimal reconstruction using a minimal number of individual
measurements is the subject of quantum estimation theory, still an active frontier of
research.

Before 1975, quantum measurements used to be described in terms of ideal statistical
measurements, the special case of POVMs where the P, form a family of orthogonal
projectors, i.e., linear operators satisfying

P2=P, =P, PP,=0 forj+k,

on the eigenspaces of a self-adjoint operator A (or the components of a vector A of com-
muting, self-adjoint operators) with discrete spectrum given by ay, as, .. .. In this case, the
statistical instrument is said to perform an ideal measurement of A, and the rule (10.10)
defining the probabilities is called Born’s rule. The rule is named after Max BORN [46],
who derived it in 1926 in the special case of pure states (defined in (9.60)) and was rewarded
in 1954 with the Nobel prize for this at that time crucial insight into the nature of quantum
mechanics.

Ideal measurements of A have quite strong properties since under the stated assumptions,
the instrument-based statistical average

f(A) = pif(ay) + paflag) + ...

agrees for all functions f defined on the spectrum of A with the model-based value (f(A)).
On the other hand, these strong properties are bought at the price of idealization, since they
result in effects incompatible with real measurements. For example, according to Born’s
rule, the ideal measurement of the energy of a system whose Hamiltonian H is discrete al-
ways yields an exact eigenvalue of H, the only statistical component is the question which
of the eigenvalues is obtained. This is impossible in a real measurement; the precise mea-
surement of the Lamb shift, a difference of eigenvalues of the Hamiltonian of the hydrogen
atom, was even worth a Nobel prize (1955 for Willis Lamb).

In general, the correspondence between values and eigenvalues is only approximate, and
the quality of the approximation improves with improved resolution. The correspondence
is perfect only at resolution zero, i.e., for completely sharp measurements. To discuss this
in detail, we need some results from functional analysis. The spectrum Spec f of a linear
operator on a Euclidean space H is the set of all A € C for which no linear operator R(\)
from the completion H of H to H exists such that (A — f)R(\) is the identity. Spec f
is always a closed set. A linear operator f € LinH is called essentially self-adjoint
if it is Hermitian and its spectrum is real (i.e., a subset of R). For N-level systems,
where H is finite-dimensional, the spectrum coincides with the set of eigenvalues, and every
Hermitian operator is essentially self-adjoint. In infinite dimensions, The spectrum contains
the eigenvalues, but not every number in the spectrum must be an eigenvalue; and whether
a Hermitian operator is essentially self-adjoint is a question of correct boundary conditions.



10.5. QUANTUM PROBABILITY 239

10.5.1 Theorem. Let f be essentially self-adjoint, with value f := (f) and standard
deviation o(f) in a given state. Then the spectrum of f contains some real number \ with

A= Fl<a(f). (10.11)

Moreover, if f # 0 then the spectrum of f contains some real number \ with

Al < res(f). (10.12)

/]

Proof. The linear operator g = (f — f)? — o(f)? is a quadratic function of f, hence its
spectrum consists of all ) := (A — f)? — o (f)? with A € Spec f; in particular, it is real. Put
Ao :=inf Spec g > 0. Then g— )\ is a Hermitian operator with a real, nonnegative spectrum,
hence positive semidefinite. (In infinite dimensions, this requires the use of the spectral
theorem.) Thus g —e > 0 and 0 < (g — X\o) = ((f — f)2) — o(f)? — Ao = —Xo. Therefore
Ao < 0. Since Spec g is closed, \g is in the spectrum, hence has the form (A — f)? — o (f)?
with A € Spec f. This \ satisfies (10.11), and, if f # 0, also (10.12). O

In particular, if one can make a sharp measurement (with o(f) = 0) then the value (f)
belongs to the spectrum. In practice, this is the case only for quantities f whose spectrum
(set of sharp values) consists of small integers.

Binary tests. There is, however, an important special case of Born’s rule that frequently
applies essentially exactly. An ideal binary statistical measurement, e.g., the click of
a detector, is described by a single orthogonal projector P; the POVM is then given by
Py = P for the measurement result a; = 1 (click) and by P, =1 — P for the measurement
result a; = 0 (no click). In particular, a test for a state ¢ with ¢*¢ = 1 is an ideal binary
statistical measurement with orthogonal projector P = ¢¢*; the reader should check that
indeed P? = P = P*. By the above, such a test turns out positive with probability
p = (pe*). In particular, if the system is in a pure state ¢ then (9.60) implies that

p = (") =V op*h = | .

This is the well-known squared probability amplitude formula, the original form of
Born’s rule. As a consequence, the test for ¢ always turns out positively if the measured
system is in the pure state . However, it also turns out positively with a positive probability
if the measured system is in a pure state different from ¢, as long as it is not orthogonal to
it.

By a suitable sequence of binary tests, it is possible in principle to determine with arbitrary
accuracy the state in which a stationary source of particles prepares the particles. Indeed,
this can be done again with quantum tomography. In case of N-level systems represented by
E = CV*N  a general state is characterized by its density matrix p, a complex Hermitian
N x N-matrix with trace one, together with the trace formula

(f)=trpf.
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This implies that a set of N2 — 1 tests for specific states, repeated often enough, suffices
for the state determination. Indeed, it is easy to see that repeated tests for the states e/,
the unit vectors with just one entry one and other entries zero, tests the diagonal elements
of the density matrix, and since the trace is one, one of these diagonal elements can be
computed from the knowledge of all others. Tests for e/ 4+ e* and e/ + ie* for all j < k
then allow the determination of the (j,k) and (k,j) entries. Thus frequent repetition of
a total of N — 1+ 2(]; ) = N? — 1 particular tests determines the full state. The optimal
reconstruction to a given accuracy, using a minimal number of individual measurements, is
again a nontrivial problem of quantum estimation theory.

10.6 Entropy and information theory

The concept of entropy also plays an important role in information theory. To connect
the information theoretical notion of entropy with the present setting, we present in this
section an informal example of a simple stochastic model in which the entropy has a natural
information theoretical interpretation. We then discuss what this may teach us about a
non-stochastic macroscopic view of the situation.

We assume that we have a simple stationary device that, in regular intervals, delivers
a reading n from a countable set N of possible readings. For example, the device might
count the number of events of a certain kind in fixed periods of time; then N' = {0,1,2,...}.

We suppose that, by observing the device in action for some time, we are led to some
conjecture about the (expected) relative frequencies p,, of readings n € N; since the device
is stationary, these relative frequencies are independent of time. If N is finite and not
too large, we might take averages and wait until these stabilize to a satisfactory degree; if
N is large or infinite, most n € N will not have been observed, and our conjecture must
depend on educated guesses. (The appropriateness of the conjecture, the relation to the
knowledge of the guesser, and how to improve a conjecture when new information arrives
are the subject of Bayesian statistics; cf. Section 10.7.)

Clearly, in order to have a consistent interpretation of the p, as relative frequencies, we
need to assume that each reading is possible:

pp >0 foralln e N, (10.13)

and some reading occurs with certainty:

> pa=1 (10.14)

neN

For reasons of economy, we shall not allow p, = 0 in (10.13), which would correspond to
readings that are either impossible, or occur too rarely to have a scientific meaning. Clearly,
this is no loss of generality.

Knowing relative frequencies only means that (when A/ > 1) we only have incomplete
information about future readings of the device. We want to calculate the information
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deficit by counting the expected number of questions needed to identify a particular reading
unknown to us, but known to someone else who may answer our questions with yes or no.

Consider arbitrary strategies s for asking questions, and denote by s, the number of ques-
tions needed to determine the reading n with strategy s. Since there are two possible
answers for each question, we can distinguish with ¢ questions at most 27 different cases.
However, since reading n is assumed to be determined after s, questions, the answers to
the later questions do not matter, and reading n is obtained in 2¢7** of the 2¢ cases when
Sn < q. Thus, no matter which strategy is used,

D o0 <90,
sn<q
If we divide by 27 and then make ¢ arbitrarily large we find that
d o<l (10.15)
neN

Since we do not know in advance the reading, we cannot determine the precise number
of questions needed in a particular unknown case. However, knowledge of the relative
frequencies allows us to compute the average number of questions needed, namely

5= pusn. (10.16)
neN
To simplify notation, we introduce the abbreviation
[F=> I (10.17)
neN

for every quantity f indexed by the elements from N, and we use the convention that
inequalities, operations and functions of such quantities are understood componentwise.
Then we can rewrite (10.13)—(10.16) as

p>0, [p=1, (10.18)
5= [ps, [27°<1, (10.19)

and
f={f)=Jnf (10.20)

is the average of an arbitrary quantity f indexed by N

It is not difficult to construct a strategy s realizing given integral values s, (n € N)
whenever (10.15) holds. We now idealize the situation a little by allowing the s, to be
arbitrary nonnegative real numbers instead of integers only. This is justified when the size
of NV is large or infinite since then most s,, will be large numbers that can be approximated
by integers with a tiny relative error.

Thus we redefine a strategy to be a quantity s > 0 satisfying [27° < 1. We now ask for a
strategy s (in the new, generalized sense) that makes the number 5 as small as possible.
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10.6.1 Theorem. The entropy S, defined as the quantity

S :=—klogp, where k= (10.21)

log2’

satisfies S < 5, with equality if and only if s = S. (One also needs [27* = 1, but this holds
fors=S5.)

Proof. (10.21) implies logp = —Slog2, hence p = 275, Therefore
275 = p2975 = peS=91e2 > (1 4 (S — 5) log 2),

with equality iff S = s. Thus

1
_d < =S _ p) — -5 _
PS =9 < o2 —p) =k =)
and B
S§—35 =[p(S—s) < [EQ2™ —p)
=k 27—k [p<E—-FkE=0.
Hence 5 > S, and equality holds iff s = S. O

Since (10.21) implies the relation

p=e""

we have (f) = [pf = fe_s/kf. Thus, the expectation mapping is a Gibbs state with
entropy S, explaining the name. Note that s = .S defines an admissible strategy since

d 2= 2 ¥=[p=1,

neN

hence 275 < 1, S, > 0 for all n € N. Thus, the entropy S is the unique optimal
decision strategy. The expected entropy, i.e., the mean number

S=(S)= [pS=—F [plogp (10.22)

of questions needed in an optimal decision strategy, is nonnegative,
S > 0. (10.23)

S measures the information deficit of the device with respect to our conjecture about
relative frequencies. Traditionally, the expected entropy is simply called the entropy, while
we reserve this word for the random variable (10.21). Also commonly used is the name
information for S, which invites linguistic paradoxes since ordinary language associates with
information a connotation of relevance or quality that is absent here. The classical book
on information theory by BRILLOUIN [51] emphasizes this very carefully, by distinguishing
absolute information from its human value or meaning. KATZ [147] uses the phrase missing
information.
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The information deficit says nothing at all about the quality of the information contained
in the summary p of our past observations. An inappropriate p can have arbitrarily small
information deficit and still give a false account of reality. For example, if for some small
e >0,

pn=e"11—-¢) forn=1,2..., (10.24)

expressing that the reading is expected to be nearly always 1 (p; = 1 — ¢) and hardly ever

large, then
€

§:k<log(1—5)+1 10g5)—>0as5—>0.

—€
Thus the information deficit can be made very small by the choice (10.24) with small €,
independent of whether this choice corresponds to the known facts. The real information
value of p depends instead on the care with which the past observations were interpreted,
which is a matter of data analysis and not of our model of the device. If the data analysis is
done poorly, the resulting expectations will simply not be matched by reality. This shows
that the entropy reflects objective properties of the stochastic process, and — contrary to
claims in the literature — has nothing to do with our knowledge of the system, a subjective,
ill-defined notion.

Relations to thermodynamics. Now suppose that the above setting happens at a very
fast, unobservable time scale, so that we can actually observe only short time averages
(10.20) of quantities of interest. Then f = (f) simply has the interpretation of the time-
independent observed value of the quantity f. The information deficit simply becomes
the observed value of the entropy S. Since the information deficit counts the number
of optimal decisions needed to completely specify a (microscopic) situation of which we
know only (macroscopic) observed values, the observed value of the entropy quantifies the
intrinsic (microscopic) complexity present in the system.

However, the unobservable high frequency fluctuations of the device do not completely
disappear from the picture. They show up in the fact that generally g2 # g2, leading to
a nonzero limit resolution (8.45) of Hermitian quantities. This is precisely the situation
characteristic of the traditional treatment of thermodynamics within classical equilibrium
statistical mechanics, if we assume that the system is ergodic, i.e., that population av-
erages equal time averages. Then, all observed values are time-independent, described
by equilibrium thermal variables. But the underlying high-frequency motions of the atoms
making up a macroscopic substance are revealed by nonzero limit resolutions. However, the
assumption that all systems for which thermodynamics works are ergodic is problematic;
see, e.g., the discussion in SKLAR [254].

Note that even a deterministic but chaotic high frequency dynamics, viewed at longer time
scales, looks stochastic, and exactly the same remarks about the unobservable complexity
and the observable consequences of fluctuations apply. Even if fluctuations are observable
directly, these observations are intrinsically limited by the necessary crudity of any actual
measurement protocol. For the best possible measurements (and only for these), the resolu-
tion of f in the experiment is given by the limit resolution res(f), the size of the unavoidable
fluctuations.
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Due to the quantum structure of high frequency phenomena on an atomic or subatomic
scale, it seems problematic to interpret thermodynamic limit resolutions in terms of a simple
short time average of some underlying microscopic reality. Thus an information theoretic
interpretation of the physical entropy seems questionable.

10.7 Subjective probability

The formalism of statistical mechanics is closely related to that used in statistics for random
phenomena expressible in terms of exponential families; cf. Remark 9.1.2(viii). Exponential
families play an important role in Bayesian statistics. Therefore a Bayesian, subjective
probability interpretation to statistical mechanics is possible in terms of the knowledge of
an observer, using an information theoretic approach. See, e.g., BALIAN [19] for a recent
exposition in terms of physics, and BARNDORFF-NIELSEN [25, 26| for a formal mathematical
treatment. In such a treatment, the present integral plays the role of a noninformative
prior, i.e., of the state considered to be least informative. This noninformative prior is
often improper, i.e., not a probability distribution, since |1 need not be defined.

Motivated by the subjective, information theoretic approach to probability, JAYNES [137,
138] used the maximum entropy principle to derive the thermodynamic formalism. The
maximum entropy principle asserts that one should model a system with the statistical
distribution that maximizes the expected entropy subject to the known information about
certain expectation values. This principle is sometimes considered as a rational, unpreju-
diced way of accounting for available information in incompletely known statistical models.
Based on Theorem 8.3.3, it is not difficult to show that when the known information is
given by the expectations of the quantities X,..., X,,, the optimal state in the sense of
the maximum entropy principle is a Gibbs state whose entropy is a linear combination of 1
and the X.

However, the maximum entropy principle is an unreliable general purpose tool, and gives
an appropriate distribution only under quite specific circumstances.

10.7.1 Example. If we have information in the form of a large but finite sample of re-
alizations x(wy) of a random variable = in N independent experiments wy (kK = 1,...,n),
we can obtain approximate information about all moments (x™) (z") &~ N~!' > x(wy)"/N
(n=0,1,2,...) by taking the appropriate sample means,

(x") ~ Zwkz(wk)n/Zwk (n=0,1,2,...),

where the wy are appropriate positive weights (typically chosen such that the experimental
errors in wyx(wy) is approximately constant. It is not difficult to see that the maximum
entropy principle would infer that the distribution of z is discrete, namely that of the sample
distribution.

If we take as uninformative prior for a real-valued random variable x the Lebesgue measure,
[f(z) := [ f(z)dx, and only know that the mean of z is 1, say, the maximum entropy
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principle does not produce a sensible probability distribution. If we add the knowledge of
the second moment (x?) = 1, say, we get a Gaussian distribution with mean 1 and standard
deviation 1/4/2. Adding the further knowledge of (x3), the maximum entropy principle
fails again to produce a sensible distribution. If, on the other hand, after knowing that
(x) = 1 we learn that the random variable is in fact nonnegative and integer-valued, this
cannot be accounted for by the principle, and the probability of obtaining a negative value
remains large. But if we take as prior the discrete measure on nonnegative integers defined
by [f(z) = Y2, f(z)/z!, the supposedly noninformative prior has become much more
informative, the knowledge of the mean produces via the maximum entropy principle a
Poisson distribution.

If we know that a random variable z is nonnegative and has (x?) = 1; the Lebesgue measure
on R, as noninformative prior gives for = a distribution with density /2/ Te " /2. But we
can consider instead our knowledge about y = 2%, which is nonnegative and has (y) = 1; the
same noninformative prior now gives for y a distribution with density e™. The distribution
of x = ,/y resulting from this has density 2ze~""/2. Thus the result depends on whether
we regard x or y as the relevant variable.

We see that the choice of expectations to be used as constraints reflects prior assumptions
about which expectations are likely to be relevant. Moreover, the prior, far from being
uninformative, reflects the prejudice assumed in the complete absence of knowledge. The
prior that must be assumed to describe the state of complete ignorance significantly affects
the results of the maximum entropy principle, and hence makes the application of the
principle ambiguous.

The application of the maximum entropy principle becomes reliable only if the information
is available in form of the expectation values of a sufficient statistics of the true model;
see, e.g., BARNDORFF-NIELSEN [25]. Which statistical model may be considered sufficient
depends on the true situation and is difficult to assess in advance.

In particular, a Bayesian interpretation of statistical mechanics in the manner of Jaynes is
appropriate if and only if

e correct, complete and sufficiently accurate information about the expectation of all
relevant quantities is assumed to be known, and

e the noninformative prior is fixed by the constructions of Example 8.1.8, namely as the
correctly weighted Liouville measure in classical physics and as the microcanonical
ensemble (the trace) in quantum physics.

Only this guarantees that the knowledge assumed and hence the results obtained are com-
pletely impersonal and objective, as required for scientfic results, and agree with standard
thermodynamics, as required for agreement with nature. However, this kind of knowledge
is clearly completely hypothetical and has nothing to do with the real, partial and imprecise
knowledge of real observers.
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Part 111

Lie algebras and Poisson algebras
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Chapter 11

Lie algebras

Part IIT introduces the basics about Lie algebras and Lie groups, with an emphasis on the
concepts most relevant to the conceptual side of physics.

This chapter introduces Lie algebras together with the slightly richer structure of a Lie *-
algebra usually encountered in the mechanical applications. We introduce tools for verifying
the Jacobi identity, and establish the latter both for the Poisson bracket of a classical
harmonic oscillator and, for quantum systems, for the commutator of linear operators.

Further Lie algebras arise as algebras of matrices closed under commutation, as algebras
of derivations in associative algebras, as centralizers or quotient algebras, and by complex-
ification. An overview over semisimple Lie algebras and their classification concludes the
chapter.

In finite dimensions, the relation is almost one-to-one, the ”almost” being due to the fact
that the so-called universal covering group of a finite-dimensional Lie algebra (defined in
Section 13.4) may have a nontrivial discrete normal subgroup.

Many finite-dimensional Lie groups arise as groups of square invertible matrices, and we
discuss the most important families, in particular the unitary and the orthogonal groups.
We introduce group representations, which relate groups of matrices (or linear operators) to
abstract Lie groups, and will turn out to be most important for understanding the spectrum
of quantum systems.

Of particular importance for systems of oscillators are the Heisenberg groups, the universal
covering groups of the Heisenberg algebras. Their product law is given by the famous
Weyl relations, which are an exactly representable case of the Baker—Campbell-Hausdorff
formula valid for many other Lie groups, in particular for arbitrary finite-dimensional ones.
We also discuss the Poincaré group. This is the symmetry group of space-time, and forms
the basis for relativity theory.

249
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11.1 Basic definitions

We start with the definition of a Lie algebra over a field K, usually implicitly given by the
context. In our course, K is either the field C of complex numbers, occasionally the field
R of real numbers. Lie algebras over other fields, such as the rationals Q or finite fields Z,
for p prime, also have interesting applications in mathematics, physics and engineering, but
these are outside the scope of this book. To denote the Lie product, we use the symbol £
introduced at the end of Section 1.3. (This replaces other, bracket-based notations common
in the literature.)

11.1.1 Definition.
(i) A Lie product on a vector space L over K is a bilinear operation on L satisfying

(L1) f£f =0,

(L2) f£(g4h) + gZ(hLf)+ ht(f£g) =0 for all f g, h € L.

Equation (L2) is called the Jacobi identity.

(i) For subsets A, B of L, we write
ALB:={flg|feAge B,

and for f,g € L,
Alg = AZ{g}, [f4B:={f}4B.

(iii) A Lie algebra over K is a vector space L. over K with a distinguished Lie product.
Elements f € L with fZIL = 0 are called (Lie) central; the set Z(L) of all these elements
is called the center of L. A real (complex) Lie algebra is a Lie algebra over K = R (resp.
K = C). Unless confusion is possible, we use the same symbol £ for the Lie product in
different Lie algebras.

Clearly, if fZg defines a Lie product of f and g, so does f£ g := 1(fZg) for all « € K. Thus
the same vector space may be a Lie algebra in different ways.

In physics, finite-dimensional Lie algebras are often defined in terms of basis elements X}
called generators and structure constants c;i;, such that

XjZXk = ZCjlel. (111)
l

By taking linear combinations and using the bilinearity of the Lie product, the structure
constants determine the Lie product completely. Conversely, since the generators form a
basis, the structure constants are determined uniquely by the basis. They depend, however,
on the basis chosen. Frequently, there are distinguished bases with a physical interpretation
in which the structure constants are particularly simple, and most of them vanish. If a
basis and the structure constants are given, many Lie algebra computations can be done
automatically; important software packages include LIE (VAN LEEUWEN et al. [278]) and
LTP (ToRrRRES-TORRITI [269]). In this book, we usually prefer a basis-free approach,
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resorting to basis-dependent formulas only to make connections with traditional physics
notation.

As a consequence of (L1) (and in fact equivalent to it), we have the following antisymmetry
property:

fLg=—92f.
This follows from observing that fZ0 =0/f =0 and

0 = (f+9L(f+g)=fLf+fLg+9Zf+gZg
fZg+gZf.

Using the antisymmetry property of the Lie product one can write the Jacobi identity in
two other important forms, each equivalent with the Jacobi identity:

fL(gLh) = (f2g)Lh+ gZ(fZh), (11.2)
(fLg)Lh = (fLh)Zg+ fZ(gLh). (11.3)

These formulas say that one can apply the Lie product to a compound expression in a
manner familiar from the product rule for differentiation.

An important but somewhat trivial class of Lie algebras are the abelian Lie algebras, where
fZg=0forall f,g € L. It is trivial to check that (L.1) and (L2) are satisfied. Clearly, every
vector space can be turned into an abelian Lie algebra by defining fZg = 0 for all vectors
f and g. In particular, the field K itself and the center of any Lie algebra are abelian Lie
algebras.

A subspace I/ of a Lie algebra L is a Lie subalgebra if it is closed under the Lie product,
ie., if fZg el forall f,g € L'. In this case, the restriction of the Lie product £ of L to I/
turns I into a Lie algebra. That is, a Lie subalgebra is a subspace that is a Lie algebra with
the same Lie product. (For example, the subspace Kf spanned by an arbitrary element f
of a Lie algebra is an abelian Lie subalgebra.) A Lie subalgebra is nontrivial if it is not
the whole Lie algebra and contains a nonzero element.

The property (L1) is usually easy to check. It is harder to check the Jacobi identity (L2)
for a proposed Lie product; direct calculations can be quite messy when many terms have
to be calculated before one finds that they all cancel. Since we will encounter many Lie
products that must be verified to satisfy the Jacobi identity, we first develop some technical
machinery to make life easier, or at least more structured. For a given binary bilinear
operation o on L., we define the associator of f,g,h € L as

[f,9.h] = (fog)oh—fo(goh). (11.4)
11.1.2 Proposition. If the associator of a bilinear operator o on IL satisfies
[f?gvh'] + [gvh'vf] + [h'7fug] - [f7h'7g] - [hug7f] - [g7f7h] = 07 (115>

then
f£g:=fog—gof
defines a Lie product on L.
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Proof. Define
J(f.9.h) = fL(gZh) + gZ(hLf) + hZ(fZyg),

and define

S(.fag>h) = [fag>h]+[gahaf]+[haf>g]_[fahag]_[haga.ﬂ_[g>fah]'

Writing out S(f, g, h) and J(f, g, h) with fZg := fog—gof, onesees J(f,g,h) = =S(f, g,h)
and hence if S(f,g,h) = 0 for all f, g and h, then the Jacobi identity is satisfied for all f, g
and h. The antisymmetry property fZf = 0 is trivial. ad

11.1.3 Theorem. The binary operation Z defined on the vector space C*(R x R) by

fég = fpgq - gpfq>

where f, = 0f/0p and f, = 0f/0q, is a Lie product.

Proof. We calculate the associator for the bilinear operator f o g = f,g9,. We have

[f9:h] = (fog)phg— fp(goh),
= (fp9a)phq = fo(9phe)q
= Jow9qhq + fp9apla — fp9palia — fp9phaq
= Jow9aha — Jo9phaq

Writing the cyclic permutations we get

[fig.h] + g, b [+ 1R fo9) = fopgaha + Guphafo + hupfedq
_fpgphqq - gphpqu - hpfpgqth

which is symmetric in f, g; hence the identity (11.5) is satisfied. Proposition 11.1.2 therefore
implies that Z is a Lie product.

The reader is invited to prove this result also by a direct calculation. O

We end this section by introducing some concepts needed at various later points but col-
lected here for convenience. If IL and I are Lie algebras we call a linear map ¢ : L. — L a
homomorphism (of Lie algebras) if

o(fZg) = o(f)ZLo(g)

for all f,g € L. Note that the left-hand side involves the Lie product in L, whereas the
right-hand side involves the Lie product in I’. An injective homomorphism is called an
embedding of L into . We call two Lie algebras L and L' isomorphic if there is a
homomorphism ¢ : . — I/ and a homomorphism ¢ : I — L such that ¢ o ¢ is the identity
on L and ¢ o is the identity on . Then ¢ is called an isomorphism, and 1 is the inverse
isomorphism.
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Given a Lie algebra L and a subalgebra L', the centralizer Cp/(S) in L' of a subset S C L
is defined by
Cu(S)={fel'| f£g=0 forallge S}.

In words, C/(S) consists of all the elements in I that Lie commute with all elements in
S. One may use the Jacobi identity to see that Cp,(S) is a Lie subalgebra of L.

An ideal of L is a subspace I C IL such that fZg € I for all f € L and for all g € I. In
other notation LZI = I /1L C I. Note that 0 and L itself are always ideals; they are called
the trivial ideals. Also, the center of a Lie algebra is always an ideal. A less trivial ideal is
the derived Lie algebra L") of L consisting of all elements that can be written as a finite
sum of elements of LZLL. If I C LL is an ideal in L one may form the quotient Lie algebra
L/1, whose elements are the equivalence classes [f] of all g € L. such that f — g € I, with
addition, scalar multiplication, and Lie product given by

alg] :=lag], [fI+g]:=1f+4g], [fl£lg] :=1[f<g].
It is well-known that the vector space operations are well-defined. The Lie product is well-
defined since f’ € [f] implies f' — f € I, hence (f — f')£g € I and [f'|4[g] = [f'Zg] =
[f2g+ (f' = )Zgl = [fZg].

If L and I are Lie algebras, their direct sum L& 1L is the direct sum of the vector spaces
equipped with the Lie product defined by

(x+2)2(y+y) =asly+2'2y

for all z,y € L and all 2/, ¢ € I'. It is easily verified that the axioms are satisfied.

11.2 Lie algebras from derivations

Equation (11.2),
f£(g2h) = (f£9)Zh+ gZ(fZh).

resembles the product rule for (partial) differentiation;

0 dg Oh

—(gh) = =—=h+g—.

Ox (gh) Ox tg Ox

To make the similarity more apparent we introduce for every element f € IL a linear operator

ady : L = LinLL, the derivative in direction f, given by

adsg := fZg.
The notation reflects the fact that the operator ad : . — Lin L defined by
adf := ady

is the adjoint representation of L; see Sections 13.3 and 13.5.

Note that an element f € L is in the center Z(L) = CL(L) of L if and only if the linear
operator ad; is zero.
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11.2.1 Example. For f in the Lie algebra C*°(R x R) constructed in Theorem 11.1.3, we
have

adrg = f29 = fp9q — fa9p = (fp(% - ﬁ(%) qg. (11.6)

The vector field X on R x R defined by the coefficients of ad; is called the Hamiltonian
vector field defined by f; cf. Chapter 12.  In particular, the Hamiltonian derivative
operators with respect to p and ¢ take the explicit form

0 0

Xp:a—q, Xq:—a—p,

and we have
ady = f, X}, + fo X,

With the convention that operators bind stronger than the Lie product, the Jacobi identity
can be written in the form

ads(g£h) = adygZh + gZadsh.

The Jacobi identity is thus equivalent to saying that the operator ad; defines for every f a
derivation of the Lie algebra.

11.2.2 Definition.
(i) A derivation of a vector space A with a bilinear product o is a linear map ¢ : A — A
satisfying the product rule (or Leibniz identity)

6(fog)=06fog+ fodg,

for all f,g € A. We denote by Der A the set of all derivations of A. (In the cases of interest,
A is an associative algebra with the associative product as o, or a Lie algebra with the Lie
product as o.

(ii) If E is an associative algebra E, a (left) E-module is an additive abelian group V
together with a multiplication mapping which assigns to f € E and x € V a product
fx € V such that

fle+y)=fe+fy, (f+g9)z=fr+gz, [flgz)=(f9)x
for all f,g € E and all z,y € V.

11.2.3 Proposition. The commutator of two derivations is a derivation. In particular,
Der A is a Lie subalgebra of Lin A with Lie product

5268 = [5,5).

Moreover, if A is commutative and associative then the product fd of 6 € Der E and
f € E defined by

(f0)g := [f(dg)

is a derivation, and turns Der [E into an E-module.



11.3. LINEAR GROUPS AND THEIR LIE ALGEBRAS 255

Proof. Since Der E is a linear vector space, and since the antisymmetry property and the
Jacobi identity are already satisfied in Lin [E, we only need to check that the Lie product of
two derivations is again a derivation. We have:

(0£8")(fg) = (68")(fg) — (8'0)(f9)
= 0((8'f)g+ f(d'g)) = 0'((6f)g + f(d9))
= (00'f)g+ f6d'g — (0'0f)g — fdd'g
= (040'f)g+ f(6£d'g)

This proves the first part. The second part is straightforward. ad

11.2.4 Proposition. The centralizer of a subset S of Lin[E, defined as
C(S):={0€DerE| AZ6 =0 forall Ae S},

is a Lie subalgebra of Der E.

Proof. As before, we only need to prove that the Lie product closes within C(S). If
9,0" € C(9), the Jacobi identity in the form (11.2) implies

AL(528') = (AL8) LS + 5 L(ALS) = 0.

11.3 Linear groups and their Lie algebras

In quantum mechanics, linear operators play a central role; they appear in two essentially
different ways: Operators describing time evolution and canonical transformations are linear
operators U on a Hilbert space, that are unitary in the sense that U*U = UU* = 1, and
hence bounded!. The unitary operators form a group, which in many cases of interest is a
so-called Lie group.

On the other hand, many important quantities in quantum mechanics are described in
terms of unbounded linear operators that are defined not on the whole Hilbert space but
only on a dense subspace. Usually, the linear operators of interest have a common dense
domain H on which they are defined and which they map into itself. H inherits from the
Hilbert space the Hermitian inner product, hence is a complex Euclidean space, and
the Hilbert space can be reconstructed from H as the completion H of H by equivalence
classes of Cauchy sequences, in the way familiar from the construction of the real numbers
from rationals. We therefore consider the algebra LinH of continuous linear operators on
a Euclidean space H, with composition as associative product.

!The bounded operators on a Hilbert space a so-called C*-algebra; see for example RICKART [232],
BAGGETT [17], or WERNER [285]. But we do not use this fact.
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In this section, we define the basic concepts relevant for a study of groups and Lie algebras
inside algebras of operators. Since for these concepts neither the operator structure nor the
coefficient field matters in most cases - as long as the characteristic is not two -, we provide
a slightly more general framework. In the next section, we apply the general framework to
the algebra C™*" = Lin C" of complex n x n-matrices, considered in the standard way as
linear operators on the space C™ of column vectors with n complex entries. Many of the
Lie groups and Lie algebras arising in the applications are naturally defined as subgroups
or subspaces of this algebra.

An (associative) algebra over a field K is a vector space E over K with a bilinear,
associative multiplication. For example, every x-algebra is an associative algebra over C.
As traditional, the product of an associative algebra (and in particular that of Lin H and
K™*™) is written by juxtaposition. An associative algebra E is called commutative if
fg=gf forall f g € E, and noncommutative otherwise. In many cases we assume that
such an algebra has a unit element 1 with respect to multiplication; after the identification
of the multiples of 1 with the elements of K, this is equivalent to assuming that K C E.
If E and E’ are associative algebras over K with 1, then a K-linear map ¢ : E — E’ is an
algebra homomorphism if ¢(fg) = ¢(f)o(g) and ¢(1) = 1. Often we omit the reference to
the ground field K and assume a ground field has been chosen.

We now show that every associative algebra has many Lie products, and thus can be made in
many ways into a Lie algebra. For commutative algebras, the construction is uninteresting
since it only leads to abelian Lie algebras.

11.3.1 Theorem. Let E be an associative algebra. Then, for every J € E, the binary
operation /4 defined on E by

f49:=F1Jg—gJf
is a Lie product. In particular (J = 1), the binary operation £ defined on E by
f£g=1f.4]
where
[f.9)=Ffg—gf

denotes the commutator of f and g, is a Lie product.

Proof. We compute the associator (11.4) for the bilinear operation f o g := fJg:

[f,9,h) = (fog)Jh— fJ(goh)=fJgJh— fIgJh=0,

by associativity. Hence the associator of o satisfies (11.5), and we conclude that 4 is a Lie
product. O

Note that JfZJg = J(f4g). Hence the corresponding Lie algebras are isomorphic when
J is invertible.
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If E and E’ are two associative algebras with unity, we may turn them into Lie algebras by
putting fZg = [f, g] in both E and E’. We denote by L and I’ the Lie algebra associated to
E and E’, respectively. If ¢ is an algebra homomorphism from E to E’ then ¢ induces a Lie
algebra homomorphism between the Lie algebras L and L". Indeed ¢(fZg) = ¢(fg—gf) =

o(f)o(g) — d(9)e(f) = o(f)£Le(g).

Theorem (11.3.1) applies in particular to E = K"*". The Lie algebra K™*™ with Lie product
fZg :=[f,g] is called the general linear algebra gl(n,K) over K. If K = C, we simply
write gl(n) = gl(n,C); similar abbreviations apply without notice for the names of other
Lie algebras introduced later.

11.3.2 Definition.
(i) A Hausdorff x-algebra is a x-algebra E with a Hausdorff topology in which addition,
multiplication, and conjugation are continuous. An element f € E is called complete if
the initial-value problem

d

dt
has a unique solution U : R — E. Then the mapping U is called a one-parameter group
with infinitesimal generator f, and we write ¢!/ := U(t); this notation is unambiguous
since it is easily checked that e!*f) = e(®)f for st € R. An element f € E is called self-
adjoint if f* = f and the product ¢f with the imaginary unit is complete. We call an
element g € E exponential if it is of the form g = ¢/ for some complete f € E. We call a
Hausdorff x-algebra E an exponential algebra if the set of exponential elements in E is
a neighborhood of 1.

U(t) = fU(t), U(0) =1 (11.7)

(ii) A linear group is a set G of invertible elements of some associative algebra E such
that 1 € G and

9.9€G = g'ggeG.

If E is given with a topology in which its operations are continuous, we consider G as a
topological group with the topology induced by calling a subset of G open or closed if it is
the intersection of an open or closed set of E with G.

(iii) A linear Lie group is a closed subgroup of the group E* of all invertible elements
of an exponential algebra E. A Lie group is a group G with a Hausdorff topology that
is isomorphic to some linear Lie group G, i.e., for which there is a continuous, invertible
mapping ¢ : G — G such that ¢ and ¢~1 are continuous and ¢(1) = 1, ¢(g99") = ¢(9)d(g")
for all g, ¢ € G.

For all exponential algebras [E, the group E* is a linear Lie group. Note that the law
efel" = e+ holds if f and f' commute but not in general. In particular,

efef = =1.

If E is a Banach algebra, i.e., if the topology of E is induced by a norm || - || satisfying
Ifall < |If1l llg]l, it is not very difficult to show that every f € E is complete, and we have
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for all f € E the absolute convergent series expansion

=L
k=0

and that f = logg, where

o0

1—g)*
logg::—Z% for |1 —g|| <1,
k=1

provides an f such that ¢ = ef. Therefore every Banach algebra is exponential. Note
that the exponential mapping, which maps a matrix f € E to e/ € E*, is usually not
surjective.

The above applies to the case E = C"*" with the maximum norm, which is a Banach
algebra, which covers all finite-dimensional Lie groups. In infinite dimensions, however,
many interesting linear Lie groups are not definable over Banach algebras (see, e.g., NEEB
[200]).

11.4 Classical Lie groups and their Lie algebras

This section is not yet in a good form.

A matrix group is a linear group in an algebra K"*". In this section, we define the most
important matrix groups and the corresponding Lie algebras. Although these are defined
no matter which field is involved, the Lie algebras in quantum physics have K is the field
of real numbers of the field of complex numbers. Because exponentials can be defined for
the real and complex fields, the groups have a natural differential geometric structure as
differentiable manifolds; cf. Section 17.7. 2.

11.4.1 Example. The group GL(n,K) of all invertible n x n-matrices over K = R or
K = C is a linear group, The subgroup of GL(n,K) consisting of the matrices with unit
determinant is denoted by SL(n,K). In other words, SL(n,K) is the kernel of the map
det : GL(n,K) — K*, where K* is the group of invertible elements in K. The Lie algebra
of SL(n,K) is denoted by si(n,K) and consists of the traceless n x n matrices with entries
in K. By Theorem 11.3.1, the algebra of n x n-matrices with entries in K is a Lie algebra
the commutator as Lie product; this Lie algebra is denoted by gl(n,K). The center of
gl(n,K) is easily seen to be the 1-dimensional subalgebra spanned by the identity matrix,
Z(gl(n,K)) =K1 =K.

2For general fields, there are no exponentials, and one needs to replace the differential geometric structure
inherent in Lie groups by an algebraic geometry structure, and may then interpret general matrix groups
as so-called groups of Lie type. In particular, for finite fields, one gets the Chevalley groups, which
figure prominently in the classification of finite simple groups.
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Every subspace of a Lie algebra closed under the Lie product is again a Lie algebra. This
simple recipe provides a large number of useful Lie algebras defined as Lie subalgebras of
some gl(n,K). Conversely, the (nontrivial) theorem of Ado, not proven here but see
e.g. JACOBSEN [136], states that every finite-dimensional Lie algebra is isomorphic to a Lie
subalgebra of some gl(n, R).

The group GL(n,K) is one of the most important finite-dimensional linear groups and all
finite-dimensional linear groups are isomorphic tosubgroups of GL(n,K) for some n. If
K = R or K = C then every closed subgroup G of GL(n,K) is a Lie group. These Lie
groups have associated Lie algebras .. = log G of infinitesimal generators. For any Lie
subgroup G of GL(n,K) one gets the Lie algebra by looking at the vector space of those
elements X of gl(n, K) such that =X is in G for € small enough. This criterion is very useful
since we can take € so small that we only have to look at the terms linear in € so that we
don’t have to expand the exponential series completely. If the subgroup G C GL(n,K) is
connected and either compact or nilpotent, then the exponential map can be shown to be
surjective, see e.g. KNAPP [154].

The Lie algebra sl(n,K) is the Lie subalgebra of gl(n,K) given by the traceless matrices.
The dimension is n? — 1 and we have

sl(n,K) = gl(n,K)/K.

The quotient is well defined and is a Lie algebra because K is the center and thus in
particular an ideal.

If L is a Lie algebra over R then by taking the tensor product with C and extending the
Lie bracket in a C-linear way, one obtains the complexification of L, denoted L°. The
process of complexification is also called extension of scalars. In particular, if we write
L = C ®g L then in L® the Lie bracket is given by (a ® 2)4(8 ® y) = af ® (zLy). The
reverse process is called realization or restriction of scalars; we clarify the process of
restriction of scalars by an example.

11.4.2 Example. Consider L = sl(2,C). We wish to calculate si(2,C)®. A basis of
sl(2,C) is given by the elements

G 5) G (06)

This basis is as well a basis for si(2,R); therefore we see sl(2, C)® = sl(2,R) @ i sl(2,R)
as real vector spaces. The Lie product of f + ig and f' + g’ for f,f € sl(2,R) and
ig,ig" € isl(2,R) is given by

(f+9)2(f' +9)=fLf —gg +i(f29' + ['Zg).
The reader who has already some experience with Lie algebras is encouraged to verify the
isomorphism sl(2, C)® 2 s0(3,1).
11.4.3 Example. Suppose we have a symmetric bilinear form B on K". The Lie algebra

so(n, B;K) is the subspace of all f € si(n,K) satisfying
B(fv,w) = —B(v, fw). (11.8)
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We leave it to the reader to show that if f and g satisfy (11.8), then so does fg — gf; thus
we have indeed a Lie algebra. In the special case where B(v,w) = vTw, the Lie algebra
so(n, B;K) is called the complex orthogonal Lie algebra so(n,K). In matrix language,
so(n, K) is the Lie algebra of antisymmetric matrices with entries in K and has dimension

n(n—1)/2.
An orthogonal matrix is a matrix () satisfying

QTQ =1. (11.9)

The orthogonal n x n-matrices with coefficients in a field K form a subgroup of the group
GL(n,K), the orthogonal group O(n,K).  Since (11.9) implies that (detQ)? = 1,
orthogonal matrices have determinant +1. The orthogonal matrices of determinant one
form a subgroup of O(n, K), the special orthogonal group SO(n,K). The corresponding
Lie algebra is so(n,K) = logO(n,K) = log SO(n,K), the Lie algebra of antisymmetric
n X n-matrices. In particular, the group SO(3) = SO(3,R) consists of the rotations in
3-space and was discussed in some detail in Section 3.2.

For a nondegenerate B (i.e., one where B(v,w) = 0 for all v implies w = 0) and K= C
(or any algebraically closed field), we can always choose a basis in which the bilinear form
is represented as the identity matrix. Therefore all so(n, B;KK) with nondegenerate B are
isomorphic to so(n, K).

Over K = R, symmetric bilinear forms are classified by their signature, i.e., the triple
(p,q,r) consisting of the number p of positive, ¢ of negative, and r of zero eigenvalues of
the symmetric matrix A representing the bilinear form B; B(v,w) = vTAw. The form
B is nondegenerate if and only if » = 0. Bilinear forms with the same signature lead to
isomorphic Lie algebras. In particular, so(p, q) denotes a Lie algebra so(p + ¢, B,R) where
B is a nondegenerate symmetric bilinear form B on R" of signature (p, ¢,0). The basis can
always be chosen such that the representing matrix A is

1 0
]qu = ( OP _1q) ’

where 1, and 1, are the p X p and ¢ x ¢ identity matrix, respectively. In this basis, the Lie
algebra so(p, q) is the subalgebra of gl(n,R) consisting of elements f satisfying

L, +1,f=0.
Note that if f € so(p, q) then

0=tr ((fT[p,q + [p,qf)lp,q) =2 tl"(ffi,q) = 21tr(f)

and hence so(p, q) C sl(n,R).

11.4.4 Example. Let V be a vector space over a field K. Suppose V is equipped with a
symmetric or antisymmetric nondegenerate bilinear form B. There is a symmetry group
associated to the bilinear form consisting of the linear transformations @ : V' — V such
that

B(Qu, Qu) = B(v,w)
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for all v,w in V. If B is symmetric one calls the group of these linear transformations
an orthogonal group and denotes it by O(B,K). The associated Lie algebra is o(B, K).
Indeed, €'/ transforms x,y into

B(ez,ely) = B(ez,ely)
= B((1+tf)z, 1+tf)y) + O(t?)
= B(wz,y) +tB(fx, fy) + O(t?).

11.4.5 Example. When K = R, one has for symmetric bilinear forms another subdivision,
since B can have a definite signature (p,q) where p + ¢ is the dimension of V. If B is of
signature (p, q), this means that there exists a basis of V' in which B can be represented as

B(v,w) =vTAw, where A=diag(—1,...,—1,1,...,1).
(v,w) =v" Aw, wher iag( )

p times q times

The group of all linear transformations that leaves B invariant is denoted by O(p, q). The
subgroup of O(p, q) of transformations with determinant one is the so-called special or-
thogonal group and is denoted by SO(p,q). The associated real Lie algebra is denoted
so(p, q) and its elements are linear transformations A : V' — V such that for all v,w € V we
have B(Av,w) + B(v, Aw) = 0. The Lie product is given by the commutator of matrices.

The group of all translations in V' generates together with SO(p, ¢) the group of inhomo-
geneous special orthogonal transformations, which is denoted 1.SO(p,q). One can
obtain 1.SO(p, q) from SO(p, g+ 1) by performing a contraction; that is, by rescaling some
generators with some parameter e and then choosing a singular limit € — 0 or € — o0.
The group 1SO(p, q) can also be seen as the group of (p+ ¢+ 1) X (p + ¢+ 1)-matrices of
the form

(%2 i)) with @ € SO(p,q), be V.

The Lie algebra of I50(p, q) is denoted iso(p,q) and can be described as the Lie algebra
of (p+¢q+1) x (p+ g+ 1)-matrices of the form

(61 8) with A € so(p,q), be V.

Again, the Lie product in iso(p, q) is the commutator of matrices.

We define the symplectic Lie algebra sp(2n,K) as the Lie subalgebra of ¢gl(2n,K) given
by the elements f satisfying
ffI+Jf=0, (11.10)

where J is the 2n x 2n-matrix given by

0o -1,
J= (1n ! ) .
We leave it to the reader to verify that if f and ¢ satisfy (11.10), then so does fg — gf.

~Y

Another useful exercise is to prove sl(2,K) = sp(2,K). (Caution: The reader is warned
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that in the literature there are different notational conventions concerning the symplectic
Lie algebras. For example, some people write sp(n,K) for what we and many others call
sp(2n,K).)

If B is antisymmetric in the example 11.4.4, the group is called a symplectic group and
one writes Sp(B, K). The associated Lie algebras is sp(B, K). If V' is of finite dimension m
one writes Sp(B,K) = Sp(m, K). Note that m is necessarily even.

Other real Lie algebras that play a major role in many areas of physics are the unitary Lie
algebras and the special unitary Lie algebras — called so because they are the generating
algebras of the groups of (special) unitary matrices, a term that will be explained in Section
17.7. The unitary Lie algebra u(n) consists of all antihermitian complex n X n matrices.
The special unitary Lie algebra is defined as the antihermitian n x n complex traceless
matrices and is denoted su(n). It is clear that su(n) C u(n). It might seem weird to call
a Lie algebra real if it consists of complex-valued matrices. However, as a vector space
the antihermitian complex n x n matrices form a real vector space. If f is a antihermitian
matrix, then i f is Hermitian. The dimension (as a real vector space) of su(n) is n? —1, and
the dimension of u(n) is n?. It is a good exercise to check that so(3) = su(2) since these
two Lie algebras will return very often. A hint: so(3) consists of anti-symmetric real 3 x 3
matrices, so there are only three. Choosing an obvious basis for both su(2) and so(3) will
do the job.

11.4.6 Example. A complex matrix U is unitary if it satisfies
uur =1,
where (U*);; = Uj;. Since the inverse of a matrix is unique, it follows that also U*U = 1.

By splitting all the matrix entries into a real and imaginary part U;; = A;; + ¢B;; we see

that the set of n X n unitary matrices makes up a submanifold of R2"* of dimension n?.

The linear group of unitary n x n matrices is denoted U(n).

U:eA:i
k=0

Then multiply A with a parameter ¢, take t — 0 and keep only the linear terms: U =
1+ tA+ O(t?). Then since U has to be unitary, we obtain

| —

Ak
! .

3

l=(1+tA+0F)1+tA+01)*)" =1+tA+ A*) +0(t)?,

implying that A has to be antihermitian. Thus the Lie algebra of infinitesimal generators
of U(n) is u(n).

The subgroup of U(n) of all elements with determinant 1 is denoted by SU(n) and is called
the special unitary group. The dimension of SU(n) is n?> — 1. For the determinant we
get

det(1+tA+O(t?) = 1 +trtA+ O(t)?,

and thus the trace of infinitesimal generators of SU(n) has to vanish, and we see that
the corresponding Lie algebra is su(n). Note that the Lie algebra u(n) contains all real



11.5. HEISENBERG ALGEBRAS AND HEISENBERG GROUPS 263

multiples of i-1, which commutes with all other elements. Hence u(n) has a center, whereas
su(n) does not.

In the case n = 2 it is a nice exercise to show that each special unitary matrix U can be
written as
U= < v ‘7{> , ,yeC, 2P+ |yP=1.
—y 7z
Writing @ = a + ib and y = ¢ + id for a,b,c,d € R we see that a® + b? + ¢? + d? = 1. This
implies that there is a one-to-one correspondence between SU(2) and the set of points on
the unit sphere S* in R%. Thus SU(2) is as a manifold homeomorphic to S3. In particular
SU(2) is compact. Hence every element U of SU(2) can be written as the exponent of a
matrix A.

Physicists prefer to work with Lie algebras defined by Hermitian matrices, corresponding
to Lie x-algebras. In the applications, distinguished real generators typically represent
important real-valued observables. Therefore they tend to replace the matrix A by iA for a
Hermitian matrix A. This is one of the reasons why the structure constants for real algebras
appear in the physics literature with an 7, as alluded at the end of Section 11.2.

11.5 Heisenberg algebras and Heisenberg groups

A Heisenberg algebra is a Lie algebra L with a 1-dimensional center and a distinguished
Lie central element 1 called one or identity, such that every fZg is a multiple of 1 for
all f,g € L. There is an embedding of K into IL given by a — a1 which can be used to
identify the multiples of 1 with the multipliers from the field, so that K = Z(L) C L.

When we divide out the center of a Heisenberg algebra we obtain an abelian Lie algebra.
More generally, let I be any Lie algebra and let I” be another Lie algebra with a subalgebra
Z contained in the center of . If L' /Z is isomorphic to L, one calls " a central extension
of L3

Corresponding to any Heisenberg algebra there is an alternating bilinear form w : LxL — K
given by
fLg=uw(f.9).

3In more abstract terms, central extensions are conveniently described by short exact sequences. Let A;
be a set of Lie algebras and suppose that there are maps d; : A; — A;y1;

G oAl Ay —— (11.11)

- Ay

We call the sequence exact if Ker d; = Im d;_1 for all i where there are d;_; and d;. As an exercise, the
reader is invited to verify the following assertion: The sequence 0 — A — B — 0 is exact if and only if
A = B and the isomorphism is the map from A to B. A short exact sequence is a sequence of maps of the
form

0+A—-B—-C—0.

A central extension of L is then a Lie algebra L” such that there is an exact sequence 0 — Z — L/ —
L — 0 with Z abelian.
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Conversely, given such a form on an arbitrary vector space V not containing 1, this formula
turns I ;== K @ V into a Heisenberg algebra. If w is nondegenerate on V it defines a
symplectic form on V.

The Heisenberg algebra h(n) is the special case where K = C, V = C?", and w is nondegen-
erate. Thus h(n) is a central extension of the abelian Lie algebra C** and has dimension
2n + 1. We can find a basis of V consisting of vectors p, and ¢ for 1 < k,I < n such
that w(pk, o) = w(qk, ) = 0 for all k,l and w(pg, q;) = 0x;; that is, w is then the standard

-1
1 0
encode symplectic vector spaces in a Lie algebra setting. Everything done here extends
with appropriate definitions to general symplectic manifolds, and, indeed, much of classical
mechanics can be phrased in terms of symplectic geometry, the geometry of such mani-
folds — we refer the reader to the exposition by ARNOLD [15] on classical mechanics and
symplectic geometry.

symplectic form on K?" represented by the matrix . Thus Heisenberg algebras

11.5.1 Example. Let us write t(n,K) for the Lie subalgebra of gl(n,K) consisting of
upper-triangular matrices and n(n, K) as the Lie subalgebra of gi(n, K) consisting of strictly
upper-triangular matrices, which have zeros on the diagonal.

The Lie algebra t(3,K) of strictly upper triangular 3 x 3-matrices is a Heisenberg algebra
with

0 0 1
1=10 0 0],
0 0 0
since
0 a ~v 0 o 0 0 ay —~d
00 B0 0 B ]=100 0 =ay —d.
0 0 0 0 0 O 0 0 0

The Lie algebra (3, C) is called the Heisenberg algebra; thus if one talks about ”the”
(rather than ”a”) Heisenberg algebra, this Lie algebra is meant and is denoted h(1). Intro-
ducing names for the special matrices

pi= q:=

o O O
o O =
o O O
o O O
o O O
O = O

we find that p,q and 1 form a basis of #(3,C), and we can express the Lie product in the
more compact form

(ap+ Bq+7)Z(dp+ Fq+7) = af — B (11.12)
Defining
(ap + Bq+7)" :==ap+Bq+7

turns the Heisenberg algebra into a Lie x-algebra in which p and ¢ are Hermitian. Note
that here x is not the conjugate transposition of matrices!
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(11.12) implies that p and ¢ satisfy the so-called canonical commutation relations
plqg=1, ptp=qlq=0. (11.13)

Since f/1 = 0 when 1 is Lie central, (11.13) completely specifies the Lie product. The
canonical commutation relations are frequently found in textbooks on quantum mechanics,
but we see that they just characterize the Heisenberg algebra.

The notation ¢ and p is chosen to remind of position of momentum. Indeed, the canonical
commutation relations arise naturally in classical mechanics. In the Lie algebra C*°(R x R)
constructed in Theorem 11.1.3, we consider the set of affine functions, that is, those that
are of the form f(p,q) = asp+ Brq + vy, with oy, Br,vy € C. In particular, the constant
functions are included with ay = 8y = 0, and we identify them with the constants v; € C.
Given another affine function g(p, ¢) = ayp + 8,9 + 7,4, we find

f£g=asB, — Brag € C.

Since fZg is just a complex number times the function that is 1 everywhere, it is a central
element, that is, it Lie commutes with all other algebra elements. Thus the affine functions
form a Heisenberg subalgebra of C*°(R x R), and p and ¢ satisfy the canonical commutation
relations.

Suppose that a commutative Poisson algebra [E contains two elements p and ¢ satisfying
the canonical commutation relations (11.13). Then E contains a copy of the Heisenberg
algebra. The algebra of polynomials in p and ¢ is then a Poisson subalgebra of E in which
(11.6) is valid. This follows from Proposition 12.1.5. Thus the canonical commutation
relations capture the essence of the commutative Poisson algebra C*°(R x R). But getting
the bigger algebra requires taking limits which need not exist in [, since with polynomials
alone, one does not get all functions.

11.5.2 Example. An upper triangular n X n-matrix is called unit upper triangular if
its elements on the diagonal are 1, and strictly upper triangular if its elements on the
diagonal are zero. It is straightforward to check that the unit upper triangular n x n-
matrices form a subgroup 7'(n, K) of the group G L(n,K), and the strictly upper triangular
n x n-matrices form a Lie subalgebra of gl(n,K), which we denote by ¢(n,K). We have
t(n,K) = logT(n,K). In the following we shall look more closely at the case n = 3 which
is especially important.

The Heisenberg group is the group

T(3,C) = { }a, bce C} (11.14)

OO =
O~ Q
= S0

of unit upper triangular matrices in C3*3; its corresponding Lie algebra is the Heisen-
berg algebra t(3,C). Since the Heisenberg group is defined in terms of matrices, it comes
immediately with a representation, the defining representation. Note that the defining
representation is not unitary.
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The relation between the Heisenberg algebra and the Heisenberg group is particularly simple
since the exponential map has a simple form. Indeed, if A € C"*" then
A _
et =>" T (11.15)
k=0

where A = 1 is the identity matrix and the series (11.15) is absolutely convergent. A
note on the infinite-dimensional case: For linear operators A on a Hilbert space H, the
series converges absolutely only when A is bounded (and hence everywhere defined); for
unbounded but self-adjoint A (which are only densely defined), convergence holds in a
weaker sense giving

et =" TV (11.16)
k=0
for a dense set of vectors ¢y € H that are analytic for A.

If A € t(3,C), then a direct calculation shows that A? is of the form

o O O
o O O
S OO0

for some ¢ € C. Hence A® = 0 and the exponential of A is simply given by e# = 14+ A+ 1A%
Thus if A is given by

0 a v
A={(0 0 B |,
0 0 0
the exponential is given by
1 a y+3a8
=0 1 15}
0 0 1

The map A — e is clearly bijective. The inverse map is given by the logarithm, which is

for matrices defined by
e -1 k—1
log(1+X) =) ( k) X", (11.17)
k=1

so that for the Heisenberg group G we have
log(X)=(X—-1)— (X -1P2=-2+2X-1X>.

We are thus in the situation that both 7'(3,C) = expt(3,C) and #(3,C) = logT'(3,C).
This is not special to the Heisenberg group, neither does it hold in general. But there is a
class of groups for which this holds. For example, the exponential map is surjective for all
connected Lie groups that are compact or nilpotent (see below), see, e.g., HELGASON [124]
or KNAPP [154]. The Heisenberg group is a noncompact but nilpotent Lie group.

Let us shortly repeat what it means when a group is nilpotent. Given any group G, we
can form the commutator subgroup GV, which is generated by all elements of the form



11.5. HEISENBERG ALGEBRAS AND HEISENBERG GROUPS 267

aba='b~! for all a,b € G. We can also consider the commutator subgroup of G and denote
it by G®). Repeating this procedure we get a sequence of groups

GOGY OGP o ..

A group is nilpotent if the procedure ends in a finite number of steps with the trivial group
G™ = 1. It is easy to see that the Heisenberg group is two-step nilpotent since G® = 1.

Since the exponential map is bijective for the Heisenberg group, there exists a binary
operation @ on t(3,C), where A @ B is the element with

elel = 498 (11.18)

It is not difficult to give an explicit formula for A @ B. Since A and B are strictly upper
triangular, we have APB? = 0 for p 4+ ¢ > 3. We thus have

el = (1+ A+ 3A%)(1+ B+ 3B%) =1+ A+ B+ 4(A* + B* +24B).
Applying (11.17) we find

Ao B = log(1+ A+ B+ 3(A*+ B*>+2A4B))
= A+ B+ 3(AB— BA),

hence
A@B:A+B+%AZB. (11.19)

1
Thus we get from (11.18) the formula ee? = e T573448  Since A/B is central, it behaves
just like a complex number, and we find the Weyl relations

eMtB = ¢m2A/B AL (11.20)

In fact this result is also a direct consequence of the famous (but much less elementary)
Baker—Campbell-Hausdorff (BCH) formula that gives for general matrix Lie groups
a series expansion of A @& B when A and B are not too large. Even more generally, the
Baker-Campbell-Hausdorff formula applies to abstract finite-dimensional Lie groups? that
are not necessarily matrix groups and says that for two fixed Lie algebra elements A and
B and for small enough real numbers s and ¢ there is a function C' from R x R to the Lie

algebra such that we have
6SA6tB — eC(s,t) )

The function C(s,t) is given by a (for small s, ¢t absolutely convergent) infinite power series,
the first terms of which are given by

Cls,1) = sA+ 1B+ S ALB + % (sAL(ALB) ~1BL(ALB)) + ..

In fact, this series expansion may be derived from a closed form integral expression.

The Baker—Campbell-Hausdorff formula is of great importance in both pure and applied
mathematics. It gives (where it applies; in particular in finite dimensions) the relation of a

4In infinite dimensions, additional assumptions are needed for the BCH-formula to hold.
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Lie group with the associated Lie algebra. It for example says that the product of e* and
eP for some A and B in the Lie algebra is again an element of the form ¢“ with C in the Lie
algebra. Hence the exponents of the Lie algebra generate a subgroup of the corresponding
Lie group.

For infinite-dimensional Lie algebras and groups, one has to use a refined argument cen-
tering around the Hille-Yosida theorem. Let U(t) denote a one-parameter group of linear
operators on a Hilbert space H such that ¢ — U(t) is strongly continuous, which means
that ¢ — U(t)p is continuous for all ¢ € H. Then we can differentiate U(t) to obtain the

strong limit
A = lim M _
t—0 t
The object A is called infinitesimal generator of the one-parameter group U(t). It turns
out that A is a closed linear operator that is defined on a dense subspace in H. The Hille—
Yosida theorem gives a necessary and sufficient condition for a closed linear operator A to

be the infinitesimal generator of some strongly continuous one-parameter semigroup
U(t) = e,
since in general one might not get a group. The Hille-Yosida theorem is very useful for
analyzing the solvability of linear differential equations
d
S0(t) = AV(D), (0) = v,

examples of which are the Schrodinger equation or the heat equation. If the conditions of
the Hille-Yosida theorem hold for A, the solution to this initial value problem takes the
form
b(t) = e(0).

For the (hyperbolic, conservative) Schrodinger equation, A = —%H with a self-adjoint
Hamiltonian H, the solution exists for all ¢, and the U(t) form a one-parameter group. For
the (parabolic, dissipative) heat equation, A = kA is a positive multiple of the Laplacian
A=09%+ 02 + 02, the solution exists only for ¢ > 0, and we only get a semigroup.

11.6 Lie x-algebras

Many Lie algebras of interest in physics have an additional structure: an adjoint mapping
compatible with the Lie product.

11.6.1 Definition. A Lie x-algebra is a Lie algebra IL over C with a distinguished element
1 # 0 called one and a mapping * that assigns to every f € L an adjoint f* € IL such that
f£1 =0,

(f+a)=f+g, (fLg)=[2yg",
fr=f A)T=A =1

for all f,g € L and A € C. We identify the multiples of 1 with the corresponding complex
numbers.
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The reason why we include the 1 into the definition of a Lie x-algebra is that many physically
relevant Lie algebras are equipped with a distinguished central element®. But the presence
of 1 is not a restriction, since one can always adjoin a central element 1 to a Lie algebra I
without nonzero central element and form the direct sum L =L & K.

An important Lie *-algebra for nonrelativistic quantum mechanics is the algebra E = Lin H
of linear operators of a Euclidean space H (usually a dense subspace of a Hilbert space H).
The relevant Lie product is defined by Theorem 11.3.1 with the choice
; .
Ji=== z

5 th € Lin H,

where 1y is the identity operator on H, and the conjugate of f € E is given by the adjoint
of f, defined as the linear mapping f* satisfying ¢* f*1) = (f¢)* for all ¢, € H. Dropping
the index J in the Lie product of Theorem 11.3.1, we get the quantum Lie product

f29=1(fg~9f) = 11f.4] (11.21)

of f,g € LinH, already familiar from (1.3). Note that the axioms require the purely
imaginary factor in this formula, whereas the value of Planck’s constant & is arbitrary from
a purely mathematical point of view. In quantum field theory, a different choice of J is
sometimes more appropriate.

For any Lie x-algebra, the set

ReL:={felL| f*=f}

is a Lie algebra over R. When describing symmetries, physicists often work with Lie alge-
bras over the reals; the present Lie *-algebras are then the complexifications of these real
algebras, with a central element 1 adjoined if necessary.

The complexification of a real Lie algebra L is the Lie x-algebra CL defined as follows.
In case that a complex scalar multiplication is already defined on L, one first replaces L by
an isomorphic Lie algebra in which if ¢ L if f € L is nonzero. Then one defines

CL=LaiL,

extending scalar multiplication in a natural way to the complex field. That is, any element
f € CL is of the form

f=h+if
with fi1, fo € L, and one defines

a(ff) = (af)f, afLBg:=(apf)fLy

5Many such Lie algebras are realized most naturally as central extensions of semisimple Lie algebras,
corresponding to projective representations of semisimple Lie algebras. By including the 1 automatically
we work directly in the central extension, and avoid the cohomological technicalities associated with the
formal discussion of central extensions and projective representations.
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for all f,g € L and «, 8 € C. Conjugation is defined as
(fitife) :=fi—ify for fi,fo €l

The axioms for a Lie x-algebra are easily established if 1 € L. Note that the real dimension
of L equals the complex dimension of CILL. It is easy to check that

ReCL = L.

Conversely, for a Lie x-algebra L,
CReL = L.

If a complex Lie algebra I’ is isomorphic to CLL as a Lie algebra, one says that L is a real
form of the complex Lie algebra IL'.

~Y

We leave it as an exercise to verify Csu(n) = si(n,C) and Cso(p,q) = so(p+ ¢,C). In
general, a complex Lie algebra has more than one real form as we can see since for p # ¢, n—q
the Lie algebras so(p,n — p) and so(gq,n — q) are not isomorphic.

An involutive Lie algebra (NEEB [199)) is a Lie algebra L with Lie product [, -] and with
an involutive, antilinear anti-automorphism o, i.e., a mapping o : . — L satisfying

o(af) = a'cf, o(fZg)=oglof

for a« € C, f,g € L. Associated to an involutive Lie algebra L is the real form Ly =
zel | oz = —x}. Our definition of a Lie x-algebra is closely related and obtained as

follows, after adjoining to L a central element 1 if necessary. We define L as the vector
space L equipped with the Lie product Z defined by z/y = %[x, y]. Then the mapping
x + ihx, with K a positive real constant (in physical applications Planck’s constant) is an
isomorphism of Lie algebras. The map o induces the conjugation 2* = —ox and RelL = Lg.

11.6.2 Remarks.

(i) The nomenclature of Lie x-algebras is a bit tricky. If L is a Lie x-algebra, we therefore
denote it (usually) with the name of the real Lie algebra RelL. To avoid confusion, it is
important to keep track of whether we are discussing real Lie algebras, complex Lie algebras
or Lie x-algebras.

(ii) In the physics literature, one often sees the defining relations (11.1) for real Lie algebras
written in terms of complex structure constants,

X]ZXk = Zicjlel .
l

where i = v/—1 and the c;;; are real. That is, the Lie product takes values outside of the
real Lie algebra! What is done by the physicists is that — as in the above definition of a Lie
x-algebra from an involutive Lie algebra — they multiply all elements in the Lie algebra by .
The reasons for making this seemingly difficult construction mainly has historical reasons.
One is that in some real algebras the elements are antihermitian matrices. By multiplying
with ¢ one obtains Hermitian matrices and in quantum mechanics, observable quantities
are represented as Hermitian operators.
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The converse process of complexification is realization. Given a complex Lie algebra L,
one regards it as a real Lie algebra IL® by restricting scalar multiplication to real factors.
Since f and the imaginary scalar multiple ¢f are linearly independent over R, the real
dimension of L® is twice the complex dimension of L. In the finite-dimensional case, a
convenient way to obtain the realization is as follows: Choose a basis tq,...,t, of . and
then form the elements s; = it; for all j. All real linear combinations of s; and t; make up
LE. Given two elements f, g in L¥ one calculates their Lie product as if they were elements
of LL; the result can be written as

flg = Z(Oéj + Zﬁj)tj .

The Lie product of f and g in L is then defined as

fLg=> ajti+iY_ Bis;.

See also Example 11.4.2.
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Chapter 12

Mechanics in Poisson algebras

This chapter brings more physics into play by introducing Poisson algebras, i.e., associative
algebras with a compatible Lie algebra structure. These are the algebras in which it is
possible to define Hamiltonian mechanics. Poisson algebras abstract the algebraic features
of both Poisson brackets and commutators, and hence serve as a unifying tool relating
classical and quantum mechanics. In particular, we discuss classical Poisson algebras for
oscillating and rotating systems.

12.1 Poisson algebras

Many algebras that we will encounter have both an associative product and a Lie product,
which are compatible in a certain sense. Such algebras are Poisson algebras, our definition
of which is the noncommutative version discussed, e.g., in FARKAS & G. LETZTER [86]. (In
contrast, in classical mechanics on Poisson manifolds, one usually assumes Poisson algebras
to be always commutative.)

12.1.1 Definition. A Poisson algebra E is a Lie algebra with an associative and dis-
tributive multiplication which associates with f, g € E its product fg, and an identity
1 with respect to multiplication, such that the compatibility condition

fL(gh) = (f£g)h+g(f£h) (12.1)
holds. Equation (12.1) is also called the Leibniz identity.

In expressions involving the associative product and the Lie product, the binding of the
associative product is stronger than the Lie product, i.e., fZgh is interpreted as fZ(gh),
and fgZh as (fg)Zh.

12.1.2 Remarks. Since Poisson algebras have two products, neither of which is assumed
to be commutative, we reserve the notation [f, g] for the commutator

9] = fg—gf

273
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with respect to the associative product. If [f,g] = 0 we say that f and ¢ commute. If
fZg = 0 we say that f and g Lie commute. An element which commutes (Lie commutes)
with every element in E is called central (Lie central).

12.1.3 Example. We take C*°(R x R) where the associative product is given by ordinary
multiplication of functions, and where the Lie product is given by fZg = f,9, — f,9,- To
see that the Leibniz condition is satisfied we write

fZgh = f,(gh)g — fo(gh)y
= fpgqh_'_fpghq_fquh_fqghp
= (f£g)h+g(f<h).

Thus C*(R x R) is a commutative Poisson algebra.

12.1.4 Example. For a Euclidean space H we consider the space Lin H of continuous linear
operators on H. The Lie product is given by

f£g= %[f,g] = %(fg —af).

We have

rzgh = +(foh—ghy)

= (Fgh—gfh+gfh— ghf)

= %([f, glh + g[f, h]) :

=St

Hence Lin H is a non-commutative Poisson algebra. In particular, taking H = C”, we find
that C"*" is a non-commutative Poisson algebra.

These examples are prototypical for the application in physics. Indeed, the Poisson al-
gebras relevant for classical mechanics are commutative and are defined via differential
operators, while the Poisson algebras relevant for qunatum mechanics are noncommutative
and typically defined via a commutator.

We note some immediated consequences of the axioms, which show that the Lie product
has close similarities with differentiation.

12.1.5 Proposition. Let [E be a Poisson algebra. Then
f£1 =0,

and
f£9"=ng" ' (f£g) if [fZg,9]=0.

Proof. We first take n = 0 and calculate

L = f2(1-1) = (fLD)1+ 1(f£1) = 2(f£1),
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from which it follows that fZ1 = 0. Let us therefore suppose that the proposition is true
for all £ with 0 < k < n, then for kK =n + 1 we have

L") = (f£9Mg+ 9" (f£Lg) =ng" ' (fLg)g + g"(f£g) = ng"(f<Lg) .

12.1.6 Definition. A Poisson x-algebra is a Poisson algebra that as a Lie algebra is a
Lie x-algebra (defined in Definition 11.6.1) satisfying the additional rule

(f9) =g/

Note the change of order in (fg)* = ¢g*f*, while the ordering of the Lie product is preserved
under the involution .

12.1.7 Example. The commutative Poisson algebra C°(R x R) is made into a Poisson
x-algebra by defining

f(pq) = f(p;q).

We have (f*),(p,q) = f,(p,q), and

(f9)"(p,a) = fa(p.a) = f(p.q) 9(p,@) = (f*9")(p,q),

hence (fg)* = f*g* = ¢g* f* since the algebra is commutative. From these considerations it
follows immediately that C*°(R x R) is a Poisson *-algebra.

12.1.8 Example. We make LinH with the quantum Lie product (11.21) into a non-
commutative Poisson x-algebra by defining A* to be the adjoint conjugate transpose of
A, which is defined as the linear operator A* such that

(Ag,¥) = (¢, A™p),  forall ¢,¢ € H,

where (-,-) denotes the inner product on H. In particular, if H = C™ then (¢,1) = ¢*¢
and A* is the conjugate transpose of the matrix A € C"*". For general H, we have

(AB¢, ) = (Bo, A™) = (¢, B*A™Y) ,
from which we read off that (AB)* = B*A*. Then it follows that
‘

h
‘

= (AB -BA) = %[A*, B = A*/B*.

AzB = (714.B)) = —%((AB)* —(BA)") = —%(B*A* _ A*BY)

Hence Lin H is a Poisson *-algebra.
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12.2 Rotating rigid bodies

The spinning top is the classical model of a spinning particle. Like a football, the top can
be slightly deformed but when the external force is released it jumps quickly back to its
equilibrium state. Molecular versions of a football are the fullerenes, the most football-like
fullerene being a molecule with 60 carbon atoms arranged in precisely the same manner as
the vertices that can be seen in the corners between the patches on the surface of an official
football. In a reasonable approximation, the deformability can be neglected; the spinning
top, and also the fullerene soccer ball, is most often treated as a rigid body.

The spinning top is treated in most undergraduate courses in mechanics; hence there is a
rich literature on the topic.! Due to the abundance of classical treatments of the spinning
top we pursue here a nonstandard approach based on Poisson algebras, which shows how
it is a special prototypical case of a uniform algebraic approach to mechanical systems.

A rigid body can be moving as a whole, that is, its center of mass can have a nonzero velocity,
but changing to comoving coordinates via a time-dependent translation, one may assume
that the center of mass is not moving. The coordinate system in which the center of mass
of the rigid body is fixed is in physics literature called the center of mass coordinate
system. Without loss of generality we then assume the center of mass is at the origin
(0,0,0).

Having fixed the center of mass the rigid body can still rotate, but after rotating the
coordinate system to the body-fixed one, no freedom is left. This means that the pose of
a rigid body with fixed center of mass is completely described by a rotation Q(t) € SO(3).

Thus Q(t) satisfies Q(1)Q(t)T = Q(t)TQ(t) = 1 and det Q(t) = 1. Differentiating we get
QMM + QMM =0.
Calling Q(t) = Q(1)Q(t)T = Q(t)Q(t)~" we thus have
Q)" =-Q(),

that is €2 is antisymmetric. We can therefore parameterize §2 as

0 —Ws3 W9
Q= Ws 0 —W1
—Wa W1 0

We then have Qv = w x v, where w is the vector (wy,ws, ws)?. We view Q(t) as a matrix
X(w(t)) depending on the vector w(t), called the angular velocity.

A rigid body in a conserved system has an energy that can depend on the position deter-
mined by @Q(t) and the velocity Q(t). Since Q = QQ T = QQ = X (w)Q, the energy thus
depends on @) and w: the Hamiltonian H = H(Q,w) is a function of () and w.

LGood accounts of the standard approach can be found, e.g., in ARNOLD [15], MARION & THORNTON
[183], or GOLDSTEIN [106].
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For a freely rotating body, the Hamiltonian only depends on the kinetic energy and is
quadratic in the angular velocity;
L 7
H=H(w) = Jw Tw,

and we can always take I symmetric, ] = I7. The 3 x 3-matrix I, called the tensor
of moments of inertia, or just inertia tensor, has the meaning of an angular mass
matrix analogous to the mass matrix M given in Chapter 5 for the case of an oscillating
particle, where the kinetic energy was given by H = %VTM v. The reason why it is called
a tensor and not a matrix is because I is in fact a bilinear form.2 Under a coordinate
change I does transform as a bilinear form and not as a matrix. Indeed, under the change
of coordinates w — Quw for some Q € SO(3), the Hamiltonian is invariant and thus I
transforms as I — Q~TI1Q~!, that is, by a congruence transformation. In contrast, a matrix
A transforms as A — QAQ™!, which is a similarity transformation. By a coordinate change
I can be made diagonal, so that we may assume that

3
]‘E 2

The coefficients I, are called the principal moments of inertia. To have a Hamiltonian
that is bounded from below we require I; > 0. In practice one has I, > 0 for all k = 1,2, 3;
then [ is invertible.

In analogy to the linear momentum p = Mv = %—Ij for an oscillating particle with kinetic

energy H = %’UTM v, we define the angular momentum J by

OH
J=—=1w.
Ow “
We rewrite the Hamiltonian as a function of J;
1
H = 5JTI—lJ, (12.2)

in analogy to the formula H = %pTM ~1p for the oscillating particle. We have

57 = I''J=w, (12.3)

in analogy with v = %—I; = M'p.

12.3 Rotations and angular momentum

In Section 3.4, we used the Ji as generators of the rotations; they are basis elements of the
Lie algebra . = so(3). The J correspond to the angular momenta of a spinning particle (see

2The same holds for the mass matrix — but there the terminology has become traditional.
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Section 12.2). Thus there is a more physical interpretation; the Jj correspond to measurable
quantities, the components of the angular momentum. We denote the observable that
corresponds to Ji with the same symbol J;. Purely classical, the state of a rigid rotating
body in its rest frame is defined by specifying a numerical value for J = (J;, Jo, J3)T, called
the angular momentum of the rigid body.

The dynamics of a rigid body is determined by the equation J = J X w, where w = I"1J is
the angular velocity of the rigid body and I is the constant inertia tensor.

Thus the state at a given time determines uniquely its value at any time, and therefore the
value of every classical observable f(J), i.e., every function of the angular momentum, such
as the angular velocity or the total angular momentum J2. In analogy with the case of
a single particle, we therefore consider the manifold R? of possible states J to be the phase
space of the rotating rigid body.

To study the observables, i.e., functions of J, we begin with polynomials. We write Pol L
for the polynomial algebra generated by 1 and the J;, and give this algebra the structure
of a Poisson algebra. The recipe obtained will then be further generalized to cover arbitrary
C*°-functions of J.

Motivated by the so(3) structure we define a product £ recursively, starting with the
commutation relations of so(3) with 1 adjoined,

lljk = 0, JkZJl = Zeklme.

With the abbreviation a.J; + asJo + asJs = a - J, this gives
14a-3=0, a-J£b-J=(axb)-J.

Having given the product on the generators of Pol L., the product is completely determined
by the Leibniz rule

a-Jf(NLb-TJ=(a-JLb-D)f(I)+a-J(f(T)Lb-T)
for f € PolLL.

12.3.1 Lemma. We have the identity

J
f(J)zb-J:(be)-%,
where J as a vector in (PolL)?® means (Jy, J2, J3)T, with components J;, € Pol L.

Proof. The proof is by induction. For degree of f zero the statement is trivial. For degree
1 we have
da -J

a-32b-T=(axb) - T=(bxT)-a=bxT)
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Here we use a vector notation, that is, we consider PollL.. Now suppose the statement is
true for some n > 1, then we consider next a homogeneous polynomial of degree n 4+ 1 and
write it as a - Jf(J) (or a linear sum of such). Next we consider on the one hand

a~Jf(J)4b~J:(a><b)~Jf(J)+a-Jb><J~ag—(JJ),
and on the other hand
(bx J)- 3(a-Jf(J)) C bx D) -af(@) ta-Ibx )2 f@)
0J B 0J
= (a><b)-Jf(J)+a-J(be)-%f(J),
and by inspection the two expressions are the same. O
12.3.2 Lemma. The product Z satisfies
_(99(3) N () _ . (0f(3)  9g(d)
f(JMg(J)—( 0J XJ) oy ( o3 ol ) (12:4)

Proof. We again proceed by induction, this time on the degree of g. For degree < 1 of g,
the previous lemma gives the result. Now suppose the result holds for polynomials up to
degree n > 1. Now consider the polynomials of degree n + 1 and write such a polynomial
as a sum of terms g(J)h(J) where g and h both have degree < n. Then for each such term
we have

I Z(gMn@)) = (F(3)2903))h3) + 9(3)(£3)ZA(3))
- (@xJ> gh(J)Jrg(J)(&h 7) or

th .&]8 88_J;h‘aJ
- () = G ),

Note that although (12.4) was derived only for polynomials, its right hand side makes sense
for arbitrary C'™ functions of J Thus we take it as the definition of a Lie product on C*°(R?):

12.3.3 Proposition. The algebra E = C*(R3) and its subalgebra Pol(IL) are Poisson
algebras. That is, the product (12.4) is a Lie product satisfying the Leibniz identity.

Proof. The antisymmetry of the product £ is obvious on the generators, for the other cases
we use Lemma 12.3.1 and Lemma 12.3.2 together with the observation that u-J xw = w-ux
J = —w-J x u. The Leibniz identity is a direct consequence of the product rule for partial
derivatives. The Jacobi identity is a bit tedious to check. Using the notation f, = aa—j; and
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the Levi-Civita symbol, one writes the outer product for vectors as (uxv)y = >, €ximUiUn,.
Then we find for the Lie product

flg = Z 6klmJlfmgk 5

klm

from which the antisymmetry follows immediately. Using the identity

E €klmEmnp = 5kn5lp - 5k‘p5ln 5

m

one obtains after some algebraic calculations

(fZLg)Lh = Z hi feJkgr — hegrdi fi + Z €ximEabeIm I fagoe + fardb)

where the summations are over all present indices. When summing over the cyclic permu-
tations of f, g and h the first summation is easily seen to give zero. We write the second
sum as

EkimEabeIm Je (fagbkhl + fargvhi + gahwr fi + Garho fi + ha forgr + hakbel)a

and focus on the term with two derivatives on f

€kimEabeImJe (fakgbhl + hafbkgl) = €pmEabeImJe (fakgbhl + hie f1a9p

€ximEabeImJe (fakgbhl — hi frags
= 0.

The other terms cancel similarly. ad

12.4 Classical rigid body dynamics

Many books on classical mechanics, see for example MARION AND THORNTON [183],
ARNOLD [15] or GOLDSTEIN [106], present the standard approach to the dynamics of a
spinning rigid body, resulting in the Euler equations. We take an alternative route, ex-
ploiting the Lie algebra structure corresponding to the rotation group. We write down
the Lie product that determines the mechanics. We then derive the Euler equations and
reproduce the same equations of motion. Thus we are giving an equivalent description.

The motivation for the form of the Lie product is determined by symmetry considerations.
We have seen that the algebra of infinitesimal rotations — which must be involved in the
differential equations describing the state of the spinning object — is so(3), the Lie algebra
of real, antisymmetric 3 x 3-matrices. In Section 12.5, we shall see that we can obtain a Lie—
Poisson algebra out of any Lie algebra; in particular, we construct the Lie-Poisson algebra
of s0(3) in Example 12.5.3. Since the dynamical observables of a physical system form
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a Poisson algebra, we consider the Lie—Poisson algebra of arbitrarily often differentiable
functions on R3, with coordinates .J;, Jo and J3, equipped with the Lie product given in
Section 12.3

af\ 9y

for f,g € C>*(R?).

Now that we have the Poisson algebra and the Hamiltonian (12.2) for the classical mechanics
of the spinning top, we can apply the usual recipe. For an observable f the time-evolution
is given by

f=H/f.
In particular, for the angular momentum we have from (12.3)
. H
Jk:HZJk: (JX 88—:[) ék:(J Xw)k,

where ¢ is the unit vector in the direction k, and where we use H/90J = [7'J = w. We
thus have ‘
J=Ixw.

Further, since J = Iw we find Iw = [w x w. Writing this out in components we find

T T w1 wows(Iy — I3)
[2@2 = [2(,02 X W9 = wlcUg(Ig — Il) (125)
]3@3 ]3003 W3 w1w2(11 — _[2)

The equations (12.5) are the Euler equations for the spinning rigid body. The spinning
direction is given by the vector n := w/|w| and the spinning speed is given by |w|. Thus
knowing the trajectory of w(t) in the phase space R? at all times implies knowing everything
about the direction and speed of the spinning motion.

We claim that J? = J-J is a Casimir of the Lie algebra so(3). Indeed, from (3.43) we have
J1ZJy = J3 and the other commutation relations can be obtained by cyclic permutation.
But then

N2 = LT3+ I LT3 = J3dy+ Jods — Jods — JsJo =0,

and for the other generators the results are similar. Since J? is a Casimir of the Lie algebra,
it is conserved by the dynamics. Indeed, calculating the time-derivative of J? we find

(J)"=2T7-J=2T - I xw=0.

Hence the motion preserves surfaces of constant J?, which are spheres. The radius of the
sphere is determined by the initial conditions.

Note that the angular momentum phase space R? cannot be symplectic since it is not
even-dimensional. However, since we have a Poisson algebra, it is a Poisson manifold as
described in Section 18.1.

In the present case, the symplectic leaves (co-adjoint orbits) are the surfaces where the
Casimir J? has a constant value; hence they are the spheres on which the motion takes
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place. Indeed, 2-dimensional spheres in R? have a natural symplectic manifold structure,
on which the rotation group SO(3) acts as a group of symplectic transformations.

Since the Hamiltonian is conserved (although for completely different reasons), the motion
also preserves surfaces of constant E = $J717'J, which are ellipsoids. If I is not a multiple
of the identity, this forces the motion to be on curves of constant J*7~1J on the co-adjoint
orbit, i.e., on the intersection of the sphere defining the co-adjoint orbit with the ellipsoid
JTI71J = 2F, where F is again determined by the initial conditions. Then only the speed
along these curves needs to be determined to specify the motion. Thus the free spinning
rigid body motion is exactly solvable.

Let us consider affine functions on the Poisson algebra of the classical spinning top. We
calculate (for a,b € C? and «, 8 € C)

(a+a-NZB+b-T)=(axT)-b=(bxa)-J,

which describes the Lie algebra u(2). Looking only at linear functions, that is, the linear
subspace spanned by J, we find the Lie algebra so(3). The two Lie algebras only differ by
the center of u(2) and thus u(2) = su(2) @ R = R @ so(3). This coincidence is due to the
sporadic isomorphism so(3) = su(2).

12.5 Lie—Poisson algebras

In the above section we started from a the Lie algebra structure of so(3) to construct an
associated Poisson algebra. This program can be repeated for arbitrary real Lie algebras.

The formulation closest to the physical applications is in terms of a Lie x-algebra L. It
applies to arbitrary real Lie algebras such as so(3) by taking their complexification and
adding, if necessary, a central element 1, thus extending the dimension of the Lie algebra
by one. As usual, we write C for the complex linear subspace spanned by the element 1. In
case that LL is infinite-dimensional, we assume LL to be equipped with a topology in which
all operations are continuous and that L is reflexive (see below); in finite dimensions this
is automatic.

We consider the dual space IL* of continuous linear maps from L to C, and the bidual space
L** of continuous linear maps from the dual space IL* to C. For finite-dimensional vector
spaces we have canonically L** = L, for infinite-dimensional vector spaces in general only
L C L*; in both cases we have an injective map L. — IL** given by

del, el (& :=¢&(9).

A normed vector space is called reflexive if L** = L. We need L to be reflexive for the
construction that follows. We thus assume L** = L in the following.

For any real number A (we shall need A = 0 and A = 1), we define the family of parallel
affine hyperplanes

My =L e L™ [&(f7) =&(f)" forall fel, £(1)=A}.
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One should note that M, is a real linear subspace in IL*. The affine hyperplane M; carries
the structure of a real submanifold, with the tangent space at each point being isomorphic
to MQ.

If I is the complexification of a real Lie algebra I/, so that we have . = " ®g C, then
the elements of M are the linear functionals £ on I/ that are zero on the element 1, and
are extended to linear forms on L by linearity: &(a + bi) = £(a) + i£(b) for a,b € L. So
we can identify M, in this case with the dual of the quotient Lie algebra L'/R, where R
denotes the real subspace spanned by the distinguished central element 1. Therefore the
dual of My is again I'/R. In the general case M, is a real subspace in (IL/C)*, so that
MyC = My + iM, satisfies (M,C)* =1L /C.

We consider for a non-empty open subset M of M; the commutative algebra E = C*(M).
We define for every f € E and £ € M a linear map df (§) : My — C by

f(€+tv) — f(&)
t

df (§)v = Ilfl_{rol for all v € M.

So we have df (§) € Lin(My, C). Extending by C-linearity we can view df (£) as an element
of Lin(M,C, C). Hence df (£) defines an element in (M,C)* = LL/C. We can find an element
Df(&) in L such that under the projection I. — LL/C the element D f(&) goes to df (£). The
choice of D f(§) is not unique, but another choice D' f (&) differs from D f(£) by an element
in C, which is contained in the center.

We now show how the object Df(£) can be chosen. We choose an arbitrary element
w € L* with w(l) = 1. Then we can write L* as a direct sum L* = MC® W (as a
complex vector space), where W = Cw := {aw | @ € C} is the 1-dimensional span of w.
Indeed, for an arbitrary element of £ € L*, the element &' := £ — {(1)w satisfies &'(1) = 0.
Now &' can be written as a linear combination u + iv of two elements u,v € My. Thus
E=u+1w+E(1)w € MyC @ W. For any fixed choice of w we define D f(£) by

Df(§)u = df (§)(u— u(l)w). (12.6)

Note that u — u(1l) € MyC. The extended Df(£) lies thus in L**. But L was assumed to
be reflexive, hence we have Df(§) € L.

We are now in a position to define a Lie product on E by

(f£9)(€) = (Df(§)£Dg(£))(§) forall & € M C My,

where the Lie product on the right-hand side is that of L. The left-hand side above is the
complex number obtained by evaluating the function h := fZg for the argument £ € M C
M, C L*. The right-hand side is the complex number obtained from the bilinear pairing
between df (£)Zdg(§) € L and the same &. Since the derivative of a smooth function is
again smooth, fZg is again an element of E.

We see that the Lie product fZg is independent of the choice of Df(£) and Dg(§), or
equivalently, of the choice of w in (12.6). Indeed, any other choice would differ only by
an element in the center. But taking the Lie product in L the dependence of the central
element drops out.

We have the following theorem:
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12.5.1 Theorem. The algebraE with the Lie product £ defined above is a Poisson algebra,
called the Lie—Poisson algebra over IL. The restriction of the Lie product of E to affine
functions coincides with the Lie product of L.

Proof. (Sketch): The definition of Z is independent of w. The antisymmetry of /£ is
clear, and the Jacobi identity follows from that of IL, using the fact that partial derivatives
commute. The Leibniz identity follows from the Leibniz property of differentiation. The
injection . — IL** gives a map from the Lie algebra to the affine functions. We therefore
regard the Lie algebra as a subalgebra of the affine functions. Since we assumed the Lie
algebra IL to be reflexive the affine functions represent elements of the Lie algebra. Indeed,
for an affine function f we obtain a linear function by subtracting f(0) and thus defines an
element f’of .. But f(0) is a multiple of 1 and thus also an element of the Lie algebra,
therefore f = f"+ f(0) € L. O

We give two important examples.

12.5.2 Example. Consider L. = h(1), the Heisenberg algebra, which is spanned by gener-
ators p, ¢ and 1, with pZq = 1 and all other Lie products between the generators vanishing.
We identify the dual L* with C? as follows,

X

y | (ap+Bq+7v) =za+yB+ 2y,
z

for any choice «, 3, and v in C. The affine hyperplane M, is in this case given by

My = { )x,yeR},

ow &

and similarly, for M; we find

Mlz{ ‘x,yeR}.

—_< 8

If f is a smooth function on M, it is a smooth function R? — R. For df (£), € = (x,y,1)T
and v = (a,b,0)" we find

_ Of(w,y) | Of(x,y)
df (o= =7""a+ N b.

The simplest choice for D f(£) corresponding to writing h(1) = Cp ® Cq @ C, is

_ Of(x,y) | Of(x,y)
Oz Pt dy a

Df(¢)

If g is another smooth function R? — R we have

DF(E)£Dgl(€) = 8fg;, y) 89599; y) _ 3féxy, y) 895;3; Ve e h1),
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and thus

(FLg)(€) = 6‘f§; y) 095;;, y) _ 3fg;, y) 09599;, v

which precisely corresponds to the Lie product associated to the dynamics of a single particle
in one dimension.

More generally, an arbitrary Heisenberg algebra leads to general symplectic Poisson algebras
on convenient vector spaces.

12.5.3 Example. We now show that for the choice so(3) we recover the Lie product (12.4).
We identify the real Lie algebra so(3) with R? equipped with the vector product. We adjoin
a central element to obtain so(3) @ 1 and call L the complexification of so(3) @ 1. We write
an element of I as (v,a) where v € C? and a € C, so that the Lie product is given by

(v,a)Z(w,b) = (v x w,0).

Of course, v x w is defined by extending the vector product on R3 by C-linearity. We
identify IL* with C* as follows

U1
(v,a) = zv] +yvg + zvs +ta, v=| vy
U3

+ N8

Thus we find that M, consists of the vectors (z,y, z, \)T with z, y and z real numbers. A
smooth function on M, is just a smooth function R* — R. For any smooth f : R3 — R,
and & = (z,y, 2, 1) we define

_ (0F(§) Of(&) OF(ENT
where we identify the vector & = (z,y,2,1) in M; with the vector (z,y,2) in R?. We see
that we can choose Df(£) = (V f(£),0) and the Lie product on E is then given by

f£9(8) =& (VF(§) x Vg(g)),
which is precisely (12.4); (z,y, 2)T corresponds to (Ji, Jo, J3)T.

The attentive reader might have noticed that in Example 12.5.3, the central element 1
played no role at all.  As mentioned before, when a Lie algebra has no distinguished
central element one can always add one. However, in this case one can also proceed directly
as follows. For a real Lie algebra L., we consider the dual IL* and the algebra E of real-valued
smooth functions on L*. Let f € E and £ € L*. The 1-form df () is an element of the dual
of the tangent space at £. Since LL* is a vector space and IL is assumed to be reflexive,
the dual of the tangent space at £ is again L. Hence df(§) defines an element of the Lie
algebra, which we also denote by df(£). Then we define the Lie product on E for f,g € E
as follows (fZg)(&) = &(df (€)Zdg(€)), that is, to get (fZg)(§) the function & is evaluated
at the Lie algebra element df (£)Zdg(§). We leave it as an exercise that this gives the same
result for real Lie algebras that do not have a distinguished central element.
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It turns out that the majority of commutative Poisson algebras relevant in physics are
Lie—Poisson algebras constructible from a suitable Lie algebra, or natural quotients of such
algebras. In particular, this holds for the Poisson algebra of classical symplectic geometry
in RY, which come from general Heisenberg algebras, and for all but one of the Poisson
algebras for nonequilibrium thermodynamics constructed in BERIS AND EDWARDS [33].

12.6 Classical symplectic mechanics

A conservative physical system is completely characterized by three main ingredients:
the kinematical algebra, the Hamiltonian, and the state. The kinematical algebra of the
system is a Lie x-algebra IL which defines the kinematics, i.e., the structure of the quantities
whose knowledge determines the system. The Hamiltonian H defines the dynamics. It
is a Hermitian quantity in an associative algebra E carrying a particular representation
of the kinematical algebra, a Poisson representation in the classical case, and a unitary
representation in the quantum case. The state encodes all properties of the physical state
of an individual realization of the system at a fixed time.

The kinematical algebra determines the kinematical symmetries of a whole class of systems
which differ in Hamiltonian and state. This means that applying a transformation of the
corresponding symmetry group transforms a system of this class into another system of
the same class, usually with a different Hamiltonian. Those (often few) symmetries which
preserve a given Hamiltonian are called symmetries of the system; applying a symmetry
of the system changes possible state space trajectories of the system into other possible
trajectories, usually affecting the states. Those (even fewer) symmetries which preserve the
Hamiltonian and the state are symmetries of the particular realization of the system, and
hence directly measurable.

The kinematical algebra may admit (up to isomorphism) one or many Poisson representa-
tions for classical systems, and one or many unitary representations for the corresponding
quantum systems. For example, a Heisenberg algebra with finitely many degrees of freedom
admits only one unitary representation, which is the content of the Stone-Von Neumann
theorem.

In the nonrelativistic case, the Hamiltonian is an element of the Poisson algebra for classical
systems, and for quantum systems the Hamiltonian is an element of the universal enveloping
algebra of the Lie x-algebra.

Let E be the algebra determined by the physical system, that is, either [E is the Lie-Poisson
algebra of the classical system, or E = LinH for a Euclidean space H whose closure is a
Hilbert space. Both the Lie algebra IL and the space-time symmetry group are represented
inside E.

We now consider the special case of classical N-particle systems describing the motions of
a molecule. | The algebra E consists of the complex-valued functions on phase space M
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and each point z € M in phase space determines a state (-), by

(£)z=f(2),

called a classical pure state. Note that evaluation at a point z € M is more than a
linear functional; an evaluation gives an algebra homomorphism C*(M;R) — R since
(f9)(2) = f(2)g(z); hence we have a character of the commutative algebra E. If the phase
space M is an open subset of R", the evaluations are the only characters of E. This can
be seen as follows. Take any algebra homomorphism ¢ : C*°(M) — R. Let zy,...,z, be
coordinates on M and denote by a; = ¢(x;) the images of the coordinate functions. The
homomorphism ¢ thus determines a point z = (ay, ..., a,) in R". We have to show z € M.
Suppose z ¢ M, then

flan,. ) =Y (- a;)

is a function that does not vanish on M, and thus is an invertible element of C*°(M). If an
element z is invertible, then so is its image under any homomorphism. Indeed, if xy = 1,
then ¢(xy) = @(x)p(y) = ¢(1) = 1. But the function f is mapped to zero under ¢ and
hence cannot be invertible. Hence we arrive at a contradiction and the assumption z ¢ M
is false.

A mixed classical state is a weighted mixture of pure classical states. That is, there is a
real-valued function p on the phase space M, called the density, taking nonnegative values
and integrating to one

| serautz) =1,
M
such that

<ﬁ:Af@ﬂWM@- (12.7)

The integration measure du depends on the application.  In symplectic mechanics, the
symplectic Poisson bracket determines the Lie product, one uses the Liouville measure,
defined in local coordinates (q,p) by

du(z) = dqi - - - dgudps - - - dp,.
Consider a system containing N particles. Then each particle has a momentum and a
position. Hence phase space is 6 N-dimensional. The Lie algebra is given by the relations
DiaZ b = 0ij0qp Where pj, is the ath component of the momentum of the ¢th particle and

g;» is the bth component of the position of the jth particle. The obtained Lie algebra is the
Heisenberg algebra h(N).

In molecular mechanics, the Hamiltonian is of the simple form?

N 2
Z b;

H: —Qm-_l—v(ql’“"qN)’
i=1 v

3The more general form H = % Zgj:l Gij(ai,...,an)piPj+V(di,...,qn), where G is a configuration-
dependent inverse mass matrix, appears at various places in physics. When the potential V is constant
(so that we can put it to zero), the physical system is sometimes called a o-model. Such models play an
important role in modern high-energy physics and cosmology. Some authors prefer to include a potential
into the definition of a o-model.
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where the potential V(q, ..., qy) describes the potential energy of the configuration with
positions (qy, ..., qN)-

The states in symplectic mechanics are precisely the states of the form (12.7). If the
system is such that we can measure at one instant of time all positions and momenta
exactly (obviously an idealization), the configuration is precisely given by the point z =
(d1,---,9n,P1,---,Pn) in phase space, and (f) = f(z) for all f € E. Thus the density
degenerates to a product of delta functions of each phase space coordinate. Thus classical
pure states are equivalent to points z in phase space, marking position and momentum of
each point of interest, such as the centers of mass of the stars, planets, and moons making
up a celestial system.

12.7 Molecular mechanics

Consider a molecule consisting of N atoms. The molecule is chemically described by assign-
ing bonds between certain pairs of atoms, reflecting the presence of chemical forces that
— in the absence of chemical reactions which may break bonds — hold these atoms close
together. Thus a molecule may be thought of as a graph embedded in 3-dimensional space,
in which some but usually not all atoms are connected by a bond. The chemical structure
of the molecule is thus described by a connected graph, the formula of the molecule. (In
the following, we ignore multiple bonds, which are just a way to indicate stronger binding
than for single bonds, reflected in the interaction potential.) We write i ~ j if there is
a bond between atom ¢ and atom j and similarly we write ¢ ~ j ~ k if there is a bond
connecting ¢ and j and there is a bond connecting j and k. The notation is extended to
longer chains: ¢ ~j~k~1~ ...

The interactions between the atoms in a molecule are primarily through the bonds, and to
a much smaller extent through forces described by a pair potential and through multibody
forces for joint influences of several adjacent bonds.

The geometry is captured mathematically by assigning to the jth atom a 3-dimensional
coordinate vector

d;3
specifying the position of the atom in space. If two atoms with labels 7 and k are joined by
a chemical bond, we consider the corresponding bond vector ¢; — g, with bond length
lg; — qkl|- At room temperature, the bonds between adjacent atoms ¢ and j are quite rigid,
meaning that the deviation from the average distance r;; is generally small and the force
that tries to maintain the atoms at distance r;; is strong. In chemistry this is modeled by

a term Qi
Vi)ond(‘]lv cee 7qN) = Z %(qu - qJH - ,rij)2

inj
in the Hamiltonian, where the a;; are stiffness constants, parameters determined by the
particular chemical structure.
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Figure 12.1: Bond vectors, bond angles, and the dihedral angle

Consider two adjacent bonds ¢ ~ 7 and k ~ [. The bond angle « is the angle between the
bond vectors ¢; —¢; and ¢, — q;. The bond angle o can then be computed from the formulas

cosa = Ui =) (e —q) Ll —a5) < (o — 4l

@ — aillllar — ;1] g — a;llllax — a4l

Y

and is thus invariant under the simultaneous action of the group /SO(3) on all 3 vectors.
In most molecules the bond angles are determined from the interaction between the atoms
in the molecule. There is thus an I.SO(3)-invariant term

Vangle(Ql7 o 7QN) = Z a’ijkq)(qiv qj, qk)

injrok

in the potential with ® : (R*)®> — R an ISO(3)-invariant function, and a;j; are some
parameters.

Finally, the dihedral angle w = 4 (i ~ j ~ k ~ [) (or the complementary torsion angle
27 — w) measures the relative orientation of two adjacent angles in a chain i ~ j ~ k ~ [
of atoms. It is defined as the angle between the normals through the planes determined by
the atoms 4, j, k and j, k, [, respectively, and can be calculated from

(@ —a5) X (@ — @) - (@5 — ax) * (@ — @)
(@ — ;) < (@ — a) (g5 — a) x (@ — )l

COS W =

and
(g — a5) < (@ — ar) - (@ — @) llax — g4

I — a5) % (ax — a)lI(g; — ) > (@ — ar) |l
Again, the angle between the planes is 1SO(3)-invariant and therefore described by an
ISO(3)-invariant function ¥ : (R3)* — R of the positions of the four atoms. Hence to
model the molecule there is a term

sinw =

Vdihedral(Qla cee CIN) = Z aijkl‘l’(% qj, dk, CIl)
invjrkel

in the Hamiltonian, with again a;;;; parameters. The total Hamiltonian is then taken to be

2
Z b;
H = ' <2ml + Vbond(qla .. -aQN) + Vangle(qb s 7QN) + ‘/dihedral(q% s aC_IN)> .
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The above Hamiltonian is of a special type; it is a member of the family of Hamiltonians
of the form

2
b;
H = E om, +Vig,...,qn) -

This family of Hamiltonians is favorable since there are no mixed terms between the mo-
menta and the positions. Therefore, in the quantum theory there is no ambiguity in how the
quantum mechanical Hamiltonian has to be written, since the momenta commute among
themselves and the positions commute among themselves, too.

The group ISO(3) plays an important role here purely on symmetry grounds; how and
where a molecule is located in R? does not determine the chemical properties. Hence the
Hamiltonian should depend on /.SO(3)-invariant quantities only.

From the above we see that the one in practice is given a representation j : G — GL(V) of
some group in a vector space. The construction of a suitable Hamiltonian can be facilitated
by knowing the invariants in the tensor representations V@V, V&®V ® V and so on. If V
is irreducible, V' might contain one or more one-dimensional subrepresentations on which
G acts trivially; these are precisely the invariants in V. Hence knowing the irreducible
representations of GG is of great importance.

Now suppose that G has an irreducible representation 7 on V. Then g € G acts on V @ V/
as follows: g : v ® w — j(g9)v ® j(g)w, and similarly for higher order tensor products.
It is almost never the case that the representation of GG in tensor products of irreducible
representations is again irreducible. But, in many cases, the decomposition of V ® V/,
V®V ®V, etc. into irreducible representations is known.

In the case of 1SO(3) the representation is in R®, which contains no invariants since all
points of R? form a single orbit. But, as we have shown in Section 12.7, V@V, VeV eV
and V@V ®V ®V do have invariants: distances and angles.

12.8 An outlook to quantum field theory

Quantum field theory is the area in physics where fields are treated by quantum mechanics.
The way physicists think of this is more or less as follows. As we have seen in Chapter 5,
classical linear field equations, such as the Maxwell equations, can be seen as describing
a family of harmonic oscillators labeled by a continuum of pairs (p, s) of momenta p and
spin or helicity s. Therefore, what has been treated above is nice, but for quantum field
theory it is not enough. One needs an infinite number of oscillators. Treating such a system
becomes mathematically sophisticated, because topological details start playing a dominant
role. A way to deal with this heuristically, often employed by physicists, is by discretizing
space-time in a box. On each point of the lattice one places a harmonic oscillator; then
there are just a finite number of oscillators. To get the quantum field theory, one considers
the limit in which the size of the box goes to infinity and the spacing of the lattice goes
to zero. Then the oscillators are not described by operators ay and a] that are labeled by
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vectors k, but by operators a(x) and a™(z) that are labeled by the continuous four-vector
index x. The limit might not exist. ...

In two space-time dimensions the limit is well-defined for interacting field theories, that
is, for field theories where the different fields can interact. In case of four dimensions,
the correct limit is only known for non-interacting field theories. From experience we know
that there is interaction, of course, so our description shows serious shortcomings. After the
preceding description of representations, it is interesting to note that,- in the field theory
limits, the metaplectic representations still exist.

For 2-dimensional field theories with one space and one time dimension, this leads to sat-
isfactory quantum field theories (such as conformal field theory) . But for 4-dimensional
field theories, the metaplectic representation is restricted to a class of operators not flexible
enough for capturing the physics. This is the main mathematical obstacle for formulating
a consistent framework for 4-dimensional quantum field theories.
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Chapter 13

Representation and classification

13.1 Poisson representations

Consider the Heisenberg algebra h(n) with the usual generators 1, p;, and ¢;, and the
corresponding Lie-Poisson algebra E(h(n)). The subalgebra of all polynomials in ¢;, p; is
closed under the Lie product, and hence a Poisson subalgebra. More interestingly, there are
several Lie subalgebras of low degree polynomials, which we shall now explore. We write 2

< )
q

of all the generators except 1. All linear polynomials without constant term can be writ-
ten as a - z for some a € C*. On C?" we introduce the antisymmetric bilinear form w,
represented in the given basis by the matrix J:

7 (0 —1
w(a,b) =a" Jb, J—(l O)’

where the entries in J are n X n-matrices, i.e., 1 = 1,, etc.. The bilinear form w is
nondegenerate and antisymmetric, and we have

a-22b-z=w(a,b). (13.1)
Any quadratic expression in E(h(n)) is a linear sum of expressions of the form
(a-2)(b-2).

We consider two such expressions and calculate their Lie product, using the Leibniz rule
twice.

(a-2)(b-2)L(c-2)(d-z) = a-z((b-2)Z(c-z)(d-2))+ (a-zL(c-z)(d-2))b-z
= (b-2)(c-z)w(a,d)+ (b-2)(d- z)w(a,c)
+(a-2)(c- 2)w(b,d)+ (a-2)(d- z)w(b,c),

293
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which is a quadratic expression. Hence the homogeneous quadratic polynomials form a Lie
subalgebra of E(h(n)). We show below that this Lie algebra is related to sp(2n,C). We
proceed in physicist’s fashion by looking at a conveniently chosen basis. In Section 21.4
we give a second derivation in a coordinate independent fashion, which generalizes to the
fermionic case and gives Lie algebras related to the real orthogonal groups.

The generators of h(n) are 1, p; and ¢;. Consider the elements

1
Qij = 44;, Piyj=pip;, Eij= 5(%’]?3' + pidi)

of the universal enveloping algebra. We have @Q);; = @Qj; and Pj; = Pj;. We find the
commutation relations:

QijLQn = 0, PjlPy;=0,

Eij/Ey = —0uFEy;+ 0jFa,

EijZQun = 0;Quk + Qi

EijZPy = —0uPj, — 0Py,

QijLPy = —0ulj — 0ty — 0B — duljy .

The Lie algebra sp(2n, C) is given by the complex 2n x 2n-matrices that preserve the above
given J:
X esp2n,C) & XTJ+JX=0.

Taking X in block form as

A B
(¢ 5)-
we find X € sp(2n,C) if and only if C = CT, B = BT and D = —A”. If we introduce the
n x n-matrices e;; that are 1 on the ij-entry and zero elsewhere, we have e;;er = 0;j,e; and

the matrices

(€ 0 (0 ey tey o 0 0
AU_(O _eji)’ B”_(O 0 ’ Cw_ eij+ej2- 0 ’

form a basis for sp(n,C). We find the commutation rules

BijZBkl - 0, Cijéckl - O,

Ay lAy = =03k + diAu,

Eij/By = 0B+ 1By,

AijZCy = —0uCir — 0iClr s

BiijZCw = 0wk + 0jpEy + 01 Fi, + 0yl .

Sending @Q);; to —B,;, P;; to Cyj and Ej; to A;; we have an isomorphism between the algebras.

We now allow for inhomogeneous quadratic polynomials by adjoining the linear forms of
the algebra E(h(n)) to this Lie algebra. Everything commutes with the central element 1,
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so we will not write down the commutation relations with 1. The commutation relations
of the other basis elements are found to be

Qijl% = Pijlpk:m

Qz‘jlpk = —0iq; — 5ijiu
PjiZagy = —oup; — dupi,
EijZq. = dirqj,

EijZp, = —0jp;-

We define the Lie subalgebra L' of E(h(n)) as the Lie subalgebra of quadratic expressions in
the generators and we define L. = I’/C, so that in L we have ¢;Zp; = 0. Using the previously
established isomorphism with sp(2n, C) it is not too hard to see that L is isomorphic to the
Lie algebra isp(2n, C), which is defined as the Lie algebra of all (2n+1) x (2n+ 1)-matrices

of the form
A r
0 0/’

with A a 2n x 2n-matrix in sp(2n,C) and r a 2n-vector. We have thus shown that " is a
central extension of isp(2n, C).

13.2 Linear representations

Of great interest in quantum mechanics are certain realizations of Lie algebras and of Lie
groups by means of operators on vector spaces. We therefore address the concept of a
representation of a Lie algebra. In the previous chapter we have already given a short
discussion of finite-dimensional representations of finite-dimensional Lie algebras.

13.2.1 Definition.
(i) A (linear) representation of a Lie algebra L in an associative algebra E is a linear
map J : . = [E such that

J(f£g) = J(f)I(g) = J(g9)J(f) forall f,ge€L.

The representation is called faithful if J is injective. A linear representation on a (finite-
or infinite-dimensional) vector space H is a representation in the algebra E = LinH. In the
case that [E is the algebra of n X n matrices with entries in K one obtains the definition of
Section 13.3. A linear representation is called irreducible when the only subspaces closed
under multiplication by linear mappings of the form J(f) are 0 and H.

(ii) A unitary representation of a Lie %-algebra L is a linear map J : L — E in the
x-algebra E = Lin H of continuous linear operators of a Euclidean space H (with * being
the adjoint), satisfying

1

JO) =1, I =T, I(F29) = 5 (I I9) = (@) I()):
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Note that by Proposition 11.2.3, an associative algebra E becomes in a natural way a Lie
algebra by defining fZg = [f, g] = fg— fg. Hence a representation of a Lie algebra L in an
algebra E is a Lie algebra homomorphism from L to E, with E regarded as a Lie algebra.
If the representation is faithful, the image of LL is a Lie subalgebra of E isomorphic to L.
In this case, one often identifies the elements of I with their images, and then speaks of
an embedding of L. into E. By the Theorem of Ado mentioned in Section 11.4, every
finite-dimensional real Lie algebra has a faithful representation.

The enveloping algebra. In a representation, the elements of IL are represented by
matrices or linear operators. From a given set of matrices we can form the algebra that
these matrices generate, containing the unit matrix, all finite products and their linear
combinations. This motivates us to consider an object that already encompasses this algebra
for all representations: the universal enveloping algebra of a Lie algebra IL. In general it is
constructed by considering the tensor algebra T'(IL), which is given by

[e.e]

T(L)=KoLe LeL e LeLeLl)e...=PL®.

1=0

One makes T'(IL) into an associative noncommutative algebra over the complex numbers by
defining the product ab to be the tensor product a ® b.

Within 7'(IL) we consider the ideal J generated by all elements of the form
TRY—yx— [z,
for all z,y in L. Thus an element in J is a sum of elements of the form
a®(ry—yRr—|r,y])®b,

for some a,b € T(L). The universal enveloping algebra of L is then defined as the
associative noncommutative algebra U(IL) over the complex numbers given by

UL) = T(L)/T .

Another view on the universal enveloping algebra U(LL) would be as follows. One chooses
a basis {t;} for L and considers the associative noncommutative polynomial algebra in the
generators while imposing the relation

titj — t]tl — [tz, t]] .

Thus we consider the associative algebra generated by 1 and by the generators of I and
impose the Lie product, which in this case is the commutator, by hand. The algebra we
obtain in this way is canonically isomorphic to the universal enveloping algebra U (L).

The universal enveloping algebra thus contains the Lie algebra, i.e. envelopes the Lie
algebra. This approach is very practical and therefore often used by physicists. There
exists a more sophisticated definition, using a so-called universal property. One then proves
that such an object is unique and that the given definition above has this universal property.



13.3. FINITE-DIMENSIONAL REPRESENTATIONS 297

We do not expand on the definition using the universal property but refer to the literature,
see, e.g., JACOBSEN [136], KNAPP [154], or FUCHS & SCHWEIGERT [95]. It is because of
this universal property that ¢ (L) is usually called the universal enveloping algebra, and
not just the enveloping algebra.

The main reason to define the universal enveloping algebra is to study the representations of
the Lie algebra. Every representation of the Lie algebra induces a unique representation of
the associative universal enveloping algebra, and conversely, every representation of the uni-
versal enveloping algebra induces a representation of the Lie algebra itself. In a sense, all
finite-dimensional representations are maps of the associative universal enveloping algebra
to the associative algebra of n X n-matrices for some n.

Casimir elements. An element C' € (L) in the center of the universal enveloping algebra,
i.e. that commutes with all other elements of U(LL), is called a Casimir element, or just
Casimir and sometimes also Casimir operator. If I has a representation in a vector space
V, then for any ¢ € K the subspace V. = {v € V|Cv = cv} is invariant under the action of
L, precisely because C' is in the center of U(IL). Hence if the representation V' is irreducible,
V. must be the whole of V' for some ¢ and the other V, are zero. That means, C' acts
diagonally in irreducible representations.

The classical analogue of the universal enveloping algebra is the Lie—Poisson algebra dis-
cussed in Chapter 12.5.

13.3 Finite-dimensional representations

We have already seen in Section 11.4 that the Lie algebra gl(n, K) has many interesting Lie
subalgebras. Given an arbitrary Lie algebra L it is interesting to see how we can represent
L as a Lie algebra of matrices. In this section we consider finite-dimensional Lie algebras
and finite-dimensional representations in more detail.

For any vector space V over K we denote gl(V') the Lie algebra of linear maps from V to V'
with the Lie product given by the commutator fZg = fg — gf. If V is identified with K"
we write gl(V') = gl(n,K) (see Section 11.4). A Lie algebra homomorphism ¢ : L. — gl(V')
is called a finite-dimensional representation of L; the vector space V is then called
an L-module. We call the representation complex if K = C and real if K = R. We
have already seen that su(n) has a complex representation, since it is defined as a (real)
subalgebra of gl(n, C).

Given a representation ¢ : L. — gl(V') we call W an invariant subspace of V' if ¢(f)w € W
for all f € L and all w € W. The representation is called irreducible if the only invariant
subspaces are 0 and V. We call the representation decomposable or fully reducible, if
for any invariant subspace W there is a complementary invariant subspace W' such that
V=WeWw.

If o1 : L — gl(V1) and ¢ : L — gl(V3) are representations of L we can form the direct sum
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representation ¢igo 1 L — gl(V; @ V5, K) by defining
Dra2(f)(v1 +v2) = ¢1(f)(v1) + d2(f)(v2)

for f € L and v; € Vi, vy € V5. It is easy to check the representation property. In terms of
matrices, the direct sum representation corresponds to the map given by

fe (¢l(()f) ¢2(()f))

If ¢ : L — gl(V) and ¢ : L — gl(W) are representations of I we can form the tensor
product representation ¢4 as follows: Each element f in IL is sent to the linear map

P12(f)(v @ w) = (d1(f)v) @ w + v @ (Pa( f)w) (13.2)

for all v € V and w € V. It is easy to check that (13.2) defines a representation.

in block matrices.

In Section 13.5 we have already mentioned the adjoint representation ad : L. — gi(L)
defined by

ady: g — [f.q].

The map ad is clearly linear, and from the Jacobi identity we see
adyad,(2) — adyad,(2) = adzy(2) ,

hence
lad,, ad,] = ad[g,y.

We can now rephrase the definition of the ideal (see Section 13.5) as follows: I C L is an
ideal if and only if [ is an invariant subspace of the adjoint representation.

13.4 Representations of Lie groups

Lie group representations have a similar definition as Lie algebra representations.

13.4.1 Definition. A representation of a Lie group G in an associative algebra E with
identity 1 is a map U : G — E such that

U(fg) =U(f)U(g), U(1)=1.

The representation is called faithful if U is injective. If E = LinH, one speaks again of
a linear representation on H. A linear representation is called irreducible if the only
subspaces closed under multiplication by linear mappings of the form U(f) are 0 and H.
A unitary representation of a Lie group G is a linear representation in the x-algebra
E = Lin H of continuous linear operators of a Euclidean space H, satisfying

() ulf) =1
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It is easy to see that U(f~!) = U(f)~!, and in the unitary case, U(f™) = U(f)~' = U(f)*.

Note that the invertible elements of IE form a group and a Lie group representation of G in E
is a group homomorphism of G into this group. Again, if the representation is faithful, one
may identify group elements with their images under the representation, and then has an
embedding of G into the algebra [E. Thus if E is the algebra of n x n matrices with entries
in K we get a group homomorphism of G into GL(n,K). For K = C the representation is
unitary if the image of G lies inside U(n).

If a Lie algebra representation J : . — E is an embedding, we can get something that is
close to a representation of the Lie group by exponentiation, i.e., by defining

U(ef) =’ = f: J(j;)k )

k=0 k

provided this converges for all f € IL in the topology of E. In Subsection 13.4 we go deeper
into the question of how to get a Lie group representation from a Lie algebra represen-
tation and the problems one encounters. On the other hand, given a representation U of
a Lie group G with Lie algebra I we can get a representation J of the Lie algebra by
differentiation, i.e., by defining

d
J(X) = =U(e* ,
(X) = ZU()]
provided the derivative always exists. In finite dimensions, both constructions work gen-
erally; in infinite dimensions, suitable assumptions are needed to make the constructions
work.

The group G acts on the Lie algebra L. We will discuss this shortly for groups of matrices.
For every element g € G C GL(n,K) we define Ad(g) which is a linear transformation of
L given by

Ad(g): X — gXgt.

It holds that Ad(g)X € L, which we will not prove. The interested reader is referred to
KNAPP [154], HELGASON [124], FRANKEL [91], or KIRILLOV [151]. For all the examples
discussed so far, the reader can check it by hand. The map Ad : ¢ — Ad(g) clearly
satisfies Ad(gh) = Ad(g)Ad(h) and is thus a representation, which is called the adjoint
representation of the group G.

Universal covering group. For Lie algebra representations an important construct is the
universal enveloping algebra. For Lie groups there is an analogue. Above we mentioned
that by differentiating a representation of a Lie group, one obtains a representation for the
corresponding Lie algebra. By exponentiating a representation of the Lie algebra one gets
a representation for those group elements that can be written as exponents. If a group is
not connected, one does not obtain a representation of the group in this way.

Other problems arise when the group is not simply connected. For example SO(3) is not
simply connected and therefore certain representations of the Lie algebra cannot be lifted
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to representations of the Lie group; the spin representations become multivalued. Even
other problems arise when two Lie groups that are fundamentally different have isomorphic
Lie algebras. Consider for example the group U(1) of complex numbers of absolute value
1. As a manifold U(1) is just the circle S*. The Lie group of U(1) is the one-dimensional
abelian Lie algebra (there is only one). Now consider the Lie group R where the group
operation is addition a - b = a + b. Then R is a one-dimensional abelian Lie group with