Certified error bounds for uncertain elliptic equations

Arnold Neumaier

Fakultät für Mathematik, Universität Wien, Nordbergstr. 15, A-1090 Wien, Austria

Abstract

In many applications, partial differential equations depend on parameters which are only approximately known. Using tools from functional analysis and global optimization, methods are presented for obtaining certificates for rigorous and realistic error bounds on the solution of linear elliptic partial differential equations in arbitrary domains, either in an energy norm, or of key functionals of the solutions, given an approximate solution. Uncertainty in the parameters specifying the partial differential equations can be taken into account, either in a worst case setting, or given limited probabilistic information in terms of clouds.

Key words: linear elliptic partial differential equations, rigorous error bounds, verification, a posteriori error estimation, dual weighted residual (DWR), parametric, uncertainty propagation, clouds, limited probabilistic information PACS: 02.30.Jr, 06.20.Dk

1 Overview

In most practical applications, partial differential equations to be solved are only an approximate model of the real life situation they are intended to represent. In many cases, the modeling errors can be accounted for by adding parameters (constants or functions) to the model, and specifying the uncertainty in these parameters. Thus while one solves the equations only for a particular nominal value of the parameters (or a limited set of values defining specific scenarios), one is interested in how key quantities computed from the solution vary over the full set of allowed values for the parameters.

Email address: Arnold.Neumaier@univie.ac.at (Arnold Neumaier). URL: http://www.mat.univie.ac.at/∼neum/ (Arnold Neumaier).

Preprint submitted to Elsevier Science 28 March 2007

The results in [19,31] show that is it now feasible to get realistic worst case error bounds for uncertain linear systems of equations with thousands of variables and uncertain parameters. However, to apply the techniques to partial differential equations, one needs to cope not only with the uncertainty due to parameters in the equations but also with the errors introduced by the discretization. In this paper we discuss an approach that, for linear, uniformly elliptic partial differential equations, provides a rigorous solution to this problem, tractable numerically at least for bounding a few linear or quadratic response functionals.

We begin in Section 2 by specifying the abstract setting for our investigations, and prove the basic norm inequalities needed for the later analysis. In particular, we present computable bounds for the inverse of linear operators, the main tool needed for the rigorous error analysis of linear systems of equations given in Section 3. Like in the dual weighted residual (DWR) method (Becker & Rannacher [4]), our error bounds for response functionals have the quadratic approximation property (so that they are asymptotically optimal), but in contrast to DWR, our bounds are rigorous and also capture the higher order contributions to the error. Section 4 shows how to put linear elliptic partial differential equations into our abstract framework.

Section 5 shows how to obtain, using global optimization techniques, bounds that not only cover the errors in solving the differential equations but also the errors caused by the uncertainty in the parameters. This provides reliable tools for the assessment of uncertainty in the solution of elliptic partial differential equations. Our bounds are independent of the way the approximations are obtained, hence can be used to independently verify the quality of an approximation computed by an arbitrary solver. The bounds not only account for discretization errors but also for other numerical errors introduced through numerical integration and boundary aproximations.

In the final Section 6, we discuss how to represent model uncertainty in terms of so-called clouds, cf. Neumaier [29]. Clouds describe the rough shapes of typical samples of various size, without fixing the details of the distribution. While a probabilistic reliability analysis requires the exact knowledge of the multivariate probability distribution of the uncetainty, a requirement which is nearly impossible to validate in case of many uncertain parameters, clouds use only probabilistic information readily available in practice.

Related work. Among the rigorous error bounds for linear elliptic equations, the work by Nakao [20,21] and Plum [35] is mathematically rigorous in that it also accounts for roundoff errors. Plum [36] and Yamamoto et al. [46] also discuss error bounds in the parameter-dependent case. The other work on rigorous error bounds I am aware of ignores rounding error issues, i.e., it assumes exact arithmetic in the computations. Work by Repin et al. (see, e.g.,

[39,40]) and Korotov et al. (see, e.g., [12]) contains aposteriori error bounds of a similar nature (but more complicated) as those presented in Section 3 for the case without uncertainty. Of a different type are the aposteriori bounds by the group of Peraire (e.g., [32,41,42]). They make use of the finite element structure and a piecewise polynomial form of the coefficients to derive their error bounds, again for the case without uncertainty. Bertsimas & Caramanis [6] use a semidefinite optimization approach, applicable for problems with polynomial coefficients only.

There is also a lot of work on approximate error estimation in the context of adaptive finite element methods. We only mention the book [1] by Ainsworth & Oden and the survey [4] by Becker & Rannacher, which contain numerous other references.

For work on bounding the errors under uncertainty, see, e.g., Ainsworth & Oden [1], Babuška & Stroboulis [3], Babuška et al. [2]. While there are obvious analogies to what is done here, they start with a Taylor series expansion in the uncertainty, resulting in a complicated analysis and complicated bounds which are often pessimistic if bounded rigorously.

2 Norm inequalities

We begin by specifying the abstract setting for our investigations and prove the basic norm inequalities needed for the later analysis. In contrast to standard treatments which involve constants that are difficult to obtain for a general domain, all our assumptions can be verified rigorously by computer.

In this section, θ is a fixed parameter vector. In Section 5, we shall consider θ as an uncertain vector and study the dependence of our results on θ, to account for the uncertainty in mathematical modeling. Section 6 then shows how to incorporate probabilisitc information about θ.

Let U be a (real or complex) Hilbert space with inner product written as u^∗v, and let W (θ) be a θ-dependent bounded, positive definite Hermitian operator on U with bounded inverse. Then U is also a Hilbert space for the inner product (u, v)_θ := u^∗W (θ)v and the induced norm

|u|_θ := √ u^∗W (θ)u. (1)

Let H be another Hilbert spaces with inner product written as a^∗b, and let M(θ) be a θ-dependent bounded, positive definite Hermitian operator on H with bounded inverse. Then H is also a Hilbert space for the inner products

(a, b)^±_θ := a^∗M(θ)^{±1}b and the induced norms

|b|^±_θ := √ b^∗M(θ)^{±1}b, (2)

and we have

|a^∗b| ≤ |a|^−_θ |b|^+_θ , (3)

Let U be a subspace of U consisting of smooth functions, and let the differential operator L : U → H be an injective continuous linear operator mapping U into H. We define the Hilbert space U_θ as the closure of the space of all u ∈ U with finite energy norm

‖u‖_θ := |Lu|^+_θ ; (4)

This is indeed a norm since L was assumed to be injective. L extends by continuity to a linear mapping from U_θ to H. Clearly, U_θ ⊆ U ⊆ U^∗_θ, where U^∗_θ denotes the space dual to U_θ in the topology of U. We write f^∗u for the image of u ∈ U_θ under f ∈ U^∗_θ. The dual L^∗ of L is a linear mapping from H to U^∗_θ; indeed, for any b ∈ H, L^∗b is bounded since |(L^∗b)^∗u| = |b^∗Lu| ≤ |b|^−_θ |Lu|^+_θ = |b|^−_θ ‖u‖_θ, giving

‖L^∗b‖^∗_θ ≤ |b|^−_θ for b ∈ H. (5)

In the following, we usually suppress the dependence of W , M, etc. on θ.

Theorem 1 The linear operator

S := L^∗ML (6)

maps U_θ to U^∗_θ and is Hermitian, positive definite, and invertible. For r ∈ U^∗_θ and u ∈ U_θ, we have

|r^∗u| ≤ ‖r‖^∗_θ‖u‖_θ. (7)

‖r‖^∗_θ = ‖S^{−1}r‖_θ = √ r^∗S^{−1}r. (8)

Moreover, if r_0 ∈ U^∗_θ, f ∈ H then, for any f̃ ∈ H,

‖r_0 + L^∗f‖^∗_θ ≤ ‖r_0 + L^∗f̃‖^∗_θ + |f − f̃|^−_θ . (9)

Proof. (i) S is Hermitian and positive semidefinite, since M is. Since

‖u‖^2_θ = (|Lu|^+_θ )^2 = (Lu)^∗MLu = u^∗Su, (10)

Su = 0 implies ‖u‖_θ = 0, hence u = 0; thus S is injective and positive definite. By the representation theorem of Riesz (see, e.g., Theorem 5.7 in [10]), one can find for all f ∈ U^∗_θ a u ∈ U_θ such that f^∗v = (Lu)^∗M(Lv) for all v ∈ U_θ. Since (Lu)^∗M(Lv) = u^∗L^∗MLv = u^∗Sv = (Su)^∗v, the resulting u satisfies Su = f. Thus S is surjective, hence invertible.

(ii) (7) is a general property of the dual norm.

(iii) If r ∈ U^∗_θ and v := S^{−1}r, the Cauchy-Schwarz inequality implies that |r^∗u| = |v^∗Su| ≤ ‖v‖_θ‖u‖_θ, and equality holds for u = v. Hence ‖r‖^∗_θ = sup{|r^∗u|/‖u‖_θ | u ≠ 0} = ‖v‖_θ = ‖S^{−1}r‖_θ. This proves the first equality in (8), and the second equality follows from (10).

(iv) We have ‖r_0 +L^∗f‖^∗_θ = ‖(r_0 +L^∗f̃)+L^∗(f −f̃)‖^∗_θ ≤ ‖r_0 +L^∗f̃‖^∗_θ +‖L^∗(f − f̃)‖∗_θ. By (5), the second term is bounded by |f − f̃|^−_θ . �

Since working with S^{−1} is not computationally feasible, it is important that the dual norm can be bounded in terms of the simpler norm | · |^+_θ .

Theorem 2 If β > 0 and LW L^∗ − β^2M^{−1} is positive semidefinite then

‖r‖^∗_θ ≤ β^{−1}|r|_θ for r ∈ U. (11)

In particular, this holds if E := LK + K^∗L^∗ − K^∗W^{−1}K − β^2M^{−1} is positive semidefinite for some linear operator K : H → U_θ.

Proof. Let r ∈ U and put u := S^{−1}r, v := MLu. By assumption, we have v^∗M^{−1}v = (MLu)^∗M^{−1}MLu = u^∗L^∗MLu = u^∗Su = r^∗S^{−1}r and L^∗v = L^∗MLu = Su = r, hence 0 ≤ v^∗(LW L^∗−β^2M^{−1})v = v^∗LW L^∗v−β^2v^∗M^{−1}v = r^∗W r − β^2r^∗S^{−1}r. Therefore β^2r^∗S^{−1}r ≤ r^∗W r, giving β‖r‖^∗_θ = √ β^2r^∗S^{−1}r ≤ √ r^∗W r = |r|_θ. The result follows since the operator LW L^∗ − β^2M^{−1} = E + (L^∗ − W^{−1}K)^∗W (L^∗ − W^{−1}K) is positive semidefinite if E is. �

In the applications (cf. Section 4), W, M, K are multiplication operators over a domain Ω, and L is a first order differential operator. In this case, E is also a multiplication operator; the derivatives cancel by integration by parts. Thus checking positive semidefiniteness reduces to a purely algebraic problem tractable by means of semidefinite programming (see, e.g., Kočvara &

Stingl [15]) or interval analysis (see, e.g., Neumaier [26, end of Section 2] and [30, Theorem 11.1]).

Now let A : U_θ → U^∗_θ be a bounded linear operator, so that there is a θ > 0 such that ‖Au‖^∗_θ ≤ τ‖u‖_θ for u ∈ U_θ. By squaring, this is found to be equivalent to the assumption that τ^2S − A^∗S^{−1}A is positive semidefinite. For example, τ = 1 if A = S. A numerical value for τ is nowhere required; the boundedness assumption is needed in the following results only to guarantee invertibility of A.

Theorem 3 If σ > 0 and B^∗A + A^∗B − B^∗SB − σ^2S is positive semidefinite for some linear operator B mapping U_θ into itself then A is invertible and

‖Au‖^∗_θ ≥ σ‖u‖_θ for u ∈ U_θ, (12)

‖A^{−1}r‖_θ ≤ σ^{−1}‖r‖^∗_θ for r ∈ U^∗_θ, (13)

|s^∗A^{−1}r| ≤ σ^{−1}‖s‖^∗_θ‖r‖^∗_θ for r, s ∈ U^∗_θ. (14)

Proof. Since (Au − SBu)^∗S^{−1}(Au − SBu) = (‖Au − SBu‖^∗_θ)^2 ≥ 0, the assumption implies

0 ≤ u^∗(B^∗A + A^∗B − B^∗SB − σ^2S)u

= u^∗(A^∗S^{−1}A − σ^2S)u − (Au − SBu)^∗S^{−1}(Au − SBu)

≤ u^∗(A^∗S^{−1}A − σ^2S)u = (Au)^∗S^{−1}(Au) − σ^2u^∗Su,

whence ‖Au‖^∗_θ = √ (Au)^∗S^{−1}(Au) ≥ √ σ^2u^∗Su = σ‖u‖_θ, giving (12). Now the Lax-Milgram theorem (see, e.g., Theorem 5.8 in [10]) implies the invertibility of S^{−1}A, and since A^{−1} = (S^{−1}A)^{−1}S^{−1}, that of A. Putting u = A^{−1}f, we find σ‖A^{−1}r‖_θ ≤ ‖r‖^∗_θ, giving (13). Finally, |s^∗A^{−1}r| ≤ ‖s‖^∗_θ‖A^{−1}r‖_θ ≤ σ^{−1}‖s‖^∗_θ‖r‖^∗_θ, giving (14). �

In the special case where

A = L^∗ML + N^∗L − L^∗N (15)

for some linear mapping N from U to H, we have A^∗ = L^∗ML − N^∗L + L^∗N, hence A + A^∗ = 2S, and the hypothesis of the theorem holds with σ = 1 and the identity operator B. The hypothesis of the theorem can also be verified in more general cases: For elliptic second order A, we may assume without loss of generality that both L and A − S are first order differential operators and M is a multiplication operator. For 0 < γ < 1 and the choice σ = √ 1 − γ^2,

B = 1+γQ with a multiplication operator Q satisfying Q^∗Q = 1, the operator B^∗A + A^∗B − B^∗SB − σ^2S reduces to a multiplication operator. (Use that the commutators of A and A^∗ with B and B^∗ are first order differential operators, and that a Hermitian first order operator is a multiplication operator.) Thus verification can proceed as discussed after Theorem 2.

3 Error analysis of linear systems

We now apply the tools obtained above to the rigorous error analysis of linear systems of equations. A numerical method for solving Au = f usually only produces an approximate solution u_0. The error in the θ-norm, and the error of a linear functional g^∗u of the solution u can be bounded in terms of dual norms.

Theorem 4 Under the hypothesis of Theorem 3, let r = f − Au_0, Then, for any approximation u_0 ∈ U_θ of the solution u of Au = f, we have:

(i) (Estimate in the energy norm)

‖u − u_0‖_θ ≤ σ^{−1}‖r‖^∗_θ. (16)

(ii) (First order error) If g ∈ U^∗_θ then

|g^∗u − g^∗u_0| ≤ σ^{−1}‖g‖^∗_θ‖r‖^∗_θ. (17)

(iii) (Second order error) If v_0 ∈ U_θ and s = g − A^∗v_0 then

|g^∗u − g^∗u_0 − v^∗_0 r| = |s^∗A^{−1}r| ≤ σ^{−1}‖s‖^∗_θ‖r‖^∗_θ. (18)

g^∗u − g^∗u_0 ∈ [γ − δ, γ + δ], γ = v^∗_0 r, δ = σ^{−1}‖s‖^∗_θ‖r‖^∗_θ. (19)

Proof. The error u − u_0 satisfies A(u − u_0) = Au − Au_0 = f − Au_0 = r. Now (i) follows since ‖u − u_0‖_θ = ‖A^{−1}r‖_θ ≤ σ^{−1}‖r‖^∗_θ by (13). (ii) follows from (i) since |g^∗u − g^∗u_0| = |g^∗(u − u_0)| = |g^∗A^{−1}r| ≤ ‖g‖^∗_θ‖r‖^∗_θ by (14). Finally, (iii) follows from g^∗(u−u_0) = (A^∗v_0 +s)^∗(u−u_0) = (v^∗_0 A+s^∗)A^{−1}r = v^∗_0 r +s^∗A^{−1}r and (14). �

The bound (iii) vanishes if v_0 equals the solution v of the dual problem A^∗v = g; hence we have g^∗u = g^∗u_0 + v^∗r. Thus, to get good error bounds, v_0 should be chosen as an approximation to the solution of the dual problem. Note that the second order nature of the bounds in (iii) implies that it is generally sufficient to solve the dual problem to a lower accuracy than the primal problem, since the dominant contribution to the error in g^∗u_0 comes from the correction v^∗_0 r which is of first order.

In the dual weighted residual (DWR) method ((Becker & Rannacher [4])), often used for approximate error estimation in adaptive finite element methods, v_0 is referred to as the dual weight; the approximate error estimation simply consists in ignoring the second order correction s^∗A^{−1}r. Thus, as in DWR, our error bounds for response functionals have the quadratic approximation property (so that they are asymptotically optimal), but in contrast to DWR, our bounds are rigorous and also capture the higher order contributions to the error.

Note that if δ < |γ| then the quotient

q := (|γ| + δ)/(|γ| − δ) (20)

is a computable bound for the efficiency index (|γ| + δ)/|g^∗u − g^∗u_0|, and therefore allows a check on the accuracy (rather than the size) of the bound. To assess the quality of the bound, we assume that u_0 has been found to an accuracy of O(ε), and v_0 to an accuracy of O(ε_0), as measured by the dual norm of the residuals. Then g^∗u = g^∗u_0 + O(ε). In typical cases, where the error g^∗u−g^∗u_0 is not o(ε), we find q = 1+O(ε_0), indicating an asymptotically excellent quality of the bound. In the other case, when g^∗u − g^∗u_0 = o(ε), the computed bound is also o(ε), hence better than typical. These statements hold independent of the value of σ used, and they remain true when the dual norm is estimated using Theorem 2, as long as |r|^+_θ = O(ε) and |s|^+_θ = O(ε_0). Thus the influence of an underestimated σ or an overestimate in (11) is relatively harmless, although a gross under- or overestimation of course degrades the value of δ and hence delays the onset of the asymptotic behavior.

To avoid numerical computations with singular functions for general right hand sides, we now proceed in a more detailed manner, using the easily computable norm ‖f‖ on the subspace U of U^∗_θ. For simplicity, we assume that A has the form (15) and take σ = 1, in accordance with the remark after Theorem 3; more general situations are treated similarly. Since the right hand sides are not necessarily in U, we assume that they are decomposed in the form

f = f^′ + L^∗f^{′′}, g = g^′ + L^∗g^{′′}, (21)

where f^′, g^′ are functions in U, and f^{′′}, g^{′′} are functions in H. (Primes don’t denote differentiation.) By definition of the dual space, this is always possible with f^′ = g^′ = 0, but often more natural splittings are directly available, while the splittings with f^′ = g^′ = 0 might be nontrivial to find. Clearly, f^{′′}, g^{′′} are determined by f, g only up to the addition of a function from the space

B := {b ∈ H | L^∗b ∈ U} (22)

of smooth functions in H. Under these assumptions, we can bound the solution of the equation Au = f using Theorem 4, provided we can bound the residuals r and s. The primal residual r = f^′ + L^∗f^{′′} − Au_0 can be written as r = (f^′ − N^∗Lu_0 + L^∗b) + L^∗(f^{′′} − MLu_0 + Nu_0 − b), for arbitrary b ∈ H, and by (11) and (5), we have, for smooth b ∈ B,

‖r‖^∗_θ ≤ β^{−1}|f^′ − N^∗Lu_0 + L^∗b|_θ + |f^{′′} − MLu_0 + Nu_0 − b|^−_θ . (23)

Note that we need the smoothness requirement b ∈ B, i.e., L^∗b ∈ U, in order that the θ-norm can be evaluated. A good choice is therefore obtained by smoothing the expression f^{′′} − MLu_0 + Nu_0 ≈ b ∈ B. Similarly, the dual residual s = g^′ + L^∗g^{′′} − A^∗v_0 can be written as s = (g^′ + N^∗Lv_0 + L^∗c) + L^∗(g^{′′} − MLv_0 − Nv_0 − c) for arbitrary c ∈ H, giving, for c ∈ B,

‖s‖^∗_θ ≤ β^{−1}|g^′ + N^∗Lv_0 + L^∗c|_θ + |g^{′′} − MLv_0 − Nv_0 − c|^−_θ . (24)

Now c should be chosen by smoothing g^{′′} − MLv_0 − Nv_0 ≈ c ∈ B. All bound calculations are thus reduced to finding an approximate (fine grid) solution of the primal problem, the low resolution (coarse grid) solution of a dual problem (if the functional of interest is not just the error in the energy norm), the calculation of four residual functions (on the fine grid), two applications of smoothing fine grid data, and the integrations necessary to compute the norms. Typically, therefore, the work should not be much higher than that for the computation of the approximation alone.

The above bounds may also be used for bounding from above sufficiently nice nonlinear functionals μ(u) of the solution. This may be relevant in applications, e.g., to guarantee that a safety constraint μ(u) ≤ μ is satisfied. To avoid a detailed nonlinear analysis we assume that

c(u) := γ(Lu)^∗MLu − μ(u) is convex in u (25)

for a suitable constant γ ≥ 0. Convexity implies c(u) ≥ c(u_0) + c^′(u_0)(u − u_0). Inserting the definition of c(u), a short calculation gives

μ(u) ≤ μ(u_0) + μ^′(u_0)(u − u_0) + γ‖u − u_0‖^2_θ, which can be bounded by the above formulas. For example, if we have an approximation w ≈ Lu, we can represent its error e := |Lu − w|^+_θ by

e^2 = (|(Lu_0 − w) − L(u − u_0)|^+_θ )^2

= (|Lu_0 − w|^+_θ )^2 − 2 Re(Lu_0 − w)^∗ML(u − u_0) + (|L(u − u_0)|^+_θ )^2

= (|Lu_0 − w|^+_θ )^2 − 2 Re g^∗(u − u_0) + ‖u − u_0‖^2_θ,

where g = L^∗M(Lu_0 − w). All terms in the right hand side can be computed or bounded by the theorem.

As the bounds in [12,39,40], the above bounds are independent of the way the approximations are obtained. Hence they can be used to independently verify the quality of an approximation computed by an arbitrary solver. The bounds not only account for discretization errors but also for other numerical errors introduced through numerical integration and boundary approximations.

Of course, the numerical errors made in evaluating the bounds themselves remain unaccounted. For a fully rigorous implementation in the mathematical sense, one would also need to bound these errors. Because of the aposteriori nature of our bounds, an error control is needed only for the evaluation of the bounds (23), (24), and (18); the approximations u_0, v_0, r and s may be arbitrary and hence can be computed without error control. Thus the error control can be restricted to fairly simple arithmetic operations and to numerical integration. In both cases, the tools from interval analysis (see [18,28] for introductions, [25] for an in depth treatment, and [8,33,34] for circular interval arithmetic for numerical integration) apply without serious complications when the data are assumed to be given exactly. Indeed, Nakao [20,21] and Plum [35] rigorously solve linear elliptic equations with interval methods.

The dangers of excessive overestimation inherent in naive applications of interval techniques come up, however, when the data are uncertain, and care is needed to get reliable and realistic bounds in this case. We do this below (in Section 5) by resorting to global optimization rather than applying interval methods directly. Of course, mathematically rigorous global optimization [13,16,30] also involves the use of interval techniques, but these are hidden from naive users who simply need to feed a global optimization package with a symbolic description of their problem.

4 Linear elliptic partial differential equations

This section shows how to represent linear scalar elliptic partial differential equations in our abstract framework. Systems of linear elliptic partial differential equations and linear elliptic partial differential equations on manifolds can be handled in an analogous way. Here we take our spaces to be real vector spaces. All objects in this section may depend on θ, although this dependence is not written explicitly.

Let Ω ⊆ R^d be a nonempty and open domain with boundary Γ = ∂Ω. Let U = C^1(Ω) be the space of continuous real-valued functions on Ω which are continuously differentiable in Ω. We assume that Ω is a regular domain, i.e., that there is at almost all x ∈ Γ an outer normal n(x) ∈ R^d such that ∫ Ω dx ∇u(x) = ∫ Γ dσ(x)n(x)u(x) for u ∈ U, (26)

where dσ is the Lebesgue measure on Γ. The space U is naturally embedded in U := L^2(Ω) ⊕ L^2(Γ) via the identification u = (u|_Ω, u|_Γ) for u ∈ U. In general, we write u_Ω and u_Γ for the projection of u ∈ U to L^2(Ω) and L^2(Γ), respectively. Then the inner product in U is

u^∗v = ∫ Ω dx u_Ω(x)v_Ω(x) + ∫ Γ dσ(x)u_Γ(x)v_Γ(x).

We put H = U ⊕ L^2(Ω)^d, and write b_0 and b = (b_1, . . . , b_d)^T for the projection of b =

(_{b0} b ) to U and L^2(Ω)^d, respectively. Then the inner product in H is

a^∗b = a^∗_0b_0 + a^∗b = a^∗_0b_0 + d∑ k=1 ∫ Ω dx a_k(x)b_k(x).

Now let c, d and G be a scalar, d-dimensional vector and symmetric d × d matrix function of Ω, respectively, with bounded, measurable coefficients. Then the linear operator M = ( c d^T d G ) defined by

Mb := ( cb_0 + d^T b db_0 + Gb ) for b ∈ H

maps H into itself and satisfies M^∗ = M. The linear operators N =

(_{p0} p ) and

L = (_h ∇ ) defined for p ∈ H and h ∈ L^∞(Ω) by

Nu := ( p_0u pu ) , Lu := ( hu ∇u ) for u ∈ U

map U to H and satisfy

N^∗b = p_0b_0 + p^T b, L^∗b = (b_{0Ω}h|_Ω − ∇ · b, b_{0Γ}h|_Γ + n^T b) for b ∈ H.

The formula for L^∗ follows from ∫ Ω dx b^T ∇u = ∫ Ω dx (−∇ · b)u + ∫ Γ dσ (n^T b)u for u ∈ U, b ∈ U^d, (27)

which is a simple consequence of Green’s formula (26).

With these definitions and A := L^∗ML + N^∗L − L^∗N + c_0, we have Au = L^∗(MLu − Nu) + N^∗Lu + c_0u, and since

MLu − Nu = ( d^T ∇u + (ch − p_0)u G∇u + (dh − p)u ) , N^∗Lu + c_0u = p^T ∇u + (p_0h + c_0)u,

the equation Au = f^′ + L^∗f^{′′} (with f^′ ∈ U and f^{′′} ∈ H) describes the partial differential equation

−∇ · (G∇u + (dh − p)u) + (dh + p)^T ∇u + (ch^2 + c_0)u = f^′_Ω + f^{′′}_0 h − ∇ · f^{′′}

for x ∈ Ω, with mixed boundary conditions

n · (G∇u + (dh − p)u) + (dh + p)^T ∇u + (ch^2 + c_0)u = f^′_Γ + f^{′′}_0 h + n · f^{′′}

for x ∈ Γ. (The terms involving p_0 cancel, hence we can put p_0 = 0.) This is the most general linear second order partial differential equation with mixed boundary conditions.

The adjoint problem is simply obtained by replacing N by −N and hence p by −p.

A is elliptic if and only if G is positive definite. In this case, we can make M positive definite, too, by replacing c with some c_1 > d^T G^{−1}d, compensating for this change by adjusting c_0 to c_0 + (c − c_1)h^2.

5 Bounds under uncertainty

In most practical applications, the partial differential equation to be solved is only an approximate model of the real life situation it is intended to represent. In many cases, the modeling errors can be represented by adding parameters (constants or functions) to the model, and specifying the uncertainty in these parameters. If we collect all uncertain parameters into a (possibly infinitedimensional) vector θ, each admissible choice of θ defines a possible scenario. Thus while one solves the equations only for a particular nominal value of the parameters (or a limited set of values defining specific scenarios), one is interested in how the solution varies over the full set of admissible scenarios.

In this section, we assume that the uncertainty is specified deterministically by a condition θ ∈ Θ_s, where Θ_s is the region of uncertainty. (The label s becomes relevant in Section 6.) We employ global optimization techniques to obtain bounds that not only cover the errors in solving the differential equations but also the errors caused by the uncertainty in the parameters. This provides reliable tools for the assessment of uncertainty in the solution of elliptic partial differential equations. The problem to be solved, of the form

A(θ)u = f(θ) for some θ ∈ Θ_s, (28)

is assumed to be parameterized by θ. Thus the solution u = u(θ) depends on θ, and all computed approximations depend on θ, too. Therefore, the bounds derived in Section 3 will also depend on θ. For simplicity, we discuss here only the second-order error bounds (19), which now take the form

g^∗u(θ) − g^∗u_0(θ) ∈ [γ(θ) − δ(θ), γ(θ) + δ(θ)], (29)

γ(θ) = v_0(θ)^∗r(θ), δ(θ) = σ^{−1}‖s(θ)‖^∗_θ‖r(θ)‖^∗_θ,

where r(θ) = f(θ) − A(θ)u_0(θ), s(θ) = g − A(θ)^∗v_0(θ). Since the uncertainty region contains infinitely many scenarios, we need additional preparations to reduce the work to a finite and tractable amount. We compute an initial approximation u_0 = u_0(θ) for u = u(θ) by interpolation from approximate solutions u_l of (28) for a small number of scenarios θ_l ∈ Θ. In the simplest case, a single scenario θ_0 ∈ Θ suffices, leading to a θ-independent approximation u_0; however, better results are obtained if sufficiently many scenarios are used to ensure that u_0(θ) captures the essential variation in θ, since the errors will then be smaller. In principle one can increase the number of scenarios used adaptively, until the error bounds obtained are satisfying.

The dual problem will usually be solved only at a nominal scenario θ_0 in the center of the uncertainty set, since we do not expect to need a highly accurate dual solution to get accurate bounds. (However, if uncertainties are large, a θ-dependent dual approximation may be important.)

With these preparations, we can now define the two quantities

e_s := min{γ(θ) − δ(θ) | θ ∈ Θ_s}, e_s := max{γ(θ) + δ(θ) | θ ∈ Θ_s},

and find the desired rigorous error bounds

g^∗u(θ) − g^∗u_0(θ) ∈ [e_s, e_s] for all θ ∈ Θ_s.

For safety tests, usually only an inequality for g^∗u(θ) must be verified, and it sufficies to compute one of e_s, e_s.

The computation of e_s and e_s is a global optimization problem, since we really need the worst case to have a valid bound. If θ is not too high-dimensional, these global optimization problems are computational tractable. In particular, for polynomial dependence of the problem data on θ, the resulting optimization problem is purely algebraic if the number of uncertain variable is finite. Its coefficients can be determined analytically or by numerical integration, using the approximate solution of the primal and dual equation. Thus the error bounding process is completely decoupled from the PDE solver, and the work for the bounds is independent of the work spent in computing the approximations.

The resulting version of the optimization problem can be specified in an algebraic modeling language such as AMPL [9] and solved with a variety of modern solvers. Many of these are available online via the NEOS interface [24]. Thus even large uncertainties and strongly nonlinear dependence of the solution on the parameters can be handled reliably.

We note that if the input data depend continuously differentiably on θ then the bounds derived in Section 3 also depend continuously differentiably on the data (with a rare exception when a residual term in the norm vanishes exactly). Moreover, using automatic differentiation techniques [11], it is not difficult to transform a program calculating the desired bounds into a program that provides together with the bounds also the gradient with respect to the uncertain parameters. In the COCONUT system [7,43], this can even be done with intervals, and with slopes in place of the gradient. This makes it possible to get bounds which remain rigorous even in the presence of rounding errors.

If the uncertainties are small, the global optimization problem is likely to have only one local minimizer, in which case a local minimization is sufficient to locate it. We sacrifice the guarantee of knowing whether we indeed have the global minimum, but have the advantage that a much larger suite of solvers is available.

If the uncertainties are large or the solution depends sensitively on the uncertainties (which happens near bifurcation points of the differential equation), it is recommended to use Lyapunov-Schmidt reduction techniques to separate a few dominant uncertainty degrees of freedom. This improves the conditioning of the linear systems to be solved and gives more detailed information about the near-singular structure. For details see [27].

In the present paper, we concentrated on bounding a single response functional μ(u) satisfying the assumption (25). Of course, everything also applies when a few such functionals must be analyzed. However, if the number of response functionals grows, this approach becomes inefficient. Recent work by the author and Andrzej Pownuk [31] in the context of the finite element analysis of truss structures (where the resulting linear equations have a similar structure as those coming from discretized partial differential equations) show that it is in principle possible to efficiently find realistic worst case bounds on thousands of uncertain parameters and response functions. It should be possible to combine the techniques used there with the present methods for handling discretization errors to get similar results also for differential equations.

6 Modeling probabilistic uncertainty by clouds

In most practical applications, the uncertainties in the problem description can be specified only approximately, and a worst case analysis is inappropriate since the worst case has an exceedingly small probability. Rather, one wants to get some information on the variation of the solution over the most likely scenarios.

To describe these scenarios, we shall use the concept of clouds. This is a new notion for handling uncertainty, recently introduced in Neumaier [29]. It allows the representation of incomplete stochastic information in a clearly understandable and computationally attractive way. Clouds describe the rough shapes of typical samples of various size, without fixing the details of the distribution.

In contrast to probabilistic reliability analysis (see, e.g., Rackwitz [38], Schueller [44,45]), which requires the exact knowledge of the multivariate probability distribution of the uncertainty, a requirement which is nearly impossible to validate in practice, clouds use only probabilistic information readily available in practice.

In contrast to fuzzy sets (see, e.g., Möller & Beer [17] for large-scale uncertainty analysis in terms of fuzzy sets) whose operational meaning is also fuzzy, clouds have a well-defined operational semantics within probability theory, so that computations with clouds give reliable probabilistic information.

The use of clouds permits a worst case analysis without losing track of important probabilistic information. All computed probabilities are safeguarded against uncertainty in a way consistent with the limited information about probability distributions typically available in the multiparameter case.

Fig. 1. A 2-dimensional cloud with inner and outer boundaries for the confidence levels

The special case of interest for large-scale models is a confocal cloud defined by a continuous potential V which assigns to each scenario θ a potential function V (θ) defining the shape of the cloud, and a lower probability α(s) and an upper probability α(s) defining the fuzzy boundary of the cloud. Writing Pr(A) for the probability of a statement A involving θ (which is now a random vector), the defining property of a cloud is that, for all s,

α(s) ≤ Pr(V (θ) < s) ≤ Pr(V (θ) ≤ s) ≤ α(s), (30)

where α and α are strictly increasing continuous functions of s mapping the range of V to [0, 1]. In the notation of [29], this corresponds to the level function defined by x(ξ) = α(V (ξ)), x(ξ) = α(V (ξ)). For a given failure probability ε and α = 1 − ε, the so-called α-cut describes an inner region C_α of α-relevant scenarios with V (θ) < s_ε and a (generally larger) region C_α of α-reasonable scenarios with V (θ) < s_ε, where α(s_ε) = 1−ε and α(s_ε) = 1−ε. The conditions defining the cloud guarantee that s_ε ≤ s_ε, and that there is a region C with C_α ⊆ C ⊆ C_α containing a fraction of α from all scenarios considered possible.

To apply the techniques of the previous section, we define regions of uncertainty labelled by the potential value s representing the boundary of a level set in the cloud, Θ_s := {θ | V (θ) ≤ s}. Then the uncertainty is specified by a family of deterministic conditions θ ∈ Θ_s, where the probabilistic information is restricted to the interpretation of s and is given in the form Pr(θ ∈ Θ(s)) ∈ [α(s), α(s)].

The potential determines the shape of the cloud. In particular, potentials of the form V (θ) = max_k |(θ − θ_0)_k|/r_k define confocal rectangular clouds (a sort of fuzzy boxes), V (θ) = max_k |(Aθ − b)_k| defines confocal polyhedral clouds, and V (θ) = ‖Aθ − b‖^2 defines confocal elliptic clouds (a sort of fuzzy ellipsoids). An example of a confocal cloud with arbitrary shape is given in Figure 1.

The shape of the cloud can be easily adapted to uncertain probabilistic information. Frequently, high-dimensional probabilistic models are employed for uncertainty modeling because this is the only current way to draw conclusions from probabilistic uncertainty (e.g., by Monte Carlo simulation or a first or second order reliability method [38,45]). Such probability distributions usually reflect qualitative insight into the error structure. On the other hand, it is hardly possible to validate a particular probability distribution when the number of parameters are more than a handful – the amount of data needed for a statistically significant positive conclusion would be astronomical. However, we can take the negative loglikelihood of an estimated distribution as definition of the potential of a cloud, and then use the limited sample information available to construct a cumulative distribution function for the values of the potential. Together with error margins for the cumulative distribution function available from the Kolmogorov-Smirnov test (see, e.g., [37]), this provides reliable information in the form of a cloud.

References

[1] M. Ainsworth and J.T. Oden, A Posteriori Error Estimation in Finite Element Analysis, Wiley 2000.

[2] I. Babuška, F. Nobile and R. Tempone, Worst case scenario analysis for elliptic problems with uncertainty, Numer. Math. 101 (2005), 185–219.

[3] I. Babuška and T.Stroboulis, The Finite Element Method and Its Reliability, Oxford 2001.

[4] R. Becker and R. Rannacher, An optimal control approach to a posteriori error estimation in finite element methods, pp. 1–102 in: Acta Numerica 2001 (A. Iserles, ed.), Cambridge Univ. Press 2001.

[5] H. Behnke and F. Goerisch, Inclusions for eigenvalues of selfadjoint problems, pp. 277–322 in: Topics in Validated Computations (ed. J. Herzberger), North- Holland, Amsterdam 1994.

[6] D. Bertsimas and C. Caramanis, Bounds on linear PDEs via semidefinite optimization, Mathematical Programming, Ser. A. 108 (2006), 135–158.

[7] COCONUT Environment, An open source solver platform for global optimization problems, Web site.

http://www.mat.univie.ac.at/coconut-environment/

[8] M. Eiermann, Automatic, guaranteed integration of analytic functions, BIT 29 (1989) 270–282.

[9] R. Fourer, D.M. Gay and B.W. Kernighan, AMPL: A Modeling Language for Mathematical Programming, Duxbury Press, Brooks/Cole Publishing Company, 1993.

[10] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer, Berlin 2001.

[11] A. Griewank and G.F. Corliss. Automatic Differentiation of Algorithms, SIAM, Philadelphia, 1991.

[12] A. Hannukainen and S. Korotov, Computational Technologies for Reliable Control of Global and Local Errors for Linear Elliptic Type Boundary Value Problems, Helsinki University of Technology, Institute of Mathematics, Research Report A495, 2006.

[13] R.B. Kearfott, Rigorous Global Search: Continuous Problems, Kluwer, Dordrecht 1996.

[14] A.V. Knyazev and J. Osborn, New a priori FEM error estimates for eigenvalues, SIAM J. Numer. Anal. 43 (2006), 2647–2667.

[15] M. Kočvara and M. Stingl, PENNON: a code for convex nonlinear and semidefinite programming, Optim. Meth. Software 18 (2003), 317–333.

[16] Y. Lebbah, C. Michel and M. Rueher, A Rigorous Global Filtering Algorithm for Quadratic Constraints, Constraints J. 10 (2005), 47–65.

[17] B. Möller and M. Beer, Fuzzy Randomness, Springer 2004.

[18] R.E. Moore, Methods and Applications of Interval Analysis, SIAM, Philadelphia 1979.

[19] R.L. Muhanna, R.L. Mullen and H. Zhang, Interval finite element as a basis for generalized models of uncertainty in engineering mechanics, pp. 353–370 in: Proc. NSF Workshop Reliable Engineering Computing, Sept. 15–17, 2004, Savannah, GA (R.L. Muhanna and R.L. Mullen, eds.).

www.gtsav.gatech.edu/rec/recworkshop/presentations/Hao.ppt

[20] M.T. Nakao, A numerical approach to the proof of existence of solutions for elliptic problems I, Japan J. Appl. Math. 5 (1988), 313–332.

[21] M.T. Nakao, A numerical approach to the proof of existence of solutions for elliptic problems II, Japan J. Appl. Math. 7 (1990), 477–488.

[22] M.T. Nakao and N. Yamamoto, A guaranteed bound of the optimal constant in the error estimates for linear triangular element, Comput. Suppl. 15 (2001), 165–173.

[23] M.T. Nakao, N. Yamamoto and S. Kimura, On the Best Constant in the Error Bound for the H^1_0 -Projection into Piecewise Polynomial Spaces, J. Approx. Theory 93 (1998), 491–500.

[24] NEOS server for optimization, Web site.

http://www-neos.mcs.anl.gov/

[25] A. Neumaier, Interval Methods for Systems of Equations, Cambridge Univ.

Press, Cambridge 1990.

[26] A. Neumaier, Global, rigorous and realistic bounds for the solution of dissipative differential equations. Part I: Theory, Computing 52 (1994), 315–336.

[27] A. Neumaier, Generalized Lyapunov-Schmidt reduction for parametrized equations at near singular points, Linear Algebra Appl. 324 (2001), 119–131.

[28] A. Neumaier, Introduction to Numerical Analysis, Cambridge Univ. Press, Cambridge 2001.

[29] A. Neumaier, Clouds, fuzzy sets and probability intervals, Reliable Computing 10 (2004), 249–272.

[30] A. Neumaier, Complete Search in Continuous Global Optimization and Constraint Satisfaction, pp. 271–369 in: Acta Numerica 2004 (A. Iserles, ed.), Cambridge University Press 2004.

[31] A. Neumaier and A. Pownuk, Linear systems with large uncertainties, with applications to truss structures, Reliable Computing 13 (2007), 149–172.

[32] N. Pares, J. Bonet, A. Huerta, and J. Peraire, The computation of bounds for linear-functional outputs of weak solutions to the two-dimensional elasticity equations, Comp. Meth. Appl. Mech. Engin. 195 (2006), 406–429.

[33] K. Petras, Gaussian Versus Optimal Integration of Analytic Functions, Constr.

Approx. 14 (1998) 231–245.

[34] K. Petras, Self-validating integration and approximation of piecewise analytic functions, J. Comput. Appl. Math. 145 (2002), 345–359.

[35] M. Plum, Explicit H_2-estimates and pointwise bounds for solutions of secondorder elliptic boundary value problems, J. Math. Anal. Appl. 165 (1992), 36–61.

[36] M. Plum, Existence and enclosure results for continua of solutions of parameterdependent nonlinear boundary value problems, J. Comput. Appl. Math. 60 (1995), 187–200.

[37] W.H. Press, S.A. Teukolsky, W.T. Vetterling, B.P. Flannery, Numerical recipes, Cambridge University Press 1986.

[38] R. Rackwitz, Reliability analysis- a review and some perspectives, Structural Safety 23 (2001), 365–395.

[39] S. Repin, A posteriori error estimation for nonlinear variational problems by duality theory, Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 243 (1997), 201–214.

[40] S. Repin, S. Sauter, and A. Smolianski, A posteriori error estimation for the Dirichlet problem with account of the error in the approximation of boundary conditions, Computing 70 (2003), 205–233.

[41] A.M. Sauer-Budge, J. Bonet, A. Huerta, and J. Peraire, Computing bounds for linear functionals of exact weak solutions to Poisson’s equation, SIAM J. Numer. Anal. 42 (2004), 1610–1630.

[42] A.M. Sauer-Budge and J. Peraire, Computing Bounds for Linear Functionals of Exact Weak Solutions to the Advection-Diffusion-Reaction Equation, SIAM Journal on Scientific Computing 26 (2004), 636–652.

[43] H. Schichl, Mathematical Modeling and Global Optimization, Cambridge Univ.

Press, to appear.

http://www.mat.univie.ac.at/∼herman/papers/habil.pdf

[44] G.I. Schueller, Computational stochastic mechanics – recent advances, Computers ans Structures 79 (2001), 2225–2234.

[45] G.I. Schueller, Developments in stochastic structural mechanics, Archive of Applied Mechanics (Ingenieur Archiv) 75 (2006), 755-773.

[46] N. Yamamoto, M.T. Nakao, M.T., and Y. Watanabe, Validated computation for a linear elliptic problem with a parameter, pp. 155–162 in: Advances in Numerical Mathematics (Kawarada et al., eds.), GAKUTO International Series, Mathematical Sciences and Applications Vol. 12 (1999), 155–162.

[47] N. Yamamoto and M.T. Nakao, Numerical verifications of solutions for elliptic equations in nonconvex polygonal domains, Numer. Math. 65 (1993), 503–521.