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A feedback arc set of a directed graph G is a subset of its arcs containing at least one arc of every cycle in
G. Finding a feedback arc set of minimum cardinality is an NP-hard problem called the minimum feedback
arc set problem. Numerically, the minimum set cover formulation of the minimum feedback arc set problem
is appropriate as long as all simple cycles in G can be enumerated. Unfortunately, even those sparse graphs
that are important for practical applications often have Q(2") simple cycles. Here we address precisely such
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and iteratively extends an incomplete cycle matrix. In all cases encountered so far, only a tractable number of
cycles has to be enumerated until a minimum feedback arc set is found. The practical limits of the new method
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1 INTRODUCTION

Before summarizing the computational complexity results and several applications of the min-
imum feedback arc set problem, we first give definitions that make it possible to describe the
problem itself and other well-known related problems. In the following, we only consider graphs
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1.4:2 A. Baharev et al.

without self-loops or multiple edges. Thus, in this work, a directed graph G is a pair (V,E)
consisting of a set V of vertices (or nodes) and a set E of arcs (or directed edges), ordered pairs
(u, v) with distinct u, v € V. (An arc that connects a vertex to itself is a self-loop; we only consider
graphs without self-loops.) The number of vertices is denoted by n = |V| and the number of arcs
by m = |E|. H(V',E’) is subgraph of the graph G if V' C V and E’ C E. It is said to be induced
if E” consists of all of the edges in E that have both endpoints in V’. A directed path of length
s > 1 from vertex v to w is a sequence v = vy, ...,vs = w of vertices such that (v;_1,v;) € E for
i=1,...,s;if v = w, it is called a cycle. The arcs (v;_1,v;) and (v;, v;41) are called consecutive
arcs of the path. A simple cycle is a cycle with no repeating arcs and no repeating nodes. Two
simple cycles are distinct if one is not a cyclic permutation of the other. Throughout this article,
whenever simple cycles are mentioned, distinct simple cycles are meant.

A topological order of G is a linear ordering of all of its nodes such that if G contains an arc
(u,v), then u appears before v in the ordering. The nodes in a directed graph can be arranged in
a topological order if and only if the directed graph is acyclic [29, Sec. 14.8]. The topological sort
algorithm of Cormen et al. [23, Sec. 22.4] runs in time ©(n + m); it is a simple and asymptotically
optimal algorithm for checking whether a directed graph is acyclic.

A strongly connected component (SCC) of a directed graph G = (V, E) is a maximal set of vertices
C C V such that for every pair of vertices u and v in C, there is a directed path both from u to
v and from v to u (u and v are reachable from each other). The SCCs of a directed graph can be
found in linear time—that is, in ©(n + m) time (see [110] and [23, Sec. 22.5]); these algorithms are
asymptotically optimal. A trivial SCC consists of a single node. A trivial SCC must be acyclic, since
we assume that G has no self-loops.

A tournament is a directed graph without self-loops such that for every two distinct nodes u and
v there is exactly one arc with end-nodes u and v.

A feedback vertex set of a simple directed graph G is a set of vertices whose removal together
with all connected arcs makes G acyclic; a feedback vertex set contains at least one vertex of every
cycle in G. The term feedback vertex set also appears as essential set in the literature. A feedback
vertex set S is minimal if no proper subset of S is a feedback vertex set.

A feedback arc set is a subset of arcs containing at least one arc of every cycle in a directed graph.
In other words, removing the arcs in the feedback arc set from the graph makes the remaining
graph a directed acyclic graph. A feedback arc set S is minimal if reinsertion of any arc s € S to
the directed acyclic graph induces a cycle. If the arcs in a minimal feedback arc set are reversed
rather than removed from the original graph, then the graph also becomes acyclic.

1.1 Computational Complexity

Given a directed graph G and an integer parameter k, the (parameterized) feedback arc set problem
is to either construct a feedback arc set of at most k arcs for G, or to prove that no such arc set
exists. This problem is called the feedback arc set problem, and it was item 8 on the list of Karp’s
21 NP-complete problems [67]. A minimum feedback arc set can be computed in O*(2") time and
O*(2™) space, or in polynomial space and O*(4"*°(")) time with dynamic programming [94]. The
minimum feedback arc set problem is NP-hard for tournaments [3, 17]. An exact algorithm for
tournaments with a running time of O*(1.5541™) is available in the work of Raman et al. [95].

The feedback arc set problem is fixed-parameter tractable (FPT): an O(n*4Xk3k!) time algorithm
is given by Chen et al. [19]—that is, this algorithm runs in polynomial time if k is bounded above
by a constant. The reader is referred to Dimian et al. [31] regarding further details on parameter-
ized complexity and FPT. An exact algorithm was proposed by Hecht [54], which uses dynamic
programming, and achieves O(2”m*log(n)) time, where p < m — n + 1 and p can be computed in
O(m®) time.

ACM Journal of Experimental Algorithmics, Vol. 26, No. 1, Article 1.4. Publication date: March 2021.



An Exact Method for the Minimum Feedback Arc Set Problem 1.4:3

The preceding definition is also referred to as the unweighted feedback arc set problem. In the
weighted feedback arc set problem, each arc has its associated weight; the unweighted version can
be regarded as the weighted version with each arc having unit weight. The cost refers either to the
cardinality of the feedback arc set if the unweighted problem is solved or to the total weight of the
feedback arc set if the weighted version of the problem is solved.

Finding a feedback arc set of minimum cardinality is the minimum feedback arc set problem.
Similarly, finding a feedback vertex set of minimum cardinality is the minimum (directed) feed-
back vertex set problem. The reductions between the minimum feedback arc set problem and the
minimum feedback vertex set problem preserve feasible solutions and their cost. In general, “these
problems are equally hard to approximate in polynomial time” [36]. The fixed-parameter tractabil-
ity result of Chen et al. [19] applies to the feedback vertex set problem with the same O(n*4¥k>k!)
time (see the work of Chen et al. [19] and the first paragraph of this section). The dynamic pro-
gramming technique of Hecht [54] achieves O(2"d*n* log(m)) time, where r < (d — 1)n—m +1,d
is the maximum degree of the graph, and r can be computed in O(d*n®) time.

Hereafter we focus on the minimum feedback arc set problem, but we wanted to indicate that
results for the minimum feedback vertex set problem are also directly relevant.

The minimum feedback arc set problem is APX-hard [66]: Unless P = NP, the minimum feed-
back arc set problem does not have a polynomial-time approximation scheme (PTAS). The mini-
mum feedback arc set problem is approximation resistant: Conditioned on the Unique Games Con-
jecture (UGC) [71], for every C > 0, it is NP-hard to find a C-approximation to the minimum feed-
back arc set problem (see Corollary 1.2. of Guruswami et al. [52]). One can construct a feedback arc
set with cardinality of at most m/2 by taking either the forward or backward arcs (whichever has
smaller cardinality) in an arbitrary ordering of the vertices of G. A better upper bound, m/2 — n/6,
was derived by Eades et al. [34] by taking into account that arcs incident to sources or sinks cannot
be part of a cycle; the algorithm runs in linear time and space. An O(log nloglog n) approximation
algorithm was implicitly described by Seymour [103] in the proof; the corresponding algorithm
was explicitly given by Even et al. [36]. Simple combinatorial algorithms were presented by Deme-
trescu and Finocchi [28] that achieve an approximation ratio bounded by the length, in terms of
number of arcs, of a longest simple cycle of the graph.

The minimum feedback arc set problem is solvable in polynomial time for planar graphs [78,
79], weakly acyclic graphs [45], and reducible flow graphs [93]. (Planar directed graphs are weakly
acyclic.) A PTAS for minimum weighted feedback arc sets on tournaments is presented in the work
of Kenyon-Mathieu and Schudy [70].

The complementary problem to the minimum feedback arc set problem is the maximum
acyclic subgraph problem. The problem was proved to be APX-complete by Papadimitriou and
Yannakakis [90]. The algorithm of Berger and Shor [11] finds an acyclic subgraph with (1/2 +
Q(1/Vdmax))m arcs, where dp, 4y is the maximum vertex degree in the graph; the algorithm runs
in O(mn) time. This lower bound on the number of arcs is sharp in the sense that an infinite class
of directed graphs is exhibited in the work of Berger and Shor [11] realizing this bound. The pre-
viously cited algorithm of Eades et al. [34] provides an acyclic graph with at least m/2 + n/6 arcs
and runs in O(m) time. Note that in sparse graphs (i.e., m = ©(n)), this bound achieves the same
asymptotic performance bound as the one in the work of Berger and Shor [11]. A PTAS (running
in n0/€*) time) was given by Arora et al. [5] for dense graphs (i.e., when m = Q(n?)).

The more recent results regarding the maximum acyclic subgraph problem concern inapprox-
imability. The best known approximation factoris 1/2 + Q(1/log n) from Charikar et al. [18], which
is a slight improvement over 1/2 + Q(1/(log nloglog n)) that follows from other works [36, 103].
The problem is approximation resistant: Conditioned on the UGC, it is NP-hard to approximate the
maximum acyclic subgraph problem within 1/2 + € for every € > 0 [51, 52]. Without assuming the
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UGC and subject only to P # NP, the best known inapproximability result is 14/15 + €, derived in
the work of Austrin et al. [7].

The linear ordering problem can be defined as searching in a complete weighted directed graph
for an acyclic tournament with a maximal sum of arc weights (see, e.g., the work of Marti and
Reinelt [81] for further details). The maximum acyclic subgraph problem and the linear order-
ing problem “are in an obvious way polynomially related” [45]. The minimum feedback arc set
problem is complementary to the maximum acyclic subgraph problem. The maximum acyclic sub-
graph problem and the linear ordering problem were extensively studied from a polyhedral point
of view [44, 45], and it was shown by Groétschel et al. [45] that the maximum acyclic subgraph
problem for weakly acyclic graphs can be solved in polynomial time. Insights into the facet struc-
ture of polytopes associated with these problems also lead to the formulation and implementation
of a practical cutting plane algorithm for the linear ordering problem [43], which we detail in
Section 3.3.

1.2 Applications

The minimum feedback arc set problem and the well-known problems it is linked to via polynomial
time reductions have many real-world applications; we only summarize some of these applications
here. Our primary interest in the minimum feedback arc set problem for sparse graphs comes
from chemical engineering: It provides means to find favorable computation sequences in process
flowsheet calculations through decomposition. We detail this particular application in Section 1.3.
Some of our test problems are related to large-scale chemical engineering systems (see Section 5.4).
The large-scale nature of those systems is no longer visible on the test graphs of Section 5.4 due
to coarsening.

The linear ordering problem (also known as the permutation problem or triangulation prob-
lem) plays an important role in economics: Triangulated input-output matrices allow interesting
interpretations of the structure of an economy and comparisons between different countries [43,
82]. This analysis is referred to as input-output analysis. The oldest application area of the lin-
ear ordering problem is ranking and rank aggregation [69, 104]. This includes ranking in sport
tournaments, too [81, Ch. 1.2.7].

Solving the one-sided crossing minimization problem represents a fundamental step in the con-
struction of aesthetically pleasing layouts of hierarchies and directed graphs, a problem also proved
to be NP-complete. There is a strong relation between the one-sided crossing minimization prob-
lem and the minimum feedback arc set problem; in the work of Demetrescu and Finocchi [27], an
approximation algorithm is devised that exploits this dependency. In general, solving the feedback
arc set problem well is essential for good quality layered drawings of directed graphs [10, 109]. This
community refers to the minimum feedback arc set problem as the penalty minimization method
or penalty approach.

Further areas of applications include anthropology (computing a global ordering with as few
contradictions as possible) [42], optimizing UMTS mobile phone telecommunication [12], deadlock
recovery, and circuit testing [19]. This list is nonexhaustive; we refer to Marti and Reinelt [81,
Ch. 1.2] for a comprehensive review of applications.

1.3 Connection to Tearing in Chemical Engineering

We define the task of tearing as follows. Given a bipartite graph B, we first orient it—that is, we as-
sign a direction to each edge so that B becomes a directed graph D. Then, we compute the minimum
feedback arc set F of D. In our terminology, the task of tearing is to find an orientation such that
the cardinality of F is minimal among all possible orientations of B. If the edges of B are weighted,
then the total weight of F should be minimal and not its cardinality. It is obvious that tearing and
the minimum feedback arc set problem are related, although they are not equivalent problems.
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Unfortunately, the term tearing is used in three different ways in the chemical engineering lit-
erature: It is sometimes used (a) exclusively for the (weighted) minimum feedback arc set problem
(e.g., [9, 30, 40, 48, 73, 87, 92, 96, 112, 114, 117] and [13, Ch. 8]), (b) for both the minimum feedback
arc set problem and for tearing as in our terminology as defined earlier (see, e.g., [56, 80, 86, 100]),
and (c) primarily in our sense (e.g., [14, 20, 49, 55, 72, 106—108, 115]). This issue seems to be specific
to the chemical engineering literature: For example, in the electrical engineering literature, tearing
is generally used in our sense.

The reason the (weighted) minimum feedback arc set problem has received considerable atten-
tion in the field of chemical engineering is that it provides means to find favorable computation
sequences in process flowsheet calculations. These computation sequences are referred to as the
sequential-modular approach, and they can be faster to evaluate than solving the whole model si-
multaneously (equation-oriented approach). The sequential-modular approach can increase the ro-
bustness of the equation-oriented approach significantly: The steady-state solution found with the
sequential-modular approach can be used for initializing equation-oriented models (see, e.g., [6]).

Tearing dates back to the 1930s [75, 111] and has been widely adapted across many engineer-
ing fields since: State-of-the-art steady-state and dynamic simulation environments all implement
some variant of tearing, such as Aspen Aspen Technology, Inc. [6], MOSAICmodeling [16], Dymola
[26], JModelica [85], and OpenModelica [88]. The applicability of tearing is not limited to a partic-
ular engineering discipline: It is generic, and it is used in all state-of-the-art Modelica simulators
to model “complex physical systems containing, e.g., mechanical, electrical, electronic, hydraulic,
thermal, control, electric power or process-oriented subcomponents” [84].

2 HEURISTICS

We discuss heuristics for two reasons. In general, branch and bound algorithms tend to achieve
better performance when supplied with (good) feasible solutions early in their search procedure.
This is also the case for the proposed method, and we use a greedy local heuristic, discussed in the
following. In practical applications, a good feasible solution may also be acceptable, and having
a provably optimal solution is not necessarily a requirement. Heuristics are useful in such cases
as well.

The literature on the various heuristics for the minimum feedback arc set, minimum feedback
vertex set, maximum acyclic subgraph, and the linear ordering problem is overwhelming. Only a
few of the published heuristics are presented here, since a proper review of them would require a
monograph. Apart from the tractable special cases (e.g., planar graphs, reducible flow graphs), all
known heuristics must obey the fact that the minimum feedback arc set problem is approximation
resistant.

The minimum set cover problem approach. The greedy heuristic of Lee and Rudd [73] tends to give
good results in our numerical experience if enumerating all simple cycles happens to be tractable
for the input graph; for an enumeration algorithm, see the work of Johnson [62]. We gradually
build the feedback arc set by always picking that arc as the next element that, when removed,
destroys the most of the remaining simple cycles. Ties are broken arbitrarily. This heuristic (i.e.,
pick that arc that breaks the most cycles) is a well-known greedy heuristic for the minimum set
cover problem, with an O(1 + log d) approximation factor guarantee, where d is the maximum car-
dinality of any subset [22, 63, 77, 98]. A simple example that makes this greedy heuristic fail was
given by Ispolatov and Maslov [60]. Simplification rules can be applied to reduce the graph in each
iteration step, before removing an arc or arcs (see [39, 73, 92], [13, p. 279], or [31, p. 114]). Sophis-
ticated tie-breaking rules are also proposed by Lee and Rudd [73]. The weakness of this heuristic
is that it requires all simple cycles to be enumerated, but just counting all simple cycles is already
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#P-complete (see [113] and [4, Ch. 9]). Even sparse graphs can have Q(2") simple cycles [102], and
such graphs appear in practice (see Section 5.6).

Greedy local heuristics. Other heuristics that do not require enumerating all simple cycles are
often based on local information only and make greedy choices. (By local information, we mean,
e.g., that only the in-degree and out-degree of the individual nodes are taken into account but not
global properties of the input graph.) A common pattern in these greedy heuristics is described in
the following.

The feedback arc set is built up iteratively. The input graph is simplified in each step before re-
moving an arc or arcs; this simplification can include splitting into SCCs, then dropping the trivial
SCCs (a trivial SCC consists of a single node), breaking two-cycles appropriately, and so forth.
Further simplification examples with figures are given in Appendix A.3. After the simplification,
the algorithm looks for a node in the remaining graph where many simple cycles are likely to
be destroyed when one or a few arcs of that node are removed. For example, a node in an SCC
with a single in-arc but with many out-arcs is a good candidate: Removing its single in-arc breaks
all cycles that pass through that node, and the number of destroyed simple cycles is at least the
out-degree of that node (each out-arc must participate in at least one simple cycle in an SCC by
definition). This is the intuition behind the greedy score functions: A node gets a higher score if it
is more “asymmetric” regarding its in- and out-degrees. Such score functions are, for example,

score(i) = |di" — d**!| (1)
and
dg'n d(_Jut
score(i) = max( Olu , ’in ), (2)
dgt d;

where score(i) is the score of node i; d!" and d?“’ are the in- and out-degree of node i, respectively.
(The weighted variants of these score functions can be used if the input is a weighted graph.) The
node with the highest score is selected (breaking ties arbitrarily). If the selected node has more
in-arcs than out-arcs, all of the out-arcs of this node are removed; otherwise, all of the in-arcs are
removed. The algorithm continues with the simplification. The heuristic terminates when there
are no arcs left. This pattern can be recognized, for example, in other works [33, 34, 48, 99], but
this list is by no means complete.

Sorting heuristics. Given an arbitrary ordering of the nodes of G, one can unambiguously cate-
gorize all of the arcs as either forward or backward arcs depending on whether the terminal node
of the arc (head) appears after the initial node (tail) of the same arc or before. In the former case,
the arc is a forward arc (it is pointing forward in the ordering); in the latter case, it is a backward
arc. We select the set of backward arcs as the feedback arc set.

The sorting heuristics view the minimum feedback arc set problem as an ordering problem: They
try to find the minimum cost ordering by sorting the nodes appropriately. Various sorting heuris-
tics have been reviewed and new ones have been proposed by Brandenburg and Hanauer [15].
Numerical results are reported on both sparse and dense random graphs where n ranges from
100 to 1,000, and also for tournaments that have been reported to trigger particularly poor per-
formance for certain heuristics. The authors also report promising results for their novel hybrid
sorting heuristics.

A heuristic based on depth-first search and local search. A heuristic that does not resemble any of
the preceding ones is given by Park and Akers [91]. Beside the common simplifications (removing
self-loops, sources, and sinks, then partitioning into SCCs), the SCCs are also partitioned into
biconnected components at the articulation points. (A node v is an articulation point if the removal
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of v causes the graph to become disconnected.) After these simplifications, a depth-first search
(DFS) is performed on each component to identify a (hopefully large) acyclic subgraph D; the arcs
not in D form a feedback arc set F. The cardinality of F is further reduced by a local search heuristic
that works on consecutive subgraphs.

Heuristics for the closely related linear ordering problem. Finally, the reader is referred to the
heuristics for the linear ordering problem, which are discussed in great detail in the work of Marti
and Reinelt [81].

3 EXACT METHODS

The published exact methods include (a) dynamic programming (e.g., [101, 112]), (b) custom branch
and bound methods (or smart enumeration with special exclusion rules; e.g., [37, 46, 64, 89, 92]),
and (c) integer programming formulations. The latter will be reviewed in the following sections
in detail, since the present work focuses on an approach based on integer programming.

3.1 Integer Programming Formulation with Triangle Inequalities

We seek a minimum cost ordering 7" of the nodes of G = (V, E). Let ¢; ; denote the cost associated
with the directed arc (i, j) € E, and let ¢; ; = 0 if (i, j) ¢ E. If the cardinality of the feedback arc set
is to be minimized, then for each (i, j) € E we have c¢; ; = 1. If the weighted minimum feedback
arc set problem is to be solved, then all ¢; ; associated with a directed arc equal the weight of the
corresponding arc (i, j). Furthermore, for all i,j € V, i # j, let the binary variables y; ; associated
with a given ordering 7 encode the following: Let y; ; = 0 if node i precedes jin 7, and let y; ; = 1
otherwise. Any ordering 7 uniquely determines a corresponding y. This results in the following
integer programming formulation:

n [j-1 n
min Ck,jYk,j + Cg,‘(l - "g)
y JZ:; kZ:; JYk.j f:zj-;—l J Yj
subject to (3)
yi,j+yj,k_yi,kgl, 1Si<j<k£n
i~ Yk +tUix <0, 1<i<j<k<n
yij ={0,1}, 1<i<j<n.

Any y that satisfies the triangle inequalities (3) must correspond to an ordering [43, 74, 83]. Note
that there are O(n?) binary variables and O(n®) constraints in (3). Custom-tailored cutting plane
algorithms have been developed to solve this integer program efficiently (and the linear ordering
problem in general; see, e.g., [43, 83] and [81, Ch. 5], but also Section 3.3).

3.2 Integer Programming Formulation as Minimum Set Cover

An alternative to the formulation of Section 3.1 is the minimum set cover formulation (see, e.g., [92,
Eq. (1)] or [13, Sec. 8.4]).

m

min Z ijj
y —
Jj=1
m

4
s.t. Zaijijl foreachi=1,2,...,¢ )
=1
yj is binary

Here, m denotes the number of arcs; w; are nonnegative weights (often integer); y; is 1 if arc
j is in the feedback arc set, and 0 otherwise; a;; is 1 if arc j participates in cycle i, and 0
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otherwise; and ¢ denotes the number of simple cycles. The matrix A = (a;;) is called the cycle
matrix.

In practice, the cycle matrix can often be significantly reduced in a pre-solve phase ([39, 73, 92],
[13, p. 279], or [31, p. 114]—for example, by iteratively removing dominating rows and dominated
columns of the cycle matrix, and by removing columns that intersect a row with a single nonzero
entry). These simplifications were also referenced in the minimum set cover approach in Section 2
on heuristics. State-of-the-art integer programming solvers such as Gurobi [50] or SCIP [2] imple-
ment these simplifications (and other simplifications as well). After the pre-solve phase, further
specialized methods are available for handling the set covering constraints of (4) efficiently in a
branch and bound solver (see, e.g., [1]).

The weakness of this formulation has already been discussed in Section 2: even sparse graphs
can have Q(2") simple cycles [102], and such graphs appear in practice (see Section 5.6).

3.3 The Cutting Plane Algorithm of Groétschel et al.

In their seminal works, Grétschel et al. [44, 45] investigated the facet structure of the 0/1-polytope
associated with the linear ordering problem and showed that the maximum acyclic subgraph prob-
lem for weakly acyclic graphs can be solved in polynomial time (see Section 1.1). The actual algo-
rithm that is based on the theoretical results of Grotschel et al. [44, 45] appeared in their earlier
work [43], and it is applicable to general directed graphs. This computer implementation is, of
course, not guaranteed to run in polynomial time for general directed graphs. The authors provide
numerical results. They also report issues that surface in practice—for example: “we do not even
know how to describe all Mdbious ladders in Dy, in a ‘handy way’ ” (p. 1201, last paragraph of
Grotschel et al. [43]), or “we have only some simple heuristics for some subclasses of (5) and (6)”
(p. 1202, first paragraph). Like the integer programming formulation with triangle inequalities of
Section 3.1, the algorithm of Grétschel et al. [43] was designed for dense graphs. As a consequence,
both algorithms have the same O(n®) scalability issue: “The 3-dicycle inequalities of (4) are handled
by brute-force. We enumerate all 2('3’) 3-dicycles and find those that are violated by x*” (p. 1205,
last paragraph). When applied to large and sparse graphs, this becomes a severe performance issue
(see Section 5.6).

We have no doubt that the preceding quoted issues can be addressed, but this is outside the
scope of the present work. Nevertheless, it is our hope that future researchers, targeting such
novel cutting plane algorithms, will find the present work and its benchmark problems a useful
baseline. See also Section 4.4 on how the proposed method differs from cutting plane algorithms.

4 AN INTEGER PROGRAMMING APPROACH WITH LAZY CONSTRAINT
GENERATION

The traditional set covering formulation is used in our implementation; the reader is referred back
to Section 3.2 regarding the notation. If enumerating all simple cycles of G happens to be tractable
(see the work of Johnson [62] for enumerating all simple cycles), the integer program (4) with
the complete cycle matrix A can be fed to a general-purpose integer programming solver such as
Gurobi [50] or SCIP [2]. These state-of-the-art integer programming solvers usually do not have
any difficulty solving (4) to optimality in reasonable time, even with 10° cycles in A. In practice, the
real challenge is enumerating all simple cycles: It is often intractable in practice, and the proposed
method addresses exactly such situations.

4.1 Informal Overview of the Proposed Method

The proposed method enumerates simple cycles in a lazy fashion and extends an incomplete cycle
matrix iteratively. Let us refer to problem (4) with the complete cycle matrix as P, and let P(K)
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denote its relaxation in iteration k where only a subset of simple cycles is included in the incom-
plete cycle matrix A, The first cycle matrix A can be initialized as follows. We invoke the algo-
rithm for extending the cycle matrix, Algorithm 2, with all of the arcs of G as feedback arc set, and
with an empty cycle matrix; the algorithm returns the first cycle matrix for PW_(Other initializa-
tion procedures are also possible.) Internally, Algorithm 2 tries to find a simple cycle with breadth-
first search (BFS) for each arc it was given and appends the newly found cycles to the cycle matrix.

In iteration k, the optimal solution to the relaxed problem P gives a feedback arc set, and we
remove all arcs in this feedback arc set from G to get G). Since not all simple cycles are included
in the cycle matrix A®) (only a relaxation is solved), G*) is not necessarily acyclic. Therefore, we
need to check acyclicity: Topological sort succeeds if and only if G*) is acyclic. If the topological
sort succeeds, the algorithm has found an optimal solution to P and the algorithm terminates.

If the topological sort on G®) fails, then G**) must have cycles. In this case, we first create a
feasible solution to P as follows. We identify a feedback arc set F®) of G) using an appropri-
ate heuristic (see Section 2). The proposed algorithm is guaranteed to make progress with any
feedback arc set, but the algorithm is likely to make better progress with an F) of small cardinal-
ity. Removing the arcs in F*) makes G) acyclic, and therefore the associated y yields a feasible
solution to P, cf. (4). We keep track of the best feasible solution to P found (incumbent solution).

After we have created a feasible solution to P, we improve the relaxation P*) by adding new
rows to the cycle matrix A®). The directed graph G*) must have at least one cycle because topo-
logical sort failed previously. The feedback arc set F) contains at least one arc of every cycle in
G®) by definition; therefore, there must be at least one arc e € F(X) that participates in a cycle.
For each arc e € F®), we compute the shortest path from the head of e to the tail of e with BFS.
(Although it has not been observed, this procedure based on BFS can potentially lead to poor per-
formance if the arc weight distribution is pathological. It is subject to future research to improve
this procedure in such pathological and not yet seen cases; probably neither Dijkstra’s shortest
path algorithm nor BFS is the best algorithm one can do, and some other algorithm should be
developed for such difficult graphs.) Such a shortest path exists if and only if e participates in a
cycle; we extended this shortest path with e which then gives a simple cycle (even without chords).
A new row is appended to the cycle matrix for each simple cycle found. The cycle matrix AK) is
guaranteed to grow at least by one row by the time we finish processing all arcs in F(*), We then
proceed with the next iteration step, starting with solving the next relaxed problem P**1) with
this extended cycle matrix A+,

The algorithm terminates if G*) is acyclic (as already discussed) or the objective at the optimal
solution of a relaxed problem equals the objective at the best known feasible solution to P. A min-
imum feedback arc set has been found in both terminating cases. Finite termination is guaranteed:
The cycle matrix must grow by at least one row in each iteration, and there is only a finite number
of simple cycles in the graph.

On the implementation level, the Gurobi [50] parameter LazyConstraintsisset to 1, and adding
new rows to the cycle matrix is implemented in a callback function. For further details, the reader
is referred to the reference manual of Gurobi and to the source code on GitHub [8].

The cycle matrix is only extended as the algorithm runs; rows are never removed from it. A
theoretical worst-case scenario for the proposed method is that the accumulating rows make the
cycle matrix intractable. Our test set has 4,468 graphs, and we have not encountered a single graph
that would trigger this worst-case behavior. The largest cycle matrix was the one with 2,282 rows,
and was produced for the random sparse graph with parameters n = 100, ¢ = 7, seed = 43. Note
that the integer programming solver Gurobi (a) maintains a lazy constraint pool internally and
removes superfluous rows that we added from that internal pool, and (b) automatically generates
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ALGORITHM 1: Finding a minimum feedback arc set based on integer programming and lazy con-
straint generation

Input: G, a directed graph with m arcs and nonnegative arc weights w; (j = 1,2,...,m)

Output: A minimum weight feedback arc set

#P denotes the integer program (4) with the complete cycle matrix of G
1 Let § denote the best feasible solution to P found at any point during the search (incumbent solution)
Compute a feedback arc set F(%) of G using, e.g., any of the heuristics cited in Section 2

)

Set the solution associated with F(?) as the incumbent 7

w

'S

Set the lower bound z and the upper bound Z on the objective to 0 and }; w;7;, respectively

5 Let A) denote the incomplete cycle matrix in (4), giving the relaxed problem PO (Gi=12..)
call Algorithm 2 with G, F ©), and an empty cycle matrix to get the first cycle matrix A

7 fori=1,2,... do

8 Solve the relaxed problem P(i); results: solution y(i), the associated feedback arc set S and

=)

objective value z(!)
# Optional: When the integer programming solver is invoked on the line just above,
#1 can be used as a starting point

9 Set the lower bound z to max(z, z(0)
10 if z equals z then
11 L stop, 7 is optimal

12 Let G denote the graph obtained by removing all arcs of S from G
13 if G can be topologically sorted then

14 L stop, y(!) is the optimal solution to P as well
15 Compute a feedback arc set FO of 1) using, e.g., any of the heuristics cited in Section 2
16 Set those components of y(i) to 1 that correspond to an arc in F U
xy(i) is now a feasible solution to P
17 Let z be the new objective value at y(i)
18 if Z < Z then
19 Setzto z
20 L Set ¢ to y(i)

21 call Algorithm 2 with 6™, F) and AD to get the extended cycle matrix Al

# AU+ g guaranteed to have at least one additional row compared to A

additional cutting planes independent of our lazy constraints and maintains that cut pool internally
as well.

4.2 Pseudo-Code of the Proposed Algorithm

The pseudo-code of the algorithm is given as Algorithm 1 and at Algorithm 2; the Python imple-
mentation is available from GitHub [8].

4.3 Novelties

The idea of building up an integer program incrementally, by adding constraints to it in a lazy fash-
ion, dates back at least to 1954 [25]. The well-known column generation approach corresponds to
this idea but works on the dual problem. Probably the first published work applying column gener-
ation is from 1958 [38]. Not surprisingly, state-of-the-art integer programming solvers have high-
level API support for implementing such algorithms (see, e.g., LazyConstraints in Gurobi [50]).
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ALGORITHM 2: Extending the cycle matrix given an arbitrary feedback arc set
Input: G, a directed graph; F, a feedback arc set of G; the incomplete cycle matrix A
Output: The extended cycle matrix A

1 foreach e € F do
2 Find a shortest path p from the head of e to the tail of e with BFS in G
if such a path p exists then

4 L Turn the path p into a simple cycle s by adding the arc e to p

w

Add a new row r to the cycle matrix corresponding to s if r is not already in the matrix

We are not aware of any published algorithm that would apply lazy constraint generation in
the context of the minimum feedback arc set problem. However, the real novelty is in how the
lazy constraint generation is carried out: (a) We apply a greedy heuristic to find a feedback arc
set, (b) we then find the tightest simple cycles with BFS that contain this feedback arc set, (c) and
finally we extend the cycle matrix with these simple cycles found—that is, append them as new
constraints. As the numerical evidence of the next section suggests, this is an efficient approach
on sparse graphs.

4.4 Lazy Constraints Compared to Cutting Planes

State-of-the-art integer solvers like Gurobi [50] have sophisticated algorithms for generating cut-
ting planes. Any research attempting to implement a novel cutting plane algorithm has to compete
with that strong baseline. The proposed method of Sections 4.1 and 4.2 is not a cutting plane algo-
rithm but a lazy constraint generation algorithm: Lazy constraints are added to ensure correctness
when solving an incomplete linear program, whereas cutting planes are applied in an attempt to
improve performance but the linear program would be correct and complete without the cutting
planes, too. The proposed method appends new constraints whenever the (partial) integer program
(as seen by the solver) is solved to optimality but the optimal solution is not feasible to the original
input problem. In terms of Gurobi’s implementation, a lazy constraint generation algorithm uses
LazyConstraints and is implemented as a callback for MIPSOL. In general, this callback function
is typically invoked far less often than there are nodes in the branch and bound search tree. How-
ever, a custom cutting plane algorithm can add new cuts at each node of the branch and bound
search tree (in practice, cuts should be added sparingly). Cutting planes are typically used to cut
off the current relaxation solution. In terms of Gurobi’s implementation, it is implemented as a
callback for MIPNODE, and the callback function is invoked whenever a node is being explored.
Therefore, a lazy constraint generation algorithm does not compete with cutting plane algorithms
but augments them: The proposed algorithm of Sections 4.1 and 4.2 leverages all 17 state-of-the-
art cutting plane algorithms that Gurobi implements. Although we have no doubt that one could
implement a novel cutting plane algorithm specifically for the minimum feedback arc set problem
that outperforms the implementation of Gurobi, such research is outside the scope of the present
work.

5 COMPUTATIONAL RESULTS

We first cross checked correctness of the implementation on sparse graphs from the field of chemi-
cal engineering (Section 5.4). The proposed method was designed for sparse graphs, so we studied
its scalability on sparse graphs (Sections 5.5 and 5.6) and compared that to the method of Sec-
tion 3.1. Dense graphs trigger, in some sense, the worst-case behavior of the proposed method
since it was designed for sparse graphs, whereas the method of Section 3.1 was designed for the
dense case; we give comparisons between these two approaches on tournaments in Section 5.7.
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Solving the entire benchmark suite of 4, 468 test graphs pushes the limits of the state of the art: It
takes more than 1 CPU-month on a modern desktop machine just for the proposed method alone,
and as we will argue in Section 5.3, many of these graphs are intractable for the other methods.
(This is also the reason we did not recompute the results of Sections 5.5 and 5.7 with Setting B of
Section 5.2.)

The benchmark problems must be diverse enough to enable testing the scalability of various
algorithms with respect to the size and sparsity of the input graphs. As a consequence, some of the
benchmark graphs can be solved without difficulty with today’s computational power. The reason
for including them nevertheless is that we want to plot the lower end of the scalability curve as
well to see the trend better; certain comparisons would have been impossible without these easier
graphs. Finally, easier graphs are indispensable for cross checking correctness of algorithms, and
a comprehensive collection of test graphs should also support that need.

5.1 Pre-Solve Phase

In the pre-solve phase, we attempt to generate an equivalent but simpler graph than the input.
From those pre-solve techniques that are discussed in the appendix, only the following proce-
dures were applied here in Section 5: splitting into nontrivial SCCs, then iteratively removing
runs and 3-arc bypasses (see Hand-coded procedures for common patterns in Appendix A.3 and also
Figure 4). The reason is that our pure Python implementation for pre-processing is not competitive
with Gurobi’s pre-processing implemented in C; one of the reasons is that Python is an interpreted
language, whereas C compiles to machine code. Apart from the graphs for cross checking correct-
ness (see Section 5.4), our simple pre-processing made very little difference, if any. All of the tested
algorithms were started from the same simplified graphs to ensure fair comparisons.

5.2 Hardware and Software Environment

The computations were carried out in two different settings:

Setting A: Processor: Intel Core 15-4670S CPU at 3.10 GHz; operating system: Ubuntu 14.04.3 LTS
with 3.13.0-86-generic kernel; the state-of-the-art integer programming solver Gurobi 6.5.1 [50]
was called through its API from Python 2.7.11; the graph library NetworkX [53] 1.9.1 was
used.

Setting B (when revising the manuscript): Processor: Intel Core i5-3320M CPU at 2.60 GHz; operat-
ing system: Ubuntu 16.04.2 LTS with 4.15.0-43-generic kernel; Gurobi 8.1.0; Python 3.6.6; NetworkX
1.11. This setting was used for Section 5.6 and for the complete graph in Section 5.7; all other com-
putations were carried out in Setting A.

5.3 The Limit of Tractability with the Minimum Set Cover Formulation

For the integer programming approach of Section 3.2, we consider a graph intractable if it has
more than 107 simple cycles. To prove that a graph has more than 107 simple cycles, we enu-
merate 107 + 1 of them with Johnson’s algorithm [62] before giving up on enumerating all of
them. Our firsthand experience shows that 107 simple cycles typically consume more memory than
4 GB, so even if we could enumerate all simple cycles of a graph that we consider intractable, we
would have difficulties fitting the corresponding linear program into memory, let alone solving it to
optimality.

5.4 Cross Checking Correctness

A benchmark of chemical engineering problems was given by Gundersen and Hertzberg [48]. It
consists of coarsened graphs of large-scale chemical engineering systems. The large-scale nature of
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Table 1. Properties of the Test Graphs for Cross Checking Correctness

ID Nodes Arcs SCCs Cycles Optimum Original Source
1 6 30 1 409 15 Complete graph
2 12 21 1 22 2 [92]
3 15 35 3 27 6 [9]
4 19 31 1 20 6 [101]
5 25 32 1 10 3 [21] (“first?)
6 29 37 1 11 5 [61] (HF-alkylation)
7 30 42 1 31 3 [21] (“second”)
8 41 61 1 103 5 Shannon (sulfuric acid; see [48])
9 50 79 1 22 8 [61] (vegetable oil)
10 109 163 1 13746 12 [47] (heavy water)

11 32 52 1 187 6 See Appendix A.4

These graphs once used to be a benchmark. The proposed method solves all of them immediately on the
root node. The most time consuming is Problem 10; solving it requires 0.02 seconds.

the original systems is no longer visible on the test graphs due to the coarsening. This set primarily
serves for cross checking the correctness of our implementation against both the published results
and the integer programming approaches of Sections 3.1 and 3.2. The properties of these test graphs
are given in Table 1.

The graphs were taken from the work of Gundersen and Hertzberg [48]: The test problems
with ID=1..10 correspond to the problem with the same ID in their work [48]. (The self-loops were
removed from Problem 1 of Gundersen and Hertzberg [48].) Problem 11 was obtained by running
the integer linear programming-based arc removing algorithm of Appendix A.3 on Problem 10
with very aggressive settings, as discussed in Appendix A.4. The goal was to isolate the core of
Problem 10 that makes this test graph inherently difficult. The corresponding graphs are shown
in Figures 6 and 7.

For each problem in Table 1, the initial cycle matrix was already sufficient for the proposed
method to prove that the solution found is optimal, meaning that line 15 of Algorithm 1 is not
reached. In other words, all problems were solved immediately on the root node. The most time
consuming is Problem 10; solving it requires 0.02 seconds. Although these graphs once used to be
a benchmark, they can be solved without any significant difficulties with today’s computational
power. The minimum feedback arc set problem is still important for many engineering applications
(see the last paragraph of Section 1.3); however, our attempts at compiling an updated benchmark
suite, similar to that of Gundersen and Hertzberg [48], failed.

5.5 Sparse Random Graphs

In the G(n, p) Erd6s—Rényi random graph model, each arc of an order-n graph is included with
probability p independently from every other arc [35]. This model was introduced independently
by Gilbert [41]. The Erd6és—Rényi random graph model plays an important role in the probabilistic
method to prove the existence of graphs satisfying various properties, or to provide a rigorous
definition of what it means for a property to hold for almost all graphs.

The computational results for 3,737 random graphs are shown in Figure 1. For a fixed (n, c),
the median execution time of the proposed method is consistently less than that of the method
of Section 3.1. As expected, the median execution time increases for both methods as the graph
becomes denser (i.e., increases with ¢ = pn).
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Fig. 1. Computing the minimum feedback arc set of 3,737 random graphs, generated according to the Erd8s—
Rényi model G(n, p) with arc probability p = <, where the number of nodes n and the parameter c are shown
in the figure. Each dot represents the median of the execution times over 101 random graphs. Solid lines:
proposed method; dashed lines: integer programming formulation of Section 3.1 using triangle inequalities.

5.6 Highly Structured Sparse Graphs

The generalized de Bruijn graph B(n, d) is defined as follows [32]. The nodes are labeled 0, 1, ...,n —
1, and the directed arc set consists of

u—u-d+r modn foreach0<u<n-1,0<r<d-1, (5)

where d is the degree of the graph. The generalized de Bruijn graphs were first proposed indepen-
dently in the work of Pradhan et al. [97] and Imase and Itoh [57]. Certain grid network topologies
are de Bruijn graphs [105, Secs. 5.6.1.2 and 5.6.2.2]. The distributed hash table protocol Koorde uses
de Bruijn graphs [65]. In bioinformatics, de Bruijn graphs are used for de novo assembly of (short)
read sequences into a genome [116]. Table 2 shows the computational results.

Kautz graphs are closely related to de Bruijn graphs. The directed Kautz graph K(d, k) of degree
d and diameter k is the graph defined as follows [68]. A node is labeled with a word of length k,
(x1,...,x%), onthe alphabet X = {0, ...,d}, |2| =d + 1,in which x; # x;41 for 1 <i < k — 1. There
is an arc from a node x = (xi, ..., xx) to all vertices y such that y = (x5, ...,xk,2), z € %, z # Xk.
The Kautz graph is a good static topology to construct distributed hash table schemes [76], for
fault-tolerant processor interconnection networks [59], and for multi-OPS optical network topolo-
gies [24].

The definition of Kautz graphs cannot yield graphs of any size. Graphs by Imase and Itoh are a
generalization of Kautz graphs to obtain graphs of arbitrary size. The directed graphs of Imase and
Itoh of degree d and order n are defined as follows [58]: The nodes are labeled 0,1,...,n— 1, and
there is a directed arc from node i to node j if and only if

j=i-d+a modn, a=0,...,d-1. (6)

The directed Kautz graph of degree d and diameter k is isomorphic to the directed graph of Imase
and Ttoh of degree d and order d*~'(d + 1). The Imase and Itoh graphs have applications in the
design of building-block switching systems, communication networks, and distributed computer
systems [58]. Table 3 shows computational results on graphs of Imase and Itoh.
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Table 2. Computational Results on de Bruijn Graphs with a Time Limit of 3 Hours
(10,800 seconds); the Execution Times tpys Belong to the Proposed Method and
tt1 to the Method of Section 3.1 with Triangle Inequalities

Nodes Arcs Parameter d Optimum tpar (S) trr (s)
100 296 3 58 37.95 Timeout
100 396 4 91 2.07 Timeout
100 492 5 116 1.79 378.73
100 590 6 158 31.03 Timeout
110 326 3 63 1.90 Timeout
110 436 4 97 332.61 Timeout
110 544 5 134 39.95 798.23
110 650 6 172 10,606.27 Timeout
120 356 3 66 1.98 951.32
120 474 4 108 6.53 Timeout
120 592 5 150 1.95 1,250.45
120 710 6 180 6,699.13 Timeout

These graphs are considered intractable with the method of Section 3.2 (see Section 5.3); exploiting fixed-
parameter tractability is not an option either. Except for the parameter d, all data are given for the graphs
after the pre-solve phase (i.e., after removing self-loops).

Table 3. Computational Results on Graphs of Imase and Itoh with a
Time Limit of 3 Hours (10,800 seconds); the Execution Times tpas
Belong to the Proposed Method and t77 to the Method of
Section 3.1 with Triangle Inequalities

Nodes Arcs Parameterd Optimum tpp (s) trr (s)
100 300 3 66 0.78 208.04
100 400 4 90 1.38 817.93
100 496 5 126 1.42 671.37
100 594 6 156 32.60 Timeout
100 696 7 192 25.89 1,274.77
110 328 3 62 3.08 Timeout
110 440 4 100 5.93 Timeout
110 546 5 135 7.14 1,283.38
110 654 6 172 59.04 Timeout
110 764 7 210 6,821.63 Timeout
120 360 3 72 11.98 2,052.25
120 480 4 114 Timeout Timeout

These graphs are considered intractable with the method of Section 3.2 (see Sec-
tion 5.3); exploiting fixed-parameter tractability is not an option either. Except for
the parameter d, all data are given for the graphs after the pre-solve phase (i.e.,
after removing self-loops).

1.4:15

5.6.1 Interpretation of the Results. The proposed method used to succeed within 3 hours in all
cases in Setting A (see Section 5.2); however, with the newer version of Gurobi in Setting B, we get
a timeout in one case. When the time limit was reached, the best feasible solution was an optimal
one, but the best bound was still off by 1. In all other cases, the proposed method was consistently
and significantly faster than the method of Section 3.1.
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Fig. 2. Computing the minimum feedback arc set of 707 random tournaments. Each dot represents the
median of the execution times over 101 random tournaments. The number of nodes is denoted by n. Solid line:
proposed method; dashed line: integer programming formulation of Section 3.1 using triangle inequalities.

In contrast, in those cases where the method of Section 3.1 was able to prove optimality within
3 hours, an optimal solution was already found on the root node. In all other cases where the
method of Section 3.1 failed to prove optimality within 3 hours, the best feasible solution was still
a suboptimal one when the time limit was reached. This method struggles due to the size of the
model: There are O(n?) binary variables and O(n®) constraints in (3). As a consequence, there was
only one case where the solver managed to explore three nodes of the branch and bound search
tree within 3 hours, and in all other cases it finished exploring even less (typically 0 or 1 node).

Finally, the sparse graphs considered in this section are intractable with the integer program-
ming approach of Section 3.2 due to the sheer number of simple cycles: We already fail to fit the
model into memory, let alone solving it to optimality (see Section 5.3). Exploiting fixed-parameter
tractability, the O(n*4*kk!) time algorithm of Chen et al. [19] (Section 1.1) is not an option either
due to the size of the minimum feedback arc set (k is of order 10?).

5.7 Dense Graphs for Testing the Worst-Case Behavior

Random tournaments. As discussed in Section 1.1, a tournament is an orientation of an undi-
rected complete graph. Both a PTAS (see Section 1.1) and custom-tailored cutting plane algorithms
have been developed to solve tournaments efficiently (see Section 3.1). The sole reason random
tournaments were included in our test set is to examine, in some sense, the worst-case behavior
of the proposed method since the algorithm was meant to be used with sparse graphs, whereas
tournaments stem from the complete graph. The results for 707 graphs are shown in Figure 2. The
proposed method, despite being in a worst-case scenario, performs better than the method of Sec-
tion 3.1 for n < 32. As expected, the method of Section 3.1 eventually outperforms the proposed
method, since the method of Section 3.1 was tailored for tournaments.

Complete directed graph. Even though the complete directed graph has an analytic solution, it
may trigger the worst-case performance of certain algorithms. For example, the complete graph is
intractable with the minimum set cover approach of Section 3.2 for n > 10 (it has more than 10’
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simple cycles; see Section 5.3). The proposed method extends the minimum set cover approach,
and hence it is reasonable to test on complete graphs as well. Both the proposed method and the
integer programming approach of Section 3.1 solve the complete graph already on the root node
for n = 30 well under 1 second. The only conclusion that we could draw from this experiment is
that the complete graph does not trigger poor performance in either method (although it could
have been the case).

6 CONCLUSION

Apart from a review of the literature, this work has three main contributions:

(1) It proposes a novel exact method for solving the minimum feedback arc set problem.

(2) It establishes a large benchmark suite of graphs of theoretical and practical interest as a
test bed for future exact algorithms.

(3) The new method is tested on this benchmark suite, and the practical limits are clearly
evaluated.

Solving the entire benchmark suite takes more than 1 CPU-month on a modern desktop machine
just for the proposed method alone. However, as discussed in Section 5.3, many of these graphs are
intractable for the other known exact methods. We are not aware of any existing benchmark that
would be comparable to ours—that is, (a) a benchmark for generic sparse graphs, (b) using integer
linear programming and a general-purpose integer linear programming solver, and (c) reproducible
with reasonable effort.

The 4,468 test graphs used in this study, together with their minimum feedback arc set, are
available in electronic form on GitHub as plain text files [8]. The format of these text files is simple
and documented,; it should be easy to parse them in any mainstream programming language. The
source of the proposed method is also available on GitHub.

In Section 5.5, the proposed method was compared to the alternative integer programming ap-
proach of Section 3.1 on 3,737 sparse random graphs of varying size (n) and sparsity (c). The
proposed method shows significantly better scaling on these sparse random graphs than the al-
ternative approach. The upper end of the benchmark set gives the practical limits of the proposed
method: With a timeout limit of 1 CPU-hour, 16 of 101 test problems would have remained un-
solved for n = 75, ¢ = 9, and 28 out 101 problems for n = 100,¢ = 7.

The highly structured sparse graphs of Section 5.6 are intractable with the alternative integer
programming approach of Section 3.2, due to the sheer number of simple cycles. Exploiting fixed-
parameter tractability is not an option either, due to the size of the minimum feedback arc set
of these challenging graphs. However, with the proposed method, it is still tractable to find the
minimum feedback arc set of these graphs, and it performs consistently and significantly better
than the method of Section 3.1. These graphs are also at the practical limit of the proposed method:
With a timeout limit of 1 hour, 4 out of 24 problems would have remained unsolved even with the
proposed method (see Tables 2 and 3).

As discussed in Section 1.1, specialized methods are available for tournaments or dense graphs;
the proposed method is not meant to be used with such graphs. Tournaments trigger, in some
sense, the worst-case behavior of the proposed method since the algorithm is meant to be used
with sparse graphs, whereas tournaments are complete graphs when the orientation is ignored.
Since the method of Section 3.1 was tailored for tournaments, it eventually outperforms the pro-
posed method for random tournaments, as it is shown Section 5.7 on 707 random tournaments.
Nevertheless, for random tournaments of size n < 32, the proposed method is faster on average.
We consider this worst-case performance as satisfactory for a method designed for the sparse case.
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These experiments also pushed the proposed method to its practical limit: 40 of the 101 problems
would have remained unsolved with a timeout limit of 30 CPU-minutes for n = 34.

Pre-processing plays an insignificant role for the graphs in the benchmark set: The graphs could
not be simplified considerably, if at all, and the algorithms had access to the same pre-processing
techniques to ensure fair comparisons. For large, sparse graphs, the runtime improvements over
the method of Section 3.1 are primarily attributable to the substantially smaller integer linear pro-
grams that the proposed method has to solve. These integer linear programs have ©(n) times fewer
columns (deterministically, see Sections 3.1 and 3.2), and, for example, for n = 100 approximately
100 times fewer rows in the integer linear programs (empirically, on this benchmark set; see Sec-
tion 4.1). Although size is not necessarily a good measure of difficulty, the 10* times fewer nonzeros
in the coefficient matrix of the integer linear programs certainly give the proposed method a sig-
nificant advantage.

APPENDIX
A SAFELY REMOVING ARCS

We say that a set of arcs is safe to remove if removing these arcs from G and adding them to the
feedback arc set does not change the minimum cost solution. In other words, there must be at least
one minimum cost feedback arc set in G that contains all arcs of an arc set that is safe to remove.

The goal of the algorithm is to find arcs that can be safely removed. If the algorithm fails to find
such an arc set, no simplification takes place and nothing is removed from G.

Our original intent was to create an algorithm for the pre-solve phase of the proposed method
that generates an equivalent but simpler graph than the input. The algorithm presented in this
section turned out to be impractical for such purposes due to its high computational costs. Nev-
ertheless, certain pieces of it proved to be useful and are included in the proposed method (see
Hand-coded procedures for common patterns in Appendix A.3), and it also provided us insights into
the structure of Problem 10 by identifying a challenging subgraph of it that has no arcs that are
safe to remove.

A.1 Intuition

We start with the following simple example. The input graph G is assumed to be unweighted—that
is, the cardinality of the feedback arc set is to be minimized in this example. Furthermore, let us
assume that the nodes u and v participate in a two-cycle, and u has an additional in-arc and v has
an additional out-arc (Figure 3).

Fig. 3. An example showing how the simplification works on a two-cycle.

This two-cycle has to be broken to make G acyclic, and there are exactly three possibilities to break
this two-cycle: We remove (a) the arc (u,v), or (b) the arc (v, u), or (c) both. The third option is
obviously not an optimal solution to break the two-cycle. We now discuss the first two options.

The arc (v, u) cannot participate in any simple cycle other than the two-cycle shown in Figure 3,
because u has a single out-arc and that points to v, or alternatively, because v has a single in-arc
and that comes from u. However, the arc (u,v) can participate in other simple cycles of G; let C
denote the set of these simple cycles. The cycles in C still have to be broken to make G acyclic.
Therefore, we can conclude that removing the arc (v, u) cannot yield a strictly lower cost solution
than removing (u, v) since removing (u, v) breaks both the two-cycle and all other cycles in C (if
any). The arc (u, v) can be safely removed; the global optimum remains unchanged.
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A.2 Rule to Identify Arcs That Are Safe to Remove

Our observations made in the previous section generalize. We compute two costs:

e the exact minimum cost ¢; of making an arbitrary induced subgraph G’ of (the weighted or
unweighted) G acyclic, and

o the cost ¢, of making both G’ acyclic and breaking also all of those cycles of G that can
have an arc in G’ by removing arcs in G’ only. Let F” denote such an arc set; this arc set has
cost ¢s.

If ¢; = ¢y, then it is safe to remove F’ from G and to add it to the feedback arc set of G. The argument

is the same as it was in the example. Making G’ acyclic alone is not cheaper than the cost of F’,

and removing F’ makes G’ acyclic and also breaks all of those cycles of G that have an arc in G’.
The algorithm reports failure if ¢; < ¢; and no simplification takes place. (Note that ¢; < ¢, must

hold.) Only ¢; has to be computed exactly (rigorously); it is sufficient to use a heuristic to find an
appropriate F’.

A.3 Implementation

Hand-coded procedures for common patterns. Although the arc removal rule of the previous sec-
tion can be implemented in a generic fashion, it proved to be fruitful to hand-code certain common
patterns (common induced subgraphs) and their simplified forms. The primary reason is efficiency,
but our simple algorithm for generating subgraphs of the input graph also benefits from these sim-
plifications, as we will see shortly.

Common patterns such as runs, self-loops, two-cycles, three-cycles, 3-arc bypasses, and their
corresponding simplified forms are hand-coded (Figure 4). We assume throughout this article that
the input graph G does not have self-loops. However, self-loops are temporarily allowed when the
hand-coded rules are applied; self-loops are no longer present when the hand-coded simplifications
finish. There is only one arc that can break a self-loop; this arc is always removed and added to
the feedback arc set. The other patterns were selected by inspecting the graphs in our test set.
One could derive rules for other patterns, too, depending on what is believed to be common in the
expected input graphs.

Once all hand-coded simplifications have been performed, and the graph cannot be simplified
any further with these rules, the remaining graph is split into nontrivial SCCs, and the hand-coded
simplification procedures are run again on each SCC. If neither the hand-coded simplification pro-
cedures nor splitting into nontrivial SCCs result in any progress, we continue with the computa-
tionally more expensive integer programming-based simplification, as discussed next.

Selecting the induced subgraphs G’. To apply the rule of Appendix A.2, an induced subgraph G’
must be selected. G’ can be an arbitrary induced subgraph of G, but it is assumed that finding a
minimum feedback arc set of G’ with an exact method is still tractable. Furthermore, we assume
that both G” and G are nontrivial SCCs; the algorithm would produce valid but mostly useless
results otherwise.

The following procedure is used to construct G’. DFS is started from an appropriately chosen
node n of G (more on this in the next paragraph), but the search is limited in depth by a pre-defined
constant d. The induced subgraph of the visited nodes is created, and that nontrivial SCC (if any) is
selected that contains n. This SCC is G’. The algorithm reports failure if there is no such nontrivial
SCC (and therefore no simplification takes place). This procedure is rather plain: For example, in
a complete graph, it produces G’ = G even with d = 1.

Each node of G is probed in the arc removing algorithm, one after the other in an arbitrary
sequence, and starting with d = 1 as depth limit for DFS. If no safe arc set is found at any of the
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Fig. 4. Common patterns whose simplification is hand-coded mainly for efficiency reasons. The left column
shows the induced subgraphs of G, and the right column shows the corresponding simplified form. From
top to bottom: (1) removing self-loops, (2) breaking two-cycles where b has out-degree 1 in G, (3) breaking
two-cycles where b has in-degree 1 in G, (4) removing runs, (5) rewriting 3-arc bypasses, and (6) rewriting
three-cycles. In cases (4) through (6), the node b must have in-degree 1 and out-degree 1in G.
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Fig. 5. Left: The nodes on the boundary of the induced subgraph G’ are shown as black dots, together with
their arcs not in G’. Right: The extended G’, the H graph. The nodes u and v and their arcs are fake (not in G).

nodes, d is increased by 1, and each node of G is probed again. The procedure stops when d exceeds
the user-defined limit d;,,4x (= 5 by default in our implementation) without finding any safe arc
set. However, whenever a safe arc set is found, it is removed and added to the feedback arc set. The
remaining part of G is split into nontrivial SCCs, the runs and the 3-arc bypasses are iteratively
removed with the hand-coded simplifications, and the resulting nontrivial SCCs are appended to
the SCCs to be processed. This arrangement is not ideal but is easy to implement. Note that if
the upper bound d,,x is large enough, G” will be identical to G—that is, we get back the original
minimum feedback arc set problem. The constant d,,,, will be referred to as cutoff in DFS.

Computing c;. The computation of ¢; must be exact; any exact method (including the proposed
method of Section 4) can be applied. In our implementation, ¢; is computed by solving (4) with
the complete cycle matrix. Therefore, G’ is assumed to be small enough so that all of its simple
cycles can be enumerated. One way to enforce this is a naive trial and error approach: Johnson’s
algorithm [62] for enumerating simple cycles can be implemented in a lazy fashion [53]—that is,
it can be aborted after a pre-defined number of simple cycles (e.g., 100 or 1,000) have been found.
If an induced subgraph G’ has more simple cycles than this pre-defined threshold, the algorithm
gives up and reports failure. This user-defined limit for the number of simple cycles will be referred
to as cycle budget per SCC.

If enumerating all simple cycles in G’ finishes within the pre-defined limit for the number of
simple cycles, the corresponding integer program (4) is solved. This gives the cost ¢; of making G’
acyclic alone.

Computing c;. We create a graph H in which any arc of G’ that can possibly participate in a
simple cycle in G necessarily participates in a simple cycle in H as well. We could select G as H,
but it would not be practical: We do not want to unnecessarily introduce new simple cycles in H.

A node is on the boundary of G’ if it has either an in- or out-arc whose other endpoint is not
in G’; let B denote this set of nodes. Let us consider those simple cycles in G that have at least an
arc in G’ but not all of their arcs; let C denote the set of these simple cycles. The cycles in C must
enter and leave G’ at distinct nodes (possibly multiple times), and these nodes must be in B. We
create a new graph H in which each node in B necessarily participates in at least one simple cycle
that has arcs outside G’. This will ensure that any arc in G’ that appears in a cycle in C will also
be involved in a simple cycle in H that has arcs outside G’.

The reader is referred to Figure 5 before reading the explanation that follows. We extend G’ by
adding two fake nodes u and v to it, together with the following fake arcs. For each arc in G that
has its initial node (tail) ¢ in G’ but its terminal node (head) not in G’ (arcs “sticking out” of G),
we add the arc (t,u) to G’. Similarly, for each arc that has its terminal node (head) k in G’ but its
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initial node (tail) not in G’, we add the arc (v, h) to G’. Finally, we add the arc (u, v). Let H denote
the graph that we obtained; G’ is obviously an induced subgraph of H.

H ensures that all nodes on the boundary of G’ participate in at least one simple cycle that has
an arc outside G’: This is the cycle that goes through the arc (u, v). Therefore, if we compute a
feedback arc set F’ of H such that it only contains arcs that were present in G’ (no arcs incident to
u or v), then this arc set, when removed from G, will make G’ acyclic and breaks all of the cycles
in C as well.

There is a corner case in the preceding construction of H that is currently not handled by the
algorithm: If a cycle of G has exactly one node in G’, then it is not possible to make H acyclic
by removing arcs from G’ only. If this corner case is encountered, the algorithm gives up and
reports failure. This is obviously a missed opportunity and should be handled in the future, but
the correctness is not affected.

A4 Arc Removal Experiments

In Table 4, we give the minimum cycle budget and the minimum cutoff that are necessary to
solve the test problems exclusively with the arc removal algorithm of Appendix A.3. Although it is
inefficient to solve these problems with the arc removal algorithm only, the numbers nevertheless
show that Problems 2 through 10 can be simplified, Problem 10 even by a factor of 73 with respect to
the number of simple cycles. Problem 11 is the SCC (G’) with the most simple cycles that occurred
during solving Problem 10 with the arc removal algorithm only. Accordingly, Problem 11 does not
have a proper subgraph that has safe to remove arcs. See also Figures 6 and 7.

Table 4. Minimum Cycle Budget and Minimum Cutoff to Solve
the Test Problems with the Arc Removal Algorithm Only

ProblemID Optimum Cycles Cycle Budget Cutoff

1 15 409 409 1
2 2 22 3 1
3 6 27 9 1
4 6 20 8 2
5 3 10 3 1
6 5 11 3 1
7 3 31 18 3
8 5 103 41 3
9 8 22 13 2
10 12 13,746 187 5
11 6 187 187 4

Problem 1 is the complete graph and has no safe to remove arcs. Problem 11
has no safe to remove arcs as expected (see the text).
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Fig. 6. Problem 10, origin: [47] (heavy water). This graph has 109 nodes, 163 arcs, and 13,746 simple cycles,
and the cardinality of the minimum feedback arc set is 12.
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Fig. 7. Problem 11, derived from Problem 10 as discussed in Appendix A.4. This graph has 32 nodes, 52 arcs,
and 187 simple cycles, and the cardinality of the minimum feedback arc set is 6.
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