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Abstract

Let T" be a distance-regular graph of diameter d and intersection array {bg, b1, ...,
bg_1;¢1,C2,...,cq}. In this paper we continue to study language of ¢-point counts
and t-point sets. In particular, we begin to study open case from Part I, case when
cq < cg+1 and ag > cg41 — ¢4. Under additional assumption that by41 = b, and

g+l

we prove that d < 2q + 1. We also study induced polygons of even and odd length,
where independently of results from Part I, and under different assumptions we
prove that Koolen’s inequalities hold. Amonge else, in the end we obtain new
inequality for graphs with even girth: If I" has induced polygon of length 2h then

Ci—1Ci—2 .- Ci—py1 + bibip1 .. biyp_o

bi— i —A—22>
1te bobs - bp_1

hold for any i (h+1<i<d—h+1).
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11 Introduction to Part 11

In Part I of the paper we proved that ¢, < c,41 and a, < ¢441 — ¢ (where ¢ > 2) yield
d<(k+1-cp1)g+1<(k—1)g+1.

It is our ultimate goal to get similar result under assumption that ¢, < c;41 and a, >
Cq+1 — Cq- To achieve this goal we systematically continue to study t-point counts. In
Section 12 we consider 4-point counts containing path of length two. We use this counts
first to prove that ¢, < c4y1, ag > cg41 — ¢4 and by = byyq yield agyq # 0. After that

we make additional assumption that 5-point count g 2 | = 0 and we prove

P
that

d<2q—+1.

Using this bound, in Section 13 we obtain different kind of bounds using intersection
numbers only.

In Section 15 we study induced polygons of even and odd length. Independently of
results from Part I, we prove the following. If I" has induced polygon of odd length (of
length 2h + 3 for some h (1 < h < d)) then

b, > ¢; + biyp forany i (1 <i<d-—h),

which yield b, > by.;. If I' has induced polygon of of length 2h for some h (2 < h < d)
then
ey > chi + ¢ forany i (1<i<h-—1),
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which yield ¢, > ¢,_1. If T has induced polygon of length 2h + 2 for some h (2 < h < d)
then

b, > ¢+ biyn foranyi (2<i<d—h+1)
which yield b, > by1. For example, one of immediate consequences of above results are:
(i) If by = by then I" does not have induced pentagon. (ii) If by = b3 or ¢c3 = c¢3 then I’
does not have induced hexagon. (iii) If by = b3 then I' does not have induced heptagon.
(iv) If b3 = by or c3 = ¢4 then I' does not have induced octagon.

In Section 17 we find a new inequality for distance-regular graphs involving the inter-
section numbers of I' when the girth is even.

12 4-point counts R;, S;, T;, U;, V; and WV,

In this section we will consider the 4-point counts containing path of length two. We
begin by defining rational numbers

1 ) )
v; = Zﬁ >0 (1<i<d).
n;c;

2

Note that by definition v; = 0.

Proposition. 12.1 Let I' = (X, R) denote a distance reqular graph of diameter d and
valency n > 3. For any i (2 <i < d) we have

Ri = A =1y (ai(bl — CZ‘) + Cz()\ — ai_l) + CiU; — bivi+1> =

—

2

=N (%‘51 — (ai—1 +a; —ay —v;)¢; — bﬂ)i+1> =

=n; (ai(bl —¢)+ (A — Clpl)) + Vi — Vig,

S; = ﬁk = nici(bl — Ci—1 — Ui);

 ——
2
| ¢ _ ) N _
1im | DN = [ D] = et + - a0 - )
| ———————— | —————
2 2
— | | —
Ui = = nic,»(ci —1- ;1 + Ui),
L ———
2
V.= i~ _ ) N ! — M.y
T T - - n’LC’L/Uid
O —————— O ———————
2 2
W= | 21 | = m = nicib;.
| —————— | O ——————
2 2



Proof. By summing over a distance we find
Vi+T; = nici(ai—1 +a; — A),
Wity + Vi + 5 = niciby,
Ui +T; + Wi = nciby,
Ti + Ry + Vigr = na;by.

Solving the resulting linear system or equations gives the above formulas. Note that we
also have SZ + RZ + Ui+1 = ni(ci(bi_l — 1) + bi(cz‘—H — 1) + Cl,‘((li —A— 1)) 1

Corollary. 12.2 With reference to Proposition 12.1, for any i (2 < i < d) we have

max {0,a; 1 +1—¢} <v; <min{a; +a;_1 — N\, by —¢; 1}, (57)

aiby > (ai—1 + a; — a1)¢; + bvip — vy, (58)

a;b; < (ai_l +a; — )\)CZ = V. > ‘/i—i-l- (59)

v, =0 = Ci > Q;—1 + 1, (60)

by > by = T, >0 or U; >0. (61)

Proof. (57) and (58) follow from nonnegative of expressions from Proposition 12.1. (59)

follows from R; > 0. (60) follows from U; > 0. (61) follows from 0 < T;+U; = n;c;(by —b;).
[ |

Corollary. 12.3 With reference to Proposition 12.1, for any i (2 < i < d) we have
A+2<b-1+¢ (62)

Proof.  (62) follows from 0 < S; + U; = n;c;(¢; +bi—1 — A —2). (62) follows from (57). &

Inequality (62) is known from [3, Proposition 5.5.1(iii)].

Corollary. 12.4 With reference to Proposition 12.1, if a;_1 # 0 and v; = 0 for some i
(2<i<d-—1) then

bi—l S )\, a;—1 S A and C; 2 a;—1 + 1 Z 2.

Proof. Pick uw € X and z € I'1(u). Since a;—1 # 0 we can pick x € I';_;,;_1, and since

v; = 0 for every such = we have = (0. Thus we have
i1z u
IS — |
i1
bi*l = &Q + (A + [& ’
T i1z u -1z u - i—1 z u
S — ) S —
i1 i1 i1
=0 =0

s8]
[

os}
w

[on}
o N

| |0
>
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that is all b;_; vertices that are neighbours of z and on distance ¢ from x must be in
I'11(u, z). This yield b;—; < A. Similarly, since v; = 0, for any y € I';;_1(u, z) we have

Oﬁ@ = (0 and this yield

Y -1z u

(2

Y -1z u Y -1z u Y o—1 z u
1 (] 7
—— — — —
=0 =0

That is all a;_; vertices that are neighbour of z and on distance ¢ — 1 from y must be
in I'11(u, z). This yield a;_1 < A. Inequality ¢; > a;_ 1 + 1 > 2 follows from (60) and
assumptions. 1

Corollary. 12.5 With reference to Proposition 12.1, lett be index such that 1 = ¢; < ¢4y1.
If a1 # 0 then vy # 0 and vy 1 # 0.

Proof. Since by > by > ... > b, and 1 = ¢; = ... = ¢; we have that A < a, < ... < a;. Also
a;—1 # 0 yield A < a;. Now the results follow immediate from Corollary 12.4. |

Note that if by > by and ¢; = ¢, = 1 for some t > 2 then A < as < a;.

Proposition. 12.6 With reference to Proposition 12.1, the following (i)—(iii) hold.
(i) If A <b;_y — 1 then S; # 0.
(ii) If A < a;—1 then V; # 0.

(iii) Ifi —1<d then V; #0 or S; # 0.

Proof. Pick u € X,y € I';(u). Now we have ¢; choices to pick z € C;(y, u).

(i) For every z there exist b;_; — 1 vertices v € B;_1(y, z) — {u}. If S; = 0 then any
such v must be neighbour of u which imply b,_; — 1 < A, a contradiction. The result
follows.

(ii) For every z there exist a;_; vertices v € A;_1(y, z). If V; = 0 then any such v must
be neighbour of u which imply a;_1; < A, a contradiction. The result follows.

(iii) Immediate from 0 < V; + S; = n;c;(by — ¢;—1) and (12). 1

12.1 Note when ¢, > ¢, and a; > cj41 — ¢

In this subsection we begin to study case when c,41 > ¢, and ag > cg41 — 4.

Lemma. 12.7 With reference to Proposition 12.1, let q be an integer with 2 < g < d—1.
If ¢y < cqt1, ag > cqr1 — ¢4 then the following (i), (ii) hold.

(1) If byy1 =1 then d < 2q + 2.



(11) [f bq+1 7£ 1 then Sq+1 # 0.

Proof. (i) Since ¢g41 > ¢, > 1 = by4q, the result follows from (12).
(ii) Assume that S,4; = 0. Then, because of Proposition 12.1, v 41 = by — ¢,. Since
Tyr1 = Ngy16q41(aq + g1 — A — vg41) > 0 and a, > g1 — ¢, we have

Qg+ Qgp1 — A —Vgp1 = Qg+ Agp1 — A —bi+cg > cop1 — g+ agp1 — A —b1 +¢g =

= Cqt1 t Qgr1 —k+c1=c1 —bgy1 >0

which yield b,+; = 1, a contradiction. The result follows. 1

Lemma. 12.8 With reference to Proposition 12.1, let q be an integer with 2 < g < d—1,
and assume that ¢, < cgp1 and ag > cyp1 — ¢q. If cg =1 then vy # 0.

Proof. 'To get a contradiction, assume that vy, = 0. Then a; > c441 — ¢, and Uyyy =
Ng+1Cq+1(Cqop1 — 1 — ag — vgq1) > 0 yield cpp1 > ag +1 > cpp1 — ¢y + 1, that is ¢, > 1, a
contradiction. The result follows. 1

Lemma. 12.9 With reference to Proposition 12.1, let q be an integer with 2 < q < d—1,
and assume that cq < cgp1 and ag > cg11 — ¢q. If by = bgy1 then agq # 0.

q
1

Proof. By Proposition 6.1 we have B, = [ ] = Ng+1Cg41 (aq— (Cq+1 —cq—eq+1)> =

T
Ng+1Cq+1 (aq+1 —(by—bg+1 —eq+1)> . Since b, = by it follows by (30) that we have e,; = 0,

which yield
Bgt1 = ngr1¢441 (aq — (Cg1 — Cq)) = Ng+1Cq+10g+1-

The result follows. 1

Consider 5-point count defined on the following way

g1 1 q fras]

In this subsection we show that if ¢; < cg41, ag > cg41 — ¢4, bg41 = by and @y = 0 for
some integer ¢ (2 < g < d—1) then

d<2q+1.
Lemma. 12.10 With the notation of Definition 2.1, if @441 # 0 then
Bq+1 7& 07 Fq+1 7é 07 V;H—l 7é 07 Sq-i-l 7& 07 and m 7é 0.

9 gqtl
2




Proof. Immediate from definitions of ®,.1 and By, Fii1, Vor1, Sqt1- 1
Lemma. 12.11 With the notation of Definition 2.1, assume that by = by11 and cg1 > ¢

u

2 y
so that we can choose zuwy consistent withvﬁz Af ®y1 =0 then

Lyv1(w) N By(y,z) = 0.

Proof.  Assume to the contrary, that is assume I'oyq(w) N By(y, 2) is nonempty, so that
we can choose v € I' 11 (w) N B,(y, z). Then wyvzu are consistent with

p
Now since q = q ] + g 2| = 0, we have a con-
G ] gl JER giT
=0(Dg+1=0) =0(®g+1=0)
tradiction. The result follows. 1

Lemma. 12.12 With the notation of Definition 2.1, assume that by = by and agq # 0

T, 1 ~v
so that we can choose zvxy consistent with % Af ®y1 =0 then
q

z Y

Pa1(v) N Aq(z,y) = 0.

Proof. Assume to the contrary, that is assume I'jy1(v) N A4(z,y) is nonempty, so that
we can choose w € I'j41(v) N A,(%,y). Then zvryw are consistent with

p
Now since q = q 2| = 0, we have a con-
g+l g+l »
= =0(®q4+1=0)
tradiction. The result follows. 1

Lemma. 12.13 With the notation of Definition 2.1, assume that byy1 = b, and pick
ze X, yel(z), ue Byy,z) and v € By(z,y). Then the following (i)-(iii) hold.
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(1) [Tgqr1.4(ys 2, 2)| = g1 —¢q and [Ty 14(2, 9, u)| = g1 — ¢4
(H) Aq(y> Z) - Fq,l,q—%l(?/a Z, :U>Urq,l,q(y7 2 ZL’) and Aq<2, y) = Fq,l,q+1 (Zv Y, U)Urq,l,q(za Y, U)
(111) BQ(Z7 y) = FQ+171,¢1+1(Z’ Y, u) and BQ(y7 Z) = FQ+1,1,Q+2(y7 2 {L‘)

Proof. (i) Since by41 = b, we have e,41 = 0 and F 1 = ngi1¢441(¢g41 — ¢4). The result
follows.

Y, z
ii) Pick v € A,(y,z). We have that xywz are consistent with . By triangle
a\Y Y y g

inequality it is not hard to see that d(x,v) € {¢,q¢ + 1}. Similar for w € A,(z,y) and
zI ; Iy

(iii) Consider z € X, y € I'y(2), u € B,(y, z) and pick w € By(z,y) = [';41(2) NT'1(y).
Note that because of triangle inequality d(u,w) € {q,q + 1,9 + 2}. Now d(u,w) = ¢ is
not possible since E 1 = 0, and d(u,w) = ¢ + 1 is not possible since D,y; = 0. Thus

we must have d(u,w) = ¢ + 2, and the first equation follow. Similarly for B,(y,z) =
Lor11g12(y, 2, ). !

Lemma. 12.14 With the notation of Definition 2.1, assume that b,1 = b, and pick
ze€ X, yeTly(z), ue Byy,z) and v € By(z,y). If cgr1 > ¢4, g1 # 0 and Pypy =0
then there exists w € I'y1 4(2,y,u) such that

Bq(w, z) C Fq,l,q(ya z,1).

Proof. By Lemma 12.13(i), |I1,4(2,y,w)| = cg41 — ¢4, 50 we can pick w € I'y 1 4(2,y, u).
2 Y
Vertices zuwy are consistent with . By Lemma 12.11 this yield I' 41 (w) N By(y, 2) =

(. Since T'yj11(w) N Cyly, z) = 0, we must have I'j1(w) C A,(y, z). By Lemma 12.13(ii),
AQ(yv’Z) = Fq,l,q+1<ya Z,ﬂ?) U Pq71,q<ya Z,$>- For any v € Fi],l,q+1(y7z7$)7 by Lemma 12.12
Fq-i-l(v> ﬂ14!1('27 y) = Fq+1(1)) N |:Fq,1,q+1(z7 Y, ’LL) U Fq,l,q(zy Y, U)} - @ which yleld Fq—‘rl(w) g

[y1.4(y, z,x) and the result follows. I
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Figure 4 Intersection diagram (of rank ¢). The set I'1(2) is partitioned with respect to (y, z, x)
and the set I'; (y) is partitioned with respect to (z,y,u), in both cases under assumption by41 =
bg. Note that z € X, y € I'y(2), z € T'g41,1(2,y) and u € T'1 g41(u, y).

Theorem. 12.15 ([3, proof of Lemma 5.9.2]) With the notation of Definition 2.1, assume
that byr1 = by, cqv1 > ¢4, g1 7# 0 and @1 = 0. Then the following (i), (ii) hold.

(i) by +cqg < g
(i) d <2q+ 1.

Proof. (i) Immediate from Lemmas 12.13(i) and 12.14.
(ii) Immediate from (i) and (12). 1

Corollary. 12.16 With the notation of Definition 2.1, assume that by = bgy1, cq41 > Cq,
aq > Cqr1 — Cq and ©gpq = 0. Then
d<2q+1.

Proof. By Lemma 12.9, a,+1 # 0. The result now follows immediate from Theorem
12.15. 1

13 Diameter bounds for case when 1 = ¢, < ¢;41, a; >
Cqt1 — Cqs bgy1 = by, and Oy =0

In this section we use Corollary 12.16 together with Theorem 13.1 to get diameter bounds
for different sub-cases.



Theorem. 13.1 ([2, Lemma 5.1(iii)]) Let " be a sistance-reqular graph of diameter d > 2
and valency n > 3. Letr =r(I') = [{i|1 <i<d—1 and (¢;,b;) = (c1,b1)}|. If by =2
and ¢; =1 then i < 2r + 2.

Theorem. 13.2 Let I' be a distance-reqular graph of diameter d > 2, valency n > 3 and
1 = cq < cg1. Assume that by = bgi1, ag > cqy1 — ¢g and g1 = 0. Then the following
(i)—(iv) hold.

(1) If by—1 > 3 then
d S 1+ 210g3(b0b1...bq,1).

(i) If by—1 =2 and by <2 then
d<9.

(iii) If by—1 =2 and by > 3 then

d S 1+ 410g6(bobl'-'bq—l>-

(iv) If by—y = 1 then by > 2. Moreover, if by = 2 then d < 9. If by = 3 then d < 7. If
by > 4 then
d S 1+ 410g8(b0b1...bq_1).

Proof.  Our proof is with lines of [2, proof of Theorem 1.5].
(i) We have M- = 1)2;1 > 3 for all i (1 < ¢ < q), which yield n, > 3% By Corollary
12.16,

d<1+2q <1+ 2logsn,

and the result follows.

(ii) Since ¢, = 1 and b,—1 = 2, by (15) we have A < 1, wich yield that k& < 4. The
result follows from [1] and [4].

(ili) Let r = »(I') = |{i|1 < i < d—1and (¢,b;) = (c1,b1)}|. Since ¢, = 1 and
by—1 = 2 by Theorem 13.1, ¢ < 2r + 2 and with that ¢ —r —1 <r+1and 2 <r+1. We
have .

ng = [ [ bj-1 = nbj2e ' = 37207 > 65,
j=1

Therefore we have loggn, > £ and thus
d§2q—|—1:4g+1: 1+ 4logg 1,

holds.

(iv) By (15), ¢, = 1 and b,y = 1 yield A = 0. If by = 2 then n = 3 and the result
follows from [1]. If b = 3 then n = 4 and the result follows from [4].

Now we assume that b; > 4. Then

q
ng = [[bj-1 > nbj20' 7" > 471207 > 85,
7j=1

The result follows. 1

10
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Corollary. 13.3 Let I' be a distance-reqular graph of diameter d > 2, valency n > 3 and
1 =cq < cqyr1. Assume that by = byi1, ag > cgr1 — ¢q and Py = 0. Then

4
d§1+§log2|X\.

Proof. Immediate from Theorem 13.2 and the fact that | X| > n,. I

14 4-point counts X, Y; and Z

In this section we consider the 4-point counts containing triangle and their connection
with 4-point counts which contain path of length two (see Section 12). We begin by
defining rational numbers

1 . .
Z; = ! > 0.
n;C;

1

Proposition. 14.1 With the notation of Definition 2.1, for any i (1 < i < d) we have

| S
1
T ) ] 1
Y= ’/_/I\_'\ = A = Z& = nic;(A = z),
| A S S ——
1 1 1
zo= | 2D = | A = | 2N | = e
1 1 1

Proof. Note that
Zi +Yi = nicA,
Yi + Xi + Zig1 = na; .

The results follow. 1

Proposition. 14.2 With reference to Propositions 12.1 and 14.1, for any i (2 < i < d)

we have
Ri =n; <CL2‘(CL1' —1- )\) + biZiJrl + C,L(/\ - Zi)>,

Sii=nici(bio — 1 — A+ z),
T; = n;ci(a; — XN+ z),
Ui == mnici(c; — 1 — z),
Vi= nici(aifl - Zi),
W; == n;c;b;.

11



Proof. Note that
Wi = nicib;,
Zi + Vi = niciai-1,
nic; + Z; + Uy = nicicy,
Y, + T = nja;ci,
nici +Yi +8; = nicibi_1,
nia; + X; + R = n;a,a4,

The results follow. 1

Corollary. 14.3 With reference to Propositions 14.2

max(0, A —a;, \+ 1 —b;_1) < z; <min(\, a;_1,¢ — 1), (64)
)\(ai — Ci) — ai(ai — ].) S bz'ZZ'+1 — C;%; S /\(az - CZ'>. (65)
Proof. The expressions in Propositions 14.1 and 14.2 are nonnegative. 1

Note similarity between (65) and [3, (6) from page 178].
With reference to Propositions 6.1 and 14.1, clearly Zy = F5, so we have

2o =p—1—es. (66)

Further relations between the z; and e; are obtained by counting the number of certain
5-point and 6-point configurations.

Proposition. 14.4 With reference to Propositions 14.2, for any i (1 < i < d) we have

0 < ziy1 — 2 <min(ciy1 — ¢ — €41, bi1 — b, — €;), (67)
¢ —c¢io1—e; <min(a;_1 — A+ 2, a;_1 — 2;), (68)
bi—l — bz — € S min(ai - A + Ziy A — Zl> (69)
Proof. Define, for fixed i,
ij = [% ] )
1
1
Mjk = % )
1
L 1 .

=
1

—

L ,i+1 -
Then Lj, = 0 for (j, k) # (i — 1,4), (i,4), (i,i+ 1), and

Lii+1 = CiY;+17 Li—y; = biZ;,

12
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0 < Lii = ¢iZiv1 — biZi = nibici(zip1 — ),
0 < M;; = c¢;Fipn — Lis = nibicy (Ci+1 — ¢ — €ip1— (Zip1 — zi))a
0 < Ny =b,D; — Lii = nibic; (bi—l —bi —e; — (zip1 — Zz)>,
0 < Miiy1 = ¢iBit1 — Liit1 = nibic (ai — (i1 —ci—eiq1) — (A= Zi-i—l)) =
= n;b;c; <Gi+1 - (bi —bip1 — €i+1) - ()\ - Zi+1)>7
0 < Ni—1; =0,B; — Li—1; = nibic; (ai—l —(ci—cii—e) — Zi) =
= n,c;b; (ai — (b1 — by — ;) — zl->.
This implies (67), (68) and (69). I
Theorem. 14.5 ([3, Proposition 5.5.6]) With the notation of Definition 2.1, if A > 0
then for any i (1 <i<d—1) we have
min(b;, ¢;) < a;,
a;(A+1—a;) < Amax(b;, ¢;).
Proof. Using the upper bound of (65), and the lower bound of (67) we have
(b; — ci)zi < Ma; — ¢;). (70)

Since 0 < z; < A (by (64)), if A > 0 we find

70
bi > ¢ ( a; 2 ¢,

bi<e = bj—c<0 = (bz — Cz))\ < (bZ — Ci>zi (@

that is

b; <a;

min(b;, ¢;) < a;.

Similarly, the inequality A(a; — ¢;) < (b; — ¢;)zi1 + ai(a; — 1) yields

a;(A+1—a;) < Amax(b;, ¢;).

Using (64) and lower bound of (67) it is easy to deduce the inequalities
A S min(?ai, a; + a;_1, bz’—l +c — 2),

of BROUWER et al. [5, Chapter 5.5].

13



Corollary. 14.6 With the notation of Definition 2.1, if A > 0 then

d—2§ 2(a2—|—a3—;...+ad1)‘

Thus, #f a; < €1 — ¢ foralli=2,..,d—1 thend—2 < ‘Q(Cd,\_CQ‘), and if a; < bi_y — b; for
alli=1,2,....d then d — 2 < 2=bi1),

Proof.  Using (64) and lower bound of (67) we have A—a; < 2z; < z;41 < a; (1 <i<d—1)
and with that A\ < 2a; (2 <7 <d—1). Summing these inequalities for i = 2,...,d — 1 we
have (d — 2)A < 2(ag + ... + a4_1), and the result follows. I

15 On induced polygons of even and odd length

In Section 5 we re-proved Koolen’s inequalities ¢, > ¢; + ¢y (1 < i < e—1) and
be > ¢; + beri (1 <i < d—e) under assumption that ¢, > ¢._1 and b, > b.yq for some e
(2 < e < d), respectively. Note that using Proposition 6.1, it is possible to prove same
inequalities under different assumptions, focusing only on cases when D; > 0, F; > 0 or
F; > 0. Also, note that if we know that ¢, > ¢._; or b, > b.y; we can not say anything
about existence of induced polygons of even or odd length.

Generally, we are always interested in induced subgraphs of distance-regular graphs.
In this section we study t-point counts under assumption that I' has induced polygon of
odd or even length. Independently from Sections 5 and 6 we prove the following. ........

15.1 Induced polygon of odd length - case when D}, > 0

Assume that there exists reduced polygon pips...popioponss (of length 2h + 3). In this
section, among else, we prove that then Koolen’s inequality (22) hold.

Theorem. 15.1 Assume that I’ has induced polygon pips...pansoponrs of odd length 2h+3
(1< h<d). Then

bp > ¢; + by < = (Ch+i — Ci) + apyi > ap + Ch>

for alli (1 <i<d—h), and equality hold if and only if

h h

Proof.  Since I' has induced polygon pips...popioponss (of length 2h + 3) we can pick
T =p1, U= pry1 € Ln(), v = pry2 € Dpgri(x,u) and y = popys € Lypyrpra(z,u,v). So

Y htl AU
ruvy is consistent with % , and the result follows from Lemma 5.3 and Proposition

6.1. Here we give second proof i.e. we use different method from the proof of Lemma 5.3.

14



We have

h+1

Diivhi1 =
It is not hard to see that pfl o p?flli ot p?flli 45 The result now follows from Lemma
3.4. 1

Corollary. 15.2 The following (i)—(iii) hold.

(i) If T’ has induced pentagon then c¢;—q1 +b; <by foranyi (2<i<d

(ii) If T has induced heptagon then c¢;—1 + b1 < by foranyi (2<i<d-—2).
(iii) If T has induced nonagon then ¢, +bio <bs foranyi (2<i<d

Proof. Immediate from Theorem 15.1. 1

Remark. 15.3 (on induced pentagon) Dodecahedron has diameter d = 5, intersec-
tion array {3,2,1,1,1;1,1,1,2,3}, so we have 0 = a; < ay = 1 and

b2+61:b1, b3+02:b1, b4+03:b1, b5+C4:bl

which yield that inequity from Theorem 15.1 is tight. Also note that p; | ;. +p;;, 5 <

pz-lﬂ-_1 yield b; + ¢;_1 < b;. This imply that in general case, without some additional
restriction, it will not be possible to prove something like

1

2 2 1 2
Di—1i41 T Dii—a < Pii1— Epi,i—l

as in Theorem 4.3. ]

Lemma. 15.4 If I" has induced pentagon, and if b;_1 — b; > a; for every 1 = 1,2,....d

then
< k+cq

—A+1

d

15



Proof. Our assumption and Theorem 15.1 yield that for any i (1 < i < d) we have
(Ci — Ci—l) + (bi—l - bz) Z (Ci — Ci—l) + a; Z A + 1.

Summing the above inequalities for : = 1,2, ..., d, the result follows 1

Remark. 15.5 If T" has induced pentagon, and if diameter is large enough then I' can
have induced heptagon, induced nonagon and so on. As we mention in Remark 15.3
inequality ¢;_1 + b; < by is tight for dodecahedron (for every i (2 <1i < d)). It is not hard
to see that if c3 = ¢co = ¢; = 1 and b; = by > b3 then I' has induced heptagon. This yield
that Coxeter graph (which intersection array is {3,2,2,1; 1,1, 1,2}) has induced heptagon.
For this graph inequality ¢;_1 + b; 11 < by is tight for ¢ = 2.

Corollary. 15.6 The Ivanov-Ivanov-Faradjev graph (intersection array {7,6,4,4,4,1,1,1;
1,1,1,2,4,4,6,7}) does not have induced heptagon and does not have induced nonagon.

Proof. Immediate from Corollary 15.2. 1

Corollary. 15.7 IfT" has induced polygon of length 2h + 3 (for some h (1 < h < d) then
by, > bh+1.

Proof.  Assume to the contrary, that is assume that b, = bpy1. Since I' has induced
polygon of length 2h + 3, by Theorem 15.1 we have

¢ + bign < bp,
for any ¢ (1 <7 <d—h). If we set i = 1 and since b, = b, 1 we have
c1+bpy1 > by

a contradiction. ]

Remark. 15.8 If b; = by then I' = (X, R) does not have induced pentagon. So for
example if in additional we have A # 0 and c3 > ¢y, then for any 2,y € X we don’t have
edges between ['sy(z,y) and ooz, y).

15.2 Induced polygon of even length - case when Ej > 0

Assume that there exists reduced polygon of even length. In this section, among else, we
prove that then Koolen’s inequalities (19) and (22) hold.

Theorem. 15.9 Assume that I has induced polygon pips...pan of even length 2h (2 <
h <d). Then
Ch 2 Ch—i + Ci

foralli (1 <i<h—1), and equality hold if and only if

16



Proof.  Since T" has induced polygon pips...pap_1p2n (of length 2h) we can pick z = py,
u=pp € In1(x), v = ppy1 € Tha(z,u) and y = pop € T'yipp-1(x,u,v). So zuvy is

Yoh=1 v
consistent with % , and the result follows from Lemma 5.3 and Proposition 6.1. Here

we give second proof i.e. we use different method from the proof of Lemma 5.3.
We have

and

The above three equalities yield
p?,h—i > p?,;iifl + p;l:ll,hfi
and by Lemma 3.4

Ci+1Ci42...Ch—1Ch, > Ci+1Ci42---Ch—2Ch—1 4 CiCit+1---Ch—2Ch—1

€1€2...Ch—i—1Ch—;  C1C2...Ch—j—2Ch—i—1 C1C2...Ch—;—1Ch—

The result follows. 1

Corollary. 15.10 If c3 = ¢ then I' does not have induced hexagon.

Proof. Immediate from the proof of Theorem 15.9. 1

Theorem. 15.11 Assume that I' has induced polygon pips...panio of odd length 2h + 2
(1< h<d). Then

bh Z c; + bh+i ( < (Ch+i — Ci) + Ap4i > ap, + Ch>

for alli (1 <i<d—h), and equality hold if and only if

<N N
il 5]
Proof. Similarly to the proof of Theorem 15.1. 1

17



15.3 Induced vertices consistent with the given diagram - case
when F}, > 0

From previous two subsections it is clear that we can use t-point counts starting from some
set of vertices on given distances. In this section we consider vertices zuvy consistent with

Yah=1 v
diagram % .
€T u

Yoh=1 v
Theorem. 15.12 Assume that I" has vertices xuvy consistent with diagram % . Then

Ch 2 Ch—i + ¢
foralli (1 <i<h-1).

Proof. Similarly to the proof of Theorem 15.1. 1

16 Hiraki’s second inequality

In order to get diameter bound, we need to start from something - for example we can
choose smallest ¢ such that ¢, > ¢,_1 or b, < b,—1, and use one of these these two
inequalities to obtain new one, that will in long run give some bounds on d. In this
section we re-prove A. HIRAKI result from [6], using ¢-point counts.

Lemma. 16.1 Let I' = (X, R) be a distance reqular graph of diameter d, valency k > 3,
and let q be an integer with 2 < q < d — 1. Suppose by < by_1. If ag < by_1 — by then

by +ci < by foralli (2<i<qg-—1).

Moreover, if ag = cq41 — cq then by + ¢; = by—; if and only if

and

q q

Proof.  Proof of (i) can be found in [6, Lemma 3.3]. We give proof also here because
of several reasons: completeness, use of t-point counts technique and to see from where
inequality comes from. Pick v € X, v € I'j(v) and w € I'; ;_;(u,v). We consider sets
Y :=Cj(w,u) and Z := B,_;(w,v)\B,(u,v), and we count size of the set

Q={(y,2) €Y x Z|d(y,z) = ¢}

18



in two ways. From

@] - lga

q

- @lE)

u q w q
and
(H +1
bg—i — by = |By—i(w, v)\By(u, v)| » y
U q v ', <& u q
=IZal ~1Zs|
yield

‘ +1 ‘ +1
1 Zal(bg—1 = bg) + [ Zplag = - i p,' =

u m q

u q ” q

ElElE]

q q q
Now it is not hard to see that

Ci(bg—1 — bg) = [ < [Za|(bg—1 — bg) + [ZBlay
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and equality hold if and only if

and

The result follows. 1

17 Generalized Terwilliger inequalities

P. TERWILLIGER [7, 8, 9] explored inequalities obtained by counting configurations having
two adjacent edges. Here we rederive and generalize some of his results. In particular, we
shall find a new inequality for distance-regular graphs involving the intersection numbers
of I when the girth is even.

Theorem. 17.1 If ' has induced polygon pips...pan (of length 2h) then

Ci1Ci—2 - Ci—py1 + Dbyt .. bign o
babs ... by_1

foranyi (h+1<i<d-—h+1), and equality hold if and only if

bi_1+Ci—)\—22 (71)

|
—

|
—

Proof.  Pick x = py, € X, y = p1 € I'i(z), 2 = pa € Toa(r,y) and u = ppy1 €
Cnotnn-1(7,y,2). We have

T 1D A R e 4 AN

T U z T 1 z
S| S — |

2 2

p?_1,i+h_1 = |Fi—1,i+h—1(y7u)| =

p?,i_h = ’Fi,i—h(yvu” =




The above four equalities yield

p?—l,i-&-h—l +pzi_h < |Fi,i—1,i<p2h7p17p2)| + |Fi—1,i,i—1(p2h,p1,p2)|
and by Lemma 4.1
p?—l,i—i—h—l + p?,i—h < 219@1—1,1‘ - p?—l,i—&—l - pzz,i—Q - pii—r
By Lemma 3.4

nby  bibip1.bigno+ Ci1Ci0..Cippa
n;c; bgbg...bh,1

(p?—f—h—l,i—l + p?,i—h)

and

C;iny;
21721,1'—1 - P?,z‘—l - p?,i—z - p?—l,iﬂ = n_bl(%l - (ai +a;_1 — /\) — Ci—1 — bi)~

The result now follows. 1
In Subsection 4.2 we proved that
bj+ci1<ci+b_1—XA—2
(see inequality (16)). Note similarity between (16), (71) and (72).

Corollary. 17.2 Assume that I has induced hexagon pipspspapsps. Then

1
E(bibﬂrl + 61;101;2) < ¢ + bifl —A=2 (72)

for any i (4 <i<d—2), and equality hold if and only if

A2 |i #3770
2 - 2 .

18 Note when b, 1 > b;, ¢, =¢;_1, ;.1 #0and =, =0

In this section we study 5-point count

i—1 i—1 %

We show that if b,y > b;, ¢; = ¢;_1, a;,_1 # 0 and Z; = 0 for some integer ¢ > 2 then
¢ + bz S bi—l-

Note that 5-point count Z; contains 5 different 4-point counts.
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Lemma. 18.1 With the notation of Proposition 12.1, if ®; # 0 then

B; # 0, D; #0, U; # 0, T; # 0 and AN | £o0.

Lemma. 18.2 With the notation of Definition 2.1, assume that ¢; = ¢;_1 and b;_1 > b;

zZ,
so that we can choose ywzv consistent with M If =, =0 then
7 v

Lioq(w) N Cily, z) = 0.

Proof.  Assume to the contrary, that is assume I';_1(w) N C;(y, z) is nonempty, so that
we can choose u € I';_1(w) N Cy(y, z). Then ywuzv are consistent with

@)

4

<.

w i—1 u

p
Now since i = i + i 2| = 0, we have a con-
v T v
i1 R i1 R g 5
—0 (F;=0) —0(8;=0)

tradiction. The result follows. ]

Lemma. 18.3 With the notation of Definition 2.1, assume that ¢; = ¢;_1 and a;—1 # 0

T i—1 ~Z
so that we can choose uzxy consistent with % . If =; =0 then
u’—1 Y

Fi_l(u) N AZ‘(Z, y) = @

Proof.  Assume to the contrary, that is assume I';_;(u) N A;(z,y) is nonempty, so that
we can choose w € I';_1(u) N A;(z,y). Then uzryw are consistent with

Now since i = i + i 2| = 0, we have a con-

1—1 i—1 i—1

tradiction. The result follows. ]
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Lemma. 18.4 With the notation of Definition 2.1, assume that ¢; = ¢;_1 and pick z € X,
yeli(z), x € Ci(z,y) and v € Ci(y, z). Then the following (i)—(iii) hold.

(i) |F1ii(Z7y7x)’ =b,_1 —b; and |Fm(y, z,v)\ =b_1 —b;.
(i) Ai(y,2) =T1iim1(2y,2) U2y, 2) and Ai(2,y) =T-1(y, 2,v) U Ty, 2,0).
(iii) Ci(Z, y) = Fi72,1,i71(27 ya”) and Ci(y7 Z) = F¢72,1,i71(y, Z, l’)

Proof. (i) Since ¢; = ¢;_1 we have e; = 0 and D; = n;c;(b;—1 — b;). The result follows.
Yni=l ~v
(ii) Pick w € A;(z,y). We have that ywzv are consistent with . By triangle

inequality it is not hard to see that d(v,w) € {i — 1,i}. Similar for u € A;(y, z) and

inlf
u g Y

(iii) Similar to the proof of Lemma 12.13(iii). I

S AL
C)VQQOO%@
AN D SR )
B O%@{Y0|>

Figure 5 Intersection diagram (of rank i) where T'1(z) is with respect to (z,y,x) and I'1(y) is
with respect to (y, z,v), in case when ¢; = ¢;—1. Note that z € X, y € I'i(2), v € T'i_11(2,y) and
v €T i1(zy).

Lemma. 18.5 With the notation of Definition 2.1, assume that ¢; = ¢;_1 and pick z € X,
y € I'i(z), © € Ci(z,y) and v € Ci(y,2). If by > b;, a;_1 # 0 and Z; = 0 then there
exists w € I'y;;(y, z,v) such that

Ci(w,z) CTy(2,y, ).

Proof. By Lemma 18.4(i), |I';(y, z,v)| = bi—1 — b;, and since b;_; > b; there exists
w € I'yi(y, z,v). By Lemma 18.3 for any u € I'1;;-1(z,y, ) we have I';_1 N A;(z,y) = 0.
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H3

T1

T2

This yleld that Fi,1<w) N Fl,i,ifl(zu y,:z:) = @ Now since Fz;l(UJ) N Fl,ifl,z?Q(Zay; LU) = (Z)
(by Lemma 18.2) and I';_1(w) N T 41.4(2,y, z) = O we have

Fi_l(w) g Flii(zv Y, ZE)

The result follows. 1

Corollary. 18.6 ([3, proof of Lemma 5.9.2]) With the notation of Definition 2.1, assume
that ¢; = ¢;_1, bi_1 > b;, a;_1 # 0 and =; = 0. Then the following hold

c; +b; < biy.

Proof. Immediate from Lemmas 18.4(i) and 18.5. I
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