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m.orgÂî ìíîãèõ ðåàëüíûõ ñèòóàöèÿõ ìû íå çíàåì âåðîÿòíîñòíîãî ðàñïðåäåëåíèÿ ïî-ãðåøíîñòåé, çíàåì òîëüêî âåðõíèå ãðàíèöû äëÿ ýòèõ ïîãðåøíîñòåé. Â òàêèõ ñëó-÷àÿõ ìîæíî ëèøü çàêëþ÷èòü, ÷òî ðåàëüíûå (íåèçâåñòíûå) çíà÷åíèÿ ïðèíàäëåæàòíåêîòîðîìó èíòåðâàëó. Áàçèðóÿñü íà ýòîé èíòåðâàëüíîé íåîïðåäåëåííîñòè, ìû õî-òèì íàéòè âîçìîæíûå çíà÷åíèÿ èñêîìîé �óíêöèè íåîïðåäåëåííûõ ïåðåìåííûõ.Â îáùåì, ðàñ÷åò ýòèõ çíà÷åíèé � òðóäíàÿ çàäà÷à, íî â ëèíåéíîì ïðèáëèæåíèè,ñïðàâåäëèâîì äëÿ ìàëûõ çíà÷åíèé îøèáîê, ñóùåñòâóåò ëèíåéíûé àëãîðèòì òàêî-ãî ðàñ÷åòà. Â äðóãèõ ñèòóàöèÿõ èçâåñòåí ýëëèïñîèä, ñîäåðæàùèé èñêîìûå çíà÷å-íèÿ. Â ýòîì ñëó÷àå ìû òîæå èìååì ëèíåéíûé ïî âðåìåíè àëãîðèòì ðàñ÷åòà ëè-íåéíîé �óíêöèè. Èíîãäà èìååò ìåñòî êîìáèíàöèÿ èíòåðâàëüíîé è ýëëèïñîèäíîéíåîïðåäåëåííîñòè, òîãäà èñêîìûå çíà÷åíèÿ ïðèíàäëåæàò ïåðåñå÷åíèþ ýëëèïñîè-äà è ïðÿìîóãîëüíèêà. Â îáùåì ñëó÷àå âû÷èñëåíèå ýòîãî ïåðåñå÷åíèÿ ïîçâîëÿåòñóçèòü ïîèñê èñêîìîé �óíêöèè. Â ýòîé ñòàòüå ìû ïðèâîäèì äâà àëãîðèòìà äëÿîöåíêè èíòåðâàëà ëèíåéíîé �óíêöèè íà ïåðåñå÷åíèè â ëèíåéíîì âðåìåíè: ïðî-ñòîé è áîëåå ñëîæíûé ëèíåéíî-âðåìåííîé àëãîðèòìû. Îáà àëãîðèòìà ìîãóò áûòüðàñøèðåíû íà l

p ñëó÷àé, êîãäà âìåñòî ýëëèïñîèäà ìû èìååì íàáîð, îïðåäåëÿåìûé
l
p íîðìîé.

1. Formulation of the problem

Interval uncertainty: brief reminder. Measurements are never 100% accurate; hence,
the measurement result x̃i is, in general, different from the actual (unknown) value xi of
the corresponding quantity. Traditional engineering approach to processing measurement
uncertainty assumes that we know the probability distribution of measurement errors ∆xi :=
x̃i − xi.

∗This work was supported in part by NSF grants EAR-0225670, DMS-050532645, and HRD-0734825 andby Texas Department of Transportation grant N 0-5453.
© Èíñòèòóò âû÷èñëèòåëüíûõ òåõíîëîãèé Ñèáèðñêîãî îòäåëåíèÿ �îññèéñêîé àêàäåìèè íàóê, 2008.
5



6 V. Kreinovich, A. Neumaier, G. Xiang

In many practical situations, however, we do not know these probability distributions. In
particular, in many real-life situations, we only know the upper bound ∆i on the (absolute
value of the) measurement error: |∆xi| ≤ ∆i. In such situations, the only information that
we get about the actual (unknown) value xi after the measurement is that xi belongs to the
interval xi = [x̃i − ∆i, x̃i + ∆i]; see, e. g. [1].

Data processing under interval uncertainty: brief reminder. In addition to the
values of the measured quantities x1, . . . , xn, we often need to know the values of other
quantities which are related to xi by a known dependence y = f(x1, . . . , xn). When we
know xi with interval uncertainty, i. e., when we know that xi ∈ xi, then the only conclusion
about y is that y belongs to the range {f(x1, . . . , xn) | x1 ∈ x1, . . . , xn ∈ xn} of the function
f(x1, . . . , xn) over the box x1 × . . .× xn.

Data processing: linear approximation. In general, computing this range is NP-
hard — even for quadratic functions f ; see, e. g., [2]. However, in many practical situations,
the measurement errors are small, thus, the intervals xi are narrow, and so, on the box
x1 × . . .×xn, we can safely replace the original function f(x1, . . . , xn) by the first two terms

in its Taylor formula: f(x1, . . . , xn) = ỹ+
n∑

i=1

ci ∆xi, where y0 := f(x̃1, . . . , x̃n) and ci :=
∂f

∂xi
,

i = 1, . . . , n.

For such linear functions, the range is equal to [ỹ − ∆, ỹ + ∆], where ∆ =
n∑

i=1

|ci|∆i.

The maximum value ∆ of the difference f − ỹ =
n∑

i=1

ci ∆xi is attained when ∆xi = ∆i for

ci ≥ 0 and ∆xi = −∆i for ci < 0; correspondingly, the smallest value −∆ is attained when
∆xi = −∆i for ci ≥ 0 and ∆xi = ∆i for ci < 0.

Once we know the derivatives ci and the bounds ∆i, i = 1, . . . , n, the value ∆ describing
the desired range can be computed in linear time O(n).

Comment. To get a guaranteed enclosure for y, we must add to this linear range an
interval [−δ, δ] which bounds the second and higher order terms in the Taylor expansion;
this is, in effect, what is known in interval computations as centered form; see, e. g., [3 – 5].
Asymptotically, δ = O(

∑
∆2

i ), so we get an asymptotically exact enclosure for the range in
linear time.

Ellipsoid uncertainty: a brief reminder. In some cases, the information about the
values ∆x1, . . . ,∆xn comes not as a bound on the values ∆xi themselves, but rather as a
bound z ≤ z0 on some quantity z = g(∆x1, . . . ,∆xn) which depends on ∆xi.

When the measurement errors are small, we can expand the function g into a Taylor series
and keep only the lowest terms in this expansion. In particular, if we keep quadratic terms,
we get a quadratic zone g(∆x1, . . . ,∆xn) ≤ z0. If this zone is a bounded set, then it describes
an ellipsoid. In this case, the only information about the tuple ∆x = (∆x1, . . . ,∆xn) is that
it belongs to this ellipsoid.

Another situation when we get such an ellipsoid uncertainty is when measurement errors
are independent normally distributed random variables, with 0 mean and standard deviations
σi. In this case, the probability density is described by the known formula ρ(∆x) = const×
exp

(
−

n∑
i=1

∆x2
i

2σ2
i

)
. This probability density ρ(∆x) is everywhere positive; thus, in principle,

an arbitrary tuple ∆x is possible. In practical statistics, however, tuples with very low
probability density ρ(∆x) are considered impossible.

For example, in 1-dimensional case, we have a “three sigma” rule: values for which
|∆x1| > 3σ1 are considered to be almost impossible. In multi-dimensional case, it is natural
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to choose some threshold t > 0, and consider only tuples for which ρ(∆x) ≥ t as possible
ones. This formula is equivalent to ln(ρ(∆x)) ≥ ln(t). For Gaussian distribution, this

equality takes the form
n∑

i=1

∆x2
i

σ2
i

≤ r2 for some appropriate value r — i. e., the form of an

ellipsoid. The sum is χ2(n) distributed, with expectation n and standard deviation
√
n, so

here, r2 = n + O(
√
n) is a natural choice. In this paper, we will consider ellipsoids of this

type.
Comment. If the measurement errors are small but not independent, then we also have

an ellipsoid, but with a general positive definite quadratic form in the left-hand side of the
inequality.

Ellipsoids are also known to be the optimal approximation sets for different problems
with respect to several reasonable optimality criteria; see, e. g., [6, 7].

Ellipsoid error estimates are actively used in different applications; see, e. g., [8 – 15].
Data processing under ellipsoid uncertainty: linear approximation. The range

of a linear function
n∑

i=1

ci ∆xi over an ellipsoid can be easily computed by using, e. g., the

Lagrange multiplier method. First, one can easily check that the maximum of a linear

function is attained at the border of the ellipsoid, i. e., when
n∑

i=1

∆x2
i

σ2
i

= r2. Maximizing the

linear function
n∑

i=1

ci ∆xi under the above constraint is equivalent to solving the unconstrained

optimization problem
n∑

i=1

ci ∆xi + λ
n∑

i=1

∆x2
i

σ2
i

, where λ is the Lagrange multiplier. For every

i = 1, . . . , n, differentiating with respect to ∆xi and equating the derivative to 0, we conclude

that the maximum value ∆ of the linear function is attained when ∆xi = α ciσ
2
i for α = − 1

2λ
.

Here, the parameter α is determined by the condition that
n∑

i=1

∆x2
i

σ2
i

= r2 — i. e., that

α2
n∑

i=1

c2i σ
2
i = r2 and α = r/

√∑
c2iσ

2
i . The smallest possible value −∆ of this function is

attained when ∆xi = −α ciσ2
i for all i = 1, . . . , n.

The corresponding value ∆ is equal to ∆ = r
√∑

c2iσ
2
i . This value can also be computed

in linear time.
Need for combining interval and ellipsoid uncertainty. In some practical cases,

we have a combination of interval and ellipsoid uncertainty. For example, in the statistical
case, we may have an ellipsoid bound and also the 3 sigma bound |∆xi| ≤ 3σi for each
measurement error.

In this case, the actual values (∆x1, . . . ,∆xn) belong to the intersection of the box
x1 × . . .× xn and the ellipsoid.

In general, the smaller the set over which we estimate the range of a given function, the
narrower the resulting range. It is therefore desirable to be able to estimate the range of a

linear function
n∑

i=1

ci ∆xi over such an intersection.

What we do in this paper: main result. In this paper, we provide two algorithms
for estimating the range of a linear function over an intersection in linear time: a simpler
O(n log(n)) algorithm and a (somewhat more complex) linear time algorithm.

From ellipsoids to generalized ellipsoids. We have mentioned that ellipsoids corre-
spond to normal distributions. In many practical cases, the distribution of the measurement
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errors is different from normal; see, e. g., [1, 16, 17]. In many such cases, we have a distribu-
tion of the type

ρ(∆x) = const exp

(
−

n∑

i=1

|∆xi|p
kσp

i

)

for some value p 6= 2 [16]. For this distribution, the condition ρ(∆x) ≥ t takes the form
n∑

i=1

|∆xi|p
σp

i

≤ rp for some value r.

The corresponding lp-methods have been successfully used in data processing; see, e. g.,
[18, 19].

It is therefore reasonable to consider such generalized ellipsoids as well. For a generalized

ellipsoid, the Lagrange approach to maximizing a linear function
n∑

i=1

ci ∆xi leads to

n∑

i=1

ci ∆xi + λ
n∑

i=1

|∆xi|p
σp

i

→ max,

ci + λp · sign(∆xi)
|∆xi|p−1

σp
i

= 0, i = 1, . . . , n,

and hence, for p > 1, to

∆xi = α · sign(ci)|ci|1/(p−1)σ
p/(p−1)
i , i = 1, . . . , n,

for some constant α. Here, the parameter α is determined by the condition that
n∑

i=1

|∆xi|p
σp

i

=

rp — i. e., that αp
n∑

i=1

|ci|p/(p−1)σ
p/(p−1)
i = rp and

α = r/ p

√∑
|ci|p/(p−1)σ

p/(p−1)
i .

The smallest possible value −∆ of this function is attained when

∆xi = −α · sign(ci)|ci|1/(p−1)σ
p/(p−1)
i .

The corresponding value ∆ is equal to

∆ = r

(
n∑

i=1

|ci|p/(p−1)σ
p/(p−1)
i

)(p−1)/p

.

This value can also be computed in linear time.

Need for combining interval and generalized ellipsoid uncertainty. Similarly to

the case p = 2, it is desirable to estimate the range of a linear function
n∑

i=1

ci ∆xi over an

intersection of a box and a generalized ellipsoid. In this paper, we will consider this problem
for p > 1.
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2. Analysis of the problem: general form of the optimal tuple

In the general case, we want to find the maximum and the minimum of a linear function
n∑

i=1

ci ∆xi over an intersection of generalized ellipsoid and a box. In order to describe an algo-

rithm for computing the maximum and minimum, let us first describe the general properties
of the tuples ∆x for which these maximum and minimum are attained.

Definition 1. By a generalized ellipsoid E, we mean a set of all the tuples ∆x =

(∆x1, . . . ,∆xn) which satisfy the inequality
n∑

i=1

|∆xi|p
σp

i

≤ rp, where p, r, and σi are posi-

tive real numbers.

We want to find the maximum and the minimum of a linear function on the intersection
I = E ∩ B of a generalized ellipsoid and a box

B = [−∆1,∆1] × . . .× [−∆n,∆n].

Without losing generality, we can assume that all the coefficients ci, i = 1, . . . , n, of a
linear function are non-negative. Indeed, if ci < 0 for some i, then we can simply replace
the original variable ∆xi with a new variable ∆x′i = −∆xi. After this replacement, the
expressions for the ellipsoid E and for the box B remain the same, but the corresponding
coefficient ci becomes positive.

Under this assumption, one can easily see that the maximum of a linear function
n∑

i=1

ci ∆xi

with ci ≥ 0 is attained when ∆xi ≥ 0 for all i. We then get the following result.

Proposition 1. The maximum of a linear function
n∑

i=1

ci ∆xi with ci ≥ 0 over the in-

tersection E ∩ B of a box B = [−∆1,∆1] × . . . × [−∆n,∆n] and a generalized ellipsoid

E =

{
∆x :

n∑
i=1

|∆xi|p
σp

i

≤ rp

}
is attained, for a certain value α, at a tuple

∆xi = min(∆i, α c
1/(p−1)
i σ

p/(p−1)
i ), i = 1, . . . , n.

Observation. This expression has an interesting relation to the corresponding expressions
for the box and for the generalized ellipsoid. Indeed, let us recall that for the box B,
the maximum is attained for ∆xi = ∆i, i = 1, . . . , n. For the generalized ellipsoid E,
the maximum is attained when for a certain value αE , we have ∆xi = αE c

1/(p−1)
i σ

p/(p−1)
i ,

i = 1, . . . , n. According to Proposition 1, the optimizing tuple for the intersection E ∩ B is
a component-wise minimum of the two tuples:

— the tuple with components ∆i, i = 1, . . . , n, which maximizes the linear function on
the box B, and

— the tuple with components α c
1/(p−1)
i σ

p/(p−1)
i , i = 1, . . . , n, which is similar to the tuple

that maximizes the linear function on the generalized ellipsoid E.
It should be mentioned that the second tuple is not exactly the one that maximizes the

linear function over E, since, in general, the value α (corresponding to the maximum over
the intersection E∩B) is different from the value αE corresponding to the maximum over E.
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Comment. For general (not necessarily non-negative) coefficients ci, we get

∆xi = sign(ci) min(∆i, α |ci|1/(p−1)σ
p/(p−1)
i ), i = 1, . . . , n.

Proof. Let ∆x = (∆x1, . . . ,∆xn) be an optimal (maximizing) tuple.
If there are indices i and j for which 1 ≤ i, j ≤ n, ∆xi < ∆i and ∆xj < ∆j , then,

for sufficiently small real numbers εi and εj, we can replace ∆xi with ∆xi + εi, ∆xj with
∆xj + εj, and still stay within the intervals [0,∆i] and [0,∆j ] — i. e., within the box B. Let

us select the changes εi and εj in such a way that the sum s :=
|∆xi|p
σp

i

+
|∆xj |p
σp

j

remain

unchanged — then we will stay within the generalized ellipsoid as well.
For small εi and εj, we have

(∆xi + εi)
p

σp
i

+
(∆xj + εj)

p

σp
i

=

(∆xi)
p

σp
i

+
(∆xj)

p

σp
i

+
p εi ∆x

p−1
i

σp
i

+
p εj ∆xp−1

j

σp
j

+ o(εi).

Thus, to make sure that s does not change, we must select εj for which

εi ∆x
p−1
i

σp
i

+
εj ∆xp−1

j

σp
j

= o(εi),

i. e.,

εj = −εi
∆xp−1

i

∆xp−1
j

σp
j

σp
i

+ o(εi).

The resulting change in the maximized linear function is equal to ciεi + cjεj. Substituting
the expression for εj in terms of εi, we conclude that this change is equal to

εi

(
ci − cj

∆xp−1
i

∆xp−1
j

σp
j

σp
i

)
+ o(εi).

If the coefficient at εi was positive, then we could take a small positive εi and further increase
the value of the linear function — which contradicts our selection of the tuple ∆xi for which
the maximum is attained. Similar, if the coefficient at εi was negative, then we could take a
small negative εi and further increase the value of the linear function. Thus, this coefficient
cannot be positive and cannot be negative — hence it must be equal to 0. So,

ci − cj
∆xp−1

i

∆xp−1
j

σp
j

σp
i

= 0,

or, equivalently,

∆xp−1
i

ciσ
p
i

=
∆xp−1

j

cjσ
p
j

.

This equality holds for every two indices i and j for which 1 ≤ i, j ≤ n, ∆xi < ∆i, and
∆xj < ∆j. Thus, for all the indices i = 1, . . . , n for which ∆xi < ∆i, the above ratio has
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the same value. Let us denote this common ratio by r0; then, we conclude that for all such

indices i, we have
∆xp−1

i

ciσ
p
i

= r0 and hence, that

∆xi = α c
1/(p−1)
i σ

p/(p−1)
i ,

where we denoted α := r
1/(p−1)
0 .

If ∆xi < ∆i and ∆xj = ∆j, then we can similarly change ∆xi and ∆xj , but only the
changes for which εj < 0 will keep us inside the box. Since the sign of εj is opposite to the
sign of εi, we thus conclude that we can only take εi > 0. Thus, the coefficient at εi in the
expression for the change in the (linear) objective function cannot be positive — because
then, we would be able to further increase this objective function. So, this coefficient must
be non-positive, i. e.,

ci − cj
∆xp−1

i

∆xp−1
j

σp
j

σp
i

≤ 0,

or, equivalently,

∆xp−1
i

ciσ
p
i

≤
∆xp−1

j

cjσ
p
j

.

Since ∆xi < ∆i for the index i, we have
∆xp−1

i

ciσ
p
i

= r0. Thus, we conclude that
∆xp−1

j

cjσ
p
j

≤ r0,

i. e., ∆xj = ∆j ≤ α c
1/(p−1)
j σ

p/(p−1)
j .

Hence,
— when ∆xi < ∆i, we get ∆xi = α c

1/(p−1)
i σ

p/(p−1)
i ;

— when ∆xj = ∆i, we get ∆xj = ∆j ≤ α c
1/(p−1)
j σ

p/(p−1)
j .

To complete the proof of our proposition, let us consider two cases.
If ∆i ≤ α c

1/(p−1)
i σ

p/(p−1)
i , then we cannot have ∆xi < ∆i — because then we

would have ∆xi = α c
1/(p−1)
i σ

p/(p−1)
i and thus, ∆i > ∆xi = α c

1/(p−1)
i σ

p/(p−1)
i and ∆i >

α c
1/(p−1)
i σ

p/(p−1)
i — which contradicts our assumption. Thus, the only remaining case here

is ∆xi = ∆i.
On the other hand, if ∆j > α c

1/(p−1)
j σ

p/(p−1)
j , then we cannot have ∆xj = ∆j — because

otherwise, we would have ∆j ≤ α c
1/(p−1)
j σ

p/(p−1)
j , which also contradicts our assumption.

Thus, in this case, we must have ∆xj < ∆j , and we already know that in this case, ∆xj =

α c
1/(p−1)
j σ

p/(p−1)
i . So:

— if ∆i ≤ α c
1/(p−1)
i σ

p/(p−1)
i then ∆xi = ∆i;

— if ∆j > α c
1/(p−1)
j σ

p/(p−1)
j then ∆xj = α c

1/(p−1)
j σ

p/(p−1)
i .

In both cases, we have

∆xi = min(∆i, α c
1/(p−1)
i σ

p/(p−1)
i ), i = 1, . . . , n.

The proposition is proven. �

3. Analysis of the problem: how to find α

According to our result, once we know the value of the parameter α, we will be able to find
all the values ∆xi, i = 1, . . . , n, from the optimal tuple, and thus, find the largest possible

value ∆ of the desired linear function
n∑

i=1

ci ∆xi.
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For each i = 1, . . . , n, writing zi :=
∆i

|ci|1/(p−1)σ
p/(p−1)
i

, the dependence of |∆xi| on α can

be described as follows:
— If α |ci|1/(p−1)σ

p/(p−1)
i < ∆i, i. e., if α < zi, then we take |∆xi| = α |ci|1/(p−1)σ

p/(p−1)
i .

— On the other hand, if α |ci|1/(p−1)σ
p/(p−1)
i ≥ ∆i, i. e., if α ≥ zi, then we take |∆xi| = ∆i.

So, if we sort the indices by the value zi, into a sequence z1 ≤ z2 . . . ≤ zn, then the
maximizing tuple has the form

∆x =
(
sign(c1)∆1, . . . , sign(ct)∆t,

α sign(ct+1)|ct+1|1/(p−1)σ
p/(p−1)
t+1 , . . . , α sign(cn)|cn|1/(p−1)σp/(p−1)

n

)

for some threshold value t for which zt ≤ α < zt+1.
How do we find this threshold value t? In principle, it is possible that the optimal solution

is attained when ∆xi = ±∆i for all i. In this case, the generalized ellipsoid contains the
whole box. In all other cases, the value α must be determined by the condition that the
optimal tuple is on the surface of the generalized ellipsoid, i. e., that

t∑

i=1

∆p
i

σp
i

+ αp
n∑

j=t+1

|ci|p/(p−1)σ
p/(p−1)
j = rp,

or, equivalently,
n∑

i=1

(min(∆i, α |ci|1/(p−1)σ
p/(p−1)
i ))p

σp
i

= rp.

The left-hand side of this equality is an increasing function of α. Thus, to find the proper
value of t, it is sufficient to check all the values α = z1, . . . , zn.

If for some k = 1, . . . , n, we get

k∑

i=1

∆p
i

σp
i

+ zp
k

n∑

j=k+1

|cj |p/(p−1)σ
p/(p−1)
j > rp,

this means that we need to decrease α, i. e., that we should have fewer values ∆xi = ±∆i —
in other words, this means that t < k.

On the other hand, if for some k = 1, . . . , n, we get

k∑

i=1

∆p
i

σp
i

+ zp
k

n∑

j=k+1

|cj|p/(p−1)σ
p/(p−1)
i ≤ rp,

this means that t ≥ k.
So, we can find the desired threshold t as the largest index k for which for α = zk, the

left-hand side of the above equality is still less than or equal to rp; due to monotonicity with
respect to α, this value t can be found by bisection.

Once we find this threshold value t, we can then find α from the equation

t∑

i=1

∆p
i

σp
i

+ αp

n∑

j=t+1

|cj |p/(p−1)σ
p/(p−1)
j = rp,
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i. e., αp =
rp − E−

E+
, where E− :=

t∑
i=1

∆p
i

σp
i

and E+ :=
n∑

j=t+1

|cj |p/(p−1)σ
p/(p−1)
j . After that,

we can uniquely determine the optimal tuple ∆x = (∆x1, . . . ,∆xn) and thus the desired

maximal value ∆ =
k∑

i=1

|ci|∆i + α
n∑

j=t+1

|cj|p/(p−1)σ
p/(p−1)
j .

So, we arrive at the following algorithms for computing ∆.

4. A simpler O(n log(n)) algorithm

Algorithm. First, we check whether the generalized ellipsoid contains the box, i. e., whether
n∑

i=1

∆p
i

σp
i

≤ rp. If this is the case, then the desired maximum is equal to
n∑

i=1

|ci|∆i. If this is

not the case, then we apply our algorithm.
In this algorithm, we first sort the indices i = 1, . . . , n in the increasing order by the

value of zi.
After this sorting, we apply the following iterative algorithm. At each iteration of this

algorithm, we have two numbers:
— the number i− such that for all indices i ≤ i−, we already know that for the optimal

tuple ∆x, we have |∆xi| = ∆i;
— the number i+ of all the indices j ≥ i+ for which we already know that for the optimal

tuple ∆x, we have |∆xj | < ∆j .
In the beginning, i− = 0 and i+ = n + 1. At each iteration, we also update the value of

two auxiliary quantities E− :=
i−∑
i=1

∆p
i

σp
i

and E+ :=
n∑

j=i+
|cj|p/(p−1)σ

p/(p−1)
j .

In principle, on each iteration, we could compute these sums “from scratch”; however,
to speed up computations, on each iteration, we update these auxiliary values in a way that
is faster than re-computing the corresponding sums.

Initially, since i− = 0 and i+ = n+ 1, we take E− = E+ = 0.
At each iteration, we do the following:
— first, we compute the midpoint m = (i− + i+)/2;

— we compute e− :=
m∑

i=i−+1

∆p
i

σp
i

and e+ :=
i+−1∑

j=m+1

|cj|p/(p−1)σ
p/(p−1)
j ;

— if E− + e− + zp
m (E+ + e+) > rp, then we replace i+ with m+1 and E+ with E+ + e+;

— if E− + e− + zp
m (E+ + e+) ≤ rp, then we replace i− with m and E− with E− + e−.

At each iteration, the set of undecided indices is divided in half. Iterations continue until
all indices are decided, after which we compute α from the condition that E− + αpE+ = rp,

i. e., as αp :=
rp − E−

E+
. Once we know α, we compute the maximizing tuple |∆xi| =

min(∆i, α |ci|1/(p−1)σ
p/(p−1)
i ) and then, the desired maximum

n∑
i=1

|ci| |∆xi|.
Computational complexity of the above algorithm. Sorting requires time

O(n log(n)); see, e. g., [20].
After this, at each iteration, all the operations with indices from i− to i+ require time T

linear in the number of such indices: T ≤ C(i+ − i−) for some C. We start with the set of
indices of full size n; on the next iteration, we have a set of size n/2, then n/4, etc. Thus,
after sorting, the overall computation time is ≤ C(n+ n/2 + n/4 + . . .) ≤ C · 2n, i. e., linear
in n. So, the overall computation time is indeed O(n log(n)) +O(n) = O(n log(n)).
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Comment. This algorithm works for an even more general case, when there exist a
function ρ0(x) for which for every i = 1, . . . , n, the probability density function ρi(∆xi)

of the i-th measurement error has the form ρi(∆xi) = ρ0

( |∆xi|
σi

)
for some σi, and the

measurement errors are independent, i. e., ρ(∆x) = ρ1(∆x1) . . . ρn(∆xn). In this case, similar

arguments lead to a generalized ellipsoid of the type
n∑

i=1

ψ

( |∆xi|
σi

)
≤ r0, where ψ(x) :=

− ln(ρ0(x)). The above algorithm can be extended to the case of strictly convex smooth
functions ψ(x) for which both this function, its derivative, and the corresponding inverse
functions can be computed in polynomial time. This class includes the lp-functions ψ(x) =
|x|p with p > 1 as particular cases.

5. Linear-time algorithm

Main idea behind the linear time algorithm. Our second algorithm is similar to the
above O(n log(n)) algorithm. In that algorithm, the only non-linear-time part was sorting.
To avoid sorting, in the second algorithm, we use the known fact that we can compute the
median of a set of n elements in linear time (see, e. g., [20]). (Our use of median is similar
to the one from [21, 22].)

Our linear time algorithm is only efficient for large n. It is worth mentioning
that while asymptotically, the linear time algorithm for computing the median is faster than
sorting, this median computing algorithm is still rather complex — so, for small n, sorting
is faster than computing the median.

This is the reason why in this paper, we present two different algorithms — both algo-
rithms are practically useful:

— for large n, the linear time algorithm is faster;
— however, for small n, the O(n log(n)) algorithm is faster.
Let us now describe the linear time algorithm.
Algorithm. First, we check whether the generalized ellipsoid contains the box, i. e.,

whether
n∑

i=1

∆p
i

σp
i

≤ rp. If this is the case, then the desired maximum is equal to
n∑

i=1

ci ∆i. If

this is not the case, then we perform the following iterations.
At each iteration, we have three sets:
— the set I− of all the indices i from 1 to n for which we already know that for the

optimal tuple ∆x, we have |∆xi| = ∆i;
— the set I+ of all the indices j from 1 to n for which we already know that for the

optimal tuple ∆x, we have |∆xj | < ∆j ;
— the set I = {1, . . . , n} − I− − I+ of the indices i for which we are still undecided.
In the beginning, I− = I+ = ∅ and I = {1, . . . , n}. At each iteration, we also update the

value of two auxiliary quantities E− :=
∑

i∈I−

∆p
i

σp
i

and E+ :=
∑

j∈I+

|cj|p/(p−1)σ
p/(p−1)
j .

In principle, we could compute this value by computing this sum of squares, but to speed
up computations, on each iteration, we update this auxiliary value in a way that is faster
than re-computing the corresponding sum.

Initially, since I− = I+ = ∅, we take E− = E+ = 0.
At each iteration, we do the following:
— first, we compute the median m of the set I (median in terms of sorting by zi);
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— then, by analyzing the elements of the undecided set I one by one, we divide them
into two subsets P− = {i : zi ≤ zm} and P+ = {j : zj > zm};

— we compute e− =
∑

i∈P−

∆p
i

σp
i

and e+ :=
∑

j∈P+

|cj|p/(p−1)σ
p/(p−1)
j ;

— if E− + e− + zp
m (E+ + e+) > rp, then we replace I+ with I+ ∪ P+, I with P−, and

E+ with E+ + e+;

— if E− + e− + zp
m (E+ + e+) ≤ rp, then we replace I− with I− ∪ P−, I with P+, and

E− with E− + e−.

At each iteration, the set of undecided indices is divided in half. Iterations continue until
all indices are decided, after which we compute α from the condition that E− + αpE+ = rp,

i. e., as αp :=
rp − E−

E+
. Once we know α, we compute the maximizing tuple |∆xi| =

min(∆i, α |ci|1/(p−1)σ
p/(p−1)
i ), i = 1, . . . , n, and then, the desired maximum

n∑
i=1

|ci| |∆xi|.
Computational complexity of the above algorithm. Let us show that this algo-

rithm indeed requires linear time. Indeed, at each iteration, computing median requires
linear time, and all other operations with I require time T linear in the number of ele-
ments |I| of I: T ≤ C|I| for some C. We start with the set I of size n; on the next
iteration, we have a set of size n/2, then n/4, etc. Thus, the overall computation time is
≤ C(n+ n/2 + n/4 + . . .) ≤ C · 2n, i. e., linear in n.
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