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Abstract

Robust design optimization methods applied to real lifdbjgnm face some major
difficulties: how to deal with the estimation of probabilitignsities when data are
sparse, how to cope with high dimensional problems and hawdoaluable infor-
mation in the form of unformalized expert knowledge. In th&per we introduce
in detail theclouds formalism as means to process available uncertainty irderm
tion reliably, even if limited in amount and possibly laciia formal description,
to providing a worst-case analysis with confidence regidn®levant scenarios
which can be involved in an optimization problem formulatior robust design.

Keywords. clouds, robust design, design optimization, confidencensg uncer-
tainty modeling

1 Background

Robust design optimization is the art of safeguarding Ibliaagainst uncertain
perturbations while seeking an optimal design point. Ingvkesign process an
engineer faces the task to qualify the object he has desigbd robust. That
means the design should not only satisfy given requiren@anfanctionalities, but
should also work under uncertain, adverse conditions thet sihow up during
employment of the designed object.

Hence the process of robust design optimization demantishesearch of an
optimal design with respect to a given design objective,andppropriate method



of handling uncertainties. In particular for early desidrages, it is frequent en-
gineering practice to assign and refine intervals or safetggins to the uncertain
variables. These intervals or safety margins are propdgeithin the whole opti-
mization process. Thus the design arising from this prosesspposed to include
robustness intrinsically. Note that the assessment oftabss is exclusively based
on expert knowledge of the engineers who assign and refinatdmeals. There is
no quantification of reliability, no rigorous worst-caseabsis involved.

Several methods exist to approach reliability quantificatirom a rigorous
mathematical background, originating from classical phility theory, statistics,
fuzzy theory or based on simulation techniques. Howeval,life applications of
many methods disclose various problems. One of the mostipeninis probably
the fact that the dimension of many uncertain real life sdesas very high. This
can cause severe computational effort, also famous as the cfidimensionality.
Namely, even given the complete knowledge about the mukiteaprobability dis-
tributions of the uncertainties, the numerical computatibthe error probabilities
requires high dimensional integration and becomes vergmsipe. Moreover, if
the amount of available uncertainty information is veryited, well-known cur-
rent methods either do not apply at all, or are endangeretticatly underestimate
error probabilities. Also a simplification of the uncertgimodel, e.g., a reduction
of the problem to an interval analysis after assigning irtisrto the uncertainties
as described before (e.g., so called Boxes), entails a loss of valuable uncertainty
information which would actually be available, maybe onhfarmalized, but not
at all considered in the uncertainty model.

In the literature several discussions on the introducetlpnes and approaches
to their solution can be found. Different approaches togtesptimization can be
studied in [1], [2], [14], [22]. An approach to achieve rotness in the special
case of space shuttle design by means of probability risk/sisds given in[19].
A criticism on simulation techniques in case of limited unamty information
can be found in[[6], showing that the lack of information tygily causes these
techniques to underestimate the effects of the uncertdénofethe probability dis-
tribution. Fuzzy theory for engineering applications igastigated, e.g., in [21],
simulation techniques, e.g., in [15]. A method based onipiig theory has been
developed in[[4],[[6]. Some works go into the arithmetic @i@ns on random
variables to bound the probability distributions of funcis of random variables,
cf. [3], [7], [23]. There are also attempts to generalizeeasp of the different
uncertainty approaches and put them into one frameworif18}. As mentioned
many methods are limited to low dimensional problems. Fnmisithat come with
the curse of dimensionality are described, e.g/, in [11].



2 Overview

In this paper we will present a detailed view on the theoattiasis of uncertainty
handling with clouds which we developed. It will be shownttbuds can pro-
cess limited amounts of stochastic information in an urtdadable and compu-
tationally attractive way, even in higher dimensions, idesrto perform a reliable
worst-case analysis, reasonably safeguarded againstigsrons that result from
unmodeled and/or unavailable information. Since the gtrenf our new method-
ology lies especially in the application to real life pramblke with a very limited
amount of uncertainty information available, we focus imtigalar on problem
statements arising in early design phases where todaysoaetof handling the
limited information are very immature. On the one hand, tifiermation is usually
available as bounds or marginal probability distributionghe uncertain variables,
without any formal correlation information. On the othendaunformalized ex-
pert knowledge will be captured to improve the uncertaintydel adaptively by
adding correlation constraints to exclude scenarios ddeémadevant. The infor-
mation can also be provided as real sample data, if availatdecall the set of all
uncertainty information available an uncertainty setting
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Figure 1: Nested confidence regions in two dimensions fofidence levelsy =
0.2,0.4,0.6,0.8, 1.

If we have a look at Figurgl 1, we see confidence levels on somelinven-
sional random variable. The curves displayed can be considered to be level sets
of a functionV (¢) : R? — R, called the potential. The potential characterizes
confidence region€’,, := {¢ € R? | V(¢) < V,}, whereV,, is determined by the



conditionPr(e € C,) = a. If the probability information is not precisely known
nested regions

Co={c€R?|V(e) SV, },
whereV , is largest such thatr(c € C,) < «, and
Co:={ceR?| V() <Va}

whereV , is smallest such thatr(c € C,) > «, are generated. The information
in C,, andC,, is called gpotential cloud. TheV,, V,, V,, can easily be found from
thecumulative distribution function (CDF) of V() and lower and upper bounds
of it. These bounds in turn can be determined empiricallipgisik olmogor off-
Smirnov (KS) distribution. Thus given a potential the correspondingepbal
cloud is easy to estimate, even for high dimensional dat,tarinterpretation is
unambiguous in spite of the uncertainty about the full ndirtiensional probabil-
ity distribution. The choice of the potential is dictated thg shape of the points
set defined by the sample of availalleand should allow for a simple computa-
tional realization of the confidence regions, e.g., by lir@mstraints. In terms of
robust design the regiorts,, andC,, yield safety constraints, as a design is called
safe if alle € C, satisfy the design requirements, and it is called unsafeéf o
e € C, fails to satisfy these requirements. These safety constraan easily be
incorporated in an optimization problem formulation.

A first study on the application of the clouds theory in desigrimization
occurs in [[18]. This study presented an initial step on whetids are capable
of, applied to the case of uncertainty handling in spacededign. A significant
further step is given ir |8] showing that clouds can be swsfodly applied to real
life problems.

This paper is organized as follows. First, we follow the deformalism from
[17] in Section[B, picking those ideas that are most attractor the handling
of high dimensional uncertainties and investigating thecsd case of potential
clouds. We will see how they help to cope with dimensionabgues. In Section
we will learn how to interpret approximations and boundsomulative distri-
bution functions in terms of clouds. Some consideratiormuiibuitable potential
functions can be found in Sectidh 5. A short introduction redauds can be in-
volved in an optimization problem formulation for robussd is given in Section
[6. Sectiori]? concludes our studies.

3 Thetheory of potential clouds

The clouds theory serves as the central theoretical bagidrtor our uncertainty
handling. We start with the formal definition of clouds anttéduce the notations.
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Afterwards we restate the central results from [17], Sesti® and 4, that will be
relevant for our studies later on.

Lete € M C R™ be ann-dimensional vector of uncertain variables, we eall
an uncertairscenario. A cloud is a mappingy(e) = [x(¢), x(¢)], wherex(e) is a
nonempty, closed and bounded intergdl0, 1] for alle € M, and

0, 1€ [ x(e) € [0,1]. (1)

eeM

We call x(¢) the lower level and’(e) the upper level of the cloud, and denote

X(e) — x(e) as thewidth of the cloudy. A cloud is calledthin if it has width0.
We introduce the term that a random variableslongsto a cloudy overM, if

Pr(X(e) <y) <y < Pr(x(e) <) )
for some valuey € [0, 1].

3.1 Remark. To get an intuition about this definition, assumieas the given CDF
F, andF, y andy are continuous, invertible functions. Then it redds ' (y)) <

y < Fx (). .

A cloud is calleddiscrete if x(¢), e € M, only takes finitely many different val-
ues (interval valued). It can be shown that discrete cloatsbe constructed from
samples of discrete or discretized continuous probabilisgributions in low di-
mensions via histograms, cf. Theorem 3.1[inl[17], and ingipie can approxi-
mate arbitrary distributions arbitrarily well. As histagns and the related discrete
clouds are having problems in higher dimensions with the pgational effort,
we define continuous clouds that will be much more importanofir purposes: A
cloud is callectontinuous if the lower levely and the upper levef are continuous
functions. B

There exists a close relationship between thin continuedisnknsional clouds
and CDFs of real univariate random variables, stated ing&M®roposition 4.1.

3.2 Proposition. Let F.(z) = Pr(e < z) be the CDF of the random variabte
thenx(z) := F.(x) defines a thin cloud andbelongs toy, i.e., for the thin case
Pr(x(z) <y) =vy,y € M, if x has the same distribution as

Proof. From the definition of a CDF it follows that := F; satisfies the conditions
that define a cloud. Due to the fact that(x) is uniformly distributed ifx has the
same CDF as we havePr(x(z) < y) = Pr(F.(z) <y) =y. O



3.3 Remark. Comparing the notations we introduced in this section witise in
[17] it should be remarked that ours correspond to those esthcalledmirror
cloud x' = 1 — x. This is unproblematic with respect to Corollary 2.2(inl[17]
Observe that the same set of random variables can be chaedtey different
clouds.

CDFs are well known from probability theory. In particulfwetunivariate case is
very handy, computationally appealing and intuitively ersfandable. However,
we want to deal with significantly higher dimensions than AisTeads to the idea
to construct continuous clouds from user-defined potefdirgtionsV : M — R.
The idea is to construct potential cloud from an interval-valued functior of a
user-defined potential functidi, i.e. xoV : M — |a, b], where[a, b] is an interval
in [0, 1].
Define the mapping

x(x) = [V (), a(V(x))], ®3)

wherea(y) := Pr(V(e) < y), a(y) := Pr(V(e) < y), e € M arandom variable,
y € R, V bounded below. Then we get the following result (cf. Theodefin
[a7.

3.4 Proposition. The mappingy as defined if3) defines a cloud andbelongs to
X-

Proof. Obviously [1) holds fory. One has to show12). Assunia € R with
@(z) = y. By construction ofx andz we getPr(x(¢) < y) = Pr(@(V(e)) <
y) = Pr@V(e)) < a(x)) = Pr(V(e) < z) = a(z) = y. If Bz € R with
a(z) =y, thendy € [0,1],2,h € Rwith@a(x + h) =y > y, anda(z) < y
asa is continuous from the right. This yielda(x(¢) < y) = Pr(@(V(e)) < v)
=Pr(@(V(e)) <@z +h)=Pr(V(e) <axz+h)=alx+h) <yif h — 0.
HencePr(X(e) < y) < y. We getPr(x(¢) < y) > y analogously, sq fulfills
@). O

3.5 Remark. The thus constructed clougdis thin if V has a continuous CDF: Let
F be the CDF ofi/(¢), thena(y) = Pr(V(e) < y) = Pr(V(e) <y) =a(y) =
F(y) andx(z) = [F(V (), F(V(2))].

3.6 Remark. Usually the CDF ofi/(¢) is unknown. However, if we find an lower
bounda(y) < Pr(V(e) < y) and upper boundi(y) > Pr(V(e) < y), a, @
continuous from the right and monotone, then Propositidhs3still valid.



The last remark leads us to an important interpretationrimseof confidence
regions for the scenarias as it tells us that it is sufficient to find an appropriate
boundinge, @ on the CDFF of V(¢). This can be achieved, e.g., by KS statistics
[12]. We defineC, := {e | V(¢) < V} if a solutionV , of &(V,) = « exists
andC,, := () otherwise; analogousl{', := {e | V(¢) < V,} if a solutionV,,
of a(V,) = a exists andC,, := M otherwise. The regiod’,, contains at most
a fraction ofa of all scenarios iV, sincePr(e € C,) < Pr(@(V(e)) < a) <
Pr(F(V(¢)) < a) = o; analogouslyC,, contains at least a fraction of of all
scenarios itM. Generally hold€', C C,,.

Let's summarize what is needed to generate a potential ckopdtential func-
tion V' has to be chosen, then appropriate bounds on the EDBF V(M) must
be found. How to find these bounds will be described in the¥alhg Sectiori 4.
But how to choose the potential function? There are endlessilgilities (see, e.g.,
Figure[1) to make the choice. A variation of the shape of therg@l to improve
the uncertainty model will be considered in Secfibn 5.

4 Generation of potential clouds

This section will investigate how to find appropriate bouodsF'(V (¢)). As we
do not have the knowledge @f(V'(¢)) we have to approximate it before we can
assign bounds on it. To this end we will make use of the weliwkmKS statistics
[12] as suggested in the last section. That means we appatxirrby an empirical
distribution F'. The generation of an empirical distribution requires tkistence
of a sampleS representing our uncertainties.

It depends on the given uncertainty information whethermapda already ex-
ists. We assume that the uncertainty information consiggizen samples, boxes,
non-formalized correlation bounds or continuous margl@BIFs F;, i € I C
{1,2,...,n}, on then-dimensional vector of uncertainties without any formal
knowledge about correlations or joint distributions. Ise#here is no sample pro-
vided or the given sample is very small, a sample has to bergioke For these
cases we first uselaatin hypercube sampling (LHS, cf. [16]) inspired method
to generates.

To generateVg sample points we start with the creation aVg x - - - x Ng =
Ng grid. In case of a given interval orf the marginal grid points are chosen
equidistantly in the interval. In case of a givéf), i € I, the marginal grid is
transformed with respect to the marginal CBFto ensure that each grid interval
has the same marginal probability. Let € [0, 1], a confidence level for the
sample generatioms = 1 — /ag, t; = B, to =t +1- ]1\,;’151, t3 =11+ 2-

N2, tng =t 4 (Ns — 1) - 5225 = 1 — B, then the marginal grid points




are chosen ag; = F; (t1), gio = F; '(t2),...,ging = F; '(tng). From this

grid the sample points, xo, ..., zn, are chosen to satisfy the Latin hypercube
condition, i.e.,
Vi, k €{1,2,...,Ns},¥j € {1,2,...,n} :z} # =] ifk#£4, (4)

wherex{ is the projection ofx; to the j** coordinate. Consider the following
simple facts about the sample generation:

4.1 Proposition. The intervals between adjacent marginal grid points haee th
same marginal probability.

Proof. Letk € {1,2,...,Ns—1}: Pr(z € [gik, gik+1]) = Fi(gir+1) — Filgix) =
thi1 —tp = ]1\,;’151, which is constant and independent frém O

4.2 Proposition. Assumel = {1,2,...,n}, i.e., amarginal CDF is given for each
coordinate of the uncertain scenariosAssume:=’, i ¢ I, are independent, then
ag Is a confidence level far.

Proof. Pr(e € [g11,91n5] X [921,92ng] X ==+ X [gn1, 9nNs]) = [Licr Pr(e €
[9:1, ging)) = [ 11 (Fi(ging) — Fi(gi1)) = [1im1(tng — t1) = (1 — ps)" = as.
O

4.3 Proposition. The marginal empirical distributioﬁ,-(f) => (et <} Nisz €
i<
1, of our sample approximatds for increasingNs.

Proof. The LHS condition[(4) implies that{ = gji for somek. One can write
k = ¢ - Ng with some rational numbey € [Nis, 1]. The ratiog = Nis is constant
for all Ng as to the construction of the points i € {1,2,..., Ng} equidistantly
in direct dependence frolNs. Lets € gk, gjk+1), K € {1,2,...,Ng — 1}, then
Fi(s) = % For Ng — oo there existst’ : s = gjp, SOlimy, o0 Fi(s) =

ths—>oo ity = thg—»oo t1 + (k?, — 1) . % = q’, with £/ = q’ - Ng, and we
getlimy, oo Fi(s) — Fi(s) = ¢ — ¢ = 0. O

Thus the generated sampte:= {z,z2,..., 2N} represents the marginal
CDFs arbitrarily well. However after a modification 6f e.g., by cutting off sam-
ple points as we will do later, an assignment of weights testraple points is nec-
essary to preserve the marginal CDFs. In order to do so thghiei;, wo, . . . , wng



€ [0, 1], corresponding to the sample points z2, . .. , 2, are required to satisfy
the following conditions:

Let; be a sorting permutation dfi, 2, ..., Ns}, such thabcfrk(l) < wi}km <
- < xfrk(Ns). Let again/ be the index set of those entries of the uncertainty

vectore where a marginal CDF;, i € [ is given. Then the weights should satisfy
BViel, k=1,2,...,Ng

k Ns
ani(j) € [Fi(zy, ) — d Fi(ar, ) + d], Zwk =1 (5)
j=1 k=1

The function

F):= ) w (6)
{jlei<e}

is a weighted marginal empirical distribution. For triviakights,w; = wy =

= WNg = NL F; is a standard empirical distribution as in Proposifiod 4.3.
The constraintsijS) require the weights to represent thgimelrCDFs with some
reasonable margi In other words, the weighted marginal empirical distritns
E,z’ € I should not differ from the given marginal CDF; by more thard. In
practice, one choosek= dis ; with KS statistics, i.e.,

¢~'(a)
dKS,l = 0.11 (7)
vNg+0.12 + VNS
whereg is the Kolmogoroff functions()) := S _ (=1)ke=2K°Y ¢ = a, the

confidence in the KS theorem, cf._[12], [20].
To achieve weights satisfyingl(5) we formulate the follogvimear program:

min e
W1,W2,--WNg

s.t. F(&) € [Fi(&) — e - dxsp.a, Fi(€) + e - dxspa] Vi, &

Ns
d wi=1 8)
i=1

wiZO Vi
e>0

where¢;, are some given interpolation points on the related ma@ime weighted
empirical marginal distributions as defined[ih (6). Then wmputed from

_ TN (i
d—ig,jgg“wslﬂ(%) Fi(%)] 9



the maximum deviation oﬁ from F;, 1 € 1.

It should be remarked that we make use of CVX, cf.| [10], to s@B), and of
the MATLAB Statistics Toolbox to evaluate probability distributions

By the weight computation we get a weighted empirical disitiibn

F&):= > (10)
IV (z;)<&}

approximating the CDF df (¢). The achievement of weights satisfyifd (5) means,
that all uncertainty information of the marginal CDFs iseeted in the construc-
tion of F. The uncertainty information given as boxes or sample dateflected
anyway as this does not imply additional constraints ko (5).

If weights satisfying[(b) can only be achieved with> dks 1, the relaxationd
gives us an indicator for the quality of the approximationichhwill be useful to
construct bounds on the COIFV (¢)). After the approximation of’(V (¢)) with
F, we are just one step away from generating a potential cldink last step is
seeking an appropriate bounding BiV (¢)).

From the knowledge ofiks 1, andd we computedks » similar to before[([7),
for a fixed confidence = oy :

¢~ (a) d
VNg +0.12 + % disa’

dgs2 = (11)

with the approximation quality fact% which corresponds tein (8), if the in-

terpolation and the sample points coincide. Now we deffine- min(ﬁ—FdKS,g, 1)
andF := max(F — dks,2,0) and fit these two step functions to smooth, monotone
lower boundsx(V (¢)) and upper boundg(V (¢)), cf. Figure[2. Observe that if
the the quality of our approximation with or the sample sizé&/s is decreased,
the width of the bounds is increased correspondingly.

Thus we have found an appropriate bounding of the G¥ (<)) and accord-
ing to remarkK_3.6 we have generated a potential cloud via thgpmgy : ¢ —
[a(V(e)),a(V(e))].

The cloud represents the given uncertainty information amd enables us
to interpret the potential level maps as confidence reg{ens V' (¢) < V,} for
our uncertain vectoe: the worst-case relevant region is defined ag’,, := {¢ |
a(V(e)) < a} (cf. SectiorlB), i.e.l, = {e | V() < V,} if a solutionV,, of
a(V,) = a exists, and”,, = () otherwise, which is only the case for very lew

Thus the clouds give an intuition and guideline how to cartgtconfidence
regions for safety constraints. To this end we have combsesdral different the-
oretical means: potential functions, KS statistics to appnate CDFs with empir-
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Figure 2: The smooth lower boundgV (¢)) and upper bound&(V (<)) for a
potential cloud.

ical distributions and estimate bounds, sample generatiethods, and weighting
techniques.

5 Thechoice of the potential

The choice of the potential functidn that determines the shape of the correspond-
ing potential cloud can be chosen freely before cloud geioeraWe will now in-
vestigate different choices &f and reflect on what characterizegand choice of
V.

Two special cases for choices of the potential function are

k_ok
Vie) = max |€747k,u|’ (12)

wheree, i, € R”, ¥, u* r* are thek*™ components of the vectors, defines a
box-shaped potential.

V(e) = || Ae — b]3, (13)

wheree, b € R", A € R"*", defines an ellipsoid-shaped potential.
Figure[3 visualizes two confidence regions for the same cemdigl levelh, =
0.95, but different potential$’, and shows that uncertainties can be described by
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different clouds. We emphasize that a poor choice of thepelanakes the worst-
case analysis more pessimistic as the confidence regioriarges, but will still
result in a valid robust uncertainty handling.

[

Figure 3: The region§’, o5 for two different choices o/, box- and circle-shaped,
respectively. The 2-dimensional sample belongs to two pgaddentN (0, 1)-
distributed random variables ande2.

We are looking for a way to find a good choicelothat gives the possibility to
improve the potential iteratively and allows for a simplengutational realization
of the confidence regions, e.g., by linear constraints. [Baids us to the investiga-
tion of polyhedron-shaped potentials as a generalizatidiox-shaped potentials.
A polyhedron potential centerediat € R™ can be defined as :

)k
o A=) 1)

where(A(e —m))*, b* the k'™ component of the vectord(s — m) andb, respec-
tively.

But how to achieve a polyhedron that reflects the given uaicgytinformation
in the best way? As mentioned we assume the uncertaintynafiton to consist
of given samples, boxes or marginal distributions, and nmédized correlation
constraints. After generation of a sampleas described in Sectidn 4 we define a
box bo containing 100% of the sample points ky:= [g11, g1n5g] X [921, g2ng] X

X [gn1, gnng), and we define our potentidh () box-shaped as i (12) taking

+
the value 1 on the margin 6f, i.e.,pf = 210 Ns ok = Tels 7901

Based on expert knowledge, a user-defined varlatloh'oafan be performed
afterwards by cutting off sample points deemed irrelevanttlie worst-case, cf.
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Figure[4. Thus an expert can specify the uncertainty inféonan the form of
correlation bounds adaptively, even if the expert knowdedgonly little formal-
ized, resulting in a polyhedron shaped potential.

Scenario Exclusion

Figure 4: Graphical user interface for an interactive sderexclusion.

Assume the linear constraint§c — p) < b represent the exclusion of sample
points and the box constraint frobg, we define our polyhedron shaped potential
as in (14) withm = p.

This potential, originating from a box potential, is sul&afbr symmetric sam-
ples, but: If some uncertain variables are described by amtnc marginal prob-
ability densities, a better choidé of the potential could be achieved by an appro-
priate coordinate transformatiaf i.e.,

V;t,u(g) = Vu(¢(5))- (15)

An appropriate transformation would be, e.g., a logarithtransformation of? if
F; : R™ — [0, 1]. An example of a 2-dimensional potential cloud with=V; , is
visualized in Figuréls.

We can observe the advantage of a transformed potentiaburdft. Without
transformation the functions(V (<)) anda(V (¢)) are obviously steeper, and far
close tol the solutionV,, of @(V,,) = a is much closer ta than in the transformed
case, which leads to larger confidence regions and a moramnistss worst-case
analysis. The reason for that becomes apparent lookingyatdE¥. The confidence
regions for the transformed box potential are obviouslylEn#an for the non-
transformed potential.
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Figure 5: On the left, the map — a(V(e)) (a(V (¢)) looks similar due to its
construction) for a 2-dimensional potential cloud, on tiglt; the contour lines of
a(V(g)). The marginal distributions far = (¢!, %) are aN(0,1) and ar'(10, 1)
distribution, respectively.

6 Cloudsin robust design optimization

In this section we shortly introduce how clouds can be ingdlin the formulation
of a robust design optimization problem.

Provided an underlying model of a given structure to be aesigwith several
inputs and outputs, we denote :/ashe vector containing all output variables, and
asz the vector containing all input variables. Léebe a design point, i.e., it fully
defines the design. Léf be the set of all possible designs. The input variables
z consist of design variables which depend on the degjgng., the thrust of a
thruster, and external inputs with a nominal value that oabe controlled for the
underlying model, e.g., a specific temperature.

The input variables are affected by uncertainties. 4 @¢note the related vec-
tor of uncertain errors. One can formulate the optimizapooblem as a mixed-
integer, bi-level problem of the following form:

mein max g(z) (objective functions)
X,2,E
s.t. G(z,z) =0 (functional constraints)
z2=27(0)+c¢ (input constraints) (16)
feT (selection constraints)
Viole) <V, (cloud constraint)

where the design objectivg ) is a function of the output variables of the underly-
ing model. The functional constraints express the funalioalationships defined
in the underlying model. The input constraints assign tdedgsignd a vector
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vie) Vie)

Figure 6: The lower bounds(V'(¢)) and upper boundsg(V (¢)) for a potential
cloud with transformation (left figure) and without transfation (right figure).
The marginal distributions for = (e!,£2) are aN (0, 1) and ar'(10, 1) distribu-
tion, respectively.

52 . 62’

1 1

) =] =2 E o 1 2 3
3 £

Figure 7: The figures show the regio@s,, « = 0.5,0.8,0.95 for a box potential
cloud with (left figure) and without (right figure) transfoation. The two samples
are generated far distributed as in Figurll 6.

z of input variables whose value is the nominal entry fraitd) plus its errors
with uncertainty specified by the cloud. The selection aaists specify which
design points are allowed fér The cloud constraint involves the potential func-
tion V' = V;o(e) as described in the Sectibh 5 and models the worst-casentlev
region{e | V(e) <V }=C,.

We already succeeded to apply this approach to robust @atiion in real life
problems arising from early phase spacecraft system designdetails see [8],
[9], [18].
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7 Conclusions

In this paper we presented a hew methodology to provide camdiel regions for
safety constraints in robust design optimization in terfrdauds. We can process
the uncertainty information from expert knowledge towaad®liable worst-case
analysis, even if the information is limited in amount andmdimensional, for-
malized or not, we do not lose valuable unformalized infdioma The methods
were successfully applied to real life problems from speafésystem design.
The adaptive nature of our uncertainty model, i.e., maguadiding correla-
tion bounds, is one of the key features. The iteration stapsficantly improve
the uncertainty information and we are able to process theim@rmation to an

improved uncertainty model.
All in all, the presented approach offers an attractive hpeint of view on

uncertainty handling and its involvement to robust desigtinaization.

References

[1] Natalia M. Alexandrov and M. Yousuff Hussaini. Multidiplinary design
optimization: State of the art. |IRroceedings of the ICASE/NASA Langley
Workshop on Multidisciplinary Design Optimization, 1997.

[2] V. Belton and T. J. StewarMultiple criteria decision analysis. an integrated
approach. Kluwer Academic Publishers, 2002.

[3] Daniel Berleant and Hang Cheng. A software tool for awtically verified
operations on intervals and probability distributionReliable Computing,

4(1):71-82, 1998.

[4] D. Dubois and H. PradePossibility Theory: An Approach to Computerized
Processing of Uncertainty. New York: Plenum Press, 1986.

[5] D. Dubois and H. Prade. Interval-valued fuzzy sets, gy theory and
imprecise probability. IrfProceedings of International Conference in Fuzzy

Logic and Technology, 2005.

[6] S.Ferson. What monte carlo methods cannotiaman and Ecological Risk
Assessment, 2:990-1007, 1996.

[7] S. Ferson.Ramas Risk Calc 4.0 Software: Risk Assessment with Uncertain
Numbers. Lewis Publishers, U.S., 2002.

16



[8] Martin Fuchs, Daniela Girimonte, Dario 1zzo, and Arndeéumaier. Robust
and autonomous space system design. submitted, 2007aBadn-line at:
http://www.mat.univie.ac.at/ ~mfuchs |

[9] Martin Fuchs and Arnold Neumaier. Uncertainty modelinih clouds in
autonomous robust design optimization. submitted, 200@jl&ble on-line
at: |http://www.mat.univie.ac.at/ ~mfuchs .

[10] Michael C. Grant and Stephen P. Boyd. CVX: A system facitilined con-
vex programming. 2007.
http://www.stanford.edu/ ~boyd/cvx/cvx_usrguide.pdf
http://www.stanford.edu/ ~boyd/cvx/

[11] Patrick N. Koch, Timothy W. Simpson, Janet K. Allen, dfarrokh Mistree.
Statistical approximations for multidisciplinary optaition: The problem
of size. Special Issue on Multidisciplinary Design Optimization of Journal of
Aircraft, 36(1):275-286, 1999.

[12] A. Kolmogoroff. Confidence limits for an unknown diditition function.The
Annals of Mathematical Satistics, 12(4):461-463, 1941.

[13] V. Kreinovich. Random Sets: Theory and Applications, chapter Random sets
unify, explain, and aid known uncertainty methods in exgggtems, pages
321-345. Springer-Verlag, 1997.

[14] Kemper Lewis and Farrokh Mistree. Modeling interanoin multidisci-
plinary design: A game theoretic approa&AA Journal, 35(8):1387-1392,
1997.

[15] D. J. McCormick and J. R. Olds. A distributed framewodkt probabilis-
tic analysis. INAIAA/ISSMIO Symposium On Multidisciplinary Analysis And
Design Optimization, 2002.

[16] M.D. McKay, W.J. Conover, and R.J. Beckman. A compariebthree meth-
ods for selecting values of input variables in the analy$isutput from a
computer codeTechnometrics, 221:239-245, 1979.

[17] A. Neumaier. Clouds, fuzzy sets and probability intdsvReliable Comput-
ing 10, pages 249-272, 2004.
http://www.mat.univie.ac.at/ ~neum/ms/cloud.pdf

[18] A. Neumaier, M. Fuchs, E. Dolejsi, T. Csendes, J. DorBbiBanhelyi, and
Z. Gera. Application of clouds for modeling uncertaintiesrobust space

17


http://www.mat.univie.ac.at/~mfuchs
http://www.mat.univie.ac.at/~mfuchs
http://www.stanford.edu/~boyd/cvx/cvx_usrguide.pdf
http://www.stanford.edu/~boyd/cvx/
http://www.mat.univie.ac.at/~neum/ms/cloud.pdf

system design. ACT Ariadna Research ACT-RPT-05-5201, figan Space
Agency, 2007. Available on-line at
http://www.esa.int/gsp/ACT/ariadna/completed.htm

[19] M. Pate-Cornell and P. Fischbeck. Probabilistic risklgisis and risk based
priority scale for the tiles of the space shuttlgeliability Engineering and
System Safety, 40(3):221-238, 1993.

[20] William H. Press, Saul A. Teukolsky, William T. Vettart, and Brian P. Flan-
nery. Numerical recipes in C. Cambridge University Press, second edition,
1992.

[21] T. J. Ross. Fuzzy Logic with Engineering Applications. New York, NY:
McGraw-Hill, 1995.

[22] B. Roy. Multicriteria methodology for decision aiding. Kluwer Academic
Publishers, 1996.

[23] R. C. Williamson. Probabilistic Arithmetic. PhD thesis, University of
Queensland, 1989.

18


http://www.esa.int/gsp/ACT/ariadna/completed.htm

	Background
	Overview
	The theory of potential clouds
	Generation of potential clouds
	The choice of the potential
	Clouds in robust design optimization
	Conclusions

