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Abstract. This paper is one of a series of papers on coherent spaces and their appli-
cations, defined in the recent book ’Coherent Quantum Mechanics’ by the first author.
The paper studies coherent quantization — the way operators in the quantum space of a
coherent space can be studied in terms of objects defined directly on the coherent space.
The results may be viewed as a generalization of geometric quantization, including the
non-unitary case.

Care has been taken to work with the weakest meaningful topology and to assume as
little as possible about the spaces and groups involved. Unlike in geometric quantization,
the groups are not assumed to be compact, locally compact, or finite-dimensional. This
implies that the setting can be successfully applied to quantum field theory, where the
groups involved satisfy none of these properties.

The paper characterizes linear operators acting on the quantum space of a coherent space
in terms of their coherent matrix elements. Coherent maps and associated symmetry
groups for coherent spaces are introduced, and formulas are derived for the quantization
of coherent maps.

The importance of coherent maps for quantum mechanics is due to the fact that there
is a quantization operator that associates homomorphically with every coherent map a
linear operator from the quantum space into itself. This operator generalizes to general
symmetry groups of coherent spaces the second quantization procedure for free classical
fields. The latter is obtained by specialization to Klauder spaces, whose quantum spaces
are the bosonic Fock spaces. A coordinate-free derivation is given of the basic properties
of creation and annihilation operators in Fock spaces.
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1 Introduction

This paper is one of a series of papers on coherent spaces and their applications, defined
— following the unpublished manuscript [19] — in the recent book 'Coherent Quantum
Mechanics’ [20] by the first author. The paper studies coherent quantization — the way
operators in the quantum space of a coherent space can be studied in terms of objects
defined directly on the coherent space. The results may be viewed as a generalization of
geometric quantization, including the non-unitary case.

Care has been taken to work with the weakest meaningful topology and to assume as little
as possible about the groups involved. In particular, unlike in geometric quantization
(BATES & WEINSTEIN [3], WOODHOUSE [31]), we do not assume the groups to be
compact, locally compact, or finite-dimensional. This implies that the setting can be
successfully applied to quantum field theory, where the groups involved satisfy none of
these properties.

More specifically, we characterize linear operators acting on the quantum space of a
coherent space in terms of their coherent matrix elements. We discuss coherent maps
and associated symmetry groups for the coherent spaces introduced in NEUMAIER [20],
and derives formulas for the quantization of coherent maps.

An early paper by ITO [14] describes unitary group representations in terms of what
are now called (generalized) coherent states. Group theoretic work on the subject was
greatly extended by PERELOMOV [26, 27|, GILMORE [9], and others; see, e.g., the survey
by ZHANG et al. [32]. The present setting may be viewed as a generalization of this and
of vector coherent states (ROWE et al. [28]) to the non-unitary case.

The importance of coherent maps for quantum mechanics is due to the fact proved in
Theorem 3.12 below that there is a quantization operator I" that associates homomor-
phically with every coherent map A a linear operator ['(A) on the augmented quantum
space Q*(Z) that maps the quantum space Q(Z) into itself. This operator generalizes
the second quantization procedure of free classical fields to general symmetry groups
of coherent spaces. In follow-up papers (NEUMAIER & GHAANI FARASHAHI [22, 23]) we
shall introduce additional differentiability structure that turns the present quantization
procedure into an even more powerful tool.

Contents. In the present section we review notation, terminology, and some results on
coherent spaces and their quantum spaces, introduced in NEUMAIER [20] (see also [19]),
on which the present paper is based. Section 2 provides fundamental but abstract neces-
sary and sufficient conditions for recognizing when a kernel, i.e., a map from a coherent
space into itself is a shadow (i.e., definable in terms of coherent matrix elements), and
hence determines an operator on the corresponding quantum space.

Section 3 discusses symmetries of a coherent space, one of the most important concepts
for studying and using coherent spaces. Indeed, most of the applications of coherent
spaces in quantum mechanics and quantum field theory rely on the presence of a large
symmetry group. The main reason is that there is a quantization map that furnishes
a representation of the semigroup of coherent maps on the quantum space, and thus



provides easy access to a class of very well-behaved linear operators on the quantum
space. Section 4 looks at self-mappings of coherent spaces satisfying homogeneity or
separability properties. These often give simple but important coherent maps. In Section
5 we prove quantization theorems for a restricted class of coherent spaces for which many
operators on a quantum space have a simple description in terms of normal kernels. These
generalize the normal ordering of operators familiar from quantum field theory.

In the final Section 6 we discuss in some detail the coherent quantization of Klauder
spaces, a class of coherent spaces with a large semigroup of coherent maps, introduced
in NEUMAIER [20] (see also [19]). The corresponding coherent states are closely related
to those introduced by SCHRODINGER [30]) and made prominent in quantum optics by
GLAUBER [10]. The quantum spaces of Klauder spaces are the bosonic Fock spaces,
which play a very important role in quantum field theory (BAEZ et al. [2], GLIMM &
JAFFE [11]), and the theory of Hida distributions in the white noise calculus for classical
stochastic processes (HIDA & St [12], HIDA & STREIT [13], OBATA [24]). In particular,
we give a coordinate-free derivation of the basic properties of creation and annihilation
operators in Fock spaces.

Acknowledgments. Thanks to Rahel Knopfel, David Bar Moshe, and Hermann Schichl
for useful discussions related to the subject.

For the discussion of questions concerning coherent spaces, please use the discussion
forum https://www.physicsoverflow.org.

1.1 Euclidean spaces

In this paper, we use the notation and terminology of NEUMAIER [20] (see also [19]),
quickly reviewed here.

We write C for the field of complex numbers, C* for the multiplicative group of nonzero
complex numbers, and o* = @ for the complex conjugate of & € C. C¥ denotes the
vector space of all maps from a set X to C.

A Euclidean space is a complex vector space H with a Hermitian form that assigns to
¢,v € H the Hermitian inner product (¢,%) € C, antilinear in the first and linear
in the second argument, such that

(0,9) = (¥, 9), (1)

() >0 forallp € H\ {0}. (2)
Associated with H is the triple of spaces

HCHCH", (3)

where H is a Hilbert space completion of H, and H is dense in the vector space H* of
all antilinear functionals on Hl, with

(@) == (p,1p) for ¢ € H.
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H* carries a Hermitian partial inner product ¢*y with
¢y = (¢, ¢) for ¢, ¢ € L.
and is a PIP space in the sense of ANTOINE & TRAPANI [1].

Let U and V' be (complex) topological vector spaces. We write Lin (U, V') for the vector
space of all continuous linear mappings from U to V, Lin U for Lin (U,U), and U* for
the antidual of U, the space of all continuous linear mappings from U to C. We identify
V' with the space Lin (C, V).

Continuity in a Euclidean vector space and its dual is always understood in the appro-
priate locally convex topology as discussed in [20] (see also [19]). In particular, if U,V
are Fuclidean spaces, all linear and antilinear functionals on U and all linear mappings
from U — V* are continuous.

We write Lin™ H := Lin (H, H*) for the vector space of linear operators from a Euclidean
space H to its antidual. If Hy, Hy are Euclidean spaces and A € Lin (H;, Hy), the adjoint
operator is A* € Lin (H, H).

1.2 Coherent spaces

A coherent space is a nonempty set Z with a distinguished function K : Z x Z — C
of positive type called the coherent product. Thus

K(z,2)=K(7, z), (4)

and for all z1,...,2, € Z, the n x n matrix G with entries G, = K(zj, 2;) is positive
semidefinite.

The coherent space Z is called nondegenerate if
K" 2V=K(z7)vVieZ = 2=z

For any coherent space Z, [Z] denotes the nondegenerate coherent space defined in [20,
Proposition 5.8.7] (see also [19, Proposition 4.10]), with the same quantum space as Z.

The coherent space Z is called projective if there is a scalar multiplication that
assigns to each A € C* and each z € Z a point Az € Z such that

K2, 2) = XK (2, 2) (5)
for some e € Z \ {0} called the degree. Equivalently,
|Az) = X\°z).

For any coherent space Z, the projective extension of Z of degree e (a nonzero integer)
is the coherent space PZ := C* x Z with coherent product

Kpe((N, 2), (X, 2)) = X K(z,2)\Ne (6)
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and scalar multiplication X' (A, z) := (N, z), defined in [20, Proposition 5.8.5] (see also
[19, Proposition 4.8]), with the same quantum spaces as Z.

Throughout the paper, 7 is a fixed coherent space with coherent product K. A quantum
space Q(Z) of Z is a Euclidean space spanned (algebraically) by a distinguished set of
vectors |z) (z € Z) called coherent states satisfying

(z|12y = K(z,72') forz,2 € Z, (7)

where (z| := |z)*. The associated augmented quantum space Q*(7), the antidual of

Q(Z), contains the completed quantum space Q(Z), the Hilbert space completion of
Q(Z). By [20, Section 4.3] (see also [19, Section 2.3]), any linear or antilinear map from
a quantum space of a coherent space into C is continuous, and any linear or antilinear
map from a quantum space of a coherent space into its antidual is continuous, too.

2 Quantization through admissibility conditions

We regard the quantization of a coherent space Z as the problem of describing inter-
esting classes of linear operators from Lin™ Q(Z) and their properties in terms of objects
more tangibly defined on Z. The key to coherent quantization is the observation that
one can frequently define and manipulate operators on the quantum space in terms of
their coherent matrix elements, without needing a more explicit description in terms of
differential or integral operators on a Hilbert space of functions.

A kernel is a map X € C?*?. The shadow of a linear operator X € Lin* Q(Z) is the
kernel Sh X € C#*Z defined by (cf. KLAUDER [15])

ShX(z,2'):= (2|X]|z') for 2,2 € Z.

Thus shadows represent the information in the coherent matrix elements (z|X|z’) of
an operator X.

This section discusses admissibility conditions. They provide fundamental but abstract
necessary and sufficient conditions for recognizing when a kernel is a shadow and hence
determines an operator X € Lin* Q(Z). Later sections then provide applications to
more concrete situations.

The admissibility conditions are infinite generalizations of the simple situation when Z
is finite. In this case we may w.l.o.g. take Z = {1,2,...,n} and regard kernels as n x n
matrices. Then the coherent producxt is just a positive semidefinite matrix K = R*R,
and the shadow of an operator X is X = R*XR. Admissibility of X, here equivalent
with strong admissibility, is the condition that for any column vector ¢, Rc = 0 implies
Xc =0 and X*c = 0, which forces X to have at most the same rank as K. It is not
difficult to see (and follows from the results below) that this condition implies that X
has the form X = R*X R for some matrix X, so that an admissible X is indeed a shadow.



2.1 Admissibility

Let Z be a coherent space with the coherent product K. We want to characterize the
functions f : Z — C for which there is a ¢ : Q(Z) — C such that

f(z)={(z]¢p forall ze Z. (8)

We call a function f : Z — C admissible if for arbitrary finite sequences of complex
numbers ¢, and points z, € Z,

chK(Zk,z)zo VzeZ = chf(zk)zo. (9)

For example, for K(z,z") = 0 for all z, 2’ one gets a trivial coherent space whose quantum
space is {0}, and only the zero function is admissible. On the other hand, a condition
guaranteeing that every map is admissible is given in Proposition 5.1 below.

2.1 Theorem. Let Z be a coherent space. For a quantum space Q(Z) of Z, the following
conditions on a function f : Z — C are equivalent.

(i) There is an antilinear functional ¢ : Q(Z) — C (i.e., a ¢ € Q*(Z)) such that (8)
holds.

(ii) For arbitrary finite sequences of complex numbers ¢; and points z, € Z,

(iii) f is admissible.

Moreover, in (i), ¢ is uniquely determined by f.

Proof. (ii)<(i): Let f : Z — C be a function satisfying (10). We define the antilinear
functional ¢ € Q(Z) — C by

W(Yala)) =Y @f(a) forall Y ela) € Q2). (11)

Because of (10), ¥ is well-defined; it is clearly antilinear. Thus, ¢ defines an antilinear
functional on the quantum space Q(Z). Specializing (11) to the case of a sum containing
a single term only gives

(zlv =1(|z) = f(z) for z € Z,

so that v satisfies (8). If (8) also holds for ¢’ in place of ¢ then 1) = 9’ since the coherent
states span Q(Z). This shows that ¢ is uniquely determined by f and (8).

Conversely, let f: Z — C be a function that satisfies (8) for some antilinear functional

Y on Q(Z). If the left hand side of (9) holds then

ZEkf(Zk) = ZEk(ZkW = ¢<ch]zk)) =0.
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(ili)<(ii): Clearly (9) is equivalent to
ZEkK(Zk,Z) =0VzeZ = szf(zk) =0,
The left hand side of (10) is equivalent to

0= Zék(zk\z> = ZEkK(zk7z’) for z € Z.

(2| ZEk|zk> = chK(z,zk) = ZEkK(zk,z),

this is equivalent to (10). Thus if f is admissible then (10) follows from (9). Conversely,
the left hand side of (9) implies that

(ch<zk1)|z> =Y elalz) =0 forze Z,

hence ch(zk\ = 0. Therefore Zék\zm = 0. If (ii) holds, we may substitute in (10)
¢y, for ¢ and find that > ¢ f(z,) = 0. Hence (9) follows and f is admissible. O

Since

The admissibility space of Z is the set A(Z) of all admissible functions over the
coherent space Z. It is easy to see that A(Z) is a vector space with respect to pointwise
addition of functions and pointwise multiplication by complex numbers.

2.2 Theorem. Let Z be a coherent space and let Q(Z) be a quantum space of Z.

(i) For every admissible function f : Z — C,

9f<ch|zk>> = Z@f(zk) for ch|zk> € Q2), (12)

defines a continuous antilinear functional on Q(Z).
(ii) The identification map © : A(Z) — Q(Z)* given by
O(f) =05 (13)

is a vector space isomorphism. In particular, the admissibility space A(Z) can be
equipped with a locally convex topology into a locally convex space such that the linear
map © is a homeomorphism.

Proof. (i) Let f : Z — C be an admissible function. By Theorem 2.1, ; = ¢ is the
unique vector in Q(Z)* satisfying (8).

(ii) By (i), the linear map © : A(Z) — Q(Z)* given by O(f) := 0y is a vector space
homomorphism. Let ¢» € Q(Z)* be a given continuous antilinear functional and define
f:Z — Cvia f(z) := (2|9, for all z € Z. Then, it is easy to check that f € A(Z) and
0 = 1. Thus © is an isomorphism of topological vector spaces. O

2.3 Corollary. Let Z be a coherent space. The admissible spaces A(Z), A(PZ), and
A([Z]) are canonically isomorphic as topological vector space.
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2.2 Kernels and shadows

For any kernel X we define the related kernels X7, X, and X* by

XT(z,2) = X(¢,2), X(z,7):=X(z7), X' (z7):=X(7,2).

Clearly,
XTT—X=X"=X, X'=X =XT,

For example, any coherent product is a kernel K it is Hermitian iff K7 = K. Given a
kernel X and z € Z, we define the functions X(z,-), X (-, z) € CZ by

X(2)(2) = X(2,2), X(z,)():=X(z,7) for ez

2.4 Proposition.
(i) The shadow of the identity operator 1 is Sh1 = K.

(ii) For X € Lin* Q(Z), we have

(2| X*|2"y = (#/|X]|z) forall z,2' € Z,

(ShX)* = ShX*.

Proof. (i) holds since Sh1(z,2") = (z|1]z) = (z|2') = K(z,2') for all z,2" € Z.

(i) Linearity implies already X* € Lin* Q(Z). Then, for z, 2" € Z,

(2[X7[2") = X*|2)(12)) = X[2)(|2") = ('|X]z),

ShX*(z,2") = (2|X*|2) = (/|X]z) = (ShX)*(z, 2').

The following characterization of shadows is the fundamental theorem on which all later
quantization results are based.

2.5 Theorem. Let Z be a coherent space and let X € C#*% be a kernel.

(i) X is a shadow iff X(z,-) and X (-,z) are admissible for all z € Z. In this case there
is a unique operator X € Lin* Q(Z) whose shadow is X, i.e.,

(z|1X]2') = X(2,2') forz,z2 € Z. (14)

Proof. (i) Let z € Z, X € Lin* Q(Z), and X := ShX. Then X|z) € Q(Z)*, and for
21y ey 2n € Z and ¢q, ..., ¢, € C, we have

X (20, 2) = Sh X(24, 2) = (20| X]2),



hence

Z (20, 2 ZCg z¢| X|z) <ZC@|Z@>)X|Z>.

14

By Theorem 2.1, this implies that X(-,2) is admissible. For 2,z € Z, we have by
Proposition 2.4(ii),

X(z,2") = (2|X[2") = (2/|X*|z) = ShX*(Z, 2).
Hence X(z,-) = ShX*(-, 2) for all z € Z. This implies that X(z,.) is admissible as well.

Conversely, let X be a kernel such that X(z,-) and X (-, 2) are admissible for all z € Z.
Then for fixed z,

ch]z@ =0 = chX(,zK,z,’f) =0,
k

k

and for fixed z,

205\7@ =0 = Z@X(zg,z;) = 0.

4 L

Therefore, for given vectors ¢ = Z |z;.) and ¢ = Z@m € Q(Z), the double sum

e

(Y, 0)x = Z ZC_eCkX(Zé, 2k)

is independent of the representation of ¢ and v, hence defines a sesquilinear form. Thus

Y =YX = (Y, ¢)x, forally € Q(2)

defines an antilinear functional X¢ : Q(Z) — C. This is automatically continuous,
so that X¢ € Q(Z)*. Clearly, ¢ — X¢ defines a linear map X : Q(Z) — Q(Z)*.
This is automatically continuous, so that X € Lin* Q(Z). It is easy to check that
(z|X]2') = X (z,2') for all z,2" € Z. Thus Sh X = X. Finally, it can be readily checked
that X is the unique operator which satisfies X = Sh X. O

3 Coherent maps and their quantization

This section discusses symmetries of a coherent space, one of the most important concepts
for studying and using coherent spaces. Indeed, most of the applications of coherent
spaces in quantum mechanics and quantum field theory rely on the presence of a large
symmetry group. The main reason is that — as we show in Theorem 3.12 below — there is
a quantization map that furnishes a representation of the semigroup of coherent maps on
the quantum space, and thus provides easy access to a class of very well-behaved linear
operators on the quantum space.
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Let Z,Z' be coherent spaces. Recall from NEUMAIER [20, Section 5.3] (see also [19,
Section 3.2]) that a morphism from Z to Z’ is a map p: Z — Z’ such that

K'(pz,pw) = K(z,w) for z,w € Z; (15)

if 7/ = Z, pis called an endomorphism. Two coherent spaces Z and Z' are called
isomorphic if there is a bijective morphism p : Z — Z'. In this case we write Z = 7’
and we call the map p : Z — Z' an isomorphism of the coherent spaces. Clearly,
p~1: 7' — Z is then also an isomorphism.

In the spirit of category theory one should define the symmetries of a coherent space
Z in terms of its automorphisms, i.e., isomorphisms from Z to itself. Remarkably,
however, coherent spaces allow a significantly more general concept of symmetry, based
on the notion of a coherent map.

3.1 Coherent maps

Let Z and Z’ be coherent spaces with coherent products K and K’, respectively. A map
A: 7' — Z is called coherent if there is an adjoint map A* : Z — Z’ such that

K(z,A) = K'(A*z2,2") forze Z, 2 €7 (16)

If Z' is nondegenerate, the adjoint is unique, but not in general. A coherent map A :
7' — Z is called an isometry if it has an adjoint satisfying A*A = 1. A coherent map
on Z is a coherent map from Z to itself.

A symmetry of Z is an invertible coherent map on Z with an invertible adjoint. We
call a coherent map A unitary if it is invertible and A* = A~!. Thus unitary coherent
maps are isometries.

3.1 Example. An orbit of a group G acting on a set S is a set consisting of all images
Az (A € G) of a single vector. The group is transitive on S if S is an orbit. The
orbits of groups of linear self-mappings of a Euclidean space give coherent spaces with
predefined transitive symmetry groups. Indeed, in the coherent space formed by an
arbitrary subset Z of a Euclidean space with coherent product K (z, z’) := z*2/, all linear
operators mapping Z into itself are coherent maps, and all linear operators mapping
Z bijectively onto itself are symmetries. This is the reason why coherent spaces are
important in the theory of group representations.

For example, the symmetric group Sym(5) acts as a group of Euclidean isometries on the
12 points of the icosahedron in R*. The coherent space consisting of these 12 points with
the induced coherent product therefore has Sym(5) as a group of unitary symmetries.
The skeleton of the icosahedron is a distance-regular graph, here a double cover of the
complete graph on six vertices. As shown in NEUMAIER [21], many more interesting
examples of finite coherent spaces are related to FEuclidean representations of distance
regular graphs (BROUWER et al. [5]) and other highly symmetric combinatorial objects.
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3.2 Proposition.
(i) Every unitary coherent map is a symmetry.

(ii) The map A : Z — Z is a unitary coherent map iff

K(Az, AZ') = K(z,2') forall z,2 € Z.

Proof. (i) A™! exists and is coherent by the preceding since A~! = A*.

(ii) Replace z in (16) by Az. O

3.3 Proposition.
(i) Every morphsim A with right inverse A’ is coherent, with adjoint A* = A’.

(ii) Every isometry is a morphism.
(iii) A map A : Z — Z is an automorphism of Z iff it is a unitary coherent map.
Proof. (i) Put A* := A’. Then AA* = 1, and we have K(z,A?') = K(AA*z, A?') =
K(A*z,Z"), proving the claim.
(ii) Let A: Z — Z' be an isometry. Then, for 2,2’ € Z,
K'(Az,AZ) = K(z, A*AZ') = K(z,7)).

(iii) Let A : Z — Z be an automorphism of Z. Since A is a morphism and invertible,
for 2,2/ € Z, we get

K(z,AZ) = K(AA™ 2, AY) = K(A™ 2, 2).

This implies that A is coherent with A* := A~ with A*A = AA* = 1. Hence A is unitary.
Conversely, assume that A : Z — Z is a unitary coherent map. Then Proposition 3.2(ii)
implies that A is a morphism. Since A is bijective, it is an automorphism of Z as well.

U

3.4 Proposition. Let Z be a coherent space and A : Z — Z be a coherent map. Then
for z,2' € Z,
K(Az,2') = K(z,A*Z'), (17)

(z|AZ") = (A*z|2"), (Az|2)) = (2|A*2)). (18)

Proof. For z,2' € Z, (4) implies

(Az|2)) = K(Az,2') = K(2', Az) = K(A*2, z) = K(z, A*2') = (2| A*2").

This proves both (17) and the second half of (18). The first half of (18) follows directly
from (16). O
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3.5 Proposition. Coherent maps are continuous in the metric topology.

Proof. z; — z in the the metric topology says by definition [19] that
K(z,72) = K(z,2') forall 2 € Z.
If this holds and A is a coherent map then
K(Az, ') = K(z, A*2") = K(z, A*2') = K(Az, 2),

so that Az, — Az. Thus A is continuous in the metric topology. O

3.6 Theorem. Let Z be a coherent space. Then the set Coh Z consisting of all coherent
maps is a semigroup with identity. Moreover:

(i) Any adjoint A* of A € Coh Z is coherent.

(ii) For any invertible coherent map A : Z — Z with an invertible adjoint, the inverse
A~ is coherent.

Proof. The identity map I : Z — Z is trivially coherent. Let A, B € Coh Z. Then, for
2,2 € Z,
K(z,AB?") = K(A*z,B2') = K(B*A*z,7'),

which implies that AB is coherent with adjoint (AB)* = B*A*.
(i) Using Proposition 3.4, we can write

K(z,A*2') = K(Az, 7',
which implies that A* is coherent with A™ = A.

(ii) Let A : Z — Z be a coherent map with an adjoint A* such that A and A* are
invertible with the inverses A~! and (A*)~!. Then, for 2,2’ € Z,

K(A™2,2) = K(A ™ 2, A*(A") 1Y) = K(AA 2, (A") 1) = K (2, (A*) 1Y),
which implies that A~! is coherent with (A~1)* = (4*)~1. O
3.7 Corollary. Let Z be a nondegenerate coherent space. Then Coh Z is a *-semigroup
with identity, i.e.,

1"=1, A=A (AB)"=B*A" for A,B € CohZ.
Moreover, the set sym(Z) of all invertible coherent maps with invertible adjoint is a

x-group, and
A7 = (AT = (A1 for A € sym(2),

13



Proof. 1f Z is nondegenerate then the adjoint is unique. Therefore the claim follows from
the preceding result. O

3.8 Proposition. Let Z be a coherent space. Then,

Coh[Z] = {[A4] | A € Coh Z}.
Proof. Let A € CohZ. Then [A] € Coh[Z] by [19, Theorem 4.12]. Thus {[4] : A €
Coh Z} C Coh[Z]. Let v : [Z] — Z be a choice function, that is a function which satisfies

[2[z]] = [#] for all z € Z. For any coherent map A : [Z] — [Z], define A : Z — Z by
z — Az :=1(A[z]). Then A: Z — Z is a well-defined map. Thus, for z,2’ € Z,

K(Az ) = K(uAl]),2) = K([(A[2)], [2]) = K(Alz], [2']
= K([z], A[Z]) = K([z], (A" [Z])]) = K (2, 0(A"[2])).

This implies that A is a coherent map with an adjoint A* : Z — Z given by A*z =
1(A*[']). For z,2' € Z, we have

K([All2, [2')) = K([Az], []) = K([(A[=D)], [2]) = K(A[2], [2]),

implying that [A] = A. 0

3.9 Theorem. Let PZ be the projective extension of degree 1 of the coherent space Z .
(i) Let A : Z — Z be a map with the property
K(z, A2 0(2) = w(2)K(A*z,2) for 2,7 € Z, (19)
for suitable v,w : Z — C and A* : Z — Z. Then
[, Al 2) := (av(2)A, Az), o, A" (N, 2) == (Qw(2)\, A%2)
define a coherent map |o, A] of PZ and its adjoint [a, AJ*.

(ii) For every coherent map A : Z — Z and every a € C, the map |, A] : PZ — PZ
defined by
[, Al(N, 2) := (a\, Az)  for all (N, z) € PZ,

is coherent.

Proof. Let (A, 2),(N,2') € PZ. Then

Koe((N, 2), (N, 2) = MK (2, 2)N.

Therefore,
Kpe((X2); o, AJV, ) = Kpe((A, 2), (av(Z)X, Af)) = AR (=, A )aw ()N
= MaK(z, A2 ()N = )\aw( VK (A*z, 2" )N
= K ((Aaw(z), A%2), (X', 7)) = Kpe(la, AI(A, 2), (X', 2)).



This proves (i), and (ii) is the special case of (i) where v and w are identically 1. O

Something similar can be shown for projective extensions of any integral degree e # 0.
Condition (19) appears first in a paper by BERTRAM &HILGERT [4] on reproducing
kernels invariant under an involutive semigroup.

In the applications, a group G of quantum symmetries is typically first defined classically
on a symmetric space. In a quantization step, it is then represented by a unitary repre-
sentation on a Hilbert space. Typically, unitary representations of the symmetry groups
of symmetric spaces are only projective representations, defined in terms of a family of
multipliers satisfying a cocycle condition. Therefore, in geometric quantization (WoOOD-
HOUSE [31]), the symmetric space (typically a Kéhler manifold) needs to be extended to
a line bundle on which a central extension of the group acts classically, and this central
extension (defined through the respective cocycle) is represented linearly in the Hilbert
space defined through the geomentric quantization procedure.

In the coherent space setting, the coherent product defined on an orbit Z of G on the
symmetric space Z via the coherent states available from geometric quantization leads
in these cases to a coherent space. However, on this space, most elements of G are not
represented coherently since they only satisfy a relation (19) with multipliers that are not
constant. Theorem 3.9 shows that the projective extension PZ of degree 1 represents
the central extensiion coherently. This shows that projective coherent spaces are the
natural starting point for coherent quantization since they represent all classically visible
symmetries in a coherent way. The projective property is therefore typically needed
whenever one has a quantum system given in terms of a coherent space and wants to
describe all symmetries of the quantum system through coherent maps.

3.2 Some examples

We now give two simple examples demonstrating that related coherent spaces with the
same quantum space can have very different symmetry groups, the large groups being
associated with projective coherent spaces. Another important example of this situation,
though with different details, is treated extensively in Section 6.

3.10 Example. (SzeGO [29], 1911) The Szeg6 space (a special case of [19, Example
3.12(i)]) is the coherent space defined on the open unit disk in C,

D(0,1):={z € C| |z < 1},

by the coherent product
K(z,2):=01-%z)"".

the inverse is defined since |zz'| < 1. A corresponding quantum space is the Hardy
space of power series

fle) =Y fr
k=0
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such that

LFI = /D 1fel? < oo,

describing analytic functions on Z that are square integrable over the positively oriented
boundary 07 of Z, with inner product

27 - ) -
Fo=Y T~ [ 46T @g(e) = [ |:A7Clatc).
0 VA
The associated coherent states are the functions
k.(z) =(1—zx)7"
with (k.), = 2, since

Kk = S0 = — = K(5,).

1—7Zz7

The set of coherent maps is easily seen to consist only of the scalar multiplication maps
z — Az for A € C, with the complex conjugate as adjoint.

3.11 Example. The Mébius space Z = {z € C? | |2;| > |22|} is a coherent space with

coherent product

K(z2,7) = (Z12] — Zo2y) !

with the same quantum spaces as the Szego space. Indeed, the functions
fol@) = (21 = 202) 7" (20)

from the Szegd space from Example 3.10 are associated Mobius coherent states.
The Mobius space is a projective coherent space of degree —1; indeed, with the scalar
multiplication induced from C?, we have

K(2,M) = (2102, — 2o)2h) T = N2 — Z22) = AV PK (2, 2)

for all z, 2’ € Z. It is now easy to see that the projective completion of the Szegd space
for this degree is isomorphic to the Mobius space.

Unlike the Szego space, the Mobius space has a large symmetry group. Indeed, if A €
(C2><2’ put

Q= |An|2 - |A21|2> B = Z111412 —2211422, = |A22|2 - ’A12|2,
If the inequalities
a>0, |fl<a, y<a-2f (21)

hold and z € Z then, with 5 = |3|0, where |6| = 1,
‘(AZ)I‘Q - |(AZ)2’2 04‘21’2 + 2Re(53122) - ’Y’Zz|2

alz1* + 2Re(Bz122) + (28] — )| 22)?

18] |21 + 02| + (oo — |B]) (|21 = |22f?) > 0.

v Il
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Equality in the last step is possible only if |5| = a > 0 and z; + dz3 = 0, contradicting
|z1] > |22|. Hence Az € Z. Thus A maps Z into itself whenever (21) holds. Now
-1
K(Z, AZ/) = <21 (Anzi + A1225> — 22(142121 + AQQZ%))
-1
= <(A11§1 — Agle)Zi — (—A1251 + AQZZQ)Z%) = K(AUZ, Z/),

Ay —Ay
A% = = — .
< —Ap Ax
Thus every linear mapping A € C**? satisfying (21) is coherent, with adjoint A* given
by A rather than by the standard matrix adjoint. These mappings form a semigroup,

a homogeneous version of an Olshanski semigroup of compressions (OLSHANSKII [25]).
We have g = 0 iff

where

Z111412 = Z2114227 o = ’A11‘2 - |A21’27 Y= |1422|2 - ’A11‘2- (22)

(To get the last formula, solve the first for Ay, substitute it into e+~ > 0, and divide by
1—]Ag /A11]?.) The A € C**? satisfying (22) and v = a > 0 preserve the Hermitian form
|21|* — |22|* up to a positive factor a. Thus the group GU(1,1) of all these matrices is a
group of symmetries of Z. This fact is relevant for applications to quantum systems with
a dynamical symmetry group SU(1, 1) or the closely related groups SO(2,1), SL(2,R).

This example generalizes to central extensions of other semisimple Lie groups and as-
sociated line bundles over symmetric spaces. This follows from the material on the
corresponding coherent states discussed in detail in PERELOMOV [27] from a group the-
oretic point of view, and in ZHANG et al. [32] in terms of applications to quantum
mechanics. Coherent spaces with the structure of a vector bundle also accommodate the
vector coherent states of ROWE et al. [28] and BERTRAM & HILGERT [4]. Other related
material is in the books by FARAUT & KORANYI [7], NEEB [17], and NERETIN [18].

3.3 Quantization of coherent maps

3.12 Theorem. Let Z be a coherent space, Q(Z) a quantum space of Z, and let A be
a coherent map on Z.

(i) There is a unique linear map I'(A) € Lin Q(Z) such that
['(A)|z) = |Az) forall z € Z. (23)
(ii) For any adjoint map A* of A,
(zIT(A) = (A*z| forall z € Z, (24)
L(A) oz = T'(AY). (25)
(iii) T'(A) can be extended to a linear map T'(A) := T'(A*)* € LinQ*(Z), and this

extension maps Q(Z) into itself.

17



We call I'(A) and its extension the quantization' of A and I' the quantization map.
Proof. (i) Let A: Z — Z be a coherent map and S : Z x Z — C be the kernel given by
S(z,2') = K(2,A') forall 2,2/ € Z.

We first show that for all z € Z, S(-,2) and S(z,-) are admissible functions. Suppose
that >, ce|z¢) = 0. Then

ZC_KS(ZZ, Z) = ZC_KK(ZZ, A = <ZC[Z[‘AZ/> =0,

proving that S(-, z) is admissible. Similarly,

S eS(z,2) = ZCgK z, Azg) = ZCgK Az, 2)
= ZC@K (20, A%2) = <Zc£z£‘A z>—0

proving that S(z,-) is admissible. By Theorem 2.5, there is a unique linear operator
['(A): Q(Z) — Q(Z)* satisfying
S(z,2") = (2|T(A)|2") forall 2,2 € Z, (26)

and it is automatically continuous. To prove the theorem we need to show that the
images are actually in Q(Z). Using (23), we have

(z|AZ') = K(z,A2") = S(z,2') = (2|[T(A)]Z') forall z,2" € Z. (27)

which implies that I'(A)|z") = |AZ’) for all 2’ € Z. We conclude that I'(A) maps Q(Z)
already into the smaller space Q(Z). Hence I'(A) € LinQ(Z).

(ii) Let z € Z and ¢ = ch]zk) € Q(Z). Then (24) follows from
(TA)12))(6) = (I0(A)6 = (AT(A) 3 erlew) = (21 D exl (A)])
= (2] ) alAz) =D crl2lAzn) =D en(A2]z)

= (A" z|ch\zk (A*z|o,
By Theorem 3.6(i), the map A* is coherent as well. Thus we have

(DA ) = (Z[T(A)]z) = (2']|Az) = K(#, Az)
= K(Az72) = K(z, A*2) = (z|A*2') = (z|T'(A%)|2),

which implies that the restriction of I'(A)* into Q(Z) is precisely I'(A*), as claimed.

(iii) is a simple consequence of (i) and (ii). 0

We now show that the quantization map I' furnishes a representation of the semigroup
of coherent maps on Z in the quantum space of Z.

n the literature (see, e.g., DEREZINSKI & GERARD [6]), T'(A) is called the second quantization
of A when applied to the special case — treated in Subsection 6.3 — where Z is a Klauder space and
Q(Z) is a Fock space. This terminology goes back to FOCK [8].
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3.13 Theorem. The quantization map ' has the following properties.
(i) The identity map 1 on Z is coherent, and I'(1) = 1.
(ii) For any two coherent maps A, B on Z,

T(AB) = T(A)T(B).

(iii) For any invertible coherent map A : Z — Z with an invertible adjoint, I'(A) is
invertible with inverse

LAt =rA1).
(iv) For a coherent map A : Z — Z, A is unitary iff I'(A) is unitary.

Proof. (i) is straightforward.
(ii) Let A, B be coherent maps and z, 2" € Z. Then we have

(z[T(AB)|2) = K(z, ABZ) = (2|'(A)|BZ) = (2|T(A)T(B)[),
which implies that I'(AB) = T'(A)T'(B).

(iii) follows from I'(1) = 1 and the fact that AA~! = A~'A = 1. Indeed, using Theorem
3.6(ii), A™! is coherent and we get

T(AD(A™)) = T(AA™)) = T(1) = T(A~'A) = D(A-1)T(A),
which implies that I'(A4) is invertible with T'(A)~! = T(A™1).

(iv) Let A be a coherent map. Also, suppose that A is unitary as well. Then, A is
invertible with the inverse A=! = A*. Thus, A and A* are invertible. Then, we get
F(AT(A) =T(AT(A") =T(AA") =T(1) =1

Y

and also

D(A)T(A) = D(A*)D(A) = [(A*A) = (1) = 1.

Hence, we deduce that I'(A) is a unitary linear operator. Conversely, assume that I'(A)
is a unitary linear operator. Then we get AA* = 1 and also A*A = 1, which means that
A is unitary. O

The quantization map is important as it reduces many computations with coherent
operators in the quantum space of Z to computations in the coherent space Z itself.
By Theorem 3.13, large semigroups of coherent maps A produce large semigroups of
coherent operators ['(A), which may make complex calculations much more tractable.
Coherent spaces with many coherent maps are often associated with symmetric spaces
in the sense of differential geometry. In this case, the linear differential operators can
be coherently quantized, too, through weak-* limits of suitable linear combinations of
operators of the form I'(A). This yields quantization procedures for Lie algebras defined
by coherent differential operators on coherent spaces. Details will be given in NEUMAIER
& GHAANI FARASHAHI [22].
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4 Homogeneous and separable maps

In this section we look at self-mappings of coherent spaces satisfying homogeneity or
separability properties. These often give simple but important coherent maps.

4.1 Homogeneous maps and multipliers

Let Z be a coherent space. We say that a function m : Z — C is a multiplier for the
map A: 7 — Z if

) =Al2) = m(2)|AY) = am(2)[Az), (28)
for all A € C and z, 2’ € Z, equivalently if
Kw,z") = K(w,z) Vwe Z = m(z)K(w,Az") = dm(2)K(w, Az) Yw € Z.
A function m : Z — C is called homogeneous if
)= A2) A0 = m(e) = m(2); (29)
this is the case iff it is a multiplier for the identity map.
We call a map A : Z — Z homogeneous if
12y = ANz) = |AZ) = \Az); (30)

this is the case iff m = 1 is a multiplier for A. We write hom Z for the set of all
homogeneous maps A : Z — Z.

4.1 Theorem. Let Z be a coherent space. Then,
(i) each coherent map is homogeneous.

(ii) the composition of any two homogeneous maps is homogeneous.

Proof. (i) Let A be coherent map with an adjoint A*. Suppose that z, 2z’ € Z and A € C*
with |2') = A|z). Then, for 2" € Z, we get

(2" A2y = (A*2"|2") = MA*2"|2) = \(2"|Az).
Thus |Az") = A|Az). Therefore, m = 1 is a multiplier for A and hence A is homogeneous.

(ii) Let A, B € hom(Z). Suppose that z,z’ € Z and A € C* with |z/) = A|z). Since
B is homogeneous, we have |Bz') = A\|Bz). Then applying homogeneity of A, we have
|ABz") = A\|ABz). Therefore, m = 1 is a multiplier for AB and hence AB is homoge-
neous. O
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4.2 Theorem. Let Z be a projective coherent space. We then have
K(z,\) = K(\z,2),

for all z,z' € Z and A\ € C*. In particular, if Z is a nondegenerate and projective
coherent space the scalar multiplication map \ : Z — Z is coherent, with unique adjoint

A=\

Proof. Let A € C* be given. Then, for z, 2’ € Z, we have

Kz, 2) = K(2/,X2) = XK (2/,2) = XK (2, 2) = X°K(2,7) = K(\z, 7).

In particular, if Z is nondegenerate then the multiplication map A is coherent with the
unique adjoint . O

4.3 Proposition. Let Z be a projective and non-degenerate coherent space. Then:
(i) m : Z — C is a multiplier for A: Z — Z iff

m(pz)|Apz) = m(2)|pAz)  for all u € C*.
(ii)) A map A : Z — Z is homogeneous iff Ay = pA for all p € C*.

(iii) A map m : Z — C is homogeneous iff mu = pum for all p € C*.

Proof. In a projective coherent space, |[Az) = A\|z), so nondegeneracy implies that for
any choice of the eth root,

1Y =Az) & 2 =upz, p=Ne

The definition of a multiplier now gives (i), and a straightforward specialization gives
(ii) and (iif). O

4.2 Separable maps

Let Z be a coherent space. We call a map o : Z — Z separable if there is a number
X(a) € C, called a separation constant, such that

K(z,az') = x(a)K(z,2") for z,2' € Z. (31)

4.4 Proposition. Let Z be a coherent space and « : Z — Z be a map. Then, « is
separable iff there exists a complex constant A\, such that for any quantum space Q(Z)

of Z we have
laz) = Ao|z) forall z € Z. (32)

In this case, x(a) = Aq.
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Proof. Let Q(Z) be a quantum space of Z and z,z € Z. If a is separable with the
separation constant y(«), then

(#laz) = K(2',02) = (@)K (2, 2) = x(@){]2) = 2| (x(@)]2) ).

Hence |az) = x(a)|z) and (32) holds with A, := x(«). Conversely, suppose that (32)
holds for some complex number \,. Then, for 2,2z’ € Z, we get

K(,a2) = (Jaz) = (| (\(@)]2}) = x(@){]2) = (@)K (', 2).

This implies that « is a separable map with the separation constant y(a) := A,. O

4.5 Proposition.
(i) Eveey separable map « : Z — Z satisfies

K(az,2") = x(a)K(z,2') forz, 2 € Z. (33)

(ii) Every separable map o with x, = 1 is coherent, with adjoint 1.
(iii) Every separable map « : Z — Z satisfies
K(az,a?') =|x(a)|?K(z,72) forall z,2 € Z.

(iv) Every separable map is homogeneous.

Proof. (i) and (ii) are straightforward.

(ili) Let o € Sep Z and z,2" € Z. Then (33) implies

K(az,az) = x(a)K(2,02') = x(a)x(@) K (z,2') = [x(a) PK(z, 2)

(iv) Let o : Z — Z be a separable map with the separation constant x(«). Suppose that
z,7' € Z and A € C* with |2/) = A|z). Then, for 2" € Z,

(2"|az)

K" o) = x(a)K (2", 2)
x(@)(z"]2") = x(a)A(z"]z) = A(2"|az).

Thus |az’) = A|az). Therefore, m = 1 is a multiplier for a and hence « is homogeneous.
O

We denote the set of all separable maps by Sep Z and the set of all separable maps with
nonzero separation constants by Sep , Z. It is easy to check that, any invertible separable
map has a nonzero separation constant.
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4.6 Proposition. Let Z be a coherent space. Then:

(i) The identity 1 is a separable map with x(1) = 1.

(ii) The composition of separable maps is separable.

(iii) Any adjoint o* of a coherent and separable map « is separable with x(a*) = x(a).

(iv) The inverse a~' of any invertible separable map is separable with x(a™') = y(«)

Proof. (i) and (ii) are straightforward.

(iii) Let a : Z — Z be a coherent and separable map and let a* be an adjoint for a.
Using (33) we find for z,2' € Z,

K(a*z,2") = K(z,a2') = x(a)K(z, 7).
This implies that a* is separable with y(a*) := y(«).

(iv) Let a € Sep Z be invertible with the inverse a~!. Since x(a) # 0, for 2,2’ € Z, we
have

K(a'2,2) = x(a)K(aa'2,2) = x(a) 1K (z,7),

which implies that a~! is separable with separation constant x(a™') := y(a)!. O

4.7 Proposition. Let Z be a coherent space. Then,

(i) Sep Z is a semigroup with identity.

(ii) Sep Z N Coh Z is x-semigroup.

(iii) The separable maps a with x, = 1 form a subsemigroup Sep (Z) of Sep Z.

(iv) In the nondegenerate case, x is an injective multiplicative homomorphism into C
and Sep {(Z) consists of the identity only.

(v) Each separable map « with |y.| = 1 preserves the coherent product. In particular,
elements of Sep |(Z) preserves the coherent product.

Proof. Straightforward. O

4.8 Theorem. Let Z be a coherent space. Then Z, := (Sep Z) x Z with the coherent

product
Ky((a,2);(a/,2") = K(d'z,a2")  for all (a,2),(d,2") € Zy (34)

is a coherent space.

23



Proof. Let ay,..,a, € Sep Z and z1, .., z, € Z. Then, for all ¢y, ..., ¢, € C, we have

E GenlKu ((ay, 25); (aw, 1)) = E ciep K (anzj, o2,
Jik 4.k
- E c_jckXOéj XakK(Zju zk)

i,k
= Y didpK(z5,2) >0,
gk
where dy := cixq, for 1 <€ <n. O

4.9 Theorem. Let Z be a coherent space. Then, for any A: Z — Z and f : Z — C*,
the map Ha,a) : PZ — PZ defined via

Hiza) (A, 2) == (f(2)A\, Az) for all (A, z) € PZ,

is a homogeneous map.

Proof. Let A\, \' € C* and z € Z. Then, we have

Hipay (N 2) = (F(2)NA, Az) = (N f(2)N, Az) = N(f(2)N, Az) = N Hpa)(A, 2).

4.10 Proposition. The separable maps on a projective and nondegenerate coherent
space of degree e = £1 are precisely the multiplication maps.

Proof. Clearly each multiplication map on a projective and non-degenerate coherent
space is separable. Conversely, let Z be such a coherent space and let a be a separable
map with separation constant x(«). Then, for z, 2" € Z,

(2 a) = X(@)K (2, #) = K(z, x()"2)

since « is separable and Z is projective. Since Z is nondegenerate we conclude az =
x(a)ez. 0

For any coherent space Z, PZ denotes the projective extension defined in [19, Proposition
4.9], with the same quantum spaces as Z.

4.11 Theorem. Let Z be a coherent space, S : Z — Z be a separable map with
separation constant x(S) € C. Then, the maps As : PZ — PZ and Bs : PZ — PZ
defined via

Ag(\, z) == (N, Sz) forall (N z)e PZ,

Bs(A, z) :== (x(S)A,z) forall (A z) € PZ,
are coherent with A% = Bg and B = Ag.

24



Proof. Let (A, 2),(N,2") € PZ. Then, we have

Koe(As(N, 2), (N, 2)) = f(pe(()\,Sz),()\’,z’)):XK(Sz,z’)X
= AK(z, 2 )x(S)N = Kpe((A, 2), Bs(N, 2)).

Thus, Ag is coherent with A% = Bg. This also implies that Bg is coherent with By = Asg.
O

4.12 Proposition. Let Z be a coherent space. Then:

(i) The map P : CxCoh Z — Coh PZ given by (o, A) — [, A] is an anti-homomorphism
of *-semigroups.

(ii) The map A : Sep Z — Coh PZ given by S — Ag is a homomorphism of semigroups.

(iii) The map B : Sep Z — Coh PZ given by S — Bg is a homomorphism of semigroups.

Proof. (i) Let (o, A), (8, B) € C* x Coh Z. Then, for (), z) € PZ, we have
[, APy (X, 2) = Pp)(ad, Az) = (Bad, BAz)
= Pasa) (A 2) = Ps.p)a.a) (A 2)-
(ii) Let S,S” € Sep Z. Then, for (A, z) € PZ, we have
Assr (N, z) = (N, 5852) = As(\, §'z2) = AsAg (A, 2).
(iii) Let S,S" € Sep Z. Then, for (), z) € PZ, we have
Bss/ (A, 2) = (x(SS)A, 2) = (x(S)x(S)A, 2) = Bs(x(S)A, z) = BsBs/(A, 2).

4.13 Corollary. Let Z be a coherent space. Then
Sep [PZ] = Sep P[Z] = C*.
In particular, the map x : Sep [PZ] = Sep P|Z] — C* is a group isomorphism.
A map A: Z — Z is called strongly homogeneous if Aa = aA for all separable maps

a € Sep Z. We write hom, Z for the set of all strongly homogeneous maps over Z. It
can be readily checked that Sep Z C homg Z and hom, Z C hom(Z7).

A function f: Z — C, or a kernel X : Z x Z — C is called strongly homogeneous if
flaz) = f(z) fora€SepZ, z€ Z,

or
X(az,d'2') = X(2,2") fora,a’ € SepZ, z,2' € Z,

respectively.

25



4.14 Proposition. Let Z be a coherent space. Then,
(i) Any adjoint of a coherent and strongly homogeneous map is homogeneous.

(ii) The set Coh Z N Hom(Z) is *-subsemigroup of Coh Z.

Proof. (i) Let A: Z — Z be a strongly homogeneous coherent map with an adjoint A*.
Then, for all o € Sep Z, we have

K(A*(az),?) = K(az, AZ') = x(a)K (2, AZ') = x(a) K (A*2,2') = K(aA*z, 2),
for all z, 2" € Z. Thus, A* is strongly homogeneous.

(ii) is straightforward. 0

4.15 Proposition. Let Z be a nondegenerate coherent space. Then,
(i) each coherent map is strongly homogeneous.

(ii) Sep Z is in the center of Coh Z.

(iii) For z € Z, a € Sep Z, and A € Coh Z we have |Aaz) = x(a)|Az).

Proof. (i) Let A : Z — Z be a coherent map. Then, for all z,2’ € Z and « € Sep Z, we
have

K(Aaz,2') = K(az, A*2') = x(a)K(z, A*2) = x(a) K (Az, ') = K(aAz, 2').
Since K is nondegenerate over Z, we get Aoa = ao A for all a € Sep Z.

(i) Let o € Sep Z with the separation constant x(«). Also, let A € Coh Z be given. Us-
ing (i), A is strongly homogeneous as well. Thus, by definition of strongly homogeneous
we have Ao = aA. Hence « belongs to the center of Coh Z.

(iii) Using (ii) and Proposition 4.20(i) we have
|Aaz) = |aAz) = x(«a)|Az).

4.16 Proposition. Let Z be a coherent space and z,z' € Z. If there exists a separable
map « € Sep Z such that az = 2’ then the coherent states |z),|z') are parallel. In this

case, we have |2') = x(a)|z).

Proof. Suppose that there exists a separable map a € Sep Z such that az = z’. Then,
for w € Z, we have

(wlz") = K(w,2') = K(w, az) = Yo K (w, 2) = Xa(w|z).

Thus we get |2) = x(a)|Z'). O
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4.17 Remark. If Z is a projective and nondegenerate coherent space then hom Z =
homg Z. Indeed, a function f: Z — C, or a kernel X : Z x Z — C is homogeneous iff

flaz) = f(z) foraeC*, z¢€ Z,

or
X(az, o) = X(2,2') fora,a € C*, 2,2/ € Z,

respectively.

The next result shows that each coherent map over a projective coherent space is auto-
matically homogeneous as well.

4.18 Corollary. Let Z be a projective and nondegenerate coherent space. Then,

(i) every coherent map is homogeneous.

(ii) C* is in the center of Coh Z.

Proof. The results follow directly from Propositions 4.15 and 4.10. O

4.19 Corollary. Let Z be a coherent space. Then
(i) Coh [PZ] C hom [PZ] and Coh P[Z] C hom P[Z].
(ii) Sep [PZ] is in the center of Coh [PZ].

(iii) Sep P[Z] is in the center of Coh P[Z].

Proof. Apply Corollary 4.18 to the projective and non-degenerate spaces Z’ := [PZ] and
7" .= P[Z]. 0

4.20 Proposition. Let Z be a coherent space and z € Z. Then

(i) For a € Sep Z and A € homy Z we have
|Aaz) = x(a)|A2).
(ii) For A € Coh Z and « € Sep Z we have

| Aaz) = X(@)T(A)]2) = |aAz).

Proof. Straightforward. O
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5 Slender coherent spaces

In this section we prove quantization theorems for a restricted class of coherent spaces for
which many operators on a quantum space have a simple description in terms of normal
kernels. These generalize the normal ordering of operators familiar from quantum field
theory.

5.1 Slender coherent spaces

The simplest interesting situation is the following.

5.1 Proposition. Let Z be a coherent space. Then the admissibility space is A(Z) =
C?Z iff any finite set of distinct coherent states is linearly independent.

Proof. 1f any finite set of distinct coherent states is linearly independent then the hypoth-
esis of (9) implies that all ¢, vanish. Thus each function f : Z — C is admissible. Hence

A(Z) = C%. Conversely, suppose that A(Z) = C#, and ZCAZg) = 0 with distinct z.

Then every f = 0, is admissible and

0= af(z) =) edlz) =,

which implies that ¢, = 0. This holds for all k£, whence any finite set of distinct coherent
states is linearly independent. O

The most interesting cases are covered by a slightly more general class of coherent spaces.
We call a coherent space slender if any finite set of linearly dependent, nonzero coherent
states in a quantum space Q(Z) of Z contains two parallel coherent states. Clearly, every
subset of a slender coherent space is again a slender coherent space.

5.2 Proposition. Let S be a subset of the Euclidean space H such that any two elements
of S are linearly independent. Then the set Z = C* x S with the coherent product

K((\,5);(N,8) := MN's*s' forall (\,s),(N,s)eZ

and scalar multiplication «(\,s) := (a),s) is a slender, projective coherent space of
degree 1.

Proof. 1t is easy to see that Q(Z) := Span S is a quantum space of Z. Let the z; € Z be
such that Z cklzr) = 0 with ¢, # 0 for all k. We then have z, = (A, z,) with A\, € C*

and z;, € S, hence

ch)\kz; = ch|()\k; Z,;)) = ch|2k> =0.
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But the z;, are linearly independent, hence c;A\; = 0 for all k, and since A, # 0, all ¢
vanish. Thus Z is slender. Projectivity is obvious. O

Thus slender coherent spaces are very abundant. However, proving slenderness for a
given coherent space is a nontrivial matter once Z contains infinitely many elements.

5.3 Theorem. The Mobius space defined in Example 3.11 is a slender coherent space.

Proof. Suppose that the Mobius space Z is not slender. Then there is a nontrivial finite
linear dependence Z cxk|zr) = 0 such that no two |z;) are parallel. Since Z is projective

of degree —1, this implies that the numbers py := zx2/zg1 are distinct, and |ug| < 1 by
definition of Z. Since z = (i) € Z for |p| < 1, we have

T = Ckzm
= = K = = f 1.
0= 1 k) = Tak@,5) = 3 gt = 3 o i <

The right hand side is the partial fraction decomposition of a rational function of u
vanishing in an open set. Since the partial fraction decomposition is unique, each term
vanishes. Therefore ck,zk_l1 = 0 for all k£, which implies that all ¢; vanish, contradiction.
Thus Z is slender. O

5.4 Proposition.

(i) A projective coherent space is slender iff Z |z,) = 0 implies that there exist distinct
kel
J, k € I such that |z,) = az;) for some a € C.

(ii)) A nondegenerate projective coherent space is slender iff Z |zi) = 0 implies that
kel
there exist distinct j, k € I such that z, = az; for some o € C.

(iii) A coherent space Z is slender iff its projective extension PZ is slender.

Proof. In the projective case, Zak\zk> = 0 implies Z |Brzr) = 0 with Gy = ai/e.
Thus we may assume w.l.o.g. that the linear combination in the definition of slender is
a sum. Hence (i) holds. (ii) is straightforward.

(iii) Let Z be a slender coherent space with a quantum space Q(Z), and let PZ be a
projective extension of Z of degree e with the same quantum space Q(PZ) = Q(Z). Let

Z |(Ak, z,)) = 01in Q(PZ). Then Z Ar|zk) = 01in Q(Z), and we may assume that the

sum extends only over the nonzero )\k. Since Z is slender, there exists distinct j, k& with
;. # 0 such that |z;) = a|z;) for some o € C. But then

0 200) = X5123) = Xalz2) = (32) alw, 1)
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Thus PZ is slender. The converse is obvious. O

5.5 Proposition. Let Z be a slender coherent space and let Q(Z) be a quantum space

of Z. Let I be a finite index set. If the z, € Z (k € I) satisty ch|zk> = 0 then there
kel
is a partition of I into nonempty subsets I; (t € T') such that k € I, implies |z) = ag|z)

with Z cpop =0 forallt e T.

kel

Proof. 1t is easy to see that it is enough to consider the case where none of the cg|zx)
vanishes, as the general case can be reduced to this case by removing zero contributions
to the sum. Let T be a maximal subset of I with the property that no two coherent
states |z;) are multiples of each other. For each t € T, let I; be the set of k € I such
that |zx) is a multiple of |z;), say, |zx) = ax|2;). Then the I; (t € T') form a partition of
1. If we define for t € T' the numbers

¢ = E CLO

kel

we have

Zat|zt> = Z (chak> |2) = ch]zk) = 0.

teT telT kel kel

Since Z is a slender coherent space and no two of the |z;) (¢t € T) are parallel, the |z)

(t € T') are linearly independent. We conclude that all a; vanish. Therefore Z cro, = 0
kel
forallt € T. O

5.6 Corollary. Let Z be a slender coherent space, projective of degree e and let Q(Z)
be a quantum space of Z. Let I be a finite index set. If z, € Z (k € I) satisfies

Z |zi) = O then there is a partition of I into nonempty subsets I, (t € T) such that
kel

k € I, implies 2z, = ayz; with Zai =0, forallteT.
kel

5.2 Quantization theorems

5.7 Theorem. Let Z be a slender coherent space and suppose that m : Z — C is a
multiplier map for the map A : Z — Z. Then there exists a unique linear operator
' (A) : Q(Z) — Q(Z), the quantization of A relative to m, such that

I (A)|z) = m(z)|Az) forall z € Z.
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Proof. Let m : Z — C be a multiplier for the map A : Z — Z. We then define
In(A4) - Q(Z) = Q(Z) by

Fm(A)(Z ck|zk>> = chm(zkﬂAzk) for all Z cklzr) € Q(2).
k k k

Let ch|zk> = 0. Then, we have Z |ckzx) = 0. Hence, using Proposition 5.5, there is

a partition of I := {k : ¢, # 0} into nonempty subsets I; (¢t € T') such that k € I; implies

|zk) = ag|z) with Z crap = 0, for all t € T'. Since « is a multiplier for A, we have for
kel

tETandkE[t,

m(zi)|Az) = apm(z:)|Az). (35)
Thus, using (35), we get

Z cem(z)|Azy) = Z Z cem(zg)|Azy) = Z Z ckapm(z)| Az

k teT kel teT kel
= Z (Z ckak>m(zt)|Azt> = 0.
teT kel

Therefore, I',,(A) : Q(Z) — Q(Z) is a well-defined linear map. In particular, we have

[(A)|z) = m(z)|Az) for z € Z.

5.8 Corollary. Let Z be a slender, projective, and non-degenerate coherent space, and
let Q(Z) be a quantum space of Z. Then for every homogeneous map A : Z — Z, there
is a unique linear operator I'(A) : Q(Z) — Q(Z), the quantization of A, such that

['(A)|z) = |Az) for z € Z. (36)

Proof. We define I'(A) : Q(Z) — Q(Z) by I'(A) := I'1(A). Then, I'(A) satisfies (36).
O

Note that when Z is slender, Theorem 3.12 is less general than Theorem 5.8, but Theorem
3.12 holds for a larger class of coherent spaces. Moreover, for coherent maps A, there
is a simple relationship (25) between I'(A)* and I'(A*), that does not generalize to the
situation of Theorem 5.8.

5.9 Proposition. Let Z be a slender, projective and non-degenerate coherent space.
The quantization map I" : hom Z — Lin Q(Z) is a semigroup homomorphism,

I'(AB) =T(A)(B) for A,B € hom Z. (37)
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Proof. 1t is straightforward to check that AB € hom Z. By Theorem 5.8,
['(AB)|z) = |ABz) =T'(A)|Bz) =T'(A)I'(B)|z) forall z € Z.
Thus (37) holds. 0

5.10 Theorem. Let Z be a slender coherent space and let Q(Z) be a quantum space
of Z. Then for every homogeneous function m : Z — C there is a unique linear operator
a(m): Q(Z) — Q(Z) such that

a(m)|z) =m(z)|z) forze Z. (38)

Proof. We define a(m) : Q(Z) — Q(Z) by a(m) := I',,(1). Then (38) follows easily.
O

This generalizes the property of traditional coherent states to be eigenstates of annihi-
lator operators. Indeed, in the special case of Klauder spaces treated in Subsection 6.4,
the a(m) are found to be the smeared annihilator operators acting on a Fock space.

a(m) is a linear function of m. To preserve this property in the adjoint, we define
a*(m) = a(m)", (39)

the analogues of smeared creation operators. Here m is the function defined by

m(z) == m(z),

which is homogeneous since |z') = A|z) implies m(z’) = m(z) by homogeneity of m,

2')
hence 7(2) = m(2') = m(z) = m(z).

5.3 Normal kernels

Let Z be a slender coherent space and Q(Z) be a quantum space of Z. A kernel X :
Z x Z — C is called homogeneous if, for all z € Z, the functions X (-, z), X(z,-) are
homogeneous in the sense defined in Subsection 4.1.

5.11 Theorem. For every homogeneous kernel X there is a unique linear operator
N(X) from Q(Z) to its algebraic antidual, called the normal ordering of X, such
that

(z|N(X)|2') = X (2,2 )K(2,2') forzz € Z. (40)

(Equivalently, N(X) defines a Hermitian form on Q(Z%).)

Proof. This follows from Theorem 2.5(ii) and slenderness. To see this, we define, for any
two vectors ¢ = Z |z and ¢ = Z colze) from Q(Z), the complex number
k ¢

(0, 0)x =D > ey X (2, 2) K (20, 21).
4 k
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We first claim that (¢, ¢) — (¢, ¢)x is well-defined. Because (.,.)x is a Hermitian form
in the ¢, and the ¢}, it is enough to show that ¢ = 0 implies (1, ¢) x = 0. By Proposition

5.5, if ¢ = Z ¢|zx) = 0, there is a partition of I := {k : ¢}, # 0} into nonempty subsets

I; (t € T) such that k € I, implies |z}) = ag|z;) with ZC;CO% =0 for all t € T'. Using
kel
the homogeneity assumption of X (z, ) we find for each t € T and each k € I;,

X (20, 21) K (20, 2,) = o X (20, 2) K (24, 2}).

Therefore
ZZ@CZX(ZZ,Z;)K(,Z@,Z,’C) = ZZZQC’“ (20, 21,) K (20, 2},
¢k teT kel
= Z Z Z oo X (20, 2,) K (20, 2;)
teT kel
= ZZQ(ZC,@%) (20, 2;) K (24, ;) = 0.
teT kel

Using the homogeneity assumption of X (-, z;), a similar argument shows that if ¢ =
> ¢lze) = 0 then (¢, ¢)x = 0. Hence, (¢, ¢) — (¢, ¢) x defines a well-defined Hermitian
form on Q(Z). O

The interesting case is when N(X) maps Q(Z) to Q*(Z). When this holds, we call the
kernel X normal.

5.12 Proposition. Let Z be a slender coherent space whose coherent product vanishes
nowhere. Then any linear operator X : Q(Z) — Q(Z)* is the normal ordering of a
unique homogeneous kernel X .

Proof. The kernel X defined by

has the required properties. O

5.13 Proposition. If A: Z — Z is coherent, homogeneous and invertible then T'(A) is
invertible, and for every normal kernel X, the kernel AX defined by

AX(2,2) = X(A*2, A7) forz,7 €Z (41)

is normal, and
N(AX) =T(A)N(X)I'(A).

Moreover, if B : Z — Z is also coherent, homogeneous and invertible then

(AB)X = A(BX).
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Proof. This follows from (41) since

(zIN(AX)T(A)|2Yy = (2|N(AX)|AZ) = AX(z, AZ')K(z, AZ')
= X(A*z2,2)K(A*z,2') = (A*2|N(X)|Z") = (z|]T(A)N(X)|2")

and

(AB)X(z,2') = X((AB)*z,(AB)7'2/) = X(B*A*z, B~' A1)
= BX(A*z, A7) = A(BX)(z,7).

Define for f,g: Z — C,

(fX)(Za Z/) = f(Z)X(Z’ Zl)? (Xf)(z> Z/) = X(Z? Z,)f(zl)>

Then

(fX)y=X"f, (Xf)y=[fXx"
We write A for a constant kernel with constant value A € C. Note that f1 and 1f are
different normal kernels!

5.14 Proposition.
(i) Normal kernels form a vector space X(Z), and the normal ordering operator N :

X(Z) — Lin* Q(Z) is linear.
(ii) If X is normal then X* is normal and
N(X™) = N(X)".
(iii) Any constant kernel X\ is normal, and N(\) = \.
(iv) If N is normal then mNm' is normal for all homogeneous m,m’, and
N(mXm') = a*(m)N(X)a(m'). (42)
(v) If X, — X pointwise and all X, are normal then X is normal, and

N(X,) = N(X).

Proof. Statements (i)—(iii) are straightforward.

(iv) Using (38) and (39), we find
(zla*(m)N(X)a(m')[2") = (zla(m”)"N(X)a(m')|z") = (z[m(z) N(X)m'(z')[")
= m(2)(z|N(X)[z)m'(2') = m(2) X (z, 2') K (z, 2')m/ (')
= (mXm')(z, ) K(z,2).

(v) Let X, — X pointwise with all X, normal. Then X is homogeneous. Indeed, for
2,2 € Z and ¢, € C, we have

X(cz,d2) = 11?1 Xy(cz,d2') = liin Xo(z,2) = X(z,7).
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We then have
lim (2| N (X)| ') = (nﬁn Xg(z,z’)>K(z,z’) — X(2,2)K(z,2) = (2| N(X)|2'),

for all z,z € Z. O

5.15 Theorem. Let Z be a slender coherent space. Let S be a set, du a measure on
S. Suppose that the f;, g, : S X Z — C are measurable in the first argument and
homogeneous in the second argument, and

X(2.2) = lim / dpi()ge(5, 2) fuls, £)

exists for all z,z' € Z. Then, with notation as in (38),

N =l [ du(s)alor(s, ) alfifs. )
is a linear operator from Q(Z) to its algebraic antidual.

Proof. First, we claim that X is homogeneous. To this end, let z, 2’ € Z and o € C such
that |2’) = «a|z). Using the homogeneity assumption on each fy, we have for each w € Z

X(w,2)l2) = tim [ du(s)gils.w)fils #)12)
= olim / dyi(5)ge(5,0) fo(5, 2)]2) = aX (w, 2)]2),

which implies that X (w,-) is a homogeneous function. A similar argument, using ho-
mogeneity assumption of each g,, guarantees that X (-, w) is a homogeneous function as
well. Now, using Theorem 5.11, there exists a unique linear operator N(X) from Q(Z)
into its algebraic antidual of Q(Z), such that

(:IN(X)|2') = X(z,2") K(2,7"),
for all z, 2’ € Z. Hence, for 2,2 € Z, we get
<Z|N(X)|ZI> = X(Z, Z/)K(Z’ Z/) = 11?1 / d,LL(S)gZ(S, Z)f€<87 Z/)K(Za Z/>

= [ dut)(algts. )t atsls Dl
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6 Klauder spaces and bosonic Fock spaces

In this section we discuss in some detail Klauder spaces, a class of coherent spaces with
a large semigroup of coherent maps. The quantum spaces of Klauder coherent spaces are
the bosonic Fock spaces, relevant for quantum field theory (BAEZ et al. [2], GLIMM &
JAFFE [11]) and the theory of Hida distributions in the white noise calculus for classical
stochastic processes (HIDA & S1 [12], HIDA & STREIT [13], OBATA [24]).

6.1 Klauder spaces
We recall from NEUMAIER [19, Example 3.2] that the Klauder space KI(V') over the
Euclidean space V' is defined by the set Z = C x V of pairs
z:=[2,2) €CxV

with the coherent product

K(z,7) = eotaotz'? (43)
Klauder spaces are degenerate since

[z0 + 27ik, z]) = |[20,2]) for k € Z.
6.1 Proposition. With the scalar multiplication
alz0,2] == [20 + log a, 7],

using an arbitrary but fixed branch of log, Klauder spaces are projective of degree 1.

The separable maps are precisely the multiplication maps z — «az, with x(a) = a.

Proof. Using the definition of the scalar multiplication, one finds K(z, \2’) = AK(z, ).
The second statement can be verified directly; Proposition 4.10 is not applicable. O

6.2 Theorem. Klauder spaces are slender.

Proof. Suppose that there is a nontrivial finite linear dependence ch|zk> = 0 such

that no two |z;) are parallel. In view of (57) we may assume w.l.o.g. that z; = [0, z;] and
conclude that the z; are distinct. Now let v € V and z = [0, nv] for some nonnegative

integer n. Then, with &, := eV %,

0= (z] ch|zk> = ch<z|zk> = chem’*z" = ch&? forn=0,1,2,....

Since the sum has finitely many terms only, we find a homogeneous linear system with a
Vandermonde coefficient matrix having a nontrivial solution. So the matrix is singular,
and we conclude that two of the & must be identical. Thus for every v € V' there are
indices j < k such that e”'% = e"" % hence, with z;;, 1= z; — 2 # 0,

v zjr, = Omod 27,
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Now let uw € V. If u*zj, # 0 for all j < k then picking v = Au with sufficiently many
different A € R gives a contradiction. Thus for every u € V' there are indices j < k such
that

vz, = 0. (44)
Since u € V was arbitrary and the z;;, are nonzero, this implies that V' is the union of
finitely many hyperplanes (44), which is impossible.

Therefore the assumed nontrivial finite linear dependence does not exist. This proves
that the Klauder space Z = KI(V) is slender. O

6.2 Oscillator groups

Klauder spaces have a large semigroup of coherent maps, which contains a large unitary
subgroup. The oscillator semigroup over V is the semigroup Os(V') of matrices

1 p
A=Ipp,q,Al: =10 A € Lin(CxV xC)
0 O

_ D

with p e C, p e V¥, g € V, and A € Lin™ V; one easily verifies the formulas for the
product
lo:p,a, Al 0 d \AT= [ +p+p"d, A"p+p ¢+ Ad, AA] (45)

and the identity 1 = [0,0,0, 1]. Writing
[A]:=10,0,0, A

we find
[B][«, p, ¢, A][B'] = [a, B"p, B¢, BAB']. (46)

Os(V') turns elements z € Z written in the projective form

<0
z=[z02]=| 2 | €eC*xV xC
1

into elements the same form, corresponding to the action of Os(V') on [29,z| € KI(V) as
[p7p7Q7AHZU7Z] = [p+20 —f—p*Z?q—i—AZ] (47)

6.3 Proposition. Os(V) is a *semigroup of coherent maps of KI(V'), with adjoints
defined by

p.p,q, A" = [p.q,p, A]. (48)

Proof. We have
K(Az2') = K(lp.p,q,Alz, ) = eroteratztlatha’

AP ) — (2[5, ¢, p, A%]).
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Hence the elements of Os(V') are coherent maps, with the stated adjoints. O

The linear oscillator group LOs(V) over V consists of the elements [p, p, ¢, A] with
invertible A. One easily checks that the inverse is given by

0, ¢, A7 =" A7 —p,—A*p,—A g, AT, (49)

where
A = (Ail)* — (A*)fli
The unitary oscillator group UOs(V) over V consists of the unitary elements of

LOs(V).

6.4 Proposition.
(i) UOs(V') consists of the coherent maps of the form

[, q, A] = [5(ic — ¢"q), —A"q, ¢, A] (50)
with unitary A € LinV, q € V, and a € R.

(ii) Product, inverse, and adjoint of unitary elements are given by

[, q, Al[e, ¢, A"l = [a+ o —2Imq*Aq, ¢ + Agq, AA’] (51)
[a.q, Al = [a,q, A]* = [—a,—A" ¢, A]. (52)

Moreover,
[Bl[a, ¢, A][B'] = [a,Bq, BAB']. (53)

Proof. (i) Equating (48) and (49) gives the unitarity conditions
p=p'ATlq—p, q=—-AT"p, p=-ATlq, A*=A""
Thus A must be unitary and p = —A~!'¢ = —A*q. In this case, ¢ = —A~*p and
PATY = —¢"AT AT g = —¢q,

hence the unitarity conditions reduce to p = —q*q — p, i.e., 2Rep = —q*q. Writing
a=2Imp, (i) follows.

(ii) (52) follows from the preceding using (48), and (53) follows from (46). To obtain the
multiplication law we note that

[a,q,Alle/, ¢/, A'] = [3(ia — q*q), —A*q, ¢, A][3 (i — ¢"*¢'), —A"*¢, ¢, A']
= [3(ic/ — ¢"*¢) + J(ia — q*q) — " Aq/, — A" A*q— A"¢ g+ A¢', AA]
=la+ad —2Img*Aqd, ¢ + Agq, AA'].

Indeed, since A*A =1, we have —A"A*q — A”¢ = —(AA")* (¢ + A¢') and

s(ia' —¢"*¢) + (i — ¢*q) — ¢*Aq = %(iﬁ —(g+A¢) (g + Aq/)),
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where

i = i — "¢ +ia—q'q—2¢"Aq¢ + (¢ + Ad) (¢ + Aq)
= ila+d)—¢Ad +*A*q=i(a+ o —2Im¢*Aq).
O
The unitary coherent maps of the form
Walg) ==l ¢, 1] (¢ €V, €R) (54)

form the Heisenberg group H(V') over V. The n-dimensional Weyl group is the
subgroup of H(C") consisting of the W, (¢) with real ¢ and «a.

6.5 Proposition. With the symplectic form

o(q,q) == —2Imq"q, (55)
we have
Wa(Q)Wa’(q/) = Wa+a’+o(q,q’)(q + q,)7
Wa(Q)il = Wa(‘])* = Wfoz<_Q)7
[B]W.(¢)[B] ™" = W,(Bgq) if B is invertible.
Proof. Specialize Proposition 6.4. O

By (47), the action of the Heisenberg group on Z is given by

Wa(q)[20,2] = [5(icc — ¢"q), —q, ¢, 1[0, 2] = [3(ia — ¢"q) + 20 — ¢"2,q + 2].

6.3 Bosonic Fock spaces

A very important class of Hilbert spaces, indispensable in applications to stochastic
processes and quantum field theory, is the family of bosonic Fock spaces. In this section
we show that bosonic Fock spaces appear naturally as the quantum spaces of Klauder
spaces. We identify operators on these quantum spaces corresponding to creation and
annihilation operators in Fock space, and prove their basic properties. In particular, we
prove the Weyl relations, the canonical commutation relations, without the need to know
a particular realization of the quantum space. We also show that the abstract normal
ordering introduced earlier reduces for Klauder spaces to that familiar from traditional
second quantization. (Analogous statements hold for fermionic Fock spaces and will be
proved elsewhere.)

A bosonic Fock space is a quantum space of a Klauder space KI(V'). The quantization
map on a Klauder space defines on the corresponding Fock spaces both a representation
of the linear oscillator semigroup and a unitary representation of the unitary oscillator
group UOs(V'). The quantization of the coherent maps in the linear oscillator semigroup
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leads to linear operators I'([p, p’, ¢, A]) € LinQ(Z). Since Klauder spaces are slender,
additional linear operators € Lin™ Q(Z) come from the quantization of normal kernels.

In the following, we work with an arbitrary quantum space Q(Z), to demonstrate that
everything of interest follows on this level, without any need to use any explicit integra-
tion.

However, to connect to tradition, we note that for V' = C", an explicit completed
quantum space is the space L*(R", i) of square integrable functions of R with respect

to the measure p given by du(z) = (27)""/2e2”" *dx and the inner product

£ro:= [ du@ Fwgla).
To check this we show that the functions
£(a) = by

constitute the coherent states of finite-dimensional Klauder spaces. Indeed, using defi-
nition (43), we have

f;le _ /du(x)ezo;(mz)2+z6§(zz’)2 _ eEoJrz(’)Jrz*z’ /dﬂ(x)eé(xz)z%(xZ/)zz*Zl.
Expanding into powers of x and using the Gaussian integration formula

d *
/ ﬁe‘ém—u) (=) =1 forueC"
T n

with w = Z + 2/, the last integral can be evaluated to 1, hence f'f,, = K(z,z'). This
proves that K is a coherent product and the f, are a corresponding family of coherent
states.

In the special case n = 1, we find for z = [iwr — Jw?, 7 + iw] that
fz(t) = eiw’r—%oﬂ_%(t—T—iw)? _ eiwte—%(t_T)z

is the time-frequency shift by (7,w) € R? of the standard Gaussian ¢~2"”. Thus the
general coherent state is a scaled time-frequency shifted standard Gaussian.

In any quantum space Q(Z) of a Klauder space, we write

|z) := 1[0, 2])

and find from (43) that
(afz) = e, (56)
|2) = e*[z). (57)

Because of (57), the coherent subspace Zj consisting of the [0, z] with z € V has the same
quantum space as KI[(V). We call the coherent spaces Z, Glauber spaces since the
associated coherent states (originally due to SCHRODINGER [30]) were made prominent
in quantum optics by GLAUBER [10]. Glauber spaces give a more parsimonious coherent
description of the corresponding Fock space, but oscillator spaces are much more versatile
since they have a much bigger symmetry group, with corresponding advantages in the
applications.
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6.4 Lowering and raising operators

In the quantum space of a Klauder space, we introduce an abstract lowering symbol
a and its formal adjoint, the abstract raising symbol a*. For f : V — C, we define the

homogeneous map [ : Z — C with f(z) := f(z). Since homogeneous maps and kernels
of Klauder spaces are independent of z; and z{,, we may put

where a and a* are given by (38) and (39). From the above we find that ?: ?, hence

(39) gives f(a)* = a(f)* = a(f) = a(f) = f(a). so that

For any map F : V x V — C, we define the homogeneous kernel F:Zx Z— C with
F(z,7') := F(z,2'), and put
:F(a*,a): := N(F)

as an operator in Lin* Q(Z) if F is normal; otherwise as a Hermitian form on Q(Z).
Here the pair of colons is the conventional notation for normal ordering.

6.6 Theorem. Let Z = KI(V). Then:

(i) Every linear operator A € Lin™ Q(Z) can be written uniquely in normally ordered

form A = :F(a*, a):.
(ii)) The map F — :F": is linear, with :1: = 1 and
fla)" F(a”,a)g(a): = f(a)" :F(a®,a): g(a);

in particular,
fa)g(a): = fla)g(a).

(iii) The quantized coherent maps satisty
D(A) = oo st Abo; for 4 =[5 p g, A] € Os(V), (58)
(iv) We have the Weyl relations
e et = P 1 P e
and the canonical commutation relations
(P a)(q"a) = ¢"(a)(p*a), (a’p)(a”q) = (a"q)(a"p), (59)

(p*a)(a”q) — (a"q)(p"a) = o(p, q) (60)
hold, with the symplectic form (55).
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Proof. (i) follows from Proposition 5.12 since the coherent product vanishes nowhere
and homogeneous kernels are independent of zy and z.

(ii) Let F,G:V xV — C. We then have

F+G:=NF+G) =NF+G)=N(F)+N(G)=N(F)+ N(G) = :F: +:G:,

«cF: = N(Ef’) = N(cF) = c¢N(F) = ¢:F",
which implies that the map F' — :F" is linear.
(iii) holds since (43) implies
(A1) = (2l[p, 0, g, Al|2") = otrraaP e @A) — X (2 2K (2, 2)
with X (z, 2') := et 7z etz (A-1)z",
(iv) The Weyl relations follow from

ePr el = P e e0"e — ([0,p,0,1])T'(]0,0,¢,1]) = T'([p*¢, p, ¢, 1])
= ePlatPiatata; — ePTaea’depTa; — P e P A,

The canonical commutation relations (60) are obtained by replacing p and ¢ by ep and
eq with € > 0, expanding their exponentials to second order in €, and comparing the
coefficients of €%. (59) follows directly from the definition of the f(a) and f(a*). O

Fock space is also the quantum space of a bigger coherent space containing the labels for
all squeezed states (cf. ZHANG et al. [32]), in which the metaplectic group is realized by
coherent maps. In this space, normally ordered exponentials of many other inhomoge-
noeus quadratics in a* and a are also realized as coherent maps. Details will be discussed
elsewhere.

If V = C" we define
ap == ex(a), aj :=ex(a”),

where e, maps z to z;. Thus formally, a is a symbolic column vector with n symbolic
lowering operators ay;, also called annihilation operators. Similarly, a* is a symbolic
row vector with n symbolic raising operators a,, also called creation operators.
They satisfy the standard canonical commutation relations

— * ok
ajag = aa;, a;ap = a.a;,

* *
ajay — apaj = Ojk

following from (59) and (60).
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6.5 Oscillator algebras

In the applications one often needs formulas for the Lie products in the Lie algebras gen-
erating the groups discussed in this section, and formulas for the resulting representations
on Fock space.

The oscillator algebra over V is the Lie algebra os(V') of infinitesimal transformations

0 p*

1 Al—-1
XppgA = lim ep,ep,2g, 1+ 2A] =10 A
0 O

e—0 g

oKl D

of Os(V'). From (45) we find
XopaaXppga =[p'd, A"p, Ad, AA],
whence the Lie product is
(Xppan: Xppgal = °d —p*q, A"p— A", A — Alg, AN — A’A]. (61)

The corresponding representation on Fock space follows from (58) and is given by

r A
dF(Xﬂyp,q,A) -— lim <[5P,€p,5q, +e ])

=p+pata’q+aAa (62)
e—0 9

The unitary oscillator algebra over V is the Lie algebra uos(V') of infinitesimal trans-
formations

14+ cA] -1
Xoga = lim (200 1T EA]
e—0 £

of UOs(V'). By specializing (61), the Lie product is found to be

=X

§iaviq7Q7A

[Xa,q,A7 Xa’,q’,A’} = Xio(q,q’),Aq’—A'q,AA’—A’A- (63)
The corresponding representation on Fock space follows from (62) and is given by

r 14+ecA)]) -1
dl'(Xaga) = liII(l) (e g, ;L cA)) = Jia — ¢*a+ a*q + a*Aa. (64)
e

The Heisenberg algebra over V' is the Lie algebra A(V) of infinitesimal transformations

. Wa(EQ) —1
Xa,q = llir(l) % = a,q,0

of H(V'). By specializing (63), the Lie product is found to be
[(Xagr Xarg] = Xo(g,q)0- (65)
The corresponding representation on Fock space follows from (64) and is given by

I'Wea —1 :
dU(Xo ) i= lim (Wea(29)) = dia — q*a+a'q. (66)
e €
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