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Abstract

In this paper, we introduce the language of a configuration and of ¢-point counts for
distance-regular graphs (DRGs). Every ¢-point count can be written as a sum of (¢t — 1)-
point counts. This leads to a system of linear equations and inequalities for the t-point
counts in terms of the intersection numbers, i.e., a linear constraint satisfaction problem
(CSP). This language is a very useful tool for a better understanding of the combinatorial
structure of distance-regular graphs. Among others we prove a new diameter bound for
DRGs that is tight for the Biggs—Smith graph. We also obtain various old and new
inequalities for the parameters of DRGs, including the diameter bounds by Terwilliger.
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1 Configurations and t-point counts

In this paper we introduce and apply the language of configurations and t¢-point counts, a
pictorial way of representing the number of ordered ¢-tuples of vertices (configurations of vertices
of prescribed type, e.g., 4-cycles, induced quadrangles, etc.). Every ¢t-point count can be written
as a sum of (¢ — 1)-point counts. Using this we obtain a system of linear equations and
inequalities, i.e., a linear constraint satisfaction problem (CSP) whose variables are the ¢-point
counts. All our graphs are undirected, without loops.

Definition 1.1 Let I' denote a graph with vertex set X and diameter d. A configuration is
a finite ordered list Z = (21, 29,...,2;) (i.e., a t-tuple) of vertices of I'. A t-point type is an
undirected graph A with ¢ nodes 1,2, ...,t whose edges are labelled by subsets of {0, 1,...,d};
we fix one drawing of A and a fixed labelling of the vertices of A as first, second, etc. A
configuration Z is of type A if

for every edge ij of A we have Op(z;,2;) € A;; (1 <1i,j <t),



where A;; denotes the label of the edge ij. In drawings, missing labels are taken as having
the value 1, edges labeled by i represent the set {i}, and edges labelled by constraints > 4
(resp. # i, and < i) represent the set {i,i + 1,...,d} (resp. {0,...,i —1,i+1,...,d}, and
{0,1,...,4—1,7}). A missing edge represents the set {0,1,...,d}. Let VA and EA denote
the vertex set and edge set, respectively, of a graph A. We define the set {A} as the set of all
configurations of type A, and we define the integer [A] as the number of configurations of type
A, that is,
(A} = {Z € XVA | if uv € EA then dr(Z(u), Z(v)) € Aw},

and
[A] = [{A}].

A t-point type is called complete if any two nodes are joined by a labelled edge. A t-point
count is a number [A], where A is a complete t-point type. In drawing, vertices of diagrams A
are shown with black circles. Later, in Subsection 1.1 we will define t-point counts with fixed
vertices — these diagrams will be marked by white circles with a label.

For the moment write F'L, for the set of 2-element subsets of a t-element set L, of vertices.
Then a t-point count [A] is the number of t-tuples (21, 29, ..., 2) of elements of X for which
0(z,2;) € Ay for all edges ij of EL;. For example, consider the graph from Figure 1(a).
Directly from the definition it follows that
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For a second example, consider the graph from Figure 1(b). The configuration (u,x,w,v) is

10, [
1

and

[e=]

both of type and of type . The configuration (z,w,y,v) is both of type

and of type . Thus an induced quadrangle is both of type and of type , but

the second type also comprises 4-cycles that induce Ko7 or Ky. Using Definition 1.1, for the
graph from Figure 1(b), it can be computed that

= 24, =12,
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Clearly,

[A] >0 for all types A. (3)
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Figure 1: (a) Simple connected non-regular graph with vertex set X = {u, v, z,y, 2z} and edge

set R = {{u,v},{u,z}, {v, 2}, {z, 2}, {y, 2} }.

(b) Simple connected non-regular graph with vertex set X = {u,v,w,z,y,z} and edge set

R = {{u,z}, {u,v} {u, 2}, {z,w}, {z,y}, {v, 2}, {v,w} {v,y} {w, 2}, {w, y} }.

From now on, I' = (X, R) denotes a distance-regular graph of diameter d with vr := | X| vertices
and intersection array i(I') = {bo,...,ba_1;¢1,...,¢q}, as defined, e.g., in BROUWER et al. [3].
We write

n:==by, a:=n-—b—c, N=a.

Since we will often use k as an index, the valency (conventionally denoted by k) is denoted by
n. More background information is given in Section 3.

In a distance-regular graph, ¢-point counts with ¢ < 3 are determined by the intersection
array; in particular,

- e [ =
<ot - [ 1<l

[Q] = Urmupy; = Uriipy, = Urngph, (4)

and the three equal values in (4) come from the different ways of labelling the vertices of the
type.

Section 4 contains many specific examples of ¢-point counts with ¢ > 4; we show how to
compute 4-point counts for a given graph and in Subsection 4.1 we consider examples where we
fix three vertices in a given 4-point type. The corresponding counts give the triple intersection
numbers of COOLSAET & JURISIC [5].

If an intersection array i(I") determines I" up to isomorphism, then all ¢-point counts are
determined by the intersection array. It is conceivable that in many concrete cases, the t-point
counts with small ¢ > 3 are already determined by equations and inequalities between counts
valid for arbitrary distance-regular graphs.

Indeed, there are many such relations between different counts. The simplest ones are
obtained by summing and elimination according to the following rules.

Edges labeled by subsets of cardinality > 2. Fix an edge uv € EA. If |A,,| > 2 then

[A]= ) [Aw—={ih]= Y [A]

1€ ALy 1€ Ayy
Al=A(uv—{i})



where A’ = A(uv — {i}) is an undirected graph with the same vertex and edge set as A, in
which the edge uv is labeled by the set {i}, and all the other edges have the same label as in
A (for example, see (1)).

Sum over a distance, e.g.,
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Z[Q} =vrning  if 1 # k, and Z[<H =uvrn;(n; —1) ifi=k  (6)

j>1 j>1

Elimination of nodes of valency 2, e.g.,

[;<I>:L } = pfm[ﬁ} = UPTDL P (7)

Elimination of distance 0, e.g.,

B - <] - bt .

where d;;, is the Kronecker symbol. For the general case, let A = (VA, EA) and fix an edge
uwv € EA. If Ay, = {0} then

[A] = [A] = [(A — v)(ww — Ay N Ay | w € VA 0})]

where A" = (A —v)(uw — Ay N Ay | w € VA\{v}) is an undirected graph with the
vertex set VA\{v}, the edge set EA\{{z,v} | z € VA, {z,0} € EA}, in which the edge
vw (w € VA\{v}) has label A, N A,,, and all the other edges (which do not have v as an
endpoint) have the same label as in A (for example, see (2)).

Moreover, isomorphic types clearly have the same count. As in the special case (5), every
[A] can be written as a sum of the ¢-point counts corresponding to the various completions
of the type A. Thus we obtain a system of linear equations and inequalities, i.e., a linear
constraint satisfaction problem (CSP), whose variables are the t-point counts. We refer
to this as the t-point CSP of a given intersection array.

Using more general configuration algebra techniques, further nonlinear equations or in-
equalities can be made. In this paper, we shall only consider the simplest of these, obtained by
multiplication and by summing over products according to the following rules.

Multiplication, e.g.,

. 4 kA ; k_A_h
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Let [';(z) denote the set of vertices in X that are at distance ¢ from a vertex x, and for

vertices z,y,z € X, let I';;(z,y) = T'i(x) NT(y) and Ty (2, y, 2) = Ti(z) NL;(y) NTr(2). If the
sizes of |Ipi(2,y, 2)| and |T'spi(,y, 2)| do not depend on z € X, y € I'y(x) and z € I';;(z,y)
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Looking at (9) and (10), the reader will immediately note that, for the general case, perhaps
we have something like

[A]-[AT=[AUAT-[ANAT, (11)
where A U A’ is a type with V(AU A') = VAUVA', (AUA ), = Ay, for all u,v € VA,
(AUA), =A!, forall u,v € VA’ and (AUA")y, = Ay = Al for all u,v € VANVA
On the other hand A N A’ is a subtype of A and A’, ie., V(AN A') = VANVA’ and
(ANA), = Ay = A, for all u,v € VAN VA, The claim (9) does not hold in general, for

example, for K, we have

) )= o] [T

Also, note that the multiplication formula (10) does not hold in general for distance-regular
graphs, for example, let I be the Petersen graphs. Then equation (10) with all labels equal to
{2} does not hold, as

[%} : [%} — 120 - 120 # 180 - 120 = [ﬁ?}[%}

For a version of the equation when the vertices of A N A’ are fixed, see Subsection 1.1.
To get a felling when (11) holds in general, for the moment let A and A’ denote t-point
counts with VA ={1,2,...,t} and VA" = {p, q}. We have

[Al=H{(2(1),2(2),.... 2(t)) € XV* | Z € {A}}]
=y, W) lye X, We{A\{1}}, (1j € EA = 0r(y,W(j)) € Ay)},
(A ={Z' e XV | Z' e {A}}]
=|{(w,2) € X x X | pg € EA" = Or(w, z) € Ay}
Now assume that A’ is isomorphic to Ky with the edge labeled by a set A, assume that I' is a
graph with vertex set X for which |I';(y)| does not depend on y € X, for all ¢ (0 < i < d). Pick

y € X, abbreviate ny = Y., |[I'i(y)| and assume VA’ = {1,s} (s € {1,...,t}). Under these
assumptions, since VAN VA’ = {1}, we have

[A] - [AT] = [A] - vr - na,
[AUAT=[{(y, 2, W) |y,z€ X, W e {A\{1}},
Or(y,z) € Al and (1j € EA = dr(y, W(j)) € Ayy)}l,
= [A] N
[ANA'] =wvr.

Therefore, under above assumptions, (11) holds.

Similarly, the formula (11) holds for all choices of A and A’ such that A’ isomorphic to (a
subgraph of) K3 and AN A’ isomorphic to (a subgraph of) K if the graph is distance-regular.
We may generalize this further — the formula is true for all choices of A and A’ such that A’
isomorphic to (a subgraph of) K, and ANA’ isomorphic to (a subgraph of) K3 when the graph
is triply regular, and so on.

If a t-point CSP for a given intersection array has no feasible solution then no graph with the
assumed intersection array exists. If a feasible solution exists, it might happen in some extremal
cases that certain t-point counts are forced to vanish for every feasible solution. This implies a
geometric statement that I" contains no configurations of certain types. This information often
allows further analysis which might lead to uniqueness or nonexistence of a graph with given
properties.



1.1 Diagrams with fixed vertices

A diagram

in which we have white circles with a label, represents a fixed 4-tuple (z,y, u, z), for which we
have y € I'y(z), z € ['ji(z,y) and v € Tys(x,y,2) (0 < i,7,k,¢,5,t < d). In the case when in
this kind of diagram we have constraints, like

x S] z

t%s

Y-S Tu
then this diagram represents a fixed 4-tuple (z,y,u, z), for which y € T'\(z), z € Tx(y), u €
Ly(z), O(x,2) < 7, O(y,u) > i and O(z,u) # s (note that we don’t know the exact distance
between x and z, we only know that distance is < j, similarly for the distance between y and
u, and the distance between z and u).

Our goal in Definition 1.2 is to define diagrams in which both kind of vertices are allowed,

“free vertices” marked as black circles, and fixed vertices marked as white circles with a label.
We also want the Definition 1.1 to be a special case of this definition.

Definition 1.2 Let I' denote a graph with vertex set X and diameter d. Let A denote an
undirected graph with vertex set Y =Y, UY, (Y, C X, Y, = {1,2,...,t}, t > 1) whose edges
are labelled by subsets of {0,1,...,d}, such that

if {u,v} CY, and uv € EA then Or(u,v) € Ayy

where A denotes the edge set of A and A,, denotes the label of the edge uv. In drawings,
vertices of diagrams A which are from Y, are marked as white circles with a label and vertices
of diagrams A which are from Y, are shown as black circles without a label. Furthermore,
missing labels are taken as having the value 1, edges labeled by a number ¢ represent the set
{i}, and edges labelled by constraints < i (resp. # i) represent the set {0,1,...,4} (resp.
{0,...,i—1,i4+1,...,d}). Let EY, denote the set of 2-element subsets ij of a t-element set
Y, such that the edge ij exists in FA, i.e.,

EY,={ij|1<i<j<t, ij € EA}

(the graph A does not need to be a complete graph). We define the set {A} as the set of ¢-tuples
(21,22, ..., %) of elements of X for which Or(z;, z;) € A;; for all 4, j of EY,, and Or(u, z;) € Ay;
for all u € Y, and j € Y, for which uj is an edge of EA. In other words,

(A} = {Z e X"

if i,j €Y, and ij € BA then dr(Z(i), Z(j)) € Ay,
and ifueY,, jeVY,and uj € FEA then or(u, Z(j)) € Auj}.

For a such A we also define the integer [A] as the number of elements of the set {A}, that is,
[A] = {A}.

For example, consider the graph from Figure 1(b). Using Definition 1.2 it can be computed

- (=]

(- (= [ J= (=

w.
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and so on.
For any I' with a vertex set X, note that

K]-5.% ) -5 X

z€X yela(x zeX

ry v [K|-xn¥ !

u€X vel'y (u) wels (u,v) LU ucX vel (u) welar (u,w) yel121 (u,v,w)

=[T121 (u,v,w)|

where, for example,

[% ] = {(u,2) € X x X |u€Tn(z,y), z € Ti(z,y), O(u, 2) = 2}.

Y

To obtain a more general identity, let A’ be a subtype of A (i.e., VA’ C VA and Al = A,
for all u,v € VA'). For the moment assume that VA’ = YUY/, and note that if W € {A’}
then the domain of W is precisely Y. We have

Al= > Aw],
We{A’}
where A | W is the type defined by V(A | W) = V(A | W), UV (A | W), V(A | W), =
VA, UW(VAL) and V(A | W) = VANV AL
Now assume that for the types [A’] and [A”] we have VA" = VALUVAL VA" = VAIUV AL,
VAL = VA that VA, and VA are disjoint, and consider a type A = A’ U A”. Recall
VA=VA UVA" and A, = Al = A" for all u,v € VA'NVA”. Then

[AT-[A"] = [{Z' € XV2 | Z' e {A'}}]- [{Z2" € XV2 | 2" € {A"}}]
={(Z,2") | 7' e XV5, Z' e {A'}, 2" € XV2, 2" € {A"}}]
= {Z e {A} | Z e XVAVAY
—[A] = [A"U A,

Thus, when VAL = VA" and VA, and VA are disjoint, then

[A/] . [A//] — [A/ U A/I]'

1.2 Scaffolds

The first author discovered the usefulness of the t-count technique in 1989 while spending a
year with Paul Terwilliger in Madison. He gave a lecture there and at Eindhoven University,
but didn’t publish anything since his interests changed to applied mathematics and physics. In
2017, the second author indicated interest in working with the first author on DRGs, and we
jointly extended this old work.



At the time when this project ended, the manuscript [13] by MARTIN on “scaffolds” ap-
peared. Our t-point counts are equivalent to Martin’s scaffolds of order zero labeled with
adjacency matrices corresponding to a union of distances. For the cases of ¢t-point counts
whose labels are singletons i, corresponding to adjacency matrix labels A;, this follows easily
from the following result.

Lemma 1.3 Suppose we are given

(i) A finite simple graph I' = (X, R) of diameter d and with distance-i matrices A; (0 < i < d)
(A; € Matx(C) is the matriz for which (x,y)-entry is equal to 1 if d(z,y) = i, and 0
otherwise, for all x,y € X ).

(i) A finite simple graph A = (VA, EA) (the diagram of the scaffold).

(iii) A map from edges of A to the set {Ag, A1,..., Ag}: w: EA — {A;}L, (edge weights). If
e € EA and w(e) = A;, we label the edge e by i (so that A is a t-point type whose edges
are labelled with integers € {0,1,...,d}).

Then t-point count [A] can be computed as

where w(p) = H W(€)p(a)p()-

ecEA

e={a,b}
Proof.  There are |X|IVA! different maps ¢ from the set VA to the set X. Fix one such
¢, and note that w(p) € {0,1}. If there exists an edge e € FA (e = {a,b}) such that
Or(p(a), (b)) # i, where A; = w(e), we have w(p) = 0. We have w(p) = 1 if for every e € EA
(e = {a,b}) Or(p(a),p(b)) = Ay holds, where A,;, denotes the label of the edge {a,b}. In
other words, >_ ., a ,x w() is the number of configurations of type A. 1

2 Main results
We now summarize our main results.

One of the main purposes of this paper is to present the language of configurations and
t-point counts — we begin that in Section 4; here we re-prove some well-known inequalities
using the notation of this language. Recall that in [5], COOLSAET and JURISIC introduced
the notation of triple intersection numbers, and used them to prove nonexistence of certain
distance-regular graphs. In our notation their triple intersection numbers are in fact our 4-
point counts with three vertices fixed (see Subsection 4.1). In Subsection 4.2 we have 5-point
counts with four vertices fixed, i.e., we have quadruple intersection numbers. In Section 5 we
re-prove Koolen’s inequalities, if 2 < e < d (where d is the diameter of the graph) then

Ce > Con = Ce>Citcey (0<i<e—1)

and
be>be+1 = bezci+be+i (OSZSd—G)

A quadruple zyzu of vertices is called a parallelogram of length ¢ if xyzu is consistent

ratl 2
with E . The graph T' is called m-parallelogram-free for some m = 2,3,...,d if T does

Y1 u



not contain any parallelogram of length at most m. In [15], SUZUKI studied strongly closed
subgraphs of diameter 2 in a parallelogram-free distance-regular graph I' of diameter d > 4

such that by > by and ay # 0. A quadruple wxyz of vertices is called a root of size q if wryz
wa 54 2

is consistent with 3%1. Related conditions called (CR), and (SS), are studied by HIRAKI
Y= <g®

[8, 9]. Recall that these two conditions are defined as

(CR),: {2}UC(z,2)UA(x,2) ={2}UC(y, 2) U Ay, 2)

(see Section 3 for definition of C'(+,-) and A(:,)) for any triple xyz of vertices with d(x, z) =
d(y, z) = q for which there exist three sequences of vertices (zg, 1, ..., ZTm = ), (Yo, Y1, - - - Ym =
y) and (2o, 21,...,2m = 2) such that d(zo,yo) < 1, x;_12;_17;2; and y;_12;_1y;2; are roots of
size ¢ for all 1 < i < m; and

(SS),: {2}uUlC(z,2)UA(z,2) ={2} UC(y,z) U A(y, 2)

for any triple of vertices zyz with d(z, z) = d(y, z) = ¢ and O(x,y) < 1. In certain cases these
conditions are necessary and sufficient for the existence of a strongly closed (¢,.1+a,41)-regular
subgraph of diameter r + 1 (where r = r(I') = max{j | (¢j, aj, b;) = (c1,a1,b1)}). In Section 6
we introduce 4-point counts containing two disjoint edges, which also includes a parallelogram
of length m and a root of size ¢q. Using them we derive some inequalities and we explain their
combinatorial meaning for distance-regular graphs. In Secition 7 we generalize 4-point counts

from Section 6, and we derive some inequalities when [ P ] > 0 for some i (1 <i<d). In

Section 8 we prove that if 1 <i < 7 <d, then

a; > a; = b; > bj
and

aj<ai =4 Cj>Ci.

In Section 9 we re-prove Hiraki’s inequality
Cg<Cqr1 and ay < cep1 — ¢ = Copi > Cit+ecg (2<i<d—q).

Finally, in Section 10, using a similar technique as HIRAKI in [10], we prove that if ¢, < c¢g41
and a, < cg41 — ¢4 (where ¢ > 2), then

d<(k+1—-ce1)q+1.

This diameter bound is tight for the Biggs—Smith graph (the intersection array of this graph is
{3,2,2,2,1,1,1;1,1,1,1,1, 1, 3}).

3 Preliminaries

A graph T is a pair (X, R), where X is a nonempty set and R is a collection of two element
subsets of X. The elements of X are called the vertices of I', and the elements of R are called
the edges of I'. When zy € R, we say that vertices x and y are adjacent, or that x and y are
neighbors. Adjacency between vertices x and y will be denoted by z ~ y. A subset C' C X is
called a clique if every pair of distinct vertices x,y € C are neighbors. A graph is finite if both
its vertex set and edge set are finite. If we allow for an edge to start and to end at the same
vertex, then an edge with identical ends is called a loop, and a graph is simple if it has no loops
and no two of its edges join the same pair of vertices.

9



Let I' = (X, R) be a graph. For any two vertices x,y € X, a walk of length A from z to y is
a sequence [xg, 1, Ta, ..., 2] (z; € X, 0 <i < h) such that xg = 2, x, =y, and x; is adjacent
to z;41 (0 <@ < h—1). We say that I" is connected if for any =,y € X, there is a walk from z
to y. From now on, assume that I' is finite, simple and connected.

For any z,y € X, the distance between x and y, denoted 0(x, y), is the length of the shortest
walk from z to y. The diameter d = d(I") is defined to be

d = max{0(u,v) | u,v € X}.

A walk in T is said to be closed if it starts and ends at the same vertex.

A polygon p1paps . .. pms1 of length m (m > 3) (or a circuit of length m > 3) is a closed
walk [p1, p2, P3, - . ., Pms1] on distinet vertices, where p,,.1 = p1. A polygon of length m is called
reduced if m > 4 and none of its proper subsets form a polygon. A shortest reduced polygon is
called a minimal polygon. An induced polygon p1paps . .. pmp1 is a reduced polygon such that if
i < j then 9(p;,p;) = min{|i — j|,|i +m — j|} is implied.

Two graphs I'} = (X1, Ry) and I'y = (X5, Rs) are said to be isomorphic if there are bijections
¢ : Xy — Xy and ¢ : Ry — Rs such that e = wov if and only if ¢(e) = p(u)p(v). Such a pair
(p, 1) of mappings is called an isomorphism between I'y and T's.

A simple graph in which each pair of distinct vertices is joined by an edge is called a complete
graph. Up to isomorphism, there is just one complete graph on n vertices; it is denoted by K.
A bipartite graph is one whose vertex set can be partitioned into two subsets X and Y, so that
each edge has one end in X and one end in Y; such a partition (X,Y") is called a bipartition
of the graph. A complete bipartite graph is a simple bipartite graph with bipartition (X,Y) in
which each vertex of X is joined to each vertex of Y if | X| = m and |Y| = n, such a graph
is denoted by K,,,. A k-partite graph is a graph whose vertices can be decomposed into k
disjoint sets such that no two vertices within the same set are adjacent; if there are py, po, ...,
pi vertices in the k sets, the complete k-partite graph is denoted by K, ,, ., — for example
K11 is a graph with 4 vertices and with five edges.

Suppose that Y is a nonempty subset of X. The subgraph of I' = (X, R) whose vertex set
is Y and whose edge set S is the set of those edges of I' that have both ends in Y is called the
subgraph of I' induced by Y; we say that A = (Y, 5) is an induced subgraph of I' = (X, R).

Let I' = (X, R) be a graph with diameter d. For a vertex x € X and any non-negative
integer h not exceeding d, let I',(x) denote the subset of vertices in X that are at distance h
from z. Let I'_1(x) = T4y1(z) := 0. For any two vertices  and y in X at distance h, let

Clz,y) = Cu(x,y) == Tna(2) NTi(y),

Az, y) = An(x,y) := Tn(x) NTa(y),

B(z,y) = Bi(z,y) = Lpya(z) NTi(y).
We say I is regular with valency n if each vertex in I' has exactly n neighbours. A graph I is
called distance-regular if there are integers b;, ¢; (0 < i < d) which satisfy ¢; = |C;(z,y)| and
b; = |Bi(x,y)| for any two vertices x and y in X at distance i. Clearly such a graph is regular
of valency n := by and

a; = |Ai(z,y)|=n—-0b—c¢ (0<i<d)

is the number of neighbours of y in I';(x) for z,y € X (0(z,y) = i). From the definition of
distance-regular graph it is routine to show that I' is distnce-regular if and only if for all triples
h,i,7 (0 < h,j,i < D) and for all z,y € X with d(z,y) = h, the number

pi; = ILi(z) NT5(y)|

10



is independent of choice of z and y. The numbers pzhj are called the intersection numbers of T'.
Z(F> = {b07 b17 R bd*l; C1,C2 - .. 7cd}
is called the intersection array of T'.

It is not hard to see that a; = pi;, b; = p{,,, and ¢; = p;_, ;. The array
Iy ( La()

Figure 2: Intersection diagram (of rank 0) with respect to x and illustration for intersection
numbers ¢, a, and by,.

Fho1(z) Tu(@) Thaa(z)

For vertices x1, g, ...,xx € X and integers iy, s, ..., (0 < iy, ids,...,0x < d) we define

k
Fn,zz, Wi (371a$2,---,33k) = ﬂF
(=1

A distance-regular graph with no parallelogram of length two (i.e., with [ } =0) is

called a geometric distance-reqular graph of order (s,t), where s = a; + 1 and ¢t = by /s, because
the incidence geometry defined on the set of vertices and the set of maximal cliques has the
property that each line contains s + 1 points and each point is on ¢ 4 1 lines. For a distance-
regular graph of order (s,t), its geometric girth is defined to be the length of the shortest
reduced polygon. If a distance-regular graph I" satisfies the conditions b; > by and ¢y = 1, then
it is of order (s,t) and the geometric girth is five. The numerical girth of T', denoted by g, is
the length of a minimal polygon.

Definition 3.1 Throughout the rest of this paper, I' = (X, R) shall refer to a fixed distance-
regular graph with diameter d, valency n, intersection numbers p?j (0 < hyi,j < d) and
intersection array {bo,...,bq_1;c1,...,cq}. We will also denote the intersection number a; by
A, the intersection number ¢y by p and we define vp := |X|. For an edge-labelled graph A
on t-vertices, [A] will denote the number of configurations of type A and will therefore be a
non-negative integer. For x € X, y € I';(x), we use the abbreviations C(z,y) = Cy(z,y) =
Ino11(z,y) == Thoa(@) NT1(y), Az, y) = Ap(z,y) =Tha(z,y) == () NT1(y) and B(z,y) =
Bu(z,y) = Thy11(2,y) = Thpa(z) NTi(y).

4 Simple examples

In this section we give examples illustrating how to compute 4-point counts for a given graph,
and we prove some equations that we use in the rest of the paper. Let us begin with the
simplest one.

11



1 4

Figure 3: Graph with vertex set X = {1,...,6} and edge set R = {12,16, 23,26, 34, 35,45}.

Example 4.1 Let I' = (X, R) denote a non-regular graph with vertex set X = {1,...,6} and
edge set R = {12, 16,23, 26, 34, 35,45} (see Figure 3).

If we fix a drawing of K, (as a square with diagonals) and fix the labelling of the vertices as,
for example, first (vertex o — left upper corner), second (vertex 5 — left bottom corner), third
(vertex  — right bottom corner) and fourth (vertex § — right upper corner)

o, o
.
then the configurations 1212 and 2121 are of the type . Note that

[ ]:[._.}:2+3+3+2+2+2:14.

Alternatively, since every edge has two different configurations of type , We can compute

[54)-=

Note that we count the number of z;252324 with 23 = 23, 20 = 24 and adjacent z; ~ 25, hence
we count the number of ordered edges z; 2.

Note that the family of graphs that we have in the next example is interesting for study on
its own. This family is nonempty; for example, every hypercube satisfies the given condition.

Example 4.2 Let I' = (X, R) denote a distance-regular graph with diameter d, valency n and
assume that for all ¢, j and h (0 < i,7,h < d), the sizes |I';jn| = |Tijn(z,y, 2)] = [Fi(x) N
I';(y) NTh(2)| do not depend on the choice of vertices z,y, 2 € X but only on their distances
d(z,y), O(x,z) and O(y,z). (Note the similarity between this condition and the definition of
a distance-regular graph: I' = (X, R) is a distance-regular graph if and only if for any i, j
(0 <4,7 <d), |Ty] = |Tyj(x,y)| = |Ti(x) NT;(y)| does not depend on the choice of vertices

1

z,y € X but only on the value of d(z,y).) Then we can calculate the 4-point count [ ]

in 4! = 24 different ways. Four of them are the following, and in each of these examples we use
names of vertices from the following drawing:
a, 5

oy

I I ) 1 ACS) j = j sy Yy~ ). i
(i) Pick z € X, y € I'1(z) and z € I'y;(x,y) and let ;i = T'ju(z,y, 2). By identifying
a=ux, =y and v = z, we derive

[ ] =vr-n-py - |Tjal.

12



(ii) Pick x € X, y € I';(z) and z € T'yi(x,y) and let 'y,

= I'1p;(z,y, 2). By identifying
B=x,v=yand §d = z, we derive

[ } :'UF‘ni'pzl"Flhj’-

)

(iii) Pick x € X, y € I'1(z) and z € I'y;(z,y) and let I';py

= Iin(z,y, z). By identifying
v=ux, 0=y and a = z, we derive

[ } = op - - pp; - [Tia.

(2

(iv) Pick x € X, y € I';(z) and z € Iy (z,y) and let I'1p; = I'pi(2,y, 2). By identifying
0=z, o=y and [ = z, we derive

[ } =vr-nj - py - |Tanl-

1
The results in Lemma 4.3 are well known (see [3, Chapter 4] or [6, Section 2.4]). We re-prove
them using ¢-point counts.

Lemma 4.3 The following hold.

(i) Assume i+ j <d. Then c; <b; and

it+j A+l P N
¢ =0b; if and only iof [@'}:0:['@}
(i)
1 —
Py = by <bﬂ'—1p?,j—1 + (a5 — an)pis + ¢l — onpl; 1)

Piiin = o (pz,h_lbhq + (an = a;)ply + D piaChpr — bjflp;'_Lh)-
j
Proof. (i) Note that

) i+ . i+j j—1 i+ J +] 41
vrnipl g = | | = [@-} + | = | +[-@-]
:ar(tr. ineq.) :ar(tr. ineq.)
and
. i+g i+1 i+ +1 i+ i+1 i+ i+1 .
oty = [< 5] = [LE ]+ [ |+ [ ] 2 o
(ii) Since

[J<>Z-} zd:[<1>h_] :zd:”F'"h'p?k-pfj

=0 ] k =0
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and

i J d i J d PO
e N
h k h k —0

r=0
we have

d d

¢ h h r
E PijPer, = E PirDijk-
£=0 r=0

Setting k = 1 gives Z?:o piph = Zj:o pj.pj;y, which yields

Chp?j_l + ahp?j + th?le = jflp?,j—l + Cljp?j + Cj+1p?,j+1
and with that

. _
Pt = by, <bjf1p?,jf1 +(a; — an)piy + Ciaapiy i — Cupi; 1)'

(iii) Similarly as before, we derive

i h d d
_ il il
[<> } = urn; E PrePj, = Urny E DjePhk>
k =0 =0

J

which yields
d d
;0 .
Zp;mpjk = Zp}ephk-
(=0 =0
Setting k = 1 gives 37, Phelj1 = S, PlyPy, which yields

Cit1Pjprn + AP, + bj1Dj 1 p = Pja—1bn—1 + Pjpan + D pi1Chin

and with that

i L7 i i i
Djt1,n = o (pj,hthfl + (an — ;)P + Pjpy1Chrr — bjflpjfl,h)
j

Lemma 4.4 ([3, pg. 134]) We have

1 cing  bi_iniq 1 an; 1 b;n; )
Pii-1 = n n Pii = n and Diiv1 = T (1<i<d);
babs - - - b; n;c;b;
2 2 2V3 [ A
pz+1,z—1 pz—l,z—H C1Co -+ Ciq nb1
p?i+1:p?+1i:—Z(ai+ai+1_>\): (a; + ais — N) 2<i<d-1)
’ ’ C1C G nby

1 1
p%Q = —(coby + a% + c3by —n— Aag) = —(ca(by — 1) + bo(cs — 1) + ag(as — A —1))  and

Co (&)
boba - -+ b
2 203 i—1 2 , '
Dii = —(Cibifl + a; + Ci+1bi —n — )\al) (3 S ? S d— 1),
C1C2 -+~ G
i+j _ Cit1l " Citj it i@t T Qi —ar — . — Ay
Pijm == o P TPy A ’
Cl--- C] C]+1
i—j_bz'—l"'bi—j d i— i,jaz-—f—...—i-ai_j—al—...—aj
bij~ = , an Dij31 = Pij .
€1 G Cj+1

o
Dy = —(cibi1 + ai(a; — X) + bicipr — n) 2<i<d-1).
&
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Proof. By definition, Pon = Oins Plio = 0ijy Pogpr = 0, Pliq = ¢y Py = @i, Phyyy = by and
Py, =0if h <i—2orh>i+2. Now use Lemma 4.3(ii, iii) and induction on i. 1

Remark 4.5 In [5], COOLSAET and JURISIC introduced the notation of triple intersection
numbers and used them to prove nonexistence of certain distance-regular graphs. In our no-
tation their triple intersection numbers are in fact our 4-point counts with three vertices fixed
(see Subsection 4.1). In Subsection 4.2, we have 5-point counts with four vertices fixed, i.e., we
have quadruple intersection numbers.

4.1 Induced path of length 2

Pick 23 € X, 25 € I'1(21) and 23 € '91(21, 22) and abbreviate

O& = |Tyjn(21, 22, 23)|.

zZ1 29 Z3
2

Lemma 4.6 ([20, Section 2]) For z; € X, 2o € I'1(21), 23 € T'91(21, 22) we have

ZIN = 2D | 1

Z1 zZ2 23 21 z2 Z3
2
Hi[i , _ . i i L (13)
Z1 z2 23 21 z2 23
2 2
and
i 1 ; ; 1 2 2 2
’ + @}O =2p;_1; — Pi—1i41 — Pii—o — Diio1 (14)
Z1 22 23 Z1 22 23
2 2
foralli (2<i<d-1).
Proof. Let
Z1 z9 23 ’ 21 z9 23 ’ 21 z9 23 ’
L . L 2 2
P AN | a= | AN | r= | AN
zZ1 z9 23 zZ1 K2 23 Z1 ) 23
L 2 . L 2 2
Note that
Pioi; = Oﬂ_o =D+ E+F, Pi1g = O_l& =P+Q+R,
Z1 Z2 23 21 z2 23
2 2
2 2
F =pi 1, P =pi;,,
yielding

D+ E = pzl,zel - P?71,i+1 and Q+R= pil,ifl - p?,if? (15)
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Since

from (15) we have
D+R= 2]01171,1' - Pz{l,z’ﬂ - p?,ifQ - p?,zep
and thus (14) follows. Similarly, if we abbreviate

then
pzl—l,i: oCA ll o =5+M+R, pil—l,i: o l§01 =D+ N+T,
21 29 23 21 z2 23
2
T = pzzfl,iJrl? S = p?,i727
yielding
D+ N = Pf},z‘—l - p?—l,z’—l—l and M+ R= pzl,z'—l - pzz,i—Q' (16)
By (15) and (16), we have £ = N and M = @, so (12) and (13) follow. 1

Corollary 4.7 We have

foralli (2<i<d-—1).
Proof. From Lemma 4.4 and the fact that a; + b; = n — ¢;, we have

22%1—1,1' - p?—1,z‘+1 - Pg,i—z - p?,i—l =
. Zni_lbi_l beg Ce bl b2b3 e bi—l beg Ce bi—l

= — (ai,l +a; — )\)
n C1Cy...Ci—1 C1Co...Cj—9 C1Co...Ci—1
bobs ... b;_
= L(le —bi—ciii—ai1—a;+A)
C1Ca...Ci—1
bobs ... b;_
= 22 o —A—1)—n+c—n+bi+A)
C1Co...Ci—1
babs ... b;_
== M(CZ + bz’—l — A= 2)
C1Cy...Ci—1
Lemma 4.6 yields 2p; 1, — pi 1 ;11 — Piio — Pii1 > 0 and the result follows. 1

Inequality (17) is due to TAYLOR & LEVINGSTON [16].
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4.2 Induced quadrangle

Assume that there exist vertices x1, o, x3, 4 consistent with the diagram
x 4
I

Now fix such a quadrangle and abbreviate

K 2, = |F7jjkf(x17$27x37x4)|'

) T3

Theorem 4.8 ([20]) If ' contains an induced quadrangle, then the following hold.
(1)
(ci—cima) + (bisg —bi) > A +2 (18)
and equality holds if and only if

foralli (1 <i<d).

(i)
< k+ cq
T A+2

and equality holds if and only if equality holds in (18) for everyi=1,2,...,d.

Proof. (i) We have

i
Diiz1i(z1, 2, 23)] = x@4 -

T2 T3

i i~

\Tic1im1(21, 22, 23)| = 1 = + )
ZT1 T4 T1 1 T4
€T xrs3 €92 T2 T3
i—1,4+1 e~ 24
x9 x3

and

p2 = N = o N

1,i—2 xq T4 X1 x4
o x3 x2 xr3
This yields
2 2
Pictier + Piie < Tiie1i(@n, 2o, 3)| + [Ticri-1 (@1, 22, 3) . (19)

By Lemma 4.6, we have the following equation for all z; € X, xo € T'y(x) and x3 € T'9 (21, 22):
Diimvi(w1, w2, @3) | 4 Ticim1 (w1, @2, @3)| = 2p;, = Diiq — Phso — Di1441- (20)
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From (19) and (20) we have

2 2 1 2
2pi71,i+1 + 2pi,i*2 < 2pi,i71 —DPii-1,

babs ... b;— babs ... b;—
baby - bict g 90,y < D2ba by
C1Cy...Ci—1 C1Cy...Ci—q
2b7, + 2Ci_1 S 2n — ;1 — Q; — A — 2,
bi —bi1+ci1—¢ < —A—2,

(2b1 — Qi—1 — a; + )\),

which yields (18). Equality holds in (19) (and with that in (18)) if and only if

i i1 B ¢ i~ i1 i i
+ —0 and + —0.
1 .-. T4 T .-. x4 x1 X4 1 T4

o x3 2 3

2 3 Z2 3

(ii) Sum the inequalities from (18) for i = 1,2,...,d. 1

Remark 4.9 The diameter bound of the above theorem is tight, and there are infinite families
of distance-regular graphs achieving the bound. In fact, the characterization of the case of
equality was done by TERWILLIGER in [21].

5 Koolen’s inequalities

In [10, Lemmas 3.4, 3.5], HIRAKI re-proved Koolen’s inequalities from [11, 12]. In Lemmas
5.1, 5.3 we also re-prove these inequalities using t-point counts. In fact, in this section we
present how to obtain Koolen’s inequalities using 5-point counts with three vertices fixed. In
the follow-up paper, we will get inequalities (21) and (24) under different assumptions, i.e., we
will get that an induced polygon of length 2e + 3 yields (24) and that an induced polygon of
length 2e + 2 yields both (21) and (24).

Lemma 5.1 Ifc, > c.q for some e (2 <e <d) then
Ce > Ci+ Coj foralli=1,2,...,e—1. (21)

Moreover, in that case ¢; + c._; = c. if and only if

foranyu e X, vel(u) andw € T o—;i(u,v).

Proof. Pick w € X, v € T'.(u), w € I'j.—i(u,v) and define Y := Cj(w,u) and Z :=
Ce(u,v)/Ce_i(w,v). We count the size of the set

Q=Y xZ

18



in two ways. Using the triangle inequality, we can express ¢;(c. — c._1) via 5-point counts with
three vertices fixed:

ci = Y] = |Ci(w,u)| =

B
B

CiCe =
- u
B 3 w
'
oo
L € v . L

ci(Ce — Cem1) =

)

)
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Similarly, we can express the product (¢, — ce—;)(ce — Ce—1):

Now it is not hard to see that (22) < (23), i.e., that ¢;(cc — ce—1) < (ce —
result follows.

Corollary 5.2 If ¢irq > cipq1 for somei+q (2<i+q<d, qg>1) then
Citq = Ci + Cq.
Proof. Immediate from Lemma 5.1. 1

Lemma 5.3 If b, > b.yq for somee (2 <e <d) then

be > ¢; + beyi foralli=1,2,...,d—e. (24)
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Moreover, in that case ¢; + bey; = be if and only if

foranyu e X, vel(u) andw € T c1i(u,v).

Proof. Pick u € X, v e '(u) and w € ['; c4i(u,v). Let Y := By;(w,v) = Fepipr1(w, v) and
7 := B(v,u)\C;(z,u). By counting the size of the set

{(y,2) €Y x Z|0(y,2) < e+ 1}

in two ways, similarly to the proof of Lemma 5.1, we have

and

(be — €i)(be — bet1) =

The result follows. ]

5.1 A remark about a similar technique in the literature

As far as we know, the technique and notion of ¢-point counts that we have in this and the follow-
up paper is new. On the other hand, this technique has appeared implicitly in the literature.
For the moment let (X, {R;}o<i<a) denote a d-class P- and (- polynomial association scheme.
In [19], TERWILLIGER uses a map f from EK, (the set of all 2-element subsets of a 4-element
set {1,...,4}) to {1,...,d}, and defines that a 4-tuple (x, z2, x3,24) (of elements in X) has
type f if (z;,2;) € Ry(; ;). He defines Ny as the total number of 4-tuples from X of type f and
he defines N} as the total number of 4-tuples from X of type ¢, where i : EK; — {0,...,d} is
a constant function i({sy, s2}) =1, for all {sy, s2} € EK,. Switching to our notation, we have

f1a
Nf = |fi3 ¥ f3a
fa3

where fi; € {0,...,d} are fixed, and for all 1 <i < d,

N = | il ; i

(2

In [19, Theorem 1], the author proved that for a P- and @-polynomial association scheme Y,
all the numbers Ny can be computed from the intersection numbers of Y and Ny, N3, ..., N,

where p = min{[ 2], fi2, f13, fia, fo3, foa, f3a}.
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Next, in [10, Section 3], HIRAKI uses 5-point counts with 3 fixed vertices. In fact, the
technique from (our) Section 5 is very similar to [10, Section 3|; the only difference is in
notation.

Also, for example, the PhD thesis of DICKIE [7, Chapter 3| implicitly contains various 4-
point counts with 3 fixed vertices (see [7, p. 25]) and 4-point counts with 2 fixed vertices (see
7, p. 27]).

It is hard to count all the references from the literature where the technique appears im-
plicitly, and we don’t know whether there are many of them, or just these few that we mention
here. Let us mention one more. In [22, Equation (47)], TERWILLIGER has an equality involving
two 4-point counts with 3 fixed vertices.

6 4-point counts A;, B;, C;, D;, E; and F;

In this section we consider the 4-point counts containing two disjoint edges and define the
rational numbers

1 7.
e 1= [ } > 0. (25)
vrn;c;

(2
The names introduced for these 4-point counts will be used throughout.

Proposition 6.1 With the notation of Definition 3.1 we have

A; = RS | = urn; (a? - Ci(bi—l —b; — €i) - bi(ci—i-l — G — €i+1));
i, i1
B; = i‘ = [ Z-. } = Urn;C; <ai71 —(ci—cii1— ei)) = Urn;G (Gi — (bic1 — b — 61’)),
il i
C,=1" = [ " } = vrn,c;b;,
- T 7
i i1 i
D, = [ ' } = [ ' ] = [ N ] = vrnici(bi—1 — bi — e;),
'Z:l i—Zl 7
E; = [ 5 } = [ ‘ } = UrniC;€;,
[ —1
i i1
Fp= [ P } = [ o ] = vrnci(ci — cio1 — €;),

7—I 7—I

foralli (2 <i<d).
Proof. By summing over distances (see (5) and (7)) we find

VUrNit1Cip1C = vrnicib; = C;
vrn;ca; = B; + D,
vrnica;—1 = Fy + B;,
vrncibiy = D; + E; + C,

vrnic; = Ci_q + E; + Fj,
vrna; = D; + A; + Fipq
d h i—1 i i+l
(for example vrn;a? = Z[ ’ } = [ ’ } + [ A ] + [ ‘ }) Now (25) implies that
FE; = vrn;cie;, and solvfilﬁ(g); theZ resulting t;iangular lirzlear systemZ of equations gives the above
formulas. 1
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Figure 4: Intersection diagram (of rank 1) with respect to (x,y) (that is x € X, y € I'y(z),
I;j = Ti(x) N T(y)). Note that: (1) e; > 0 iff there exist x € X and y € I'y(x) such that
there is at least one edge between I';_; ;(x,y) and I'; ;1 (x, y) (a yellow edge exists); (2) B; > 0
iff there exist x € X and y € I'y(x) such that there is at least one edge inside I';_; ;(x,y) or
inside I';;_1(z,y) (an edge within one of the blue sets exists); (3) A; > 0 iff there exist € X
and y € ['y(z) such that there is at least one edge inside I';;(z,y) (an edge within the green
set exists). (4) D; > 0 iff there exist + € X and y € I'y(x) such that there is at least one
edge between I';;(x,y) and I';_y ;(x,y) UL, ,;—1(z,y) (a pink edge exists); (5) C; > 0 for every
i (1 <i<d—1) (the red edges exist); (6) F; > 0 iff there exist z € X and y € I';(z) such
that there is at least one edge between I';_; ;_1(z,y) and I';_y ;(x, y) UT; ;_1(x, y) (a brown edge
exists).

Remark 6.2 If ¢; = 0, then the counts B;, D;, F; are all constant. This makes it easier to
count bigger configurations.

A Terwilliger graph is a non-complete graph I' such that, for each pair of vertices u, v
at distance two, I'i(u) NIy (v) is a clique of size u (for some fixed p > 2). The case es = 0

corresponds to Terwilliger graphs, which are very restricted in structure. In [21], TERWILLIGER

k
showed that if I' is a distance-regular graph with diameter d > )\—:_c;

, then one of the following
holds: (i) I is a Terwilliger graph; (ii) I' is strongly-regular with smallest eigenvalue —2; (iii) I'
is a Hamming graph, a Doob graph, a locally Petersen graph, a Johnson graph, a half cube or
the Gosset graph.
Corollary 6.3 With reference to Proposition 6.1, let x* = max(x,0). Then

bi-1 2 by, ¢ > ¢, (26)

ci(a; — ai—1)+ + b;(a; — ai+1>+ < a?a (27)
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a; a;i_y

max | 0,¢; — ¢;-1 — aj—1,bi1 — by — —,¢; — o1 — < e, (28)
Ci bi—1

e; < min(bi_y — b, ¢; — ¢i1), (29)

CG_1=¢ <— E;,=F, =0. (31)

Proof. (26), (30), (31), and (27) follow from
0 < D;+ E; = vrnici(bimy — b;),
0 < E; + F; = vrnei(¢ — 1),
D, —F, = UFniCi(ai - Clifl); Dy — Fiyq = UFnibi(aiJrl - a’i)7
(D; — F)* + (Fyy1 — Diyy)t < Dy + Fiyy + Ay = vpngal.

29) follows from D; > 0, F; > 0, and (28) from B; > 0, A;+ %~ F;,1 > 0and A;_; +D;_1 > 0.
- - Ci+1 - -
1

Inequalities (26) and (27) are due to Bicas [2] and BROUWER & LAMBECK [4], respectively.

Corollary 6.4 (NOMURA [14]) With reference to Proposition 6.3, the following hold.

a; i1
Qi1 = A <1__7,)’ a; 2 At <1— H),
b; Cit+1

0<6Li<bi = (Ii+1>0
0< i1 < Ciy1 = a; >0

Proof. Note that (27) yields a? > b;(a; — a;+1) and a7, ; > ¢;41(ai41 — a;). The results follow.
1

Corollary 6.5 With reference to Proposition 6.1, the following hold.

aj—1 > C; — Ci—1 — €, (32)

a; > by — b; — e, (33)

e; =0 = i1 > c¢;—ci—1 and a; > bi_; — b;, (34)

ciei + bieiyr > bi(cin — ¢) + ¢i(bisy — bi) — aj, (35)

ci = ci_1 orb; =Db;_, = e; =0, (36)
b; =b;_1 and a; # 0 = Ai—1 > C; — Ci_1, (37)
¢ =c¢i—1 and a;_1 # 0 = a; > bi_1 — b;. (38)

Proof. (32) and (33) follow from B; > 0. (34) follows immediately from (32) and (33). (35)
follows from A; > 0. (36) follows from (29). If b; = b;_; and a; # 0, then ¢; = 0 and B; > 0.
This yields (37). Similarly, if ¢; = ¢;_1 and a;_; # 0, then e; = 0 and B; > 0. This yields (38).

1
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6.1 Case when B; =0

In this subsection we consider the case when B; = 0.
Lemma 6.6 With reference to Proposition 6.1, picki (2 <1i<d—1).
(I) Assume that B; = 0. Then the following hold.

(1) ]f a;—1 7é 0 then bi—l S ;1.
(ii) Assume a;—1 # 0. Then

bi—1 = a;_1 if and only if A;_1=0 and D;,_1 =0.

Moreover in this case B;_1 # 0.
(iii) a;—1 # 0 if and only if F; # 0.

(IT) Assume that a;—y # 0 so that we can pick x € X, y € I';_y(x) and z € I';_11(y, ). The
following hold.

(i) If Bi-1 =0 then ¢;_y = z&@ _ 07_/(&7

Tz i—1yi—1 "z r i—1gi—1 "z
1 1
(i) If B; =0 then b;_; = CZ&O =| 7
o i—1yi—1 "2 T i-1yi—1 "z
L 1 1
Proof. (1) By assumption B; = | / (| =0. Assume a;_; # 0. Then we can pick z € X,
[
T

yelq(x)and z € A;_4(y,x) = _Fi,lyl(y,xj. We have

ri—1yi—1 "z x i—1yi—1 "z r i—1yi—1 "z
1 - 1 1
=0 (B;=0)
and -~
wi=| 7 D | | DN e [N
z -1yl "z roi—1yi—1 "z z -1yl "z z i—17yi—1 "z
1 o 1 1 1
N————
=bi—1
This yields (i). Note that D; 1 = | 7 2l = |7 L AL = | D Y|, B =
—1  —1 i—1  —1 —1  1—1
L 1 1 1
s 2 | and
—1 i1
1
o i~ — i 2 + i 1
ri—1yi—1 "z x i—1yi—1 "z ri—1yi—1 "z
| . — | S — | A —
1 1 1

This yields (ii). Claim (iii) follows from B; 4+ F; = vrn;c;a;—;.
(IT) Follows immediately from the proof of (I). 1
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Lemma 6.7 With reference to Proposition 6.1, picki (2 <i < d—1) and assume that B; = 0.
Then the following hold.

(i) If a; # 0 then ¢; < a;.
(ii) Assume a; # 0. Then
¢ = a; iof and only if A; =0 and F;; =0.
Moreover in this case B;yq # 0.
(iii) a; # 0 if and only if D; # 0.

Proof. Similar to the proof of Lemma 6.6. 1

Corollary 6.8 With reference to Proposition 6.1, pick i (2 < i < d — 1) and assume that
B; = 0. Then the following hold.

(i) If a;—1 # 0 and a; # 0 then

Ci > Ci—q and bi_1 > b;.

(ii) e; = 0 if and only if ¢; = a;—1 + ¢;_1 and b;_y = a; + b;.

Proof. Claim (i) follows immediately from (30), (31) and Lemmas 6.6(iii) and 6.7(iii). Claim
(ii) follows from the formulas for B; in Proposition 6.1. 1

Proposition 6.9 With reference to Proposition 6.1, pick i (2 < i < d —1) and assume that
a;_1 # 0. The following hold.

(i) If A,y = B;_1 = B; =0 then

ai—1 = Ci—1 + bi_1.

(ll) [f €; = Ai—l = Bi—l = Bz =0 then
d<2i—1.

Proof. (i) Similar to the proof of Lemma 6.6.
(ii) By Corollary 6.8(ii) we have a;_1 = ¢; —¢;_1, and because of (iii) this yields 2¢;_; +b;_; =
¢;. Thus b;_; < ¢;. The result now follows from Lemma 4.3(i). ]

. s s s s s
7 4-point counts B}, C?, D;, E’ and F;
For every i (0 <i < d) and s > 0 define the rational numbers

1 its— 1 i+s

s . _ - e
e; 1= s A = s ' > 0. (39)
ULt sPi 1 541 SHL -1 Urfi+sPi 1,541 | st 1 |
its i+s—1

Note that ) = e;.
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Proposition 7.1 With the notation of Definition 3.1, we have

s +s i+5 3
Bi = = UFni-l—spi—l,s-i-l (CbH_S — (bi—l - bi+s - 61)) =
s+l i—1
i+s

_ i+s s
= Urlit+sPi-1,s+1 <az’71 — (Cips — Cim1 — 61’))?

s+ +s . .
N — _ . i+ . s __ ) 145 )
G = _ﬁ = = Uiy sPi 1 sp1bits, Ci1 = UrNigsPi] o1 Ci1,
s+l i—1 s+l 7
+s i+s+1
i+s +s .
S .__ _ _ 1+ s
Di = _ = A = 0rnigsPi ] gy (bict = bigs — €7),
s+l -1 s+1 i
L +s . +s .
i+s— i+s .
S . — _ . i+s s
E; = = = UrNMi+sPi—1,s+1%>
s+l —1 s+1 7
L i+s L i+s—1 .
i+s i+s— .
S . __ _ _ 1+ s
B = .ﬁ = ﬁ = VPN sPi ] og1 (Civs — Cim1 = €7),
s+l i—1 s+l -1
| +s—1 . L +s J

for all i (2 <1i <d) and s > 0. Note that B? = B;, C? = C;, DY = D;, E) = E; and F? = F;.

i
Proof. By summing over distances (see (5) and (7)) we find

B + Dj = UFni-l-spz:tierlai-‘rSa

Ff + B = vrniopit5 o1 0ie1,

C3 = vrnipspi ™5 o ibigs,

Di+ E; = UF”i+spr_rig,s+1(bz‘—1 — bits),

B} + Fp = vrnispif3 o1 (Cips — Cim1)-
Now (39) implies that Ef = vpnzqrspéfis 1165, and solving the resulting triangular linear system
of equations gives the above formulas. 1
Corollary 7.2 With reference to Proposition 7.1, if i + s < d then

max {0, Cits — Cim1 — @j—1,bi—1 — biys — ai+s} < ef <min{bj—1 — bits, Cips — Ci—1}.

Proof. Immediate from the nonnegativity of 4-point counts from Proposition 7.1. 1

Corollary 7.3 Leti and s denote positive integers with 2 <i <d—1 andi+s <d—1. Then
the following hold.

(1) [f bi_1 = b2‘+s and Qjts 7& 0 then a;—1 > Ciys — Ci—1.-
(11) [f Ci—1 = Cits and a;_q 7& 0 then Qjys > bi_1 — bi+8.
Proof.  With reference to Proposition 7.1, if b;—1 = b;4s or ¢;—1 = i then e = 0. Now if

(bi—1 = birs and a;4 5 # 0) or (¢;1 = ¢i4s and a;_1 # 0) then Bf > 0 and the results follow. &
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Corollary 7.4 With reference to Proposition 7.1, if i + s < d then the following hold.
(i) Cizs > i1 if and only if Ef 0 or B #0.

) bii1 > bigs if and only if  Ef #0 or D #0.

(iii) a;1s >0 if and only iof Bf #0 or D # 0.

(iv) aji—1 >0 if and only of  F7 #0 or By # 0.

Proof. Immediate from the proof of Proposition 7.1. 1

Corollary 7.5 With reference to Proposition 7.1, the following hold.
(i) ¢ = coim1 if and only if F/} =0 and E/.7 = 0.
(ii) b; = bo;—1 if and only if DI =0 and E.7 = 0.
(iil) If i1 = coi1 and bj_y > b; = by; 1 then F/ ™' =0, E"' =0, D71 #0.

Proof. Immediate from Corollary 7.4. 1

So, for example, if we want to show that a given graph I' with the property c¢;1 = cai1
and b;_1 > b; = by;_1 does not exist, it is enough to prove that D;‘l = 0, contradicting
Corollary 7.5(iii).

In (40) we have a generalization of half of the Brouwer-Lambeck inequality (27).

Proposition 7.6 Let i and s denote positive integers with 2 <i < d—1 andi+ s < d. Then
the following holds:

Ci(Qiys — aim1) < iys(a; + - 4 Qiys — a1 — - — ay). (40)
Proof. With reference to Proposition 7.1, note that

. +s .
145 _ S S S . 145
UrRisPi] o1 (@ivs — @im1) = D] — F? < D} < [ A = UrlitsP; s41Qi+s-
LTl =i,

i+ s
Now, from Lemma 4.4, on one side we have

i+s _ GiCiy1Cits G g
Di—1s41 = = Dis
C1C2 + + * Cs41 Cs+1

and on the another side we have

its i+8ai+...+ai+s—a1—...—as
Pist1 = Pis .

Cs+1

The result follows. 1
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7.1 Case when e; > 0 for some i (1 < i < d)

Note that (28) involves e;, hence it is not a feasibility condition for the intersection array.
However, when the lower bound in (28) is positive, we may apply the following results. We use
the new counts

Theorem 7.7 With reference to Proposition 6.1, we have

e; >0, oy >min(e; — ¢i_1,bi1 — b)) = ¢ivs > ¢, (
e >0, 1>1 = co_1 > ¢, (

;>0 — by > bi+ ¢, (44
e, >0 = b_1—bj+c—c_1>A+2. (

Proof. 1f e; > 0 then by (29),
e := min(ci — Ci—1, b1 — bl) >e; > O,

and with that ¢; > ¢;_; and b;_1 > b;. Also, e; > 0 implies that we may choose ryvw consistent

with %w (since E; > 0). Note that
Chdir)

x i x  >i—1
[ | ga—an=| [2<] (46)
Y ? w Y ) w
and o i o i
:bA <bi-1— b = % (47)
Y i “w Y i w

We have

Y i~1 w

All pi,,, choices for u yield O(u,y) = i + s — 1 and d(w,u) = s+ 1. Consider a vertex
v € I'ig(w,w) with 9(v',y) = i — 1. For such a choice of v/, the triple zwv’ implies d(z,v’) €
{i —2,i —1,i}. On the other hand, the triple zv'u yields d(x,v") > i. Now, because of (46)
and (47), the number of v € I'y 5,1 (w, u,y) is at most e, i.e.,




Also, note that

Cs+1 =

w
If c541 > e, there is some v € I'15(w, u) with d(v”,y) > i. In other words, there is a vertex v”

such that uv”xy is consistent with

+5— H5—
oﬁ or with oﬁ

" 7 x o i xT

i+s i+s

That is, we have
Fil>0 or E: > 0.

This yields ¢;1s > ¢; (see Corollary 7.4(i)). Thus (42) holds, and (43) follows by taking s =
1—1>0.
To derive the remaining statements we note that (41) gives

Hii1 = Eibg,
Hif2,i71 = Eic;_1,
Hi 1, a+H_1,+H,; 1+ H; =E(b — b —c;i_1), (
Kiyia+Hi 1, 0+Kiia+H;1=Ef(¢—c-1—1), (49
Kiiv+Hii 1+ K+ H;=E(b_1—0b—1), (
Ki1ia+ Ko+ K1+ Ky = E\ (

By swapping the edges in the diagram in (41), we observe that
Ki1;=Ki;1. (52)

Now (44) follows from the nonnegativity of (48), and (45) follows from (49)+(50)>(51) which
holds in view of (52). 1

It would be interesting to know which graphs have the property e; = 0 for all i (1 < i < d).

Research problem 7.8 Classify all distance-regular graphs for which e; =0 for alli (1 <1i <
d).

Research problem 7.9 Picki > 2. Using t-point counts, prove (or disprove) that the follow-
ing holds:
e, =0 and ¢ > ¢ - d<2i—1 or  Cgi—1 > C;.
8 Note about the case a; > a;
Pick i (2 <i < d). In this section we show that
a; > ;1 — bi,1 > bl
and

a; < ;1 —> C; > Ci—1-
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Moreover, we have
a; > a; = b; > bj

and
a; < a; == Cj > ¢

for any i,j (1 <i < j <d). To our knowledge, these two claims are new!
Lemma 8.1 Let I' denote a distance-reqular graph. Then the following hold.
(i) a; > a;_1 = bi_1 > b;.
(i) a; < a1 = ¢ > ¢iq.

Proof. 'We prove claim (i). The proof of (ii) is similar.
From Proposition 6.1 we have D; — F; = vrn;c;(a; — a;—1), and since a; > a;_1, we have
D; > F; > 0. This yields that vrn;c;(bi—1 — b; — e;) = D; > 0 and the result follows. 1

Theorem 8.2 Let I' denote a distance-reqular graph, and picki,j (1 <i < j <d). Then the
following hold.

(1) a; > a; — b; > bj.
(11) a; < a; = ¢j > Cj.
Proof. Pick s such that i+s = j. From Proposition 7.1 we have Df;ll—Ff_[ll = vpniJrspfgs(aiJrs—

a;) = Upnjpgvj_i(aj —a;). If a; > a; then D > F?.}', which yields b; — b; > €] > 0 and the

result follows. The proof for the case a; < a; is similar. [

Research problem 8.3 Using t-point counts, explain under which restrictions on intersection
numbers (and indices i, j) the following hold:

a; > a; = bi+1 > bj,

a; < a; == Cj > Ciy1.

9 Hiraki’s first inequality

In [10, Lemma 3.1] HIRAKI proved that if 1 < ¢ < d —1, ¢;41 > ¢, and a, < ¢441 — ¢, then
cq+ i < cgqr for all 2 <4 < d—gq. In this section, we re-prove Hiraki’s inequality using ¢-point
counts and we investigate different sub-cases. We will prove Hiraki’s second inequality in the
follow-up paper.

Lemma 9.1 Let I' = (X, R) be a distance-regular graph of diameter d, and let q be an integer
with 1 < g <d—1. Suppose ¢y < cgr1. The following hold.

(1) If ay < cqp1 — ¢4 then

Cori = Ci + ¢4 foralli (2<i<d-q).
(ii) If ay > cqq1 — ¢4 then

Cor1 — C
cq+i>ucl-+cq foralli (2<i<d-—q).
Qq
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Moreover, if a; = cqy1 — ¢q then cqyi = ¢; + ¢4 if and only if

g1 ; g1
q = 0, q = O7
L q i L q i
Ni—1 % q—1
g =0 and q =0
L q . L q §

Proof. Pick u € X, v € I'j(u) and w € [y 4(u,v). We consider the sets Y := C;(u,v),
Z = Cypyi(u, w)\Cy(v,w), Zg =T pric141(u,v,w) and Zp 1= T'yyic14+1.1(u, v,w). Note that
Z =Z,UZg and |Z| = |Za| + | Zg|. We count the size of the set

in two ways. From

we have

Similarly, from

Cqti = |Cyrilu, w)| =

and
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we have

Now, it is not hard to see that
Ci(Cor1 — ¢) = [ <[ Zalag + 1ZB|(cq1 — ¢g)- (53)

Note that ¢;(ci41 — ¢q) = |Zalag + | Z|(cq41 — ¢4) if and only if

(i) If ay < cq41 — ¢4 then, by (53), we have ¢;(cop1 — ¢g) < (|Za| + |ZB|)(cg1 — ¢q) =
(Cqti — €q)(Cqt1 — ¢4), and the result follows.

(ii) If ag > c4e1 — ¢4 then, by (53), we have ¢;(c,+1 — ¢g) < (|Zal + |ZB|)ag = (cqri — ¢q)ay,
and the result follows. 1

Corollary 9.2 With reference to Lemma 9.1, suppose cqy1 > ¢q. For 2 < i < d—q let Ef]ﬂ
and F'1 be as in Proposition 7.1. Fizi (2 <i<d—q). Then

q+1
< ]‘ Fifl Ei*l 54
Ci(Cqul - Cq) = itq ( q+10q T q+1(cl1+1 - Cq)) . (54)
UrNi+qD; q
Proof. Recall that
i—1 __ vz _ H—q: %
qg+1 — -
7 q 7 q+1
i+q +q—1
and
-1 +q . Hg—
Fii= _41 =
i q i q
i+q—1 i+q
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Similarly as in the proof of Lemma 9.1, it is not hard to show that

_ i1 _ 1
i+q _ Zq T . Zq T .
UMt qPi g Ci(Car1 — Cq) = i |+ Al I
q q
and
qHi—1 g1
Fifl 4 Ei*l( o ) _ q |+ q
a+1%q q+1\Cq+1 — Cq) =
q q
The result follows. 1

Corollary 9.3 With reference to Lemma 9.2, suppose cqy1 > ¢q. For2 < j <d—q let egﬁ be
as in (39). Firi (2 <i<d—q). The following hold.

(i) If Ciyg — cq > €3} then Fiii > 0.
. —1 —1
(ii) If civqg — cq = €447 then F 1 = 0.
(ili) If Civq — ¢q > €yl and ag < cq1 — cq then ¢iq > ¢ + ¢q.

. i—1
(iv) If civq — cq = eyy then cipq > ¢+ cq.

' Cor1 — C
(v) If ei;y =0 then ag # 0 and cqp; > %Ci +e,.
q

Proof. Recall

. 1 JHa= 1 Jtq
-1
i R — S — >0, (55)
7+q , +q -
UrNj+qPj 4 J__q UrNj+qPj 4 J_qfl
J+a Jta-1

Claims (i) and (ii) follow immediately from Proposition 7.1. If ¢;1, — ¢, > efljrll then F;H is
nonzero. Note that )

i—1 i—1
a (Fori + ) = civg — ¢
UrNitqD; ¢

Together with (54) and Lemma 9.1(i), this yields (iii). If ¢;1q —c, = ef]jrll then Fg;i = 0o (54)
becomes

1 .
Ci(Cq+1 — €q) < —,‘_H]E;é(cq-i-l — ) =
Ul_‘n’i-i-qpi,q
1 . -
= g (FqlJr% + E;ﬁ) (Cq+1 - Cq) = (Cq+i - Cq)(cq+1 - Cq)
UrNi+qD; q

which implies (iv). Finally, if e/}} = 0 then E!7} is zero. Together with (54), this yields (v).
1
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10 New diameter bound in the case when c,11 > ¢4, and
ag < Cqy1 — Cq

In this section we show that if I is a distance-regular graph such that ¢, < ¢,41 and a; < cgy1—¢4
(where ¢ > 2), then
d<(k+1—cp)g+1<(k—1)g+1.

This bound is tight. Let’s recall some well-known diameter bounds. The following result for
the bipartite case is due to HIRAKI [10] (|n]| denotes the maximal integer ¢ such that i < n).

Theorem 10.1 ([10, Theorem 1.2]) Let I be a bipartite distance-regular graph of diameter d,
valency k > 3 and cg41 > ¢4 where ¢ > 2. Suppose I is not the doubled Odd graph. Then

k+2
d < {%Jq%—l.

The next result, also for the bipartite case, is due to KOOLEN [11].

Theorem 10.2 ([11, Theorem 6]) Let T' be a bipartite distance-reqular graph of diameter d,
valency k > 3 and girth 2q > 6. If I' is not the doubled Odd graph, then

kE—3

i<@-viE-n- |3

If the girth of I' is 2¢ > 6, then ¢, > ¢,—1 (¢ > 3), but the converse is not true. The following
result of TERWILLIGER [17, 18] for bipartite distance-regular graphs is well-known.

Theorem 10.3 ([17, 18]) Let I' be a bipartite distance-reqular graph of diameter d > 3 and
valency k > 3 with cqy1 > ¢4. Then

d < (k—1)g+1. (56)

The bound (56) is tight. The hypercubes and the doubled Odd graphs satisfy d = (k—1)g+1
with ¢ = 1, 2, respectively.

In Theorem 10.6 we derive a slightly stronger diameter bound (from (56)) which, in certain
cases, also applies to non-bipartite distance-regular graphs. The bounds (56) and (57) appear
to be equivalent only when ¢,y; = 2, which is the minimal value for which the conditions can
be met.

The best known general bound that can be related with the condition ¢, < ¢,41 (without
any restriction on a,) is the bound given by BANG, HIRAKI and KOOLEN in [1].

Theorem 10.4 ([1, Corollary 1.4]) Let I' be a distance-reqular graph of diameter d > 2, va-
lency k > 3, and assume that cg41 > cg = 1. Then

1
d§§k’°‘q—|—1

where o := min{z > 0]4 — 2z < 1} (note that 1.44 < a < 1.441).

To prove our claim, we need Lemma 10.5.
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Lemma 10.5 Let I' be a distance-reqular graph of diameter d > 2, let t be a positive integer
and let ¢ be an integer with 2 < q < d—1. If c; < cqy1, ag < cqy1 — ¢cq and tq+ 1 < d then

Ceg+1 Z t+1.

Proof. Note that c,41 > 2. By assumption a, < ¢;41 — ¢4, and from Lemma 9.1(i) we have
Civg > Ci+cgforalli (2<i<d—ygq).

We prove the inequality by induction on ¢. For the induction basis, note that for t = 1 we
have ¢;g41 = cg41 > 2 = t+1, while for ¢ = 2 we have ¢;g11 = Cog41 > Cgr1+Cq > g1 +1 >3 =
t+1. For the induction step, assume that cs;41 > s+ 1 for every 2 < s <t —1, and prove that
inequality also holds for ¢. Indeed, cig41 = Ct—1)g+149 = Clt—1)g+1 + Cq = Clt—1)g+1 +1 > +1
and the result follows. 1

Note some similarity between Corollary 10.5 and [10, Lemma 4.2(2)]. Our proof of Theorem
10.6 goes along the same lines as the proof of [10, Theorem 1.2] (i.e., for the bipartite case).

Theorem 10.6 Let I' be a distance-reqular graph of diameter d with valency k > 3, and let q
be an integer with 2 < q < d—1. If cg < cqq1 and ay < cqy1 — ¢4 then

d<(k+1—-cg1)q+1. (57)

Proof.  Let t := k — c441. To derive a contradiction, suppose (¢t + 1)g +2 < d. Then
tq+1<d—q— 1. Thus, because of Lemma 4.3(i) and (26), we have byy+1 > bg—g—1 > Cgt1,
and c¢iy41 > t+ 1 by Lemma 10.5. It follows that

t+1+ Cq+1 S Ctq+1 + btq+1 S k=t + Cq+1-

This is a contradiction. The theorem is proved. 1

Remark 10.7 Some of the graphs of diameter d > 5 that are not bipartite and that satisfy
the conditions of Theorem 10.6 (for the smallest possible index ¢) are

e the Biggs—Smith graph,
o the intersection array is {3,2,2,2,1,1,1;1,1,1,1,1,1, 3},
o the bound (57) is tight,
od=T7k=3,q=6,
ocg<cr=3,1=as<cr—cg (k+1—co1)g+1=T7,

e the Odd graph on 13 points,
o the intersection array is {7,6,6,5,5,4;1,1,2,2, 3,3},
od=6,k=17,q=2,
oy <c3=2,ay<c3—ca, (k+1—cp1)g+1=13,

e the Odd graph on 11 points,
o the intersection array is {6,5,5,4,4;1,1,2,2, 3},
od=5k=6,q=2,
oy <c3=2,ay<c3—ca, (k+1—cp1)g+1=11,

e the generalized dodecagon of order (2, 1),
o the intersection array is {4,2,2,2,2,2;1,1,1,1,1, 2},
od=6,k=4,q=5,
ocs<cg=2,a5=c6—C5, (k+1—ces1)g+1=16

e and the dodecahedron,
o the intersection array is {3,2,1,1,1;1,1, 1,2, 3},
od=5k=3,q=3,
cag=cs—c3, (k+1—cop1)g+1=T.
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Besides the Biggs—Smith graph, the bound (57) is tight for the doubled Odd graphs; for this
family (which is both antipodal and bipartite) we have d = (k — 1)g + 1 with ¢ = 2. One of
the graphs of diameter d > 5 which does not satisfy the conditions of Theorem 10.6 (for the
smallest possible index ¢) is the Ivanov-Ivanov-Faradjev graph (d =8, k =7, ¢ =3, c3 < ¢y = 2,
2 = a3 > c3 — ¢2). On the other hand, for ¢ =4 we have ¢y < cs =4 and 1 = ay < ¢5 — ¢4.

10.1 Case when c¢;14 — ¢4 > efljrll foralli € {¢g+1,2¢g+1,...,
(m—1)q+1}

In this subsection we show that if I' is a distance-regular graph such that ¢, < cg41, ag < ¢gr1—¢4
(¢ >2) and ¢ipg—cy > e;jrll forallie {qg+1,2¢+1,...,(m—1)g+ 1} (where m is the largest
positive integer such that mqg + 1 < d), then

Lemma 10.8 Let I' be a distance-reqular graph of diameter d with valency k > 3, and let q
be an integer with 2 < g < d—1. If ¢ < cqq1, g < Cgp1 — Cq aNd Ciyg — Cq > 62;11 for all
i€ {q+1,2¢+1,...,(m—1)g+1}, where m is the largest positive integer such that mq+1 < d,
then

Cgrr =2t (1<t <m).

Proof.  Note that c,41 > 2. By assumption a, < cg41 — ¢4 and c¢ipq — ¢ > eéjrll for all

ie{qg+1,2¢g+1,...,(m—1)qg+ 1}, so Corollary 9.3(iii) yields ¢;+, > ¢; + ¢, for all i € {q+
1,2g+1,...,(m—1)g+1}. Thisyields ¢;yq > ¢;+c,+1foralli € {¢g+1,2¢+1,...,(m—1)g+1}.

We prove the inequality by induction on ¢. For the induction basis, note that for t = 1 we
have cig41 = cg41 > 2 = 2t, while for ¢ = 2 we have ¢;y11 = cog41 > cgp1 +¢cg+1 > cpp1 +2 2>
4 = 2t. For the induction step, assume that cs,41 > 2s for every 2 < s <t — 1, and prove that
inequality also holds for t. Indeed, cig41 = C—1)g+149 = Ct—1)g+1 + C¢ + 1 > C—1yg41 +2 >
2(t — 1) 4+ 2 and the result follows. 1

Theorem 10.9 With reference to Lemma 10.8, assume that c; < cqy1 and ciyq—cq > ef]jrll for
allie {g+1,2¢+1,...,(m—1)g+ 1}, where mqg+1 <d. If a, < cg41 — ¢4 then

d< \‘k+4—6q+1

5 J q+ 1 (58)

Proof.  Let t := VH_%J — 1. This implies & < 2t — 1 4 ¢44+1. To derive a contradiction,

suppose (t+1)g+2 < d. Then tg+ 1 < d—q— 1. Thus, because of Lemma 4.3(i) and (26) we
have bygr1 > bg—q—1 > Cgq1, and ¢gpq > 2t from Lemma 10.8. It follows that

2t + Cq+1 S Ceq+1 -+ bthrl S k S 2t —1+ Cq+1-

This is a contradiction. The theorem is proved. 1

Research problem 10.10 Let g be the smallest integer such that cgo1 > ¢, (2 < qg<d—1),
and assume ag < cqy1—Cq. Using t-point counts, explain under which restrictions on intersection
numbers (and index i) the following holds:

c,-+q—cq>ef;11 forallie{qg+1,2¢+1,...,(m—1)qg+ 1},

where m s the largest positive integer such that mq+ 1 < d.
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