A NEW EXACT PENALTY FUNCTION
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Abstract. For constrained smooth or nonsmooth optimization problems, new continuously
differentiable penalty functions are derived. They are proved exact in the sense that under some
nondegeneracy assumption, local optimizers of a nonlinear program are precisely the optimizers of
the associated penalty function. This is achieved by augmenting the dimension of the program by a
variable that controls both the weight of the penalty terms and the regularization of the nonsmooth
terms.
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1. Introduction. Smooth nonlinear programs are traditionally solved by aug-
menting the objective function or a corresponding Lagrangian function using penalty
or barrier terms to take account of the constraints (see, e.g., the surveys [3, 15]).
The resulting merit function is then optimized using either standard unconstrained
(or bound constrained) optimization software or sequential quadratic programming
(SQP) techniques. Independently of the technique used, the merit function always
depends on a small parameter ¢ (or a large parameter p = ¢ !); as € — 0, minimizers
of the merit function converge to the set of minimizers of the original problem. In
some SQP approaches, one uses instead so-called exact penalty functions that pro-
duce exact optimizers already at sufficiently small positive values of €. In return,
these exact penalty functions have the disadvantage that the evaluation of the merit
function either needs Jacobian information (to estimate multipliers), or (for I; or I,
penalties) it is no longer smooth. In addition, both kinds of penalty functions may be
unbounded below even when the constrained problem is bounded, which may make
it difficult or impossible to locate a minimizer.

For nonsmooth nonlinear programs, solution techniques are much less developed,
and often restricted to the convex or unconstrained case; in the latter case, constraints
are usually handled by an [, exact penalty function (e.g. in SOLVOPT [6]). The various
approaches are based on combinations of subgradient methods (e.g., [13, 4]), Moreau-
Yosida regularization (e.g., [8, 9, 14]), or bundle techniques (e.g., [5, 7, 10]). The
regularization again depends on a small smoothing parameter £ > 0 such that for
€ — 0 the original nonsmooth functions are recovered.

In the following, we discuss a new merit function for smooth or nonsmooth opti-
mization problems with equality, inequality and bound constraints that

e has good smoothness and exactness properties,
e remains bounded below under reasonable conditions,
e combines regularization with penalty techniques, and
o ig flexible enough to give enough freedom for incorporating available Lagrange
multiplier estimates.
The most important new idea is that the merit function is considered as a function of
z and ¢ simultaneously, with the property that under appropriate assumptions, the
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minimizer (z*,&*) of the merit function satisfies €* = 0, so that z* solves the original
problem.

This paper is organized as follows. In §2, the case of a smooth constrained op-
timization problem with equality constraints and bound constraints is considered. A
penalty function is introduced and it is proved that under certain assumptions, all
local minimizers of this penalty function have the form (z,e) with ¢ = 0 and z a
solution of the original problem. A converse of this can be proved in much greater
generality, namely for nonsmooth functions that are suitably regularized. Therefore,
in §3, a nonsmooth objective function and nonsmooth constraints are replaced by reg-
ularized functions and regularization recipes for some common nonsmooth functions
are given. As a preparation for the exactness proof, §4 proves some results involv-
ing regular zeros of a not necessarily smooth function. In §5 the penalty function is
generalized to the regularized problem and it is proved that, for a solution x* of the
constrained optimization problem, (z*,0) is a minimizer of the penalty function. In §6
we illustrate our theory with an example, where the traditional penalty functions are
unbounded. Finally, in §7 our penalty function is generalized to problems involving
in addition inequality constraints; analogous results to those for equality constraints
are shown to hold by reducing this case to the previous one with the aid of slack
variables.

Notation. In the following, the absolute value of a vector is defined compo-
nentwise, || := (|z1],...,|z,|)T. Similarly, vector inequalities are understood com-
ponentwise. The norm used throughout is the Euclidean norm ||z|| = /> 7, and
Blz;r] denotes a closed Euclidean ball around z¢ with radius r. The subvector of 2
indexed by the indices in J is denoted by z;, and A.; denotes the matrix consisting
of the columns of a matrix A indexed by the indices in J. Sets of the form

x=[2,7={zeR" |z <z <7},

where the lower bound z € (RU {—00})™ and the upper bound T € (RU {oo})™ are
vectors containing proper or infinite bounds on the components of z and z < 7, are
referred to as n-dimensional bozes.

2. The smooth case. In this section we propose a class of penalty functions
for the smooth constrained nonlinear optimization problem

min  f(z)
(2.1) st. g [u,v], F(x)=0,

where [u,v] is a box in R® with nonempty interior, f : D — R and F': D — R™ are
continuously differentiable in an open set D containing [u,v]. We fix w € R™ and
consider the equivalent problem

min  f(z)
(2.2) st. Fix)=ew; (i=1,...,m),
x € [u,v], €=0.

This motivates the definition of the penalty function f, on D x [0, ] by

f(z) if e = A(z,e) =0,
1 Az, e
(23) fo(@.e) = f(x)+ .0)

21— qA(z,¢)
0 otherwise,

+o0B(e) ife>0, A(z,e) < g1,
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with the constraint violation measure
(2.4) A(z,e) := |lew — F(z)|]?,

where, in addition, & > 0 and ¢ > 0 are fixed and § : [0,&] — [0, 00) is continuous
and continuously differentiable on (0,&] with (0) = 0. The surrogate optimization
problem then reads

min  f(z,¢)

(2.5) st. (z,¢) € [u,v] x [0,2].

Note that f,(x,¢) is continuously differentiable in
Dy = {(z,¢) € D x (0,8) | A(z,e) < g™ '},

with continuous limits at the part of the boundary where the limit values are finite,
in particular at (x,0) with feasible . Moreover,
£ [[wlf?

(26) fa(xag) = f(.l‘) +5

2 T—gqupe T op(e) > f(z) = fo(2,0) if F(z) =0.

The shift by ew in the definition of the constraint violation measure allows one to
incorporate Lagrange multiplier estimates (that serve to be able to work with better
conditioned Hessians; see the remark at the end of this section).

The denominator 1 — gA(z,¢) is included since it forces the level sets of f, to
remain in the set {(z,€) € R® | A(z,e) < ¢~ '} and hence in some sense close to
the feasible set of (2.1). In particular, in many cases where the traditional quadratic
penalty function (where w = 0 and ¢ = 0) is unbounded below, moderate positive
values for ¢ give a well-behaved penalty problem (cf. the example in §6). Indeed, f,
is bounded below on [u,v] x [0,&] whenever f(z) is bounded below on the set

(2.7) D' ={z € [u,0] | |F(2)|l < ¢/ +éllwl]}.

This is a reasonable condition since it always holds when f is bounded below on the
feasible set, ¢ is small enough, and g is large enough.

The term of3(¢) is included since it allows to optimize simultaneously on z and e,
thus automatizing the adaptation of the penalty factor 1/2¢. Intuitively, many slices
with different, fixed values of € that are optimized in traditional quadratic penalty
methods are arranged consecutively, and translated by the term o((g) in such a way
that the minimizers form a curve with decreasing function values as ¢ — 0. Therefore,
simultaneous optimization over both x and £ automatically leads to a local minimum
at ¢ = 0. Of course, we need conditions guaranteeing that the term o8(¢) is enough
to cause this behavior of the penalty function. As we shall see in §5, 8(g) = /¢ is an
appropriate (but not the only possible) choice.

We say that the Mangasarian—Fromovitz condition (see [11]) for (2.1) holds at
x € [u,v] if F'(z) has full rank and there is a p € R* with F'(z)p = 0 and

) >0 ifxizui,
"1<0 ifz; =v;.

THEOREM 2.1. In addition to the general assumptions mentioned after (2.1)
and after (2.4), assume that the set (2.7) is bounded, that each x € D' satisfies the
Mangasarian—Fromovitz condition, and that

(2.8) B'(e)>pB1>0 for0<e<Eé.
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If o is sufficiently large, there is no Kuhn—Tucker point (x,€) of (2.5) with € > 0.

In particular, for sufficiently large o, every local minimizer (x*,&*) of the penalty
problem (2.5) with finite f,(x*,&*) has the form (z*,0), where x* is a local minimizer
of the original problem (2.1).

Proof. If (z,¢) is a Kuhn—Tucker point of (2.5) with ¢ > 0, then there exist vectors
¥,z € R™! such that

Vi, (z,e) =y — 2z,
inf(y;, x; — u;) = inf(z,v;, — ;) =0, i =1,...,n
Ynt1 = inf(zp41,€ —€) =0,
where Vf,(z,e) is the gradient of f, with respect to (x,¢). The assertion of the
theorem is proved by contradiction. Assume that there exists a sequence (z*, ey, o),

e # 0 for all k, oy — 00 as k — 0o, where (2*,¢;,) is a Kuhn—Tucker point of f,, .
We use the abbreviation Ay := A(2*,e;). The point z* satisfies

IF(28)]| < A2 +exllwll < g2 + &l

hence z* € D'. Since D' is closed and bounded, we may restrict to a subsequence if
necessary, and assume that

(2.9) lim e =¢* €[0,5] and lim 2" =2* € D'
k—o0

koo
The condition £ f,, (z*,&) < 0 yields
(2.10) gAf + ellw|l? + 265 (1 - qAr)? 0w () < 1F ()],
with equality in the case e # . Since the right-hand side is bounded and o — oo,
this yields (in view of (2.8) and (2.9))
(2.11) =0 or A*=gq"
where A* := A(z*,e*). The derivatives with respect to x give
>0 if 2f = u,,

1
(F'(z")T(F(2F) — gpw))i { =0 if uy < 2F < vy,

(2.12)f,, (x’”) + T
(1 —qAx)%es <0 if 2k =,

or

>0 if 2f = w,,
(F'(@*)T(F(z*) — epw))i + (1 — gAp)epfo, (%) ¢ =0 if us < 2F <,
<0 if 2F = vy,

where f,, denotes the partial derivative of f with respect to x;. By passing to the
limit, using (2.9) and (2.11), we obtain

>0 if 2} = wuy,
(2.13) (F'(z*)T(F(z*) —e*w))s { =0 ifu; < ¥ <y,

<0 ifzf =wv;.
Since z* € D’, the Mangasarian—Fromovitz condition holds for x = z* and some
vector p € R". Let I := {i | ] = u;}, I, := {i | 2 = v;} and w* := F(z*) — ¢*w.

Then
0=(F'(a")p)"w* = pi(F'(@)Tw)i + > pi(F' (") "w*),

i€lh i€l
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and the Mangasarian—-Fromovitz condition and (2.13) imply (F'(z*)Tw*); = 0 for
i € I UL, and thus F'(z*)Tw* = 0. Now the fact that F'(2*) has full rank yields
w* = 0, giving

(2.14) F(z*) —e*w = 0.

Hence A* = 0, and by (2.11) we must have ¢* = 0; therefore F(z*) = 0 by (2.14).
Now (2.10) and (2.8) yield

q 1
E—QAﬁ + lwl® +2(1 — gAx) oy < S—QIIF(JC’“)Ilz-
k k

Since B; > 0, the last term on the left-hand side tends to oo as &k — oo. Thus the
vectors y* := ¢ ' F(z*) satisfy ||y*|| — oo, the vectors z* := y*/||y*|| have norm 1,
and (2.12) implies that the numbers u* (i =1,...,n), defined by

N PR ST e N St
K = ||yk||f$(x )+ (1_qu)2(F ()" 2%); (l—qu)2||y’“||(F (") w)g,

satisfy

>0 if 2 = u,,
uf‘ =0 ifui<wf<vi7
SO if.%'fZUi.

If we pick a convergent subsequence z* with limit z* and pass to the limit we obtain

>0 ifx] =uy,
(F'(x*)72%);{ =0 ifu; <zt <w,
<0 ifat=uv,.

Now similarly as above this yields z* = 0, which is a contradiction to ||z*|| = 1. Thus
such a sequence (z¥, ¢, o)) cannot exist, and for sufficiently large o all Kuhn—Tucker
points of f, are of the form (z,0).

Now let (z*,¢*) be a local minimizer of f, with finite f,(z*,&*). If £* > 0 then
(z*,e*) must be a Kuhn—Tucker point, contradiction. Therefore, e* = 0, and since
fo(x*,e*) is finite, A(z*,e*) = 0. Now (2.4) implies F(z*) = 0, so that z* is a
feasible point of (2.1). Thus (2.6) implies that there is a neighborhood of z* where
f(z) > f(z*) for feasible z. Therefore z* is a local minimizer of (2.1). O

We conclude that under the stated assumptions, minimizing the penalty function
fo for sufficiently large o yields a minimizer of the original problem. Conversely, as we
shall prove in §5 in a more general setting, a minimizer z* of (2.1) yields a minimizer
(z*,0) of f, for sufficiently large o and slightly stronger conditions on §(¢).

Remark. If w; #0 for i = 1,...,n, we can write w; = \; ' and rewrite (2.2) as

min f(z)
st. NFi(x)=¢ (i=1,...,m),
x € [u,v], €=0.

This is again of the form (2.2) with F; replaced by \;F; and w; replaced by 1. There-

m

fore, the theorem also holds with A(z,e) = Y (e —\;Fi(x,¢))? in the penalty function

=1
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(2.3). Now the penalty function has an augmented Lagrangian interpretation. Indeed,
for (z,¢) with small A(z,e) we obtain

fol@) = @) + 52 - o aBe)

= (&) + 5@ ) + 0B(E) + O(A(w,)?)
§§JXFw—aﬂwm@+mAw@%

)= > AFi(@ +—ZA2 +—+a,8() O(A(z,e)?).

Thus, for fixed € and up to constant additive terms and higher order terms, f, is an
augmented Lagrangian, and the ); play the role of (fixed, initial) Lagrange multiplier
estimates.

In particular, as in traditional multiplier penalty functions [1], if the A; are close
to the Lagrange multipliers at the optimizer x* then f,(x,e) is nearly stationary
at x* for arbitrary fixed € > 0. Therefore, numerical schemes for the minimization
of fy(x,e) get close to the minimizer already when ¢ is not very small, and hence
when the Hessian of f, (which gets more and more ill-conditioned as e — 0) is still
well-conditioned.

= f(@)+

3. Regularization of nonsmooth and ill-conditioned problems. In order
to regularize the optimization problem (2.1) with not necessarily smooth functions f
and F, we assume that we can embed f and F into a family of regularized functions
f(z,e) and F(z,¢) that are twice continuously differentiable in (x,¢) when & > 0 and
satisfy

f@) = f(,0) = lim f(z,¢), F(z) = F(z,0) = lim F(z,é).

Of course, the case where the objective function and the constraints are already well-
behaved needs no modification, and in this case we simply put f(z,¢) = f(z) and
F(x,e) = F(z) for all e.

Nonsmooth functions arising in practice are often factorable, i.e., composed of a
finite sequence of elementary operations. Most elementary operations are smooth; the
nonsmoothness arises through a small number of nonsmooth elementary functions. A
natural regularization approach for factorable functions is to write each nonsmooth
elementary function N(z) as a limit of smooth functions N(z,¢) that are twice con-
tinuously differentiable in (x,e) when € > 0,

N(z) = lim N(z,¢).
e—=0

Assuming that the objective and constraint functions are factorable, we may replace
each occurrence N (r;) of a nonsmooth elementary function in the definition of the
objective and constraint functions with N (r;,ep;) depending on an intermediate result
r; and a suitable scaling constant p;. Then we end up with regularized functions
f(z,e) and F(x,¢) with the required properties. Possible forms of N(z,¢) for the
most important nonsmooth N(z) are given in Table 3.1. Note that the first two
formulas are independent of &; the particular choice indicated is numerically stable
and allows to restrict the sum to those terms where the exponent is > logmacheps,
where macheps is the machine accuracy.



A new exact penalty function 7

Some smooth nonlinear programs are very difficult to solve since the Hessian
matrix of the Lagrangian is severely ill-conditioned everywhere. Often, the reason
for this is that the objective function or some constraint contains subexpressions
involving some huge or tiny constants. Such constants can be regularized, too, by
adapting them according to the last two lines of Table 3.1.

TABLE 3.1
Some regularization recipes

N(z) N(z,¢) condition
1 — =

max €+elog Y exp((ak —€)/e) | €= maxay

i —el - = mi
min €~ clog Y exp (€~ a)/e) | €= mina
zt (z>0,t<2) (z +¢)t t#£0,1
xtlogz (x> 0,t<2) | atlog(z +¢) t=0,1,2

(z +¢&)tlog(z +¢) t#£0,1,2

l=l* (t < 2) |&#*] /(2] * + &) k=2t
|z|*log |#| (0 <t < 2) | |a*+*|log |x|/(|x|* +*) k=1+12-1
¢ (huge constant) c/(1+¢€lc|)
¢ (tiny constant) c+esigne

To approximate elementary functions with step discontinuities, such as

1 ifz>0, 1 ifz>0,
pos(z) = § if 2 <0, nneg(®) =9 ifz <0

1 ifz>0,
sign(z) = 0 ifxz=0,
-1 ifx <0,

one may use the regularizations given in Table 3.2 (using z, = max(z,0)). However,
no accompanying theory is available since the results presented in §5 require the
Lipschitz continuity of the functions involved.

TABLE 3.2
Regularization of functions with step discontinuities

N(z) N(z,¢) condition
pos(z) wi/(mﬁ_ +¢e9%)
nneg(x) xﬁ_/(mi +¢e3)
sign(z) 2% /(|2°] + &)
p if x> 0(>0), pxd/(x® +€%) ifx >0, <0
g otherwise qz3/(z® — &%) otherwise LE

4. Regular zeros of nonsmooth functions. In this section we derive some
technical results that are needed for the successful analysis of nonsmooth equality
constraints.

DEFINITION 4.1. A point x* € R™ is called o regular zero of a function H : D C
R® — R™, m < n, if £* is in the interior of D, satisfies H(z*) = 0, and there are
a closed, convex and bounded set A of m x n-matrices and a matriz B € R(—m)xn
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such that the augmented matrizc is nonsingular for all A € A and for every x,y

A
B
in some neighborhood N C D of x* there exists a matriz A € A with

(4.1) H(z) — H(y) = A(z —y).

The regularity of a zero can be verified under quite general circumstances.
PROPOSITION 4.2. A point x* € R™ is a reqular zero of H if H is continuously
differentiable in a neighborhood of x* and H'(z*) has full rank.
H'(z")

Proof. If H'(z*) has full rank, there is a matrix B such that B

and nonsingular. By continuity, there exists a convex neighborhood N of * such that
H'(x)
("5
is satisfied if we take for A the closed convex hull of {H'(z) |z € N}. 0O
The preceding result generalizes to certain piecewise differentiable functions if the
nonsmoothness is not too severe. For example, we have
PROPOSITION 4.3. A point * € R™ is a reqular zero of H(x) = G(z, |z — z*|) if
G is continuously differentiable in a neighborhood of (z*,0) with G(x*,0) =0, and if
there exists a matriz B such that, for all diagonal matrices ¥ € R™™™ with |Z;| <1
81G(a:*, 0) + 62G(a:*, O)E
B
Proof. We mimic the proof of Neumaier [12, Proposition 5.1.4]. Without loss of
generality, 2* = 0. There is a ball N = BJ[0;4] such that G(z, z) is continuously dif-
hG(z, z) + 02G(x,2)S
B
Let z,y € N. By a version of the mean value theorem we have

is square

) is nonsingular for z € N and, as in the proof of [12, Proposition 5.1.4], (4.1)

fori=1,... n, the matric is nonsingular.

ferentiable for (x,z) € N and every matrix ( ) is nonsingular.

Gz, |z]) = Gy, ly]) = /0 hG(y +s(z—y) |z))(z —y)ds

1
+ / Gy, 1yl + s(la| — ) (=] — ly]) ds
0
= A(.’IJ - y)7

where

1 1
A= / HG(y + s(z—y),|z|) ds + / 0:G(y, lyl + s(lz| — [y]) T ds
0 0
and ¥ is the diagonal matrix with the diagonal entries

(il = vl /(@i —ya)  if @i # i,
Y= {0

otherwise.
Since N is convex, A is contained in the closed convex hull A of the set of expressions
IG(z,|2']) + 2G(y,|y'|)E, where z,2',y,y’ € N and ¥ is a diagonal matrix with
A
|2 < 1lfori=1,...,n. If N is chosen sufficiently small, ( B) is nonsingular for all

Ae A O
In particular, this applies to H(z) = G(z) + §G1(z, |z|) if G and G are continu-
ously differentiable near 0, G'(0) has full rank, and § is sufficiently small.
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With a similar argument but now involving generalized derivatives (essentially
the convex hull of the limit set of gradients of nicely approximating smooth functions;
see, e.g., [2, 12]), the following result can be proved.

PROPOSITION 4.4. A point z* € R" is a regular zero of H(z) if H is Lipschitz
continuous in a neighborhood of x* with H(x*) = 0, and if there exists a matriz B
such that, for all matrices H' contained in the generalized derivative of H at x*, the

HI
matric ( B) s nonsingular.

For x near a regular zero of H and an arbitrary set J of indices, one can find
a small perturbation of the order of O(||Hs(x)||) such that the perturbed vector y
satisfies H(y) = 0 and H;(y) = H;(z) for all i ¢ J.

THEOREM 4.5. Let x* be a reqular zero of H: D CR* - R™, m < n. Then
there are a neighborhood Ng C N of x* and a constant vg > 0 such that for each
x € Ng and each subset J of {1,...,m} there exists a vector y = y(x) € N with
H;(y) =0 fori € J and H;(y) = H;(x) fori ¢ J such that

llz = yll < ol Hs ()]l

Proof. We define the neighborhood Ny := B[z*; (270(L + ||B||))~*r] N N, where
r > 0 is such that the closed ball Ny := B[z*;r] is contained in the neighborhood N
of x*, and

<0

A\ L
L := sup ||4]| < 00, 70 := sup H( )
AcA Aea [[\B

by assumption. By (4.1), the constant L is a Lipschitz constant for H. We fix a vector
x € Ng and a subset J of {1,...,m}, and put K :={1,... m}\ J.

To find y, we want to apply the nonsmooth inverse function theorem given in
Neumaier [12, Theorem 5.1.6(iv)] to the mapping F': N — R" defined by

F(z) = (B(f(_zl*)) for z € N,

with the right-hand side

(42) 5= (o))

where b; = 0 for i € J and b; = H;(z) for i € K, and 2° = z*. Since H(z*) = 0
implies F(z*) = 0, this requires that we show

(4.3) F(z) # sb* for all z € 9Ny, s €]0,1).

If this holds, [12, Theorem 5.1.6(iv)] implies that there is a unique y € N; with
F(y) = b*, hence H;(y) = 0 for ¢ € J and H;(y) = H;(z) for i € K. Moreover,

Fo) - F) = () -v)
for some A € A and

I1F(z) = Fy)ll = [|1H, ()],
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A\ !
— <
le-u<|(5)

Thus y has the required properties.
To show (4.3), we suppose that F'(z) = sb* for some z € N1, s € [0,1). Since Ny
is contained in N, there exists an A € A such that

hence

1H ()| < ~oll H()]]-

sb* = F(z) = F(2) — F(z*) = (2) (z —a%),

and we obtain

o= =1ls(g) Il < ol

Since H(z*) = 0, (4.2) implies ||b*|| < ||[Hg(x) — Hx(2*)|| + ||B(z — z*)|| < (L +
|IBI)||z — z*||, and we conclude

(4.4) Iz = 27|l < s70(L + [| Bl [lz — 27 |I.

Hence z € B[z*;r/2] cannot lie on the boundary of Nj; in particular, (4.3) holds.
This proves the theorem. O

5. The local exactness proof. We now consider the optimization problem
(2.1), where we now allow f and F to be nonsmooth functions. Clearly, with the
embedding of §3 and a fixed w € R™, (2.1) is equivalent to

min  f(z,¢)
(5.1) st. Fi(z,e)=ew; (i=1,...,m),
x € [u,v], €=0.

We assume that f and F are continuous on D x [0, &], where D is an open set containing
[u,v] and € > 0, and twice continuously differentiable on its interior.

We use again the expression (2.3) for the penalty function but with f(z,¢) in
place of f(z) and the regularized constraint violation measure

(5.2) Az, e) = |lew — F(z,2)|]%.

If, in addition to the assumptions mentioned after (2.4), 8 is twice continuously dif-
ferentiable for ¢ > 0, the function f, is twice continuously differentiable for (z,¢) €
(0,8) x [u,v] with A(z,e) < ¢~ L.

It is conceivable that for this penalty function, a suitable analogue of Theorem
2.1 holds even in the nonsmooth case, but this requires an extension of the Kuhn—
Tucker optimality conditions to nonsmooth problems, and we have not tried to handle
the technicalities associated with this. On the other hand, we show here (after some
preparation) that a converse of Theorem 2.1 can be proved in the nonsmooth case.

Assumptions. For the formal analysis, we shall suppose that, in addition to the
general assumptions made above, the following assumptions (Hy), (Hr) and (H.) are
satisfied in a neighborhood of some local (or global) minimizer = x* of (5.1). Let
I:={i|wu <z < v}; to simplify notation we assume that I = {1,...,p} with
m<p<n.
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(Hf) f(-,0) is Lipschitz continuous with the Lipschitz constant k.

(Hp) z* is a regular zero of F'(+,0) and z7} is a regular zero of G : D; C R? — R™,
defined by G(%) := F(z,0), where z; = &; for i = 1,...,p and z; = z} for
i=p+1,...,n and D is an appropriate open set containing [us,v;]. N is a
neighborhood of z* according to Definition 4.1 such that, in addition, F'(-,0)
is Lipschitz continuous in N and z; € [us,v;] for z € N.

(He) There are positive constants £ and K such that for all x € N and all € € [0, 2],
IF(2,0) = F(z,¢)llc < Ke, |f(2,0) = f(z,e)] < Ke.

(Hg) B satisfies lirgi(r)lfﬂ(s)/\/g > 0.

LEMMA 5.1. z* is a regular zero of H : D C R* — R™t"~P_ defined by H;(z) :=
Fi(z,0) fori=1,...,m and H;(z) := Tiomtp —T; mip fOri=m+1,..., m+n—p,
if and only if x* is a regular zero of F(+,0) and 3 is a reqular zero of the mapping
G defined in (Hp).

Proof. Let x,y € N, where N is an appropriate neighborhood of z* according
to Definition 4.1. In both cases we have F(z,0) — F(y,0) = A(z — y) for a matrix
A € A, where A is a closed, convex and bounded set of m x n-matrices such that the

A
augmented matrix < B) is nonsingular for all A € A for some matrix B € R(»=m™)*7

Then
Hw) - 50 = () =)

where A’ := (0 I, ,) € R®=P)*" and
G(z1) = Gyr) = Au(xr —yr).

A
Let z* be a regular zero of H and let B’ € R®~™*" be such that [ A’ | is
BI
. A:I . . . .
nonsingular for all A € A. Then , | is nonsingular, i.e., x} is a regular zero
B:I
A,
of G. Conversely, let z7 be a regular zero of G and let B!; be such that ( B}1> is
oI
A
nonsingular. Then | A’ | is nonsingular with B” = (B!, 0) € RP=™)x"_ Therefore
B/I
x* is a regular zero of H. O

LEMMA 5.2. If (Hy) and (Hp) hold, there are a neighborhood No C N of x* and
a constant y1 > 0 such that

f(z,0) > f(z*,0) — v ||F(z,0)|| for all x € No N [u,v].
Proof. By (Hp), x* is a regular zero of the mapping H defined in Lemma 5.1.

Let No C N and ~ be as in Theorem 4.5, and let x € Ny. Then by Theorem 4.5 with
J :={i| Fi(z,0) # 0} there exists a y = y(z) with H(y) = 0 such that

llz = yll < vllH,(@)l| = 2l F (2, 0)]l.
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The fact that y; = ] for i = p+1,...,n and the choice of N in (Hr) imply that y €
[w,v], i.e., y is a feasible point. We therefore have f(y,0) > f(z*,0) by assumption,
and

f(.Z',O) = f(.Z',O) _f(yao) +f(y70) > f(.’L'*,O) - k||x—y||
> f(a:*,O) - k70||F(x70)”7

which finishes the proof. d
Now we can prove the main theorem of this section.

THEOREM 5.3. Under the above assumptions and for sufficiently large o, there
are a neighborhood N' of * and an &' € (0,&] such that

fo(z,€) > fo(z*,0) = f(z*,0)  for all (x,e) € N’ x (0,€'].
In particular, (z*,0) is a local minimizer of f,.

Proof. Let the neighborhood N’ C Ny of z* (Np as in Lemma 5.2) be sufficiently
small such that

DN =

(5.3) sup (f(z7,0) = f(2,0)) <

let &’ € (0,&], &' <1 be sufficiently small such that

(5.4) Ble) > B2ve

for 0 <e <¢' and a B2 > 0, and let
1
(5.5) o> E(K (m +1) + i (Jlwll +1)).

For (z,e) € N’ x (0,&'] we distinguish two cases.
Case 1. Let A(x,e) > e. Then

fol@,€) > f(z,€) + 5 +05(e)

Y

f

. 1 1

f(z*,0) — 3 - Ke+ 3 +o8(e)
f(@",0) = Kve + ofav/e > f(27,0),

where we have used (H), (5.3), (5.4), (5.5) and the fact that ¢ <&’ < 1.

Case 2. If A(z,e) < e, then [|F(z,¢)|| < ellw|| + [lew — F(z,¢)|| < ellw|| + v,
hence by Lemma 5.2 and (H.),

v

f(@*,0) < f(2,0) + 7| F(z, 0)l
< f(z,e) + Ke + n(||F(z, )l + Ke)
< f(=,

(z,€) + K(y1 + De + n(ve + ellwl]).

Therefore f,(x,e) > f(x,e) + oB(e) > f(x*,0) by (5.4), (5.5) and e <&’ <1. O
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6. An example. To illustrate the theory developed, we consider the simple
smooth nonlinear optimization problem

min 23z}

st. x3+a23=1.

It has a bounded feasible domain, two global minimizers at z* = (3v/2, —2v/2)7 and

= (—1v2,3v2)7 with f(z*) = f(z**) = —%, and no other local minima. The
traditional quadratic penalty function for this problem,
1
p(@) = 2ia} + o (o] + 25 - 1)
is unbounded below for all ¢ > 0 since, e.g., p(z) = —oo for = (s, —s)7, s = oo. This
is also the case for traditional exact penalty functions, including multiplier penalty

functions [1] that use an additional term +A(z? + 23 — 1). On the other hand, our
new penalty function is bounded below. For w = 1 it reads

33 , for e = A(z,e) =0,
1 r
z,€) = 3,3, — . _ " f 0, 71/2’
folz,€) G R = +o0pB(e) fore>0, |r|<gq
o0 otherwise,

where r := 1 4+ ¢ — 22 — 2. Since f,(z,e) = oo if ||z|| > /¢ /2 +1+¢, the
boundedness of our penalty function below is trivial. The Mangasarian—Fromovitz
condition holds for all  # 0, hence the assumptions of Theorem 2.1 are satisfied
if ¢~1/2 + & < 1 and (2.8) holds; in this case, every local minimizer of the penalty
function with a sufficiently large o gives a solution of the original constrained problem.

In this particular example we can give an explicit analysis, and find that in fact
weaker assumptions than those given in Theorem 2.1 suffice to get the conclusions,
since £ can be chosen arbitrarily large. To show this, let (x,e) be a Kuhn-Tucker
point of f, with € >0 and |r| < ¢~/2. Then df,/dx; and 8f,/0z, vanish at (z,¢),
and 0f,(z,€)/0e < 0, with equality if ¢ < £. We have

afa’ _ 3 2’["
a—xl(.’L‘,E) =2 (3.’51.’[12 - m),
ofs _ 3 2r
a—.’L'Q(xﬂg) = X2 <3$1x2 - 6(1 — qr2)2>7
of, _r(2e —r+qrd®) ,
Be 1) = g gee TP

Since of'(¢e) > 0, 8f,/0e < 0 implies

(6.1) r(2e —r +qr®) < 0;

in particular r # 0. Under this condition, the other partial derivatives vanish iff either
r1 =29 =0or

2r
e(l—qr?)?’
If (6.2) holds then z; = +m5, the definition of r gives 1 + ¢ —r = 222, and (6.2)
simplifies to

(6.3) 8|r| = 3(1 — gr?)?*(1 + & — )2

(6.2) 3175 = 3xizy =
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If r > 0 then r > 2 + qr® > 2¢ by (6.1), giving 0 < 1+e—7r<1—¢ < 1. Now (6.3)
implies 8r < 3e, contradicting r > 2¢. And if r < 0 then (6.3) and ¢qr? < 1 imply for
q > 1 that

- 3
r =—(1+e+]|r])*<

- 248)=:1
2e(1—qr2)2 16 2+2)

3
16
and

2 —r +qr® <2 —1r < (2+ 2t)e.

Now 0f,/0e < 0 gives o' () < t(2 + 2¢t). If (2.8) holds and o > 2t(¢t + 1)/B1, this
is violated, (6.2) is impossible, and the only Kuhn-Tucker point of f, with € > 0 can
be at 1 = 2 = 0. But then » = 1 + ¢ and (6.1) requires ¢ < (1 —¢)/(1 +¢)3, again
impossible if ¢ > 1.

Thus, for this example, the conclusion of Theorem 2.1 is valid for arbitrary & > 0 if
(2.8) holds and ¢ > 1, provided that ¢ is sufficiently large. Note that for ¢ > 1 we have
A(0,e) = (14+¢)? > g1, so that the only point violating the Mangasarian—Fromovitz
condition does not satisfy A(z,e) < ¢~!.

We now look at the converse. Theorem 5.3 gives conditions guaranteeing that
every solution of the constrained problem is a local minimizer of f,. To verify this
explicitly we need to investigate when it is possible that f, is below the common
value —% of f,(z*,0) and f,(2**,0). Thus suppose that fs(z,e) < —%, (z,€) #
(z*,0), (z**,0). Then £ > 0. Since

1 1 1
323 > —g(xf +22)3 = —g(l +e—r)pP> —g(l +e+ |r|)3,
we find
(6.4) 8cPB(e) < -1+ (1+e+ |r|)3 - 47‘2/6 =:p(|r]), |Ir| < q_1/2.

Now p(r) is a cubic polynomial. If € < gg := §(—3 + v/33) = 0.45742.. ., the positive
solution of £o(1 +&o) = 2, then § := 2 — 3¢(1 4+ ¢) > 0, and p(r) has a unique local
maximum at
N 3e(1+¢)?
T 246+ VRD

with function value

e(l+e0)? =c(1+¢5h)

N W

3 .
<ge(l+e)? <

-1+ (24 2e)?
€o

pro) < =1+ (1 +e+7r0)° < —14+1+e(2+¢h))>° < £ < 52.

Here we used the fact that (—1+ (1 +¢&(2 +&5'))%)/e is monotone increasing. Now

p(|r|) < max(p(ro),p(qg~ /%)) < 52¢ for || < g /2

if p(¢—'/?) < 0, which holds for any fixed q if € is small enough. Thus (6.4) is violated
if oB(e) > 6.5¢ and ¢ is small enough. If (Hg) holds, this is the case for arbitrary
o and sufficiently small € > 0. Thus we have a contradiction, and the conclusion of
Theorem 5.3 holds for arbitrary o. We also see that in this example the conclusion
of Theorem 5.3 still holds if the condition lif;n_,%lf B(e)/v/e > 0 in (Hp) is relaxed to

lim iélf B(g)/e > 0 and o is chosen sufficiently large.
g—
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7. More general constraints. In this section we extend our theory to the more
general constrained optimization problem

min  f(z)
(7.1) st. z€lu,v], F <F(z)<F,

where F; € (RU{—00})™ and F, € (RU {o0})™ are vectors containing proper or
infinite bounds on the constraint functions and F; < F,. This formulation is quite
general since equality constraints are allowed by taking equal lower and upper bounds,
and one-sided inequalities by taking infinite lower or upper bounds. Thus we treat
equality constraints and one- or two-sided inequality constraints on the same footing.
Moreover, we again assume that f and F' are embedded into families of regularized
functions f(z,¢) and F(z,¢) with f(z,0) = f(z) and F(z,0) = F(z).

For the one-dimensional boxes (which are just the closed intervals) we define the
mignitude [12]

z if z >0,

(x) :=min{|z| |z e x} =< -7 if T <0,
0 otherwise.

We also need the simple interval operations

[+ Bz, + BT] i S >0,

a+ﬂx={a+5m|xex}:{[a+ﬂf,a+ﬂ£] if #<0.

Using this interval notation, we introduce a box-valued function E on [u,v] x [0, €]
by

(7.2) E: (z,e) = E(z,¢) := F(z,¢e) — [F}, F,],

where we assume that (H.) is satisfied, and consider the following optimization prob-
lem in inclusion form,

min f(z,¢)
(7.3) st. ew; €Ei(z,e) (i=1,...,m),
z € [u,v], =0,

where again w € R™ is fixed. Clearly, this formulation is equivalent to the optimiza-
tion problem (7.1). The usefulness of this particular formulation will become apparent
when we look at the associated penalty function.

The penalty function is again defined by (2.3) with f(z,e) in place of f(x), but
now the constraint violation measure A(x,¢) is of the form

m
(7.4) Az, e) == ZAi(x,s)

i=1
with
(7.5) A(z,€) == (ew; — E;(z,¢))?,
the squared distance of ew; from the interval E;(z,¢). Without loss of generality we
assume that the constraints are inequality constraints for ¢ = 1,...,r and equality
constraints for ¢ = r +1,...,m, where 1 <r <m. Then

Ai(z,¢) = (ew; — (Fy(x,6) — F))? fori=r+1,....m
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and
(7.6) Ai(z,e) = (ew; — (Fy(x,e) —yi))? fori=1,...,m,
where

Fi(z,e) —ew; if Fi(z,e) — ew; € [Fy, Fuil,
(77) Y = Fy; if Fi(LE,E) —ew; < Fy;,

F,; if Fi(z,e) —ew; > Fy;.

Moreover, Az, ¢) is continuously differentiable for £ > 0, with

0 OF;
%Ai(a:,s) = —2(cw; — Fi(z,¢) + yi)%(x,e)

and

0 OF;
&Ai(mﬁ) = 2(cw; — Fi(x,¢) + y;)(w; — a; (z,¢€))
fori=1,...,r.

We reduce this more general situation to the previous one with the aid of slack
variables and use the abbreviations J := {1,...,r} and J' := {r +1,...,m}. By
introducing the slack variables y; := F;(z,¢) for i = 1,...,r we obtain the problem

min  f(z,¢€)
(7.8) st. z€u,v], y€lF,Fus], =0,
Fy(z,e) —y=cewy, Fy(z,e)=Fp(=Fp(@,e) = Fup) =cwy,

which is of the form (5.1). The penalty function for this problem is given by

f(x) for e = A(z,y,e) =0,

; 1 A(z,y,¢) <

fo(z,y,€) = r,e)+— —2— 4+ e) fore>0, Alz,y,e) <q %,

(@0:6) = f@e) + 50 o T+ Bl (5,0,2) <

o0 otherwise,

where

Az, y,e) = Z(Swi — (Fi(z,€) —9:))* + Z (cw; — (Fy(w,e) — Fi))*.
i=1 i=r+1

Let Ej(z,y) := Fij(x)—ys,i=1,...,r,and E;j(z,y) := Fj(x)—Fy, i = r+1,...,m.

Then
nl _ FI( ) I,
E(x,y)_<F§JI(§) 0 )7

and, for m <n +r, E'(x,y) has full rank if and only if F”, (z) has full rank.
LEMMA 7.1. Let (z,€) € [u,v] x [0,&] with A(z,¢) < ¢~ . Then

7.9 A(z,e) = min A(z,y,e
(7.9) @)= _min Ay.e)

and thus

T,6) = min f z,Y,€).
fo(z,¢) ye[F”,FuJ]fa( Y,€)
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Moreover, if (x,e) is a Kuhn—Tucker point of f, then there exists a wvector y €
[F1g, Fuy) such that (z,y,€) is a Kuhn—Tucker point of fs.

Proof. Let (z,e) € [u,v] x [0,&] with A(z,e) < ¢ 1, and let y be defined by
(7.7). Then, for i = r +1,...,m we have A;(z,¢) = (ew; — (Fi(z,¢) — F};))?, and
Aq(x,¢) is given by (7.6) and (7.7) for i = 1,...,7, i.e., A(z,e) = A(z,y,¢) for y

defined by (7.7) and clearly (7.9) holds. Moreover, %A(w,s) = a%A(ac,y,s) and
%A(w,s) = A(z,y,e). If (z,¢) is a Kuhn—Tucker point of f,, (z,y,¢) thus fulfils the
Kuhn—Tucker conditions for z and ¢, and due to the definition of y and the fact that

of, 1

By "V = T Ry

(ew; — Fi(z,€) + vs)

it also satisfies the Kuhn—Tucker conditions with respect to y. 0
The Mangasarian—Fromovitz condition for this problem holds for (z,y) € [u,v] x
[Fly, Fus] if

F',(x) has full rank, and there is a p € R" with F”,(z)p =0,
. >0 if x; = wuy,
Pil<o ifa=u,
! . >0 if Yi = Eiv
(FJ(x)p)z { <0 if Y = Fui-

Let I :={i|u; <z} <wv}and J, :={i € J| F;(z*,0) = F; or F;(z*,0) = Fj,, };
without loss of generality I := {1,...,p}. Moreover, let E(z) := F(z,0) — F(z*,0),
x € D. Then (Hp) is replaced by
(Hg) E is Lipschitz continuous in a neighborhood of z*, x* is a regular zero of Ej :
D C R* - R™ ", and z} is a regular zero of G : Dy C RP — Rm~7+r,
ry := |Ji|, defined by G(&) := Ejup(z) with z; :== &; for ¢ = 1,...,p and
z; ==z fori =p+1,...,n, where D; is an appropriate open set containing
[ur,vr].
THEOREM 7.2. If the above Mangasarian—Fromovitz condition holds for all (z,vy)
€ [u,v] X [FLs, Fuj] with

D (Fi@) —y)*+ Y (Fil) = Fu)* < (2 +ellwl)?,
i=1 i=r+1

the set of these (x,y) is bounded and (2.8) is satisfied, the conclusions of Theorem
2.1 hold for the smooth case of the penalty function defined in this section. Moreover,
under the assumptions (Hy), (Hg), (H:) and (Hg) the conclusions of Theorem 5.3 are
satisfied for the penalty function defined by (2.3) with f(x) replaced by f(x,e) and A
defined by (7.4) and (7.5).
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